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Foreword 


In this text, the theory of nuclear structure, including a study of the nuclear models, has been 
presented with the help of the basic ingredients of the two-nucleon interaction as revealed by 
the study of two-nucleon data and the widely accepted reaction matrix formalism of nuclear 
many-body theory. This approach represents one type of expert outlook on nuclear theory. 
There also exists an equally powerful lobby that advocates discarding any reference to the actual 
two-nucleon interaction in structural work in view of the uncertainties of the present-day many- 
body models. Although the first type of outlook has been favoured in presenting the subject, 
the actual mathematical formalism in the relevant chapters has been kept sufficiently general, 
offering the reader a choice between the calculated two-body reaction matrix and the empiri- 
cally determined effective potential. In so doing, a compromise has been effected in presenting 
an integrated approach to the subject without impairing the usefulness of the book to the 
student who should know most of the important developments in the subject without prejudice 
to any particular school of physicists. 

•The book, which is intended to serve as a text at the masters level, is so written that the 
student will easily gras;>, on his own, about three-quarters of each chapter; the remaining 
content may, in general, be best assimilated under the guidance of a teacher. It also contains 
enough up-to-date material to be useful to the research physicist in nuclear structure in the 
first year of his studies. For the benefit of such a reader, who needs a quick review of the 
subject with references of the latest work, every chapter has sufficient coverage; care has been 
taken to make this coverage fairly representati.e rather than fully comprehensive. 

Each chapter begins with a qualitative introduction and proceeds from fundamental 
concept , to develop the subject, paying close attention to pedagogic details. Some specialized 
topics of quantum mechanics, frequently used in nuclear theory, are covered in the appendices. 
A few problems, chosen with the purpose of giving working practice, are set at the end of 
every chapter and every appendix. The only prerequisite to an understanding of the content 
is a grounding in elementary nuclear physics and nonrelativistic quantum mechanics. 

The volume has resulted from lectures delivered over the past several years at Saha 
Institute of Nuclear Physics, Calcutta; University of Delhi; The Australian National University, 
Canberra; and University of Oregon, Eugene. Chapter VI and Appendix G very closely follow 
the lecture on the theory of vibration in nuclei delivered at the International Centre for Theoreti- 
cal Physics, Trieste, during January-March 1969. I gratefully acknowledge the permission 
granted by the Centre and by the International Atomic Energy Agency to use this material. 

I would like to thank Mrs. Melinda Piluso and Mrs. Kay Knighten who typed a part of 
the manuscript in Eugene, and Mr. Jayanta Datta and Mr? Shibapada Bhattacharyya who 
completed it in Calcutta. 


January 1981 

Saha Institute of Nuclear Physics 
Calcutta 


M. K. Pal 



Atomic and Nuclear Constants 


1 Angstrom unit = 1 AU = 10 -8 cm 

1 fermi = 1 fm = 10~ 13 cm 

Velocity of light = c = 2.99793 x 10 10 cm/sec 

Charge of electron = e = 4.80286 x 10“ 10 esu (electrostatic unit) 

Energy acquired by electron in passing through potential difference of 1 volt — 1 eV 
1.6021 x 10“ 12 erg 

1 million electronvolt = 1 MeV = 1.6021 x 10“ 6 erg 
1 kilo electronvolt = 1 keV = 1.6021 x 10~ 9 erg 

Planck’s constant h divided by 2n = Ti = 1.054 x 10“ 27 erg sec = 6.5817 x 10~ 22 MeV sec 
tic = 1.9732 x 10- 11 MeV cm 
c 2 

Fine-structure constant = ~ = 1/137.037 

Mass ( m ) of electron times c 2 — me 2 = 0.510976 MeV 

Mass (Af p ) of proton times c 2 = A/pC 2 = 938.211 MeV = 1836. 12mc 2 

1 atomic mass unit = one-sixteenth of mass of O 16 atom = 931.141 MeV/c 2 

Bohr radius = a H = = 0.52917 AU 

me 2 

e 2 

Classical electron radius = r e = — 5 = 2.8175 fm 

me 1 

Electron Compton wavelength = A c = — = 3.8612 x 10“ n cm 

me 

Compton wavelength of ir-meson = = 1.4132 fm 

m„c 

eti 

1 nuclear magneton = 1 nM = = 3.1524 x 10~ 18 MeV/gauss 
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I Two-Nucleon Problem 


1. INTRODUCTION 


A. GENERAL SURVEY 

Ait atom is made up of a positively charged nucleus surrounded by negatively charged 
electrons rotating under the influence of the attractive Coulomb field. The radius of a typical 
electron orbit is of the order of the Angstrom unit (A.U.), whereas that of the nucleus is 
several fermis (fm). 

All the chemical properties of atoms and the formation of molecules through the bond- 
ing of atoms are determined by the behaviour of atomic electrons. The energy emitted in 
atomic spectroscopy as electromagnetic radiation, and also in various chemical reactions, is 
the result of the transition of electrons between different energy levels, and the typical 
magnitude of such energy release in a single process is of the order of a few electron volts (eV). 
The study of the atomic energy levels arising from the motion of electrons in the nuclear 
Coulomb field, and under the influence of their mutual Coulomb interaction, forms the subject 
matter of atomic spectroscopy. 

The atomic nucleus consists of two kinds of particles, namely, proton and neutron, 
denoted by the common name nucleon. Both have approximately the same mass, each being 
about 1840 times the electron mass. Therefore, almost all the mass of an atom is located in 
its nucleus. The neutron is chargeless, whereas the proton bears a positive charge, equal in 
magnitude to the negative charge (e) of an electron. In a nucleus, the total number of protons 
is called the atomic number (denoted by Z), and the total number of nucleons (i.e., protons 
and neutrons) is known as the mass number (denoted by A); in an electrically neutral atom, 
the atomic number Z gives the number of electrons orbiting the nucleus. The Z- and A-value 
are usually shown respectively as subscript and superscript to the chemical symbol of an 
element; for example, 6 C 12 signifies the carbon atom containing 12 nucleons of which 6 are 
protons. 

The fact that there is a massive nucleus inside an atom, carrying positive charge and 
occupying a very small volume, was first established by Rutherford in 1911 in his celebrated 
scattering experiments. The complete picture of the nucleus, comprising neutrons and protons, 
emerged in 1932 with the discovery of the neutron by Chadwick. 

The radioactivity of uranium atoms, which was historically the earliest nuclear pheno- 
menon, was first observed by Becquerel in 1896. This phenomenon entails the spontaneous 
emission of radiation by the nuclei of radioactive atoms. As*a matter of fact, many heavy 
atoms such as polonium, radium, and radon gas, which are all radioactive, were first chemically 
isolated and identified by Pierre and Marie Curie in 1898 while they wjere studying the radia- 
tions emitted by these substances. 

Radiations from radioactive substances are of three types: (i) a-radiation, consisting of 
*He 4 atoms charged with two units of electricity due to the absence of the two orbital 
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electrons; (ii) 0-radiation, consisting of electrons or positrons; and (iii) y-radiation, or ordinary 
electromagnetic radiation, with a much larger frequency, i.e., a much shorter wavelength 
than visible light or X-rays. The typical energy carried by a single a- or 0-particle, or a 
single y-ray quantum (photon), is of the order of a million clectronvolt (MeV), i.e., a 
million times larger than the typical energy release in chemical reactions or the processes 
analyzed in atomic spectroscopy. 

Although radioactivity was first discovered in naturally occurring substances, whose 
atoms are heavier than gjPb 208 , many artificially prepared elements also exhibit this pheno- 
menon. The chemical isolation and identification of all such substances come within the field 
of nuclear chemistry. The study of elements heavier than uranium (Z = 92), called transuranic 
elements, is an essential part of this subject. Such research has extended the periodic table to 
include elements of atomic number higher than 92, the highest atomic number element 
discovered so far being 107. 

Rutherford and his collaborators used the a-particles emitted by radioactive substances 
as projectiles, and examined their scattering on various atoms. The positive charge of an atom, 
causing scattering through the Coulomb field, was assumed to be located at the centre of the 
atom. The angular distribution of the scattered a-particles was worked out by the application 
of the concepts of classical mechanics (see Goldstein 1 ). A quantum mechanical derivation 
yields the same classical formula, and can be found in any standard text (see, for example, 
Schiff 2 ). For a given angle of scattering of an a-particle, the distance of its closest approach 
to the point charge Ze can be calculated in terms of its initial kinetic energy. As long as this 
distance is greater than the actual extent of the positive charge Ze in space, the point-charge 
formula should agree with experimental observation. The distance for which significant 
departure from the Rutherford formula has been observed gives a rough idea of the radius of 
the positive charge distribution in an atom, i.e., the radius of the nucleus. Rutherford esta- 
blished in his experiments that the nuclear radius is much smaller than 10~ 12 cm. More precise 
experiments, performed later, have shown that the radius is usually a few fm. The fact that 
nucleons in a nucleus are confined to such a small region of space is convincing proof of the 
presence of very strong attractive and strong nuclear forces holding them together. 

Several kinds of interaction are known in present-day physics: (i) gravitational inter- 
action between different celestial bodies; (ii) weak interaction, which gives rise to the emission 
of 0-particles; (iii) electromagnetic interaction, which exists between charged particles by virtue 
of their charge, current, and magnetic moments; and (iv) strong interaction, which binds the 
nucleons in a nucleus. The weak and strong interactions govern a host of subatomic pheno- 
mena; a comprehensive study of these processes, involving not only electron, neutron, and 
proton but also many other elementary particles, belongs to the realm of elementary particle 
physics or, in a broader sense, of high-energy physics. 

The attrac'iv* nuclear interaction between neutrons or between a neutron and a proton 
gives rise to an attractive (negative) potential energy, whereas the Coulomb repulsion between 
protons results in a repulsive (positive) potential energy. Since the Coulomb force is very much 
weaker than the nucleon-nucleon force, there is always a net attractive nuclear potential energy 
(to. The motion of nucleons inside the nucleus also gives a positive kinetic energy (T). If the 
nucleus is a bound system, then the sum T 4 + V (-E) is necessarily negative. The magnitude 
|£| of the attractive total energy E is called the binding energy , and is related to the actual mass 
of the nucleus and the masses of nucleons as now described. 

According to the special theory of relativity, mass and energy are equivalent; the amount 
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of energy equivalent to the mass M is given by Me 2 , where c is the velocity of light. Thus, 
a nucleus of Z protons and N neutrons (Z + N = A) has a total mass-energy equal to 
(ZA/p + NM a )c 2 9 where the subscripts p and n refer to proton and neutron, respectively. The 
total energy of the system is obtained by adding £(= T -f V) to this mass-energy. If the actual 
mass of the nucleus is A/(Z, N), then the total energy is A/(Z, N)c 2 . Equating the two energy 
values, we obtain 

(ZM P + NM a )c 2 ' + T + V « A/(Z, N)c 2 
or, equivalently, 

£(=£ + V) - [Af(Z, N) - ZA/p - NMJc 2 . 

Our earlier observation that the energy £ is negative therefore implies that the actual mass of 
a nucleus A/(Z, N) is less than the sum of the masses of Z protons and N neutrons composing 
the nucleus. For determining £, A/(Z, N) may be replaced by the mass of the electrically 
neutral atom (i.e., the nucleus plus the Z electrons around the nucleus), and A/ p by A/ H , the 
mass of a hydrogen atom (i.e., a proton plus an orbital electron). The expression for £ 
computed with these masses is, however, equal to ( T -f- V) for the nucleons plus ( T -f V) for the 
electrons. The magnitude of the second ( T -f V) is the binding energy of the electrons, and re- 
presents* only about a millionth of the nuclear binding energy. Thus, atomic masses can be 
used, with negligible error, in the foregoing expression for £. 

The importance of mass measurements was realized very early in the history of nuclear 
physics. Since the measurements by Aston in 1927, mass spectrometers and spectrographs have 
been gradually refined to attain perfection, and provide accurate values of the binding energy 
of nuclei. These instruments also separate the various isotopes of the same nuclear species whose 
existence was first established by J. J. Thomson in 1913. Thomson showed that, for a given 
proton number, it is possible to have several nuclei with a different number of neutrons. All 
such nuclei have the same positive charge (Z) but different mass (/I). The neutral atoms of 
these nuclei carry the same number (Z) of electrons, and hence possess identical chemical 
properties; they are called different isotopes of the same chemical element. Similarly, all nuclei 
having different Z but the same mass number A have very similar nuclear properties and are 
known as isobars. 

In a nucleus, the binding energy per nucleon begins at about J MeV for a deuteron (,H 2 ), 
very quickly reaches approximately 7 MeV for 2 He 4 , and then stays at a more or less stable 
value of 8 MeV for heavier elements. For the nuclei towards the end of the periodic table, the 
binding energy again drops to smaller values. The constancy of the binding energy per nucleon 
for most nuclei in the periodic table is called the saturation property of nuclear binding energy. 
According to the saturation phenomenon, the total binding energy is proportional to A , the 
mass number. There is a corresponding saturation phenomenon for the nuclear volume. It has 
been observed in various methods of measuring that the nuclear radius is roughly given by 
r 0 A in , where r 0 is an approximate constant lying between 1 fm and 1.2 fm. If the nucleus is 
assumed to be a sphere, the nuclear volume is then seen to be proportional to A. The same 
result can be alternatively stated in terms of density: since botfi the total mass and volume are 
proportional to A , the density is predicted to be constant. The constancy of nuclear density is 
also frequently referred to as a saturation phenonfenon. 

The initial quick rise of the binding energy per nucleon from H 2 to He 4 is due to the very 
short range (of the order of fm) of the nucleon-nucleon force. In H 2 , the two nucleons tend to 



4 THEORY OF NUCLEAR STRUCTURE 


pull each other into the range of this force so that they can gain maximum attractive potential 
energy. But then, according to the uncertainty principle, confinement within a small distance 
implies a large kinetic energy. So, if the particles succeed in pulling each other into the range 
of the force, the resulting large positive kinetic energy may even unbind the system. Thus, H 2 
is inclined to be a rather loosely bound structure, with the relative wavefunction of the two 
nucleons projecting a tail appreciably outside the range of the force; the kinetic energy corres- 
ponding to this somewhat spread-out structure is sufficiently small to make the deuteron a 
bound system with a small binding energy of about 2 MeV. As the number of nucleons is four 
in He 4 , the kinetic energy tends to increase by a factor of 2 (the ratio of the number of parti- 
cles), whereas the same factor for the potential energy is 6 (the ratio of the number of pairs). 
Therefore, the increased number of bonds between the particles can pull all the particles into 
the range of the nucleon-nucleon force; the consequent gain in kinetic energy cannot swamp 
the gain in potential energy because of the unequal multiplicative factors. Since all the four 
nucleons now stay within the nuclear force range, the binding energy per nucleon is able to 
reach about 7 MeV. 

The short-ranged attractive potential that causes the quick rise of binding energy from 
H 2 to He 4 cannot, without any further modification, cause the saturation phenomenon. A 
potential that is always attractive is inclined to draw all the particles in a nucleus within the 
force range, and hence the binding energy of each pair becomes equally effective. Thus, the 
total binding energy tends to be proportional to the total number of pairs, \A(A — l), or 
roughly to A 2 for large A, and the binding energy per nucleon, instead of being a constant, 
increases linearly with A. 

The observed saturation may be produced either (i) through the exchange-dependence of 
the two-nucleon potential or (ii) by the possible existence of a repulsive core region of the 
two-nucleon potential. Historically, the earliest ideas on exchange were propounded by 
Heisenberg (1932) and Majorana (1933), who proposed a space-spin-exchange mechanism and 
a space-exchange mechanism, respectively. A pure spin-exchange mechanism was at the same 
time put forward by Bartlett. According to the exchange mechanism, two-nucleon stateshaving 
opposite behaviour under the exchange have potentials with opposite signs. For instance, in the 
case of a space-exchange Majorana potential, the spatially symmetric states of the two nuc- 
leons (i.e., even orbital angular momentum states) remain unchanged under space exchange 
and hence they have an attractive potential, whereas the antisymmetric spatial states of the 
two nucleons change sign under space exchange and hence have a repulsive Majorana potential. 
The spin-exchange Bartlett potential is similarly attractive and repulsive in respectively the 
spin-triplet (symmetric under spin exchange) and spin-singlet (antisymmetric under spin ex- 
change) states. Similar observations hold for the space-spin Heisenberg exchange potential. In 
addition to these three exchange-dependent potentials, there can be some non-exchange poten- 
tial which is the same for all states; this is known as the Wigner potential. Detailed explana- 
tions of the foregoing behaviours under exchange are given in Sections 2 and 3. The fact that 
an exchange-dependent potential is attractive in some two-nucleon states and repulsive in 
others now implies that all the^ucleons in a nucleus cannot condense into a small volume; 
the impulsion between many of the pairs tends to balance the dragging-in effect of the attrac- 
tive pairs. 

In case the two-nucleon potential has h repulsive core region, whenever the two nucleons 
approach each other closer than the core radius, the strong repulsion prevents the formation 
of the collapsed state. There is very strong evidence that both the exchange mechanism and 
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the repulsive core simultaneously exist in the nuclear potential and together help to bring about 
saturation. Detailed calculations on these effects are presented in Chapter II. The concept of the 
repulsive core was initially adopted by analogy with the van der Waals force between molecules. 
This force is repulsive at short distances and attractive at large distances; as a result, liquids 
and solids in bulk are always characterized by the saturation property, i e., they have a cons- 
tant density, and their volume is therefore proportional to the total number of molecules 
present in the block of the sample. The idea of the exchange mechanism was also borrowed by 
Heisenberg from molecular physics in analogy with the property of the force between two 
hydrogen atoms in a hydrogen molecule; it can be proved, with the help of the wavefunctions 
of the two electrons in the two hydrogen atoms, that their interaction is attractive and repulsive, 
respectively, in states that are symmetric and antisymmetric under exchange. In the nuclear case, 
the exchange mechanism was simply assumed by Heisenberg and no attempt was made to justify 
it from more fundamental concepts. 

Basic concepts, however, later emerged with the formulation of the meson theory of i; 
nuclear forces. The initial proposal by Yukawa in 1935 was dependent on the presence of a 
meson of mass equal to approximately 200 times the electron mass. The first meson, called 
the /A-meson, was identified in 1937 in cosmic rays. It was, however, realized that the /i-meson 
does not at all interact strongly with nucleons. The discovery in 1947 of the 7r-meson, 
having a mass somewhat higher than Yukawa's prediction, established the correctness of his 
proposition. 

Nucleons interact by exchanging 7r-mesons. A derivation of the resultant potential can be 
obtained by applying a quantum field theory of the 7 r-mesons. According to this theory, 
7r-mesons are the quant i of the meson field, and can be created or destroyed in interaction 
with the nucleon field whose quanta are the nucleons. The process is analogous to the emission 
or absorption of light by a charged particle in motion, where the emitted or absorbed ‘particle’ 
is a photon, the quantum of the electromagnetic field. The predicted potential depends on the 
type of meson field used. For example, the m^son could be a scalar particle (spin zero, parity 
even) or a pseudoscalar particle (spin zero, parity odd). In recent years, other types of mesons, 
e g., the vector mesons (spin one, parity odd), have also been discovered. Various exchange 
potentials and the tensor potential have been derived by applying different types of meson field. 
More recently, the repulsive core potential has been shown to be associated with the exchange 
of two new mesons (o>, <f>). 

The standard approach in conventional nuclear theory, which is initially followed in our 
study, is to treat the two-nucleon interaction in a phenomenological manner, that is, assume 
it to be derivable from a potential, and then set up a reasonable form for it in agreement with 
general theoretical considerations and experimental data. Most experimental data providing 
direct information' on the potential concern the two-nucleon systems: neutron-proton (n-p), 
proton-proton (p-p), and neutron-neutron (n-n). The n-p system produces a bound state, the 
i H^ nucleus, whereas no bound state exists in the p-p and n-n systems. 

A considerable amount of data is available on the scattering of a proton by a proton or 
by a neutron. Such data have been compiled for incident psoton energy, ranging from a few 
MeV to a few hundred MeV. For each energy value, measurements are made of the angular 
distribution of the scattered particle (represented l^y the differential cross-section— see Section 7A 
for precise definition), the total cross-section (integral of the differential cross-section over all 
angles), and several quantities dependent on the polarization of the spin of the scattered nucleon. 
An analysis of the properties of the deuteron, and the available n-p and p-p scattering data in 



6 THEORY OF NUCLEAR STRUCTURE 


terms of a two-body potential, is presented in detail in the rest of Chapter I. What needs 
emphasis here is that even the simplest data on the two-nucleon systems reveal that the force 
is really dependent on the type of two-nucleon state under consideration. In the n-p system, 
the state that corresponds to the ground state of jH 2 is a predominantly spin-triplet 
(symmetric under spin exchange), 5-state, i.e., state of orbital angular momentum zero 
(symmetric under space exchange). Hence, this state is symmetric under space-spin exchange. 
On the other hand, in n-n and p-p systems, because the two nucleons are identical, the Pauli 
exclusion principle demands that an allowed state be antisymmetric under space-spin exchange. 
Were there no state-dependence of the two-nucleon force, the interaction in an allowed state 
of n-n and p-p systems would have been the same as that in jH 2 , and n-n and p-p systems 
could then have a bound state. Similar evidence of state-dependence is found in low-energy 
n-p scattering data. For instance, it is shown in Section 1 1 B that these data clearly indicate 
different scattering potentials for the spin-singlet and spin-triplet 5-state. 

Two very important observable properties of the nucleons are their spin and magnetic 
moment. Each nucleon has spin \ (in units of Ti), like the electron, and it is therefore expected 
to satisfy the Dirac equation. According to the Dirac theory, a particle with charge e and of 
mass AT has a magnetic moment eh/(2Mc). If we use the charge and mass of the proton in this 
quantity, then the resultant magnetic moment is called 1 nuclear magneton (nM), which serves 
as the unit in specifying the nucleon and nuclear magnetic moments. The proton is therefore 
expected to have a magnetic moment of 1 nM, and the neutron a magnetic moment equal to 
zero (since e = 0 for a neutron). Both these conclusions do not agree with experimental data. 
The observed moment of proton, equal to 2.78 nM, and that of neutron, equal to —1.93 nM, 
are therefore anomalous from the point of view of the Dirac theory. These anomalous values 
are explained in terms of the additional contribution- made by the charged ‘meson cloud* 
surrounding the nucleons. 

Taking the nuclear dimension to be about 10~ 12 cm, we can use the uncertainty relation 
to estimate the nucleon momentum. The average kinetic energy of nucleons inside the nucleus 
obtained in this way is approximately 25 MeV, which is very small as compared with the rest 
mass-energy of a nucleon (5^930 MeV). Therefore, in treating the nucleons theoretically, the 
complete sophistication of the relativistic Dirac equation is not necessary. The nonrelativistic 
Schrodinger equation, supplemented by the Pauli theory of spin, is sufficient for our purposes. 

Each of the nucleons in a nucleus possesses, according to the foregoing description, an 
intrinsic spin $; every one of them also has angular momentum due to its rotational motion. 
All such angular momenta and intrinsic spins couple with one another and produce many 
possible values, in general, of the total angular momentum (sometimes called “spin** at the 
risk of confusion) of the entire nucleus. Depending on the nature of the interaction between 
nucleons, the state corresponding to one of these values has the least energy and therefore 
represents the ground state of the nucleus; the others signify excited states of the same nucleus. 
Since the orbital angular momentum has an integral quantum number, whereas the intrinsic 
spin is J, each nucleon has a total angular momentum that is half-integral (as per the quantum 
mechanical angular momentum Coupling rule). Therefore, the states of a nucleus having an 
even number of nucleons always have integral spin, whereas those of an odd-mass nucleus have 
half-integral spin. « 

Several experimental techniques are currently used to determine the spins of the ground and 
excited states of nuclei. Many of these states also have a measurable magnetic dipole moment 
and an electri# quadrupole moment. The latter arises whenever there is a lack of spherical 
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symmetry of the nuclear charge distribution. As a consequence of simple angular momentum 
conservation (explained in detail in Section 6), states of angular momentum zero can have 
neither a dipole nor a quadrupole moment, whereas states of angular momentum J cannot have 
any quadrupole moment. The ground-state moments of nuclei have been, whenever they are 
nonvanishing, very systematically measured through almost the entire periodic table. Only very 
recently, techniques have been developed and applied to the measurement of moments of excited 
states as well. 

The compilation of data on the ground and excited states of nuclei falls within the 
scope of nuclear spectroscopy. The excited states of nuclei, studied in such work, are formed 
by bombarding target nuclei with energetic projectiles. Usually, electron, proton, and nuclei 
of such elements as H 2 , H 3 , He 3 , and He 4 , are energized in high-energy machines, known as 
nuclear accelerators, and used as projectiles to probe the interior of a nucleus. Heavier nuclei, 
for example, C 12 and O 16 , have also been employed as probes in recent times. Energetic 
electrons have a special advantage over other projectiles: the de Broglie wavelength for 
energy of a few hundred MeV is very much smaller in an electron than in a massive projectile 
because of the small rest mass of the electron. Therefore, high-energy electrons can probe more 
minute details of the interior of a nucleus. For studying the charge distribution in a nucleus, 
electrons are ideally suited. In many nuclear studies, the neutron, which is chargeless, is also 
considered a better probe than the aforementioned nuclei, all of which have positive charge. 
This is because the neutron, unlike such charged particles, is not repelled by the target nucleus, 
and so can penetrate quite deep inside a nucleus. However, neutrons cannot be accelerated in 
a machine because the acceleration is achieved by an electric field which affects only charged 
particles. 

Each projectile can after striking the target nucleus, give rise to nuclear reactions; that 
is, a different nucleon or a light nucleus may be ejected from the target, and, since the total 
charge and the mass of the target plus the incident projectile have to be conserved, the product 
nucleus remaining in the target is also different from the initial one. Due to momentum con- 
servation, the product nucleus suffers a recoil, '\hich, if sufficiently large in magnitude, enables 
it to move out of the target material. Experimental studies are usually made on the differential 
cross-section, total cross-section, and angular correlation between the outgoing particle and 
recoiling product nucleus. The polarization of the spin of the outgoing particle and of the 
recoiling nucleus, and sometimes the correlation in their polarizations, are also examined. 
Changing a nuclear species by bombarding with an energetic projectile is referred to as nuclear 
transmutation. The expression nuclear reaction , as used in nuclear physics, has a wider connota- 
tion than nuclear transmutation. The elastic and inelastic scattering of the incident projectile 
by the target nucleus fall within the definition of nuclear reaction. In scattering, the target 
nucleus and incident projectile remain unchanged; they can, however, exchange energy. If the 
projectile is scattered without delivering any energy to the target nucleus, then the scattering is 
called elastic, but if it delivers some energy when it gets scattered, then the scattering is said to 
be inelastic. In inelastic scattering, therefore, the target nucleus is left in a state of excitation 
by virtue of the extra energy it acquires from the projectile. During transmutation also, the 
product nucleus may be in its ground state or any of its excited states. The excited states 
usually decay to the ground state by emitting y-rays. Sometimes, even the ground state of the 
product nucleus, originally resulting from the reaction, may not be stable in the sense that it 
may emit a j8-particie (an electron or a positron) and get converted into a different nucleus. 
The examination of the 0- and y-rays associated with the product nuclei provides valuable data 
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on their energy levels. This type of 0- and y-radioactivity, caused by bombarding with particles 
accelerated in the laboratory, is called induced radioactivity to distinguish it from the radio- 
activity of naturally occurring elements beyond Pb 208 . 

All the early nuclear transmutation experiments, following the discovery of the nucleus 
by Rutherford, employed a-particles from polonium (a naturally occurring radioactive element) 
as projectiles. With the use of Al 27 as the target nucleus, it was established that the outgoing 
protons form two separate energy groups, corresponding to two different energy levels of the 
final nucleus Si 30 ; the y-ray connecting these two levels was also observed. The same experi- 
ment, carried out with a thick target, proved that a-particles of several different energies were 
very effective in producing the reaction. Though the incident a-particles lost energy in the thick 
target and provided a continuous spectrum of energy to the target nucleus, the reaction took 
place for only a few select values of the energy. This phenomenon was interpreted as resonance 
effect in nuclear reactions. In other experiments, where Be 9 and B 10 nuclei were used as targets, 
the outgoing particle was found to be a very penetrating radiation, like y-rays. Chadwick 
correctly identified this particle as the neutron, whose high penetrating power is due to the lack 
of charge and consequent absence of electromagnetic interaction with matter. 

A few years before these experiments with Al 27 , several groups of workers started build- 
ing nuclear accelerators. The success of their efforts was more or less simultaneous. In 1932, 
Cockroft and Walton developed their high-voltage machine and, with protons accelerated to a 
few hundred keV, caused the first artificial nuclear transmutation of Li 7 , yielding two a-particles. 
The group headed by Lawrence in Berkeley succeeded in running their first cyclotron, a high- 
energy machine in which the charged particle is made to move in a circle of gradually increas- 
ing radius by confining it with the help of a perpendicular magnetic field and imparting energy 
to it, at each half-turn of its cycle, with an alternating electric field. About the same time, 
Van de Graaff launched his experimental electrostatic high-voltage generator. Machines using 
the cyclic principle of cyclotrons, and the high-voltage principle of the Van de Graaff generator, 
were simultaneously developed during the last three decades. Moreover, many ingenious inno- 
vations have been introduced to deliver ever higher energies accompanied by high-beam currents 
(caused by the motion of accelerated charged particles). These machines are now an almost 
indispensable part of experimental work in nuclear physics. 

Special machines have also been built to accelerate electrons for nuclear physics research. 
Energetic projectiles from such accelerators have provided a wealth of experimental data on 
the energy levels of nuclei, and on the exact mechanism of nuclear reactions. A projectile may 
cause a nuclear reaction in various ways: for example, it may enter a nucleus, get absorbed, 
and the resultant nucleus (known as the compound nucleus) may disintegrate in several different 
ways; or the projectile may simply interact with only one or two particles near the surface of 
the nucleus and eject them while colliding with the nucleus; or the projectile itself may break 
up while interacting with the target nucleus, and one of its fragments may leave as the 
emergent particle, the others getting absorbed by the nucleus. A study of all such reaction 
mechanisms forms an interesting and active area of modern nuclear physics. 

To complete this general survey, we mention two other nuclear processes, which are also 
regarded as special types of nuclear reaction. These processes are related to the elements at the 
beginning and end of the periodic table whose binding energies are smaller than the average 
value of about 8 MeV per nucleon for the rest of the nuclei. Let (Z lt N 0 and (Z 2t N 2 ) be (he 
number of protons and neutrons of two nuclei. Let us also consider another nucleus with the 
number of protons and neutrons as (Z, JV), where Z x *f Z 2 «* Z and N x + N 2 «■ N. We denote 
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the masses of these three nuclei by M and their binding energies by B. Then 
A/(Z, N)c r 2 = (ZA/p + NM d )c 2 - 5(Z, N), 

M(Z it N x )c 2 = (Z|A/ P + ^A/ n )c 2 - fi(Z lf N x ) t 
M(Z 2 , N 2 )c 2 = (Z 2 A/ P + jV 2 A/ n )c 2 - *(Z 2f /V 2 ). 

Adding the last two expressions and subtracting from the first, we obtain 

[A/(Z, N) - M(Z U N x ) - A/(Z 2 , iV 2 )]c 2 = B(Z U N x ) + 5(Z 2 , N 2 ) - B(Z, #)• 

If nuclei 1 and 2 belong to the beginning of the periodic table and nucleus (Z, N) result- 
ing from their fusion lies in the middle region, where the elements have normal binding energy, 
then 

B(Z lt Ni) + B{Z 2 , N 2 ) < B(Z t /V), 
and hence, from the foregoing equation, 

A/(Z, N) < M(Z h N{) + M(Z 2f N 2 ). 

Since the sum of the rest mass-energies of nuclei 1 and 2 is greater than the rest mass-energy 
of the final nucleus, the excess rest mass-energy of the initial state must have been evolved 
during the fusion process. On the other hand, if nucleus (Z, ;V) belongs to the end of the 
periodic table and undergoes fission into two nearly equal fragments, which lie in the middle 
region, then B{Z X , N { ) 4- B(Z 2 , N 2 ) > B(Z , N ), and hence, from the same equation, Af(Z, N) 
> M(Z it + Af(Z 2 , N 2 ), Therefore, in the fission of the heavy nucleus (Z, TV) into two smaller 
fragments, the rest mass-energy of the initial state is greater than the rest mass-energy of the 
final state; hence, the excess rest mass-energy will have been evolved in the fission process. 

The fusion process (often referred to as the thermonuclear process) acts as the source of 
energy of the stars and, on a ‘miniature’ scale, of the H-bomb. The release of energy at a 
controlled rate by means of the fusion process is a coveted goal, and is currently the focal point 
of considerable research work in thermonuclear physics. In the fission process, a heavy nucleus 
such as U 235 undergoes fission when struck by 4 slow neutron. The two medium-heavy nuclei, 
formed as a result of the fission, contain many more neutrons than do stable nuclei with the 
same Z-value. Therefore, the fission fragments emit some of these extra neutrons while trying 
to teach a stable state. Neutrons so emitted, when suitably slowed down, can once again cause 
fission of more U 235 nuclei. Thus, the fission becomes a chain-reacting process and can be used 
as a self-sustaining process of energy output. In the so-called ‘atom' bomb, this process is 
utilized in an uncontrolled manner so that a tremendous amount of energy is released within a 
very short time, thereby causing an ‘explosion*. On the other hand, in a nuclear reactor, the 
same principle is applied with a controlled rate of energy release. In a power reactor, the 
controlled power output is converted into electrical energy. A reactor is an extremely useful 
machine for nuclear research purposes. It acts as a source of slow neutrons of tremendous flux. 
These neutrons can be used to bombard many nuclei and produce new isotopes, which can be 
used for studies in nuclear spectroscopy; many such isotopes serve clinical purposes also. 

By far the biggest source of slow neutrons for experimental work is the nuclear reactor. 
Higher-energy neutrons are obtained by bombarding suitable targets with charged particles 
from accelerators. 

The foregoing survey is intended to acquaint the reader with the scope of nuclear physics. 
The data on cross-section, angular distribution, polarization, etc., of nuclear reactions provide, 
as already mentioned, an insight into the reaction mechanism; in addition, they help us to 
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test the wavefunctions of the various nuclear states involved in the reaction. The latter type 
of information is rather difficult to extract unambiguously from the reaction analysis because 
of the uncertainty about the exact reaction mechanism. In recent years, considerable progress 
has been made in this direction. Nuclear spectroscopic data, obtained from an analysis of /J-, 
y-decay, and the measurement of spins and moments offer a more direct test of nuclear wave- 
functions. Theoretically, the wavefunctions of a nucleus containing many nucleons are quite 
difficult to calculate. In the first place, the exact nature of nuclear forces is uncertain. 
Secondly, the quantum mechanical calculation of a system of more than a few nucleons is 
almost impossible to carry out exactly. The approximate methods employed in nuclear 
physics are based on models of the nucleus, the choice of the model being guided by experi- 
mental data. For instance, the shell and collective models of nuclei have been very successfully 
applied to explain various kinds of experimental data over different regions of the periodic 
table. A deeper understanding of the origin, success, and interrelationship of these models has 
also been recently achieved. All these studies are grouped under the broad head of nuclear 
structure , which is the theme of this text. The field of nuclear structure is intimately connected 
with the two-nucleon forces because all the detailed structural characteristics of a heavy 
nucleus have to be understood in terms of the basic interactions between pairs of nucleons. 

The study of the nuclear two-body problem provides the requisite information on two- 
nucleon forces. The three- and four-body systems, namely, H 3 , He 3 , and He 4 , can be* treated 
by fairly straightforward quantum mechanical methods, and hence they offer a valuable 
testing ground for nuclear forces derived from two-body data. As we go beyond the mass 
number four, the increasing complexity of the many-nucleon system makes it prohibitiye to 
directly apply the many-body Schrodinger equation and compels recourse to the structural 
models mentioned earlier. A detailed presentation of nuclear structure theory, commencing 
with two-nucleon interaction and a description of nuclear models, forms the subject matter of 
our study. The calculation of an effective interaction for heavier nuclei from the actual two- 
nucleon interaction and a deeper understanding of structural models in terms of this effective 
interaction are also included. The book ends with the more sophisticated and up-to-date 
theoretical work of recent years, which attempts to arrive at a unified conceptual framework 
of the different structural models. 

B. GENERAL CONCEPTS OF SYMMETRY 

Some of the basic properties of the two-nucleon potential already discussed in Section 1A are: 
(i) the range, which is very short and assumed to be smaller than the spatial extent of the 
deuteron nucleus, and hence lies between 1 fm and 2 fm; (ii) the repulsive core whose radius 
is stipulated at much less than 1 fm; and (iii) the exchange-dependence. In Section 3, we shall 
construct very general forms of the two-nucleon potential based on these concepts and make 
certain broad physical assumptions on its symmetry characteristics. These characteristics also 
impose restrictions on the two-nucleon wavefunction, which can be inferred in a general 
manner without even solving the two-nucleon Schrodinger equation. These general character- 
istics of the wavefunctions are discussed in Section 2. To facilitate the reader's understanding 
of these symmetry arguments, % we now present some general quantum mechanical results. 
Those who are already familiar with these concepts may proceed directly to Section 2. 

The symmetry requirements we impose are of several kinds. One type corresponds to a 
continuous operation, such as the requirement of symmetry under the rotation of the coordi- 
nate system through any angle. Another corresponds to a discrete operation, such as the 
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reflection of the coordinate system. Obviously, reflection is not a continuous process because 
the final orientation of the coordinate axes cannot be reached from the initial orientation by 
going through a continuous succession of stages. A scalar quantity remains invariant under 
these transformations of coordinate axes, whereas a pseudoscalar quantity remains unchanged 
under rotation but changes sign under reflection. Now, since the Hamiltonian H of a system 
of particles is the operator that stands for the total energy of the system, we expect, from 
physical considerations, that its expression does not depend on the choice of the coordinate 
axes; in other words, H should be a scalar under the combined symmetry operations of rota- 
tion and reflection. Exception to the invariance requirement of the Hamiltonian under reflec- 
tion is known in other areas of physics (see Section 2). 

Yet another type of symmetry requirement arises from the identity of particles. If Pi 2 is the 
operator that exchanges the space and spin coordinates of the two indistinguishable particles, 
for instance, two neutrons or two protons, then the expression of their Hamiltonian H must 
remain unchanged under the operation of P l2 . If we are considering a neutron and a proton, 
then, of course, the particles are distinguishable through their charge, rendering this particular 
symmetry requirement unnecessary. But there is a mathematical way of considering these two 
particles also as indistinguishable, in which case the definition of P l2 has to be somewhat more 
generalfzed This mathematical artifice is described in Section 2C. P l2 , like reflection, is not a 
continuous symmetry operation. 

A fourth kind of symmetry requirement, used in nuclear physics and also other branches 
of physics, concerns the reversal of the sign of time, and is usually called the time-reversal 
operation. This too is a discrete symmetry operation. Those who are not familiar with it should 
refer to the detailed mathematical description in Appendix D before going any further. 

Let us denote the operator for any of the four symmetry operations by the symbol S- 
The kinetic energy of each nucleon is given by \Mv 2 > where v = dr/dt is the velocity of the 
nucleon, and M is its mass. Under rotation, the square of any vector remains unchanged, and 
hence the kinetic energy is invariant. Under reflection, the vector r changes sign, i.e., v changes 
sign, but v 2 , and hence the kinetic energy, remains unchanged. Under the time-reversal opera- 
tion, t changes to — by definition, and so v changes to — v, but once again \Mv 2 remains 
unchanged. The total kinetic energy of the two nucleons is given by (J -f IM 2 v 2 ), where 
the subscripts 1 and 2 label the two nucleons. Under P l2y the label 1 changes to 2 and 2 changes 
to 1, maintaining the same expression of the total kinetic energy. Thus, the kinetic energy is 
indeed invariant under all the foregoing symmetry operations. Therefore, the requirement of 
the invariance of H under any of the symmetry operations S is equivalent to imposing the 
same requirement on the two-body potential V. 

Let us now consider the general requirement of the invariance of H under <S. This is 
described by the operator equation 


SHSr 1 = H , 

SH = HS, 

IS, H) = 0 . (U) 

The pair of square brackets denotes the commutator of the two operators and stands for 
SH — HS> It is known from elementary quantum mechanics that if two operators commute, 
they have simultaneous eigenstates. The construction of such states is now described. 

If V is an eigenfunction of H, the result (1.1) implies that S'? is also an effeenfunction of 
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H belonging to the same eigenvalue. The proof follows. Since HS » SH, 

HSV = SHV = ESV, 

where 

HW = £!F. 

These two equations establish our assertion. Now there are two ways in which S'? and can 
have the same eigenvalue of H. First, S'? can be the state *¥ itself multiplied by a constant, in 
which case the constant is clearly the eigenvalue of S in the state W t and the latter is indeed a 
simultaneous eigenfunction of H and S . The second possibility arises if S'? is not simply pro- 
portional to *£, but represents a different wavefunction, say, 0. In this case, we conclude that 
the energy eigenvalue £ of H has a degeneracy. The states and 0 are degenerate with respect 
to H\ neither of them is an eigenfunction of S on its own. If we continue this process, the 
second state 0 itself may produce another state when operated upon by «S, which must also be 
degenerate with and 0. In this way, we may encounter a situation where a set of states, 
generated by the operation of S, degenerate with respect to the eigenvalue of H. In general, 
none of these states is, on its own, an eigenfunction of S , but suitable linear combinations of 
these states, which also have definite eigenvalues of S , may be constructed. 

Since the eigenstates of the symmetry operators, described earlier, are quite siitfple, we 
get a lot of information on the eigenfunctions of H without even using the Schrodinger 
equation. 

Let us first consider the case where S stands for an infinitesimal rotation through an angle 
< about any axis n. Since rotation is a continuous operation, the consideration of an infinitesimal 
rotation is necessary and sufficient. From (BI.4) in Appendix B, the operator generating this 
rotation is given by 

1 — /<n« J, 

where J is the total angular momentum of the system. The commutator of this operator with 
H is proportional to [J, H] t and hence, from (1.1), we obtain 

[J, H) = 0. 

Since this equation is true for each component of J, 

[J\ H] - 0. 

The properties of the angular momentum operator J and its components are given in Appen- 
dix A (Section II). Most readers may already know these results from elementary quantum 
mechanics. Those who are not familiar with them should study Appendix A (Sections I~IV) at 
this, point. Since J X9 J 2 do not all commute with one another, but J 2 and ary ore component 
of J (say, J,) do, we conclude that J 2 , J z , and H have simultaneous eigenfu actions. The eigen- 
functions of J 2 and J 2 arc called angular momentum eigenfunctions. If J denotes the total 
angular momentum, then it is obtained by vectorially summing [see Appendix A (Section IV)] 
the orbital angular momentum and spin angular momentum, L and S, respectively. The cons- 
truction of the eigenfunctions of J 2 and J X9 in terms of orbital angular momentum eigenfunctions 
fthe spherical harmonics of Appendix A (Section I)], and the spin eigenfunctions, with the help 
of the Clebsch-Gordon coefficients, are diseussed in Appendix A (Section IV). Thus, the eigen- 
functions of J 2 and which are completely known, are simultaneous eigenfunctions of H as well. 
The quantum numbers labelling these eigenfunctions [see Appendix A (Section II)] are j and 
m, where the eigenvalue of J 2 is j(J + 1) and that of J g is m. Therefore, these quantum numbers 
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label the eigenfunctions of H too. Any operator that commutes withV/, for example, J 2 and J t , 
thus provides its characteristic quantum number as a labelling index of the eigenfunction of H. 
Such a quantum number is subsequently referred to as a good quantum number. 

For a Hamiltonian that is rotationaliy invariant, it is also possible to prove that all 
with m « — j to m = are degenerate with respect to the eigenvalue of H. Since H commutes 
with all the three components of J, (1.1) is true for J ± = J x ± iJ y , i.e., the step-up and step- 
down operators. Hence, if is an eigenfunction of H , ( J x + iJ y )^P } m also is an eigenfunction 
belonging to the same eigenvalue of H. However, these two operators produce the states 
W f m ± i* Thus, the eigenvalue of H for the state does not depend on m if H is rotationaliy 
invariant. 

We next consider the discrete symmetry operations. It is implied in the very nature of 
these operations that, if any of them is performed twice in succession, the Hamiltonian and 
the states should remain unaltered. For example, reflecting the coordinates twice means re- 
turning to the initial orientation of the axes. Therefore, under S 2 , where S is one of the 
discrete symmetry operators, the description of the state must remain unchanged. Since the 
wavefunctions* and e iax P, where b is a real phase parameter, represent the same physical 
state, we can, in general, have 

+S 2x P = e i6x P. (1.2a) 

If this has to hold for every arbitrary state then 5 should not depend on the Y chosen, 
and hence all the states \P are eigenstates of S 2 belonging to the same eigenvalue. Without any 
loss of generality we may choose e ia = 1. The case of time-reversal operation is somewhat 
special and is considered later in this section. 

With the present choice e ta = 1, we have 

S 2x ¥ « y, 

■' S 2 = 1 (I.2b) 

in view of the arbitrariness of X P. Since (I.2b) can be factorized as 

(5 - 1 )(<S + I) - 0, 

it follows that, corresponding to the two solutions «S = ±1 of this equation, there exist two 
eigenvalues of the operator S> equal to + 1. Thus, if W itself is a simultaneous eigenstate of H 
and S> then there can be two kinds of state W corresponding to the two eigenvalues of S . 
They satisfy 

SV = ±V. 

When S is the reflection operator, these two kinds of eigenfunction W are said to have even 
(-|- sign) and odd (— sign) parity . 

If S is now identified with the exchange operator P & then, in general, P t ^P and W will be 
different wavefunctions. According to our earlier discussion, these wavefunctions are degenerate 
with respect to the eigenvalue of H. The linear combinations (t ± P l2 yP have the same eigen- 
value of H but different eigenvalues of P l2 , namely, +1 and —1. The combination (1 — P^W, 
which has the eigenvalue — 1, is said to be antisymmetric under exchange, whereas the other 
combination is called symmetric . According to thefPauli exclusion principle, two nucleons can- 
not occupy the same single-particle state. If <f> and $ denote two single-particle wavefunctions, 
then ^(1)^(2), where 1 and 2 refer to nucleon coordinates, is a special form for the two-body 
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wavefunction P. The antisymmetric combination (1 — Pm)'? for this special kind of P is 
obviously given by 

«1# # (2)-«2)*'(1). 

If 4> = <f>\ this antisymmetric combination identically vanishes. Thus, the Pauli exclusion 
principle is incorporated into the two-nucleon wavefunction by working with the antisymmetric 
two-nucleon states. 

Finally, we consider the case of the time-reversal operator T. It is shown in Appendix D 
that, according to a standard phase convention, 

VP' m = (-1 
Therefore, 

T*Pi, = (— = (-l) 2 ^. 

Thus, according to the phase convention adopted here, e i9 of (1. 2a) is, in the case of time- 
reversal, chosen equal to -f 1 when j is an integer, and equal to — 1 when j is half-integral. 
These two cases correspond to wavefunctions of an even and odd number of nucleons, respec- 
tively. In the first case, T has the eigenvalues ±1, as proved earlier, whereas in the second 
case, T 2 has the eigenvalue —1 and it is impossible to find an eigenstate of the operator T 
itself. 

The states P and VP have the same eigenvalue of H and, by a suitable linear combi- 
nation of the two, we can construct two states that correspond to the two eigenvalues of T in 
the case of even nuclei. These are given by 

(1 ± TJP. 

This assertion can be verified by applying T directly on these two linear combinations. The 
fact that P and TP have the same eigenvalue of // when H is invariant under T represents a 
nontrivial result only if we are considering a special Hamiltonian H that is not invariant under 
a completely general rotation. In that case, P } m and (— \) J ~ m PL m are proved to be degenerate 
by the present method; but we have already proved a more general result, namely, the wave- 
functions P J m for all m between — j and j are degenerate for a rotationally invariant H. In the 
case of the two-nucleon Hamiltonian, we assume a complete rotational invariance; hence, its 
time-reversal invariance does not give any extra information on the two-nucleon wavefunction. 
In Chapters IU, IV, and V, we shall consider a one-body type Hamiltonian of the whole 
nucleus given by 

• f(T,+ q/,), 

where the summation goes over all the nucleons, T denotes the kinetic energy, and C[/ stands 
for an average potential in which the nucleons move. In Chapter III, C[/ is regarded as a spheri- 
cally symmetric potential, and hence invariant under a general rotation. In this case, therefore, 
the single-nucleon wavefunctions corresponding to the single-nucleon Hamiltonian T+C[/ 
are of the type In Chapters IV and V, we shall deal with more general average potentials, 
which may have either a symmetry with respect to any rotation about one special axis, or no 
symmetry at all under continuous rotation about any axis. In both these cases, the single- 
particle eigenfunctions (or «/r) and (or T+) of H are degenerate in energy. 
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2. GENERAL SYMMETRY PROPERTIES OF TWO-NUCLEON HAMILTONIAN 
AND TWO-NUCLEON STATES 

As pointed out in Section 1, our main aim in studying the two-nucleon problem (i.e., the 
deuteron, and two-nucleon scattering) is to obtain information on the two-nucleon interaction. 
Because of the complexity of this interaction, arising out of its state-dependence, it is useful 
to begin with very general symmetry requirements and proceed to derive the maximum 
number of unambiguous conclusions from experimental data. We shall start by assuming the 
validity of five properties of the interaction. 

(i) The interaction does not depend on the choice of coordinate axes; rather, it 
remains invariant under the rotation of these axes. This requires the interaction to be a scalar 
[or a pseudoscalar, which is ruled out by property (iii)] in ordinary space, and hence the 
eigenfunctions of the two-nucleon system will correspond to definite values of the total 
angular momentum quantum number j. 

(ii) The interaction is charge-independent. That is, apart from the Coulomb interaction 
between a pair of protons, the interaction in p-p, n-n, and n-p systems is the same. This 
statement requires further qualification. Because of the requirement of the Pauli exclusion 
principle with respect to space-spin coordinates in p-p and n-n systems (i.e., systems of two 
identical Fermions), the states possible for them are possible also for the n-p system, but not 
vice versa. Charge-independence holds only for such states; the extra states characteristic of 
only the n-p system may exhibit different interactions. Charge-independence is a very simple 
hypothesis, which has been found to work in the analysis of two-body data. Some high-energy 
data may be explained by assuming different interactions for n-p and p-p systems; they can 
also be explained by retaining the charge-independence hypothesis. Thus, the hypothesis, 
though not very unambiguously established, is favoured for its simplicity. 

(iii) The interaction remains invariant under a reflection of the coordinate system. 
This rules out a pseudoscalar nature for the Hamiltonian, and implies that the eigenfunctions 
of the two-nucleon system can be classified acco.ding to even or odd parity. 

That parity is not conserved in weak interactions is now well-known. No compelling 
evidence on the violation of parity conservation has yet been obtained in strong interaction 
physics. Experiments have set a limit to the extent to which parity may still be violated in 
nucleon-nucleon interaction. This limit is extremely small. 

(iv) The interaction remains invariant under Galilean transformation, according to which 
a physical theory remains unchanged if a transformation is made from one coordinate system 
to another having a uniform relative velocity. Considered in the new coordinate frame, each 
of the momenta k l9 k 2 , . . . of the two nucleons in the old frame acquires an extra additive 
momentum, say, x, arising from the motion of the new coordinate frame. Thus, Galilean 
invariance demands, for the matrix elements of the two-nucleon potential V in momentum 
space, the equality 

<k'„ k' 2 \ V |k„ k 2 > = <k', + x, k' 2 + x| V |kx + x, k 2 + x>. 

Using the definitions of total and relative momenta, namely, 

K - k, + k 2 , k - t(ki - k 2 ), 
we can write the equality also as 

<K', k'| V |K, k> - <K' + 2x, k'| V |K + 2x, k>. (I.3a) 
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Expressing the matrix element on the left-hand side explicitly in terms of coordinate space 
integrals, we obtain 

<K\ k'| V\K, k>=p 3 /?'pv|<i 3 ^pV<K', k' | R', r'><R', r'| F|R, r><R, r | K, k> 

= jpp r'| V |R, r> exp (-/K'.R') exp (;K-R) 

X exp (— /k'*r') exp (ik«r). 

Here, R and r denote the centre-of-mass and the relative coordinate vectors 
R = J( r i 4- r 2 ), r =* r! - r 2 , 

which are canonically conjugate to K and k, respectively. The factor (2n)~* comes from the 
(2 tr)“ 3/2 normalization constant of each momentum eigenfunction. In the same manner, the 
right-hand side of (1. 3a) also can be expressed in terms of coordinate integrals; the only 
difference we will have in that case is the occurrence of the additional factor exp [/2x«(R — R')] 
in the integrand. In order that the two expressions be equal for any x, as demanded by (1. 3a), 
we should have this additional factor in the integrand equal to unity, i.e., R = R'. This equality 
is guaranteed if the coordinate space matrix element of V vanishes whenever R ^ R'. Therefore, 
Galilean invariance requires 

<R', r'| V |R, r> - S(R, R'KR, r'| V |R, r>. (I.3b) 

(v) The interaction is invariant under translation of the origin of the coordinate system 
through any distance a. According to this requirement, we have 

<rl, ri| V |r t , r 2 > = <r| + a, r 2 + a| F |n -f a, r 2 + a>, 

<R\ r'| V |R, r> = <R' + •, r'| V |R + a, r>. (I.3c) 

In close analogy with what followed (1. 3a), we now express the left- and right-hand side of 

(1. 3c) in terms of momentum integrals. The reader will then be convinced that (1. 3c) can be 

satisfied if K' = K, i.e., 

<K', k'( V |K, k> = S(K, K'KK, k'\ V |K, k>. (I.3d) 

Next, by combining the requirements (1. 3b) and (1. 3d), we show that the matrix element of V 
on the right-hand side of (1. 3b) is, in fact, independent of R and the matrix element of V on 
the right-hand side of (1. 3d) is independent of K. To clarify this, let us introduce momentum 
integrals and write 

<R, r'| F|R, r> = *<R, r' | K'. k'><K', k'j V |K, k> <K, k | R, r>. 

On the right-hand side, using (1. 3d) in the matrix element of V and carrying out the K'-integra- 
tion, we obtain 

<R. r'| V ( R, r> = ^^K^k'^d'k exp (/k'.r') exp (-/k.r)<K, k'| V |K, k>. 

As the integral on the right-hand side is not in any way dependent on R, we have verified our 
earlier assertion. Therefore, we finally write 

<R’. r'| V |R, r> = $(R, R'K^'I V |r>. 


(I.3e) 
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Proceeding in an analogous manner (the proof is left to the reader), we easily establish 

<K\ k'\ V |K, k> = 8( K, K')<k'| K |k>. (I.3f) 

A potential with the general coordinate space representation, as shown in (I.3e), is called non- 
local. In the special case of a local potential, we have, by the definition of locality, r = r' in 
the matrix elements of V , and then (I.3e) reduces to 

<R', r'| V |R, r> *. 8(R, R')S(r, r')K(r), (I.3g) 

where the diagonal matrix element <r| V |r> has been appropriately written as a function of r. 
In our study on the two-nucleon problem, we shall assume a local potential, though a particular 
type of nonlocal potential is mentioned in Section 12. 

The foregoing general requirements lead us to certain general characteristics of the two- 
nucleon eigenstates which are now described in detail. 

A. SPATIAL STATES 

If C denotes the total energy, and ^ the two-body wavefunction, then the Schrodinger equa- 
tion is given by 

l--^(V? + vi)+ 

Transforming r t and r 2 to r and R, we get 

where the reduced mass ^ = \M, the total mass JM = 2 A/, V is the gradient operator for the 
relative coordinate r, and V R is the same for the centre-of-mass coordinate R. It is clear from 
this equation that, since the spatial dependence of the potential V is through the relative co- 
ordinate r alone, the equation is easily separable into relative and centre-of-mass motion. If e 
denotes the kinetic energy of the centre-of-mass in a state 0, then 

and the Schrodinger equation simplifies to 

(- = EV, (I.3h) 

where 0 = 0*P, is the wavefunction for the relative motion, and £(=<? — e, i.e., the total 
energy minus the centre-of-mass energy) is clearly the energy of relative motion (kinetic plus 
potential). In the centre-of-mass coordinate system, the centre-of-mass is stationary, i.e., e = 0, 
and hence the centre-of-mass wavefunction 0 is a constant. 

A spatial wavefunction of (I.3h) for a given orbital angular momentum quantum 
number / of relative motion can be written as (see Schiff 2 ) 

+), 

where «/(r) is the pure radial function and Y l m {B y <f>) is the orbital angular momentum function. 
Under the parity operation r-*— r, this wavefunction is multiplied by (— 1)'. Thus, even- 
parity eigenfunctions will have even values of /, and odd-parity eigenfunctions will have odd 
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values of /. Since the total angular momentum quantum number j (j a / -f- S, where S is the 
spin of the two-nucleon system) is required to be a good quantum number, the spatial eigen- 
functions can be mixtures of either even or odd values of / consistent with a given j. 

The effect of interchanging the spatial coordinates ri and r 2 is to change x -+ —r. Thus, 
the space-exchange operation P r is equivalent to the parity operation. It follows from what has 
been said that the two-nucleon eigenstates will have definite symmetry characteristic under 
spatial exchange: the even-parity function will be symmetric, and the odd-parity function, 
antisymmetric. 


B. SPIN STATES 

The construction of the spin functions a 2 ) having specified values of the total spin 

quantum number S and its projection Af is straightforward. If the individual spin functions [see 
Appendix A (Section III)] are denoted by xj/ 2 (a), where J is the spin quantum number and 
P = are its projection, then the coupling of the two spin £ particles can be done with 
the help of the Clebsch-Gordon coefficients [see Appendix A (Section IV)]: 


<*2) 


- *.[ 


f* #*' 


s 

M 




(l.4a) 


The two possible values of S are 0 and 1 , and the corresponding wavefunctions given by (1. 4a) 
can be explicitly written down, using the values of the Clebsch-Gordon coefficients listed in 
Appendix A (Table AVII.l). We thus have 


<(°l, «j) = ~[Xl&a,)X% 2 (<, 2 ) - (singlet), 


(I 4b) 


a 2) — *-l/2(<7l)*-?/2(tf2)» 

Xj(<r„ o 2 ) = —[Xi'fcOXL'kfo) + X , _'f /J ( < r.)x!'j(c 2 )] (triplet), (1.4c) 

Xi(a„ a 2 ) = X}}l(*,)Xl{i(a 2 ). 

It is clear from these expressions that, under the exchange «-> a 2 of the spin coordinates of 
the two nucleons, the singlet function changes sign and the three triplet functions remain un- 
changed. If we denote the spin-exchange operator by P a , then this result can be stated as 

PJS&H *j) = (- D ,+S ^(a ( , o 2 ). (1.5a) 

It should be noted that a, used as the spin coordinate in the arguments of these spin functions, 
is a two-valued variable, and is therefore not treated as a vector. On the other hand, when the 
spin operator is required, we shall denote it by the vector o with the components o x , o y , o x . 

The spin functions xj/ 2 (cr) with p = -f J and p = — \ are often referred to as the “up” 
and “down” spin states, respectively. Some authors denote the “up” state by <x and the “down” 
state by p. The notation in this text, though more complicated, has the advantage of being 
consistent with the general angular momentum notation used in Appendix A (Section II). 


C. ISOTOPIC SPIN STATES 

Two-nucleon wavefunctions depend also on tne charge of the two nucleons. A convenient way 
to take this dependence into account is to define an artificial spin operator, called the isotopic 
spin t. In analogy with the ordinary spin operator o, the z-component of t is required to have 
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two possible values +1 and — 1, which may be related to the neutron and the proton, respec- 
tively. The opposite convention could also have been consistently followed; but the fact that 
stable heavy nuclei have a neutron excess implies that the convention we are following has the 
advantage of giving positive values of the projection of the total isotopic spin in such nuclei. 

The individual particle isospin states may be denoted by pj, /2 (r), where p = -f \ (neutron) 
and p = — £ (proton). We should recall here that o = 2s, where s is the actual spin, and 
s z = +£. Similarly, t — 2t, where t is the actual isospin, and t z — ±£. 

The construction of two-nucleon states of total isospin 7 and projection M T is similar to 
that in (1.4a). The symmetry under exchange of the two nucleons also follows in an analogous 
manner, i.e., the states 7 = 1 are symmetric, and the states 7 = 0 are antisymmetric. If P r is 
the exchange operator, then the relation analogous to (1. 5a) is given by 

PSmJt,, tj) = (- l) W >£ r (T 1 , Tj). (1. 5b) 

The main difference between a nucleon’s intrinsic spin o and isospin t is that the com- 
ponents of a are associated with the actual *-, y- t z-direction of the coordinate system in the 
physical space, whereas the components of t in the three directions have no relation whatsoever 
to the physical space. Therefore, we shall refer to r*, t z as the components of t along three 
mutually perpendicular directions in the fictitious isospin space. The only physically significant 
quantity about the isospin of the nucleon is the value of r z , which specifies whether a given 
nucleon is a neutron or a proton. The z-component of a two-body T, namely, 7 Z , is simply the 
sum qf \t x of the two nucleons; hence, the value M T of T z is also a physically significant quantity, 
elucidating which of the systems— the p-p, the n-n, and the n-p— is being considered. The 
values of M r for these three systems are respectively — 1, -f 1, and 0. The projections —1 and 
+ 1 .an result only from 7=1, whereas the projection 0 can result from both 7= 1 and 
7= 0. Thus, n-n and p-p systems have the state 7=1, whereas the n-p system has both the 
states 7 = 1 and 7 = 0. 

The requirement of charge-independence es ablishes that any space-spin state allowed in 
n-n, n-p, and p-p systems has the same interaction in all the three systems. The implication, 
in terms of isotopie spin, is that the interaction in the states 7= 1 does not depend on the 
value oi the projection quantum number M T of the state. However, as the state 7 = 0 is 
present only in the n-p system, its interaction may differ from that in the state 7=1, without 
violating the charge-independence hypothesis. 

Another hypothesis, which is less restrictive, is known as charge symmetry. According to 
this hypothesis, n-n and p-p systems must have the same nuclear interaction, but the n-p system 
has a different interaction even in the same space-spin state. This therefore requires that, of the 
three substates of 7 = 1, M T = + l have the same interaction, whereas M r = 0 may have a 
different interaction. 

Let us consider the implication of charge-independence a little further. Since the inter- 
action does not depend on the value of Af r , i.e., the value of the projection of 7along the z-axis 
in the isospin space, it follows that the z-axis can be chosen in any direction without altering 
the interaction. In other words, the interaction must be invariant with respect to any arbitrary 
rotation of the coordinate axes in the isospin space. Therefore, as explained in Appendix B, the 
isospin part of the interaction must be a scalar (cank zero) with respect to rotations in the 
isospin space. In analogy with the result derived in Section IB for the ordinary angular momen- 
tum operator J and rotation in the physical space, we can establish that the isospin part of 
the two-nucleon eigenfunction will have 7 and M r as good quantum numbers. 
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After isospin has been introduced, any two nucleons can be treated as identical 
Fermions, and a generalized Pauli exclusion principle demanded for them under the combined 
exchange of space, spin, and isospin coordinates. The usual requirement of antisymmetry 
under the exchange of space and spin coordinates for p-p and n-n systems is now replaced by 
the antisymmetry under exchange of space, spin, and isospin coordinates for p-p, n-n, as well 
as n-p systems. Therefore, this principle requires 

P r P a P^P{t, CFj, <72. T|, r 2 ) =• — *P(r, CT|, CT 2 , T 4 , T 2 ), (1.6) 

where V is an eigenfunction of the two-body system. Since the eigenfunction has already been 
shown to have definite symmetry characteristics with respect to P r and P T , it follows from 
(1.6) that it should have definite symmetry characteristic also under P 0 . The product P,P 0 P, is 
required to have the value —1, and hence the combinations allowed are 

(0 Pr=+ 1 
Pr= 1, 

P,= -l, P 0 = l; 

(ii) P T = -1 
/> r =l, P a — \, 

P r =-1, P a =- 1. 

The requirement of definite spin symmetry means that the eigenfunctions are characterized by 
definite values of S. We should note that this follows from the Pauli principle, and not from 
any direct invariance requirement of the two-nucleon Hamiltonian. On the other hand, the 
fact that T and parity need to be good quantum numbers follows from direct invariance 
requirements. 

The allowed states, in accordance with (i) and (ii), are 

(i) T = 1 

/ = even, 5 = 0, 

/ = odd, 5=1; 

(ii) 0 

/ = evep, 5=1, 

/ = odd, 5 = 0. 

The. different values of orbital angular momentum are usually denoted by spectroscopic 
nomenclature: 

S(/ = Q), P(/= 1), />(/ = 2), F(/= 3), G (l — 4), //(/=* 5),..., 

The states S = 0 and S = 1 are usually denoted by their multiplicity: spin-singlet and spin- 
triplet. Similarly, the states T = 0 and T = 1 are called isospin-singlet and isospin-triplet. 

Although / is not a conserved quantum number, j is. For a given y, / can have values 
ranging from / = y + S to / = \j — S| (see Appendix A (Section IV)]. Thus, in a spin-singlet 
state, only one value, namely, / = j , is allpwed. On the other hand, in a spin-triplet state, 
there are three possible values of / for a given y, namely, / = j and / = y ± 1. The parity of 
the state / = y is obviously opposite to that of the states / =y ± 1. The two states / « y ± 1 
will, in general, mix with each other in a spin-triplet eigenfunction of parity (— 
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We now list states of low orbital angular momentum [the triplet states that mix with 
each other are connected by a + sign; the spin multiplicity (25 -f 1) is given as a superscript 
and the total angular momentum j as a subscript to the letters 5, /% D , . . . , which stand for 
orbital angular momenta]: 


■So, l D 2t «G 4 , . . . , 

3 /> lt ( 3 P 2 + 3 F 2 ), 3 F 3 , ( 3 F 4 + 3 // 4 ) 


(1.7) 


l Pu ^ 5 , .... 

( 3 $l + 3 Z>,), 3 Z>2, ( 3 Z>3 + 3 ^), 3 <?4 


( 1 . 8 ) 


The states in (1.7) have 7 1 = 1, and those in (1.8) have T = 0. However, the T-value is auto- 
matically determined from the parity, and spin S by the generalized Pauli exclusion principle, 
and therefore need not be explicitly mentioned. 

It has already been noted that n-n and p-p systems have only the states T = 1, whereas 
the n-p system has both the states T = 1 and T — 0. The n-p system therefore has twice as 
many states as the n-n system or the p-p system. In the foregoing list, only the states (1.7) 
occur in n-n and p-p systems, whereas both (1.7) and (1.8) occur in the n-p system. Since 
T = 1 ^symmetric under exchange, the wavefunctions for the states (1.7) are antisymmetric 
under space-spin exchange; that is, they satisfy the ordinary Pauli exclusion principle. Since 
n-n and p-p systems correspond to T = 1 alone, the corresponding wavefunctions satisfy the 
ordinary Pauli exclusion principle, as expected. On the other hand, since both the states 

1 and T — 0 are possible for the n-p system, this system has states that are both sym- 
metric and antisymmetric under ordinary space-spin exchange. In other words, the n-p wave- 
functions span the entire space of the space-spin functions, as they should. It is clear then that 
the isospin formalism has not altered any physics of the problem. It has simply separated the 
states common to the n-n, p-p, and n-p systems from the states that are present in the n-p 
system alone. It has further put the states common to the three systems on an identical footing, 
thereby delineating their charge-independence. 


3. GENERAL FORMS OF TWO-NUCLEON INTERACTION 
The charge-independence hypothesis limits the dependence of the two-nucleon interaction on 
isospin operators to two possible forms, namely, 

1 , 

(1.9) 

T r T 2» 

because these are the only two independent scalar quantities in the isospin space that can be 
formed with Tj and t 2 . 

Rotation-reflection invariance also restricts space-spin dependence to scalar expressions 
formulated from the variables r, p, a,, and a 2 , where p is the relative momentum. To limit the 
total number of possible expressions, we introduce two more requirements, which are generally 
valid. v 

(i) The two-nucleon interaction is invariant under time-reversal. Even in weak inter- 
actions, where parity violation has been established, the time-reversal invariance is still regard- 
ed as valid. Strong interactions too have so far been found to satisfy this particular invariance 
requirement. 

(ii) The two-nucleon interaction is invariant under the exchange of the ntfcleons. Since 
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the permissible isospin expressions (1.9) satisfy this requirement, the space-spin part of the 
interaction should also do so. Just because the Hamiltonian has this invariance property, the 
eigenfunctions turn out to be of definite symmetry under particle exchange. 

In order to further limit the possible forms of interaction, an assumption is usually made 
about its momentum dependence. The restrictive nature of this assumption has been increasing- 
ly relaxed as data on high-energy differential cross-section, polarization, and correlation of 
spins have accumulated with the passage of time. The various stages of this assumption are 
now described. 

(i) The interaction does not depend on p. This assumption implies a strictly static two- 
nucleon interaction. 

(ii) The interaction is only linearly dependent on p. This may be a good approximation 
as long as we restrict ourselves to low-energy data. We shall presently see that, under this 
assumption, the only permitted velocity-dependent interaction is the spin-orbit coupling 
(rxp)-S. 

(iii) The interaction may have a general dependence on p 2 . Obviously, this sort of velo- 
city dependence may be necessary for the explanation of high-energy data. In Sections 11 and 
12, we shall examine the current experimental situation, and study to what extent such a 
general velocity dependence may be required by the data. 

We now proceed to construct general expressions with space-spin variables. [Some mathe- 
matical preliminaries needed for this purpose are given in Appendix B (Section II).] We shall 
first use assumption (ii) about momentum dependence, as was originally done by Wigner and 
Eisenbud 3 . These general expressions held ground until very recently when Okubo and Marshak 4 
extended them by introducing assumption (iii) about momentum dependence, which is presented 
towards the end of this section. 

Since or* — 1 and a a a 0 = ia y (a, j3, y being a cyclic permutation of the y- t z-component), 
it is not worthwhile to use bilinear terms in the components of o, alone, or o 2 alone. The only 
independent operators that can be formed with one a, and one o 2 are given by 


1, O,.0 2 

(scalar). 

(1.10a) 

± <*2» <*1 X C 2 

(axial vector), 

(1.10c) 

vSotf = i( a lot a 20 + <*lfi<*2*) — i$a/J°r a 2 

(tensor). 

(I.lOd) 


The operator o, being an angular momentum, is itself an axial vector (analogous to the orbital 
angular momentum r x p). The components of o, and o 2 , and hence those of o, x o 2 , do not 
change sign under reflection. Thus, o i x a 2 is also an axial vector. 

A. NO HIGHER THAN LINEAR DEPENDENCE ON p 

With r and p we can construct the Hermitean quantities (remembering that we shall not go 
beyond linear dependence on p) 

* 2 > (r-p + p-r) (scalar). (I.lla) 

r » P (vector), (I.llb) 

rxp (axial vector), (1. 11c) 

R i» = Vs - ( r » P) <2) + (P, 0 (J) (tensor). <1.1 Id) 

We have constructed only Hermitean expressions because these will be employed in cons- 
tructing the potential that is required to be a Hermitean operator. In constructing Hermitean 
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combinations, wc kept in mind that the components of r and p are individually Hermitcan, but 
the product of any component of r and any component of p is not Hermitean since r and p do 
not commute with each other. The symmetrized combinations, appearing in the second operator 
in(I.lla)and (I. lid), are easily verified as being Hermitean. In expressing the last-named 
operator, we have used the notation given in (B1I.6) of Appendix B, namely, (r, p) (2) , which 
denotes a second-rank tensor constructed with the vectors r and p in that order. 

In order to form scalar expressions, we are permitted to take the scalar product of an 
expression from (1. 10) and the corresponding expression from (1.11). The number of permitted 
expressions will be severely limited if the requirements include invariance under both time- 
reversal and particle exchange. Under time-reversal, 

a-+-o, r -> r, p-* -p, 

and, under particle exchange, both r and p change sign. We further wish to multiply, at the 
end, the resultant expressions by a general spatial function V(/la) y where a is called the range 
parameter. Therefore, it is not necessary to retain terms containing r 2 alone while forming 
general expressions. 

If we keep all these facts in mind, the different forms that will result are 


isospin space-spin 

ri 

1 ) <J,.<J 2 

}xV(rla)x< 

T|-t 3 J j ( r X p)«(o 1 + a 2 ) 

(. 3* = 3o,*ra 2 *r — o r o 2 


( 1 . 12 ) 


The third space-spin expression is obviously the spin-orbit coupling term /• S, whereas the last 
one, £T, is the celebrated tensor force operator. The latter results from the scalar multiplica- 
tion of S<xp in (I.lOd) and R in (I. lid) as follows: 

E = E (f,r p - - IMi*®*) 

<X0 OtfJ 

r 2 

= \ E <* 10 fa E "t* i E a \0 r 0 E a 20 L r a ~T ^ a \<x a lo. 

a 0 0 a J a 

- E r»r« -f Jr : a, ■ a 2 E 

•5 a a 

= (a r r)(a 2 .r) - ir 2 a r a 2 . (1.13) 

Since the arbitrary radial function V(r/a) is already present in (1.12), we divide (1.13) by r 2 . 
A further normalization by a factor of 3 (to eliminate the occurrence of the fraction J) leads 
to the expression of 9* given in (1.12), where r represents the unit vector in the direction of r. 

The resultant forms in (1.12) can be divided into two broad categories: (i) those that 
depend on r, but not on (0, <f>), i.e., the direction of r, and (ii) those that have a general 
dependence on r, 0, (f> t i.e., the magnitude as well as the direction of r. Types (i) and (ii) are 
called central and noncentral potentials, respectively. 

The general form of a central potential is found from (1.12) to be a linear combination 
of I, a r a 2 , T r t 2 , and e r a 2 r r T 2 * each operator being multiplied by a suitable radial shape 
function V(r/a). The range parameter a may, in general, be different for the different operators. 
These spin-isospin operators clearly make the potential state-dependent. 
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We have 


®i*® 2 = 

1-3 



Ti-T 2 = 

1-3 

and hence 


0i*0 2 Tj‘ 

t 2 = 


(spin-triplet) 

(spin-singlet) 

(isospin-triplet) 

(isospin-singlet) 

I" —3 (space-symmetric, i.e., even / states) 

< 9 (space-antisymmetric, i.e., odd / states, with spin-singlet) 
( 1 (space-antisymmetric, i.e., odd / states, with spin-triplet) 


(I.14a) 
(1. 14b) 


(U5) 


The specification of space symmetry in (1.15) is possible in view of the total antisymmetry of 
the states in space, spin, and isospin. 

The operators in (1.14) and (1.15) are very conveniently expressed in terms of three 
other operators, which have more physical content. Let us consider the operator 


P a = J(1 + a r o 2 ). 


. (1. 16a) 


It is clear from (1. 14a) that 


Po 


-|-1 (spin-triplet) 
— 1 (spin-singlet) 


Thus, P a achieves the same task as exchanging the spin coordinates in the spin-triplet 
(symmetric) and spin-singlet (antisymmetric) states. In other words, it is the spin-exchange 
operator or the Bartlett operator introduced in (1.5a). Since carrying out the exchange twice 
means getting back to the initial situation, we have Pi = 1. 

In the same way as in the case of spin, the operator 


P r = i(* + (1. 16b) 

serves the purpose of exchanging the isospin coordinates in the two-body isospin functions, as 
described by (1. 5b). As with P* t so too here we have P 7 = 1. According to the requirement of 
total antisymmetry of the space, spin, and isospin functions, expressed in (1.6), and in view of 
the fact that the square of the exchange operators is 1, we have — P r = P r P a . Hence, instead 
of calling P r the isospin exchange operator, we could identify —P 7 as the space-spin exchange 
operator or the Heisenberg exchange operator P H . 

With the help of P r = — P 0 P T and (1. 16a) and (1. 16b), we express the space-exchange 
operator or the Majorana operator P M as 

Pm = Pr = -ill + o r o 2 )(l + X\ »t 2 ). (I.16c) 

The three exchange operators P n P of and P f can conveniently replace the operators in 
(1.14) and (1.15) in the general expression of the central potential. The general expression also 
contains a term with the operator 1; this term does not cause any exchange of two-nucleon co- 
ordinates, and is often called the Wigner potential. 

If we now consider the noncentral potentials in (1.12), namely, the spin-orbit and the 
tensor terms, ye notice that, apart from the radial shape function V(r/a)> they can be multi- 
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plied only by a linear combination of 1 and T| *T 2 , which can obviously be expressed in terms 
of t and P r . This simpler exchange-dependence arises from the fact that the noncentral forces 
are effective only in spin-triplet states, as now explained. 

The spin-orbit force /*S is diagonal in the spin quantum number S , has a value zero in 
the singlet state, and a nonvanishing value in the triplet state (see Section 4). The tensor force 
behaves as a second-rank tensor in the spin-space, as is apparent from its construction. Hence, it 
can give a matrix element connecting a triplet state with a triplet state, but none that connects 
a singlet state with a singlet state. Operating on a singlet ( S = 0) state, the second-rank tensor 
tends to lead to a state of spin 2, but such a state does not exist for the two-nucleon system; 
hence, the result for a singlet-singlet or a singlet* triplet matrix element of the tensor force is 
zero. On the other hand, operating on a spin-triplet state (S — 1), the second-rank tensor could 
give rise to spin states with S = 1, 2, 3 (follows from coupling rules); since the states S = 2, 3 
do not exist, the only nonvanishing matrix element is triplet-triplet (see Section 4 for explicit 
evaluation of the matrix element). 

Since the noncentral force is effective only in the spin-triplet state, it is clear that a spin- 
exchange operator is unnecessary for specifying its exchange character. In other words, P a 
always has the value unity for noncentral forces, and hence the operators 1, P oy P Vi P 0 P t 
(= — p r ^ reduce to only 1 and P r . For the spin-triplet state, as soon as the value of P r is speci- 
fied, the value of P r is determined from the total antisymmetry, P r = ~P T . Thus, the exchange- 
dependence of noncentral forces could have been alternatively specified in terms of fi and P rt 
i.e., by specifying the noncentral force separately for the odd and even / states. 

B. GENERAL DEPENDENCE ON p 

If the two-nucleon potential has a general dependence on p, the list (1. 11) has to be extended 
as 


r 2 , P 2 , 

(r*P +• P*r), 1 2 

(scalar). 

L P 



(vector), 

/ = rxp 



(axial vector), 

= V* - 

• iV J . 

— PiP? i 

(tensor) 


iW 2 . 

(«•. P) (J) + (P, rP- 


(I* 17a) 
(1. 17b) 
(1.17c) 

(I.17d) 


The rules for combining (1.17) with (1. 10) are the same as stated after the expressions (1. 11). 
The shape function K(r/«), however, now gets extended to a more general function of the 
scalar quantities appearing in (1. 17a), namely, K(r 2 , p 2 , l 2 ). The dependence on the other 
scalars r*p and p*r has to be through (r*p)(p«r) and (p*r)(r*p) because of the requirement of 
hermiticity and time-reversal invariance. Since, however, 


/ 2 = ( r X p)-(r Xp) = i (r 2 p 2 + p 2 r 2 ) - (r-pp.r + prrp) + 3, 


it is clear that the dependence of V on r 2 , p 2 , and / 2 also accounts for the completely general 
dependence on r«p and p*r. It may seem, at first sight, that two more tensors— those obtained 
by coupling (r and /) and (p and /)— are missing /rom (1.1 7d). But it should be remembered 
.that, since /is an axial vector and r and p are polar vectors, these two tensors will have a 
different transformation property under reflection. They can only produce pseudoscalars when 
multiplied by (I.lOd). 
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The complete list of potentials that results in the case of a general dependence on p is 
isospin space-spin 


1 l x V(r 2 , p\ I 2 ) X 

Ti-T 2 ) 


fl 

® 1*®2 

(r x p)*(«i + ®j) 

2 = 30|*ro 2 *r — a,-a 2 
30|*/o 2 */ — l 2 a r a 2 

30i-p0 2 -p — 


(1. 18a) 
(1. 18b) 
(I.18c) 
(1.18d) 
(I.l8e) 
(M8f) 


(1.18c) and (1.180 result from E and E respectively, p is the unit vector in the 

.. .. n Of O It is shown in Section 10B tha°t only one of these two expressions is necessary 

description of on-energy-shel, process, t~on.es a r«,n »,,« ior pm uc,n B he »*«" rgy -W 

selves, since they are .Me to transfer energy end I “ * J^lThfl^VoIenergy. 

shell processes .^T his* nTw Te'rminlhe ^en^l is sometimes referred to as the quadratic .spin- 
orbit coupling term because it can be related to (/• S) as 


(1.19) 


2(1 -S) 1 = £/•(« 1 + ®2)/*(®l + °2> 

= l(o r lo 2 -l+o 2 -la r l) + i(o,.|a,W + o 2 -la 2 -l). 

The second term on the right-hand side of (1.19) can be further simplified as 

\(a l 'la l 'l + oyla 2 ‘l) = i E (oiJaPieU + 

= i E (Ua + Ua) + i 2 ( CT lot c llMl + 

a 

= l 2 +i E (<J la a ,„/«/, + a.pa.aVt, + + ®2*»2.V J 

(af>) 

= / 2 -\E (<T|y/y + a 2 y /y) = / J - i(«l + «lW 

= ,2 _ /.s. 0-20) 

The summation (aft is only over the pairs (xft, 0*), (**). and a, ft v is a cyclic permutation 
If £ ” “ fc mponent. We have nsed .... - ... and [/., « - if, to arrive at the stn.pl, lied 

expression (1.20). Using (1.20) in (1.19), we have 
Oi'lOyl = $(®l + ®2*f®l*0 

= (f-S) 2 - / 2 + /-S(/.S + 1). ^- 2,a) 

The value of the operator IS is given in.(1.27), where it is clear that if / ->, then IS - 0 
for S = 0, and /.S + 1 = 0 for 5 = 1. On the other hand, if / = ; ± 1 and S - 1, then 

(/-S)(i-S + 1) - l 2 - 
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Using these results in (1.2 la), we get 

a r lo r l = (l.S) 2 -l%' (1. 21b) 

This completes the demonstration of the correspondence of the extra term in the potential to 
a quadratic spin-orbit coupling. 

Several authors have used the quadratic spin-orbit coupling term a r la 2 •/ in various 
linear combinations with (/ 2 cri -cr 2 ). The particular combination used in (I.18e) makes it a 
second-rank tensor in the separate orbital and spin spaces. Since other linear combinations do 
not preserve this definite tensorial property, they may give rise to matrix elements for the spin- 
singlet state as well. 

Hamada and Johnston 5 used the linear combination 
<x, -a 2 / 3 - toi l + oj./o,./) = (S„ + o,-« 2 )/ 2 - (/• S) J , (1.22) 

whereas Breit et al 6 worked with the operator 

/ 2 — ( /*S) 2 - /-S, (1.23) 

which is equivalent to l 2 Sjj. 

The Okubo-Marshak potentials, given by (1.18), are far too general because they contain 
the shape function K(r 2 , /? 2 , l 2 ). Such a shape function can be attributed different values for 
different energies and orbital angular momenta. For simpler potentials, given by (1.12), we had 
shape functions of the type K(r/a), and it was the exchange operators that varied the 
potential in different spin, isospin states. In the present case, we have a much wider freedom 
to choose a potential for every /-value, and then to make it different for different energies as 
well. A phenomenological potential in which all this freedom is exploited can obviously fit any 
amount of experimental data, and hence becomes meaningless as phenomenology. In practice, 
therefore, the simple shape function V(r/a) is used also with the Okubo-Marshak forms of the 
potential. Green 7 tried to apply an energy-dependent shape function of a simple type, namely, 

V(r\p 2 ) = p 2 V{r)+ V(r)p 2 ; (1.24) 

this is usually used to replace the hard core of the shape function. Section 5A gives more in- 
formation on the choice of the shape function in the phenomenological two-nucleon potential; 
it is also shown in Section 12 that the potential is required to have a strongly repulsive core 
region followed by a weaker attractive tail, in order that the two-nucleon scattering data can 
be well-reproduced. When the core is idealized by an infinitely repulsive region, it is called the 
hard core of the two-nucleon potential. The velocity-dependent potential (1.24) was designed 
in the course of attempts to fit the scattering data without introducing a hard core in the 
potential. 


4 . MATRIX ELEMENTS OF TWO-NUCLEON POTENTIAL 
Our ultimate aim is to write the Schrodinger equation with the two-nucleon potential arrived 
at in Section 3. Using general invariance arguments, we have already shown that each of the 
eigenfunctions will have a spin-angle part and an isospin part, which can be described by a 
linear sum of functions of the type | /S/m, TM t >, where the sum is over /, consistent with the 
value of j and the parity of the eigenfunction. These functions are completely known: the iso- 
spin part labelled by TM t is the function Pm t ( defined in Section 2C, and the spin-angle 
functions labelled ISjm are obtained by coupling [see Appendix A (Section IV)] the spherical 
harmonic Y ! ($ f with the spin functions X s (a,, a 2 ) described in Section 2B. The only unknown 
part of the wavefunction is the pure radial part. 
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For 5 = 0 (spin-singlet), l—j is the only possible value of /, whereas for 5 = 1 (spin-triplet), 

/ can have three possible values: j and j ± 1. The last two have parity opposite to that of / = j. 
Thus, the eigenfunction for S = 1 and parity tt = — ( — iy is the only complicated coupled 
wavefunction; it has the structure 

“l / =y — 1, S == 1 ,jm, TM T y -f "|/ = j + 1, S = IJm, TM T y, (1.25) 

but the eigenfunction for / = ; (5 = 0 or 5 = 1) and parity n = (— l) 7 is uncoupled and has 
the simple expression 

j\l = j, Sjm, TM t >. (1.26) 

The radial functions u and w are the only unknown parts of the two-nucleon wavefunction. 
Hence, our ultimate aim is to convert the Schrodinger equation into pure radial differential 
equations for u and w. Obviously, (1.26) will yield an uncoupled equation for w, whereas (1.25) 
will give rise to two coupled equations for u and w. (These equations are obtained in Section 
5.) In order to eliminate the standard spin-angle and isospin parts of the wavefunctions from 
the Schrodinger equation, we need to multiply the equation from the left by the complex con- 
jugate of these wavefunctions, integrate over the angles, and sum over the spin and isosp*in. This 
procedure gives rise to the matrix elements < l' Sjm , TM t \ V\ ISjrn, TM T y in the potential term 
of the Schrddinger equation. Thus, we must know the values of these matrix elements of the 
potential V before we can explicitly express the radial Schrodinger equations. As groundwork 
for Section 5, we shall now derive these matrix elements of V. 

A. CENTRAL POTENTIAL 

The central potential contains the exchange operators P 0 , P T , P„ which obviously cannot give 
a matrix element connecting different values of /. [It is important to note the implication: that, 
with a pure central potential, the coupling of states in (1.25) would have broken up, and we 
would have obtained states labelled by a single /-value.] 

The matrix element for P r = (— l) r+l and that for P g = (— l) 5 * 1 . The space-exchange 
operator P n which is equivalent with the parity operation, has the matrix element ir t the parity 
of the states. We should recall that reflection invariance was required in constructing V in 
Section 3, and the matrix elements are therefore nonvanishing only when both the states have 
the same parity. Thus, there is no ambiguity when writing the value of P r . 

B. NONCENTRAL POTENTIAL 

The noncentral potential consists of the linear spin-orbit coupling, the quadratic spin-orbit 
coupling, and th^ tensor operator. The exchange operator for these components is a linear 
combination of 1 and /%. The value of P r is known as soon as the isospin T of the state is 
specified. Therefore, it suffices to evaluate the matrix elements of the operators /*S, (/*S) 2 , and 
3* between the states j ISjm) and <J'Sjm\. 

It is simple to evaluate th*e matrix elements of /• S, once again diagonal in / and non- 
vanishing only for 5 = 1. Using 

j 2 */ 2 +5 2 + 2/-S 

or 

/•S «J</ 2 - l 2 - 5 2 ), 
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wc obtain , T 

O'Sjm, TM T \V\!Sjm, TM t > = tfnW + ') ~ + l)-5(5+i)]. ( • ) 

Since IS has only diagonal matrix elements, the matrix elements of (IS) will s,mply tb ® 
square of the matrix element (1.27). This, with the help of the .dentity (I.21b), enables 
arrive at the matrix element of the quadratic spin-orbit .coupling term 

What now remains is the evaluation of the matrix elements of the tensor operator J. 
Before we proceed to this evaluation, we shall express the operator in terms » of the t compo- 
nents of the spherical harmonic Y 2 and the components of the second-rank tensor («„ o 2 ) 
defined by [see (BI1.6) in Appendix B] 

(1-28) 




The expression for given in (1.12) and (1.13), is in terms of cartesian components of the 
second rank tensors R a , and S». The expression we are aiming at no* ' 15 

components of second-rank tensors. Such an expression w.l allow us to handle the matrix 
elements bv the general results given in Appendix B (Section 111). r i 

We define the tensor / in terms of the spherical harmonic Y (here, and subsequently, [a] 

stands for 2 a + 1) as 

(1.29) 


y'm 


-J 


4 TTy/ 

[/] 


(1 31) 


Then; from the spherical harmonics in Table AI.l (see Appendix A) and the definition (I.lld) 
of R <#, we get 

= ^-(3 cos 2 6 — 1) = f(2 J — f 2 ) — 

r y it = + V|r 2 cos 0 sin 0 e«* = + V / fz(x ± iy) = +VI (R„ ± iRy>)> ( ! - 30 > 

r 2 y±i = { v’fr 2 sin 2 6 e ±2i * = iVf( x ± '>)(* ± '» = ^ *( Rxx ~ R ” ± llR ^' 

Similarly, using the definitions (1.28) and (I.lOd), and the values of the Clebsch-Gordon coeffi- 
cients given in Table AVI 1.2 (see Appendix A), we obtain 

(0|, 0 ifo 1 = vT«S«» 

(01, 02)*a! — +(«S« ± 

(0|, 0j)di = J(^Sjcjc — Syy ± 2 iSxy)- 

We next take the scalar products of the components (1.30) and (1.31) and get 

r yi).(o„ oj)< 2 > = J (- 1 ) u r 2 yh(Oi, o 2 )% 

= WfcySyy + Vf[(*„ + ~ iS >^ + h C l 

+ - Ryy + XRxy)(Sxx - Syy ~ 2 iSxy) + hc l 

= VfU(*««S« + VSw) + - tt R **Syy + RyySxx) 

+ 2 (RixSyx + RyeSyz + ^jc/vS V )]» 

where h.c. stands for Hermitean conjugate. Since R Xf + R„ + *« = 0 and + o« = . 

wc may write 

l R„S u = i(R~+W» + ' s ”\ c i p _ . 

- \(Rx*Sxx + R yySyy) + WLA* + R yyS*x>- 


(1.32) 
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Using this result in (1.32), we get 

0 2 ) (2) = V'f[(*„&, + RyySyy + RyySyy) + 2 (R lx Sy X + RyySyy + *„&,)] 

= VI 2 Ra&t- Vf y£T 

or 

O' « a r = V6y< 2 >.(c„ a 2 )< 2 ». (1.33) 

• a, |3 

The desired expression of the tensor operator is given by (1.33). 

To evaluate the matrix elements of (1.33), we first use the result (Bill. 15) from 
Appendix B and get 

</, 5= l>«|ff|/\ 5= l/m>« V6(-iy + W[/J[r]^(n/l;;2)</l |/| |/'> 

x<(H)5-l||(«i,aa) c2) ||(H)5*l>. (1.34) 

We have incorporated the detailed structure of the coupled spin state [which was understood 
on the left-hand side of (1.34)] in the reduced matrix element of the spin operator. This 
reduced matrix element can be evaluated by using, from Appendix B, first (Bill. 16), and 
then (Bill. 6) for Q\ |o| |£> and, from Appendix A, (AVI. 5) for the evaluation of the 9/-symbol 
[the symmetry property of the 9/-symbol described in Appendix A (Section VI) is needed for 
its conversion into the right form]. We thus obtain 

<(£ DM i( a i> °2y 2) | |(£ i)l> = 2Vf. (1.35) 

The reduced matrix element of y {2) is evaluated by first using (Bill. 3) from Appendix B, and 
then applying Table AVII.4 (see Appendix A) for the evaluation of the Clebsch-Gordon 
coefficient: 


</|!/ 2) l IO = 



f_ /-J-< 

V[/~ 


/(/+!) 


[I- 1][/+1]’ 


I V? 

L W [/](/ - 1]’ 


1 = 1 ' 

1 = 1 ' + 2 


(1.36) 


We then convert the W'-function of (1.34) into IV(l'l II; 2 /) by applying its symmetry proper- 
ties [see (AV.6) in Appendix A], and ultimately take recourse to Table AVIl (see Appendix A) 
for its evaluation. The final results are given by 


V6(-l) l+l - J lV(l'Ul;j2)y/[l][i] = 


L 


!«** 

> 

1 

V- IJU-M] 

1 1(1 + 1) ’ 

i-i' =j 


/(/+!)[/+ 1] 

I i(t- 1), ’ 

/=/'=>+ 1 

V K 


/=/'=/- 1 

1(1+ 1 )[/+!]’ 

3V\ 

/ w . 

'[i- ir 

l = j + 1,1'** 


j~ 1 
(1.37) 


Collecting lift results given in (1.35) to (1.37) and putting in (1.34), we get the matrix 
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elements of the tensor operator as 


X 

j 

j 

2 



7+1 


_ 2 o - j) V/w ±j) 

2/+1 2j+ I 

6\/ j(J + I) _ 2( y + 2) 

2 j + 1 V + 1 


(I.38a) 


(1. 38b) 


As an application of these results, let us consider the matrix elements of between the 
states 3 *S|- 3 Z) 1 and 3 Z),- 3 Z),. Using; = 1, we get [from (1. 38b)] 

< 3 />ilST| 3 />i> = —2, (1. 39a) 

< 3 Z) 1 |£r| 3 S 1 > = 2 v /2. (139b) 

These^matrix elements enter the Schrodinger equation of the deuteron (see Section 5). 


5. TWO-NUCLEON SCHRODINGER EQUATION 
The reduced mass of the two-nucleon system is \M, where M is the mass of a single nucleon. 
The Schrodinger equation in the centre-of-mass coordinate system is therefore given by 

(-tN 2 + VyP=*EV, (1.40) 

M 


where the potential V and the wavefunction are functions of r, 6 , <j>, cr, , o 2 , t,, and r 2 , and 
E is the i nergy in the centre-of-mass system. E is negative and equal to (c is the binding 
energy of the deuteron and equal to 2.226 MeV) when we consider the bound-state problem, 
but positive and equal to £E lab in the scattering case, £| a b being the energy, measured in the 
laboratory, of the incident nucleon (usually, the proton from a high-energy accelerator) 
hitting a stationary target nucleon. 

We define the quantities 


v — 


M 
h 2 


V, 


k 2 



(1.41) 



such that k 2 is positive for the scattering state and negative for the bound state. In the latter 
state, y 2 is positive and k =» iy. 

It has been pointed out in Section 4 that the eigenfunctions W are labelled by the quantum 
number Sjm , TM t and belong to one of two categories: (i) uncoupled wavefuaction with a 
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unique value of /, namely, / = j 9 corresponding to both 5 = 0 and 5=1; (ii) coupled wave- 
functions corresponding to / =;± 1 for 5=1. The structures of the coupled and uncoupled 
wavefunctions have been given in (1.25) ancH(I.26), respectively. 


A. UNCOUPLED RADIAL EQUATION 

We consider first the Schrodinger equation (1.40) for an uncoupled state given by (1.26) by 
using the standard result 


v 2 i“rUe, *)] = Jtp - *). 


(1.42) 


which also implies 

V 2 j\lSjm, TM t ) = - l ^±^-]u\lSjm, TM t ). 


(1.43) 


(1.43) follows from (1.42) if the angular momentum coupled state \lSjtri) is broken up in terms 
of the spherical harmonic Y l and the spin functions X s , 

We substitute (ulr)\lSjm, TM T y for V in (1.40), use the result (1.43), and then multiply 
the resultant equation from the left by the spin-angle-isospin function (ISjm, TM t \. This 
procedure yields, in the uncoupled case (/ = j 9 5 = 1, or 5 = 0), the radial equation 

0 _ _ (JSjm, TM t \ • \jSjm, TM r/ u + k'u -= 0. (1.44) 

The potential F consists of the shape function F(r/o), a linear combination of the various 
exchange operators, and a combination of the noncentral operator /• S, (/• S) 2 , £T. The matrix 
elements of the exchange operators and the noncentral operators have been evaluated in 
Section 4. When these explicit matrix elements are used in the potential term in (1.44), this 
term becomes a number multiplied by the shape function V{rja) and the radial wavefunction u. 

The shape function is usually written as 

V(r/a) — — Vof(r/a), (I.45a) 


where V 0 is a strength parameter and /(r/a) determines the radial shape of the potential. Since 
the nucleon-nucleon potential binds the nucleons within a very small radius, namely, that of 
the order of a few fm, the functional form of f(r/a) and the range parameter a are so chosen 
that the potential quickly tends to zero as r increases beyond a few fm. Some of the commonly 
used shape functions are 

• A r h) = jo for r > ^ (square-well); 

/(r/<j) = c' rja (exponential well); 


f(r/a) = eWorld) 
f(r/a) = «-'*/•■ 
f(r/a) *» e~ rla l(l — €~ r/a ) 


(Yukawa well); 
(Gaussian well); 
(Hiilthen well). 


(I.45b) 


It is clear from these expressions that the Yukawa well tends to infinity at r «* 0, and that the 
Gaussian well has the value unity and zero derivative at r = 0. These shape functions are re- 
presented in Fig. 1.1 with the overall attractive negative sign of (1.45a). A pure central potential 
of the squarc*well, and exponential and Hiilthen types yields analytic solutions of the 5-state 
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x(r in units of a) 


0 


1 


-f(x) 


-1 


(a) Square-well 


x(r in units of a) 



(b) Exponential 

Fig, 1.1 Several standard shapes of two-nudeon potential (cont.). 
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x(r in units of a) 



(e) Huithen 

Fig. 1.1 Several standard shapes of two-nucleon potential. 

Schrodinger equation. It is left to the reader to work out these solutions. The Huithen well 
resembles the Yukawa well at r -* 0 and an exponential well at r -► oo, and hence the exact 5- 
state wavefunction of the deuteron obtained with the Huithen well is frequently used in nuclear 
physics. This wavefunction is given by 

u(r) = e” yr (l - e" r/a ) (I 46a) 

in the internal region, and by 

w(r) = e“ yr (1. 46b) 

in the asymptotic region. The extent of the deuteron wavefunction is clearly related to y” 1 , 
which is sometimes called the deuteron radius. y“* is much larger than the potential range a , 
and hence, for larger r, e~ r/a decays much quicker than e~ Yr . Thys, (I.46a) automatically passes 
on to (1. 46b) in the asymptotic region. An interesting conclusion that can be derived from the 
analytic solutions of the 5-state deuteron equation (easiest to verify in the square-well case) for 
the three potentials— square-well, exponential, and tlulthen— is that VqO 2 is roughly a constant. 
In other words, the same binding energy of the deuteron can be produced with an entire set of 
potentials of varying strength V 0% provided the range parameter a is suitably adjusted. 

The depth parameter — Kq, multiplied by the number that results from the matrix 
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elements of the exchange operators, may be interpreted as the depth of the potential for the 
type of state (specified by T and S or, alternatively, by parity and S) being considered. The 
central potential in any state is attractive when this depth is negative and repulsive when this 
depth is positive. In the case of noncentral forces, this depth has to be multiplied by the 
matrix element of the particular noncentral operator before deciding whether it is attractive 
or repulsive. 

Finally, the radial shape functions for the central, tensor, and /• S potentials may in 
general be taken to be different from one another. We denote the linear combination of shape 
functions that occur in the potential term of (1.44) by ^F(r) and write the equation as 

"p - + £F(r)u + k 2 u = 0. (1.47) 


The asymptotic forms of the solution u can be immediately studied. Let us consider the case 
when r-*-0. If the potential term <3(r) is less singular than r~ 3 , then the approximate equation 


d 2 u 1(1 + 1) 

dP P~ u 


= 0, 


/ = ./, 


holds for r 0. This equation has the solution 



If the solution has to be well-behaved at the origin, then 

u(r) = r /+1 , r 0, X!*48) 

is the only acceptable solution. 

Yhe asymptotic solution for r oo can be similarly worked out. In this case, the 
potential term 3(r), which contains decreasing exponential functions, and hence diminishes 
much faster than r~ n (n is positive) as r -* oo, can be dropped from the equation. The equation 
we then have to solve is 


d 2 u 
dr 2 


'V + Vu + Pu-O, 


l=j- 


(1.49) 


This second-order difierential equation has two linearly independent solutions, namely, 
u _ f;X*r) 

r Wo 

which are called the spherical Bessel function, spherical Neumann function, respectively. 
These functions are defined by Schiff 2 who also lists many of their properties, including 
explicit forms for a few low-order functions (/ = 0, 1, 2) [see Appendix C (Section I)]. For 
large r, in particular, they behave as 


(1.50) 


j^kr) = sin {i kr — ihr)l(kr), r -> oo, 

n t (kr) = — cos (kr — \h)j(kr) 9 r -* oo. 

Here these solutions are valid for (1.47) only as r oo, and cannot be extrapolated to the 
origin; it is nevertheless useful to remember certain properties for r -* 0: 

(kry 


jiikr) > 


( 21 + I)!!’ 


(2/-DH 

»/(*'V= (jerj+i' • 


•0, 


■ 0 . 


( 1 . 51 ) 
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It is therefore clear that only j t (kr) is well-behaved at the origin, whereas n t (kr) has a very 
strong singularity at r = 0. 

The general solution of the radial Schrodinger equation (1.47), for large r, may be 
obtained by taking a general linear combination of the two functions (1.50). In the bound- 
state case, k = iy, and hence the linear combinations behave as follows: 

h\ l \iyr) - j,(iyr) + in,(iyr) -+ e -y, r -*■*>, (I.52a) 

h?\iyr) = j,(iyr) - in,(iyr) -+ e —, r ->• oo. (I.52b) 

These are called the spherical Hankel functions of the first and second kind, respectively. 
Since, as r -+ oo, hi S n is well-behaved but h } 2) blows up, the bound-state solution of (1.47) 
behaves asymptotically as h\ l \iyr) t defined by (1. 52a). 

On the other hand, if the scattering state is considered, then any general linear 
combination 

y4,[cos $iji(kr) — sin 5//i/(fcr)] (1. 53a) 

may be* taken as the asymptotic form for r oo of the solution ujr. and 8, are the two 
constants that determine the arbitrary superposition of the two solutions (1.50). For r-> oo, 
the asymptotic form becomes 

u = i/4/ sin (i kr -- \ln + 8 ; ), r -► (1. 53b) 

The constant 8/ is called the phase shift of the partial wave /. 

Once the asymptotic forms of the function u are known, it is possible to solve (1.47) 
numerically for all r. For the purposes of numerical integration, the essential trait of (1.47) 
can be simply described as 

% (1-54) 

where / is a known function of r. Using a Taylor expansion for the points (a -f A) and (a — J), 
we obtain 

u(a -f A) + u(a — A) «= 2 u(a) -f dV(a) -f ~ u lw (a ) 


or 

u{a + A) « -u(a - A) + 2 u(a) + A 2 J(a)u(a) + ~« IV (u)* (I.55a) 

We have retained terms up to the fourth-order derivative in the expansion, and, in the last 
step, have substituted the second-order derivative from the differential equation (1.54) itself. 
Next, we make similar Taylor expansions for u\ retain terms up to u lv as before, and obtain 

u\a 4* A) + u\a — A) ■* 2u\a) + J 2 u IV (a) • 
or 

A 2 u™(a) — -2/(a)w(a) +J(a + A)u(a + A) + /(a - A)u(a - A). 
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Using this expression in (I.55a), we get the final integration formula 


A 2 




u(a + A) = [I - + J)]-‘[{^/(a - A) - 1 }u(a 


12 


5J 2 

J) + {~J(a) + 2 }u{a)]. (1. 55b) 


If u is known at the two points (a — A) and a, then this formula enables the extension of u to 
the point (a -f A). Other integration formulas, available in texts on numerical analysis (see, for 
example, Buckingham 8 ), achieve different degrees of accuracy; however, if the step-length A 
chosen is sufficiently small, (1. 55b) is usually adequate. 

If we use the asymptotic form (1.48) to evaluate u at r = 0, and d, then (I.55b) would 
enable us to calculate it step by step at all subsequent points. In the case of a scattering state, 
the log-derivative of the solution thus obtained can be matched with the log-derivative of the 
asymptotic form (1. 53b) at a suitably chosen large value of r (the criterion being that at the 
matching radius the potential term of the radial equation is very much smaller than the 
energy term). This procedure determines the phase shift 8/. 

Conversely, we could start with the asymptotic forms rj t (kr) and rn t (kr) at a suitably 
chosen large value of r, the criterion being the same as the one just described. We can then 
use (I.55b) with a negative value of A and integrate inwards step by step towards the origin. 
The two solutions «, and u 2 , obtained by starting with rj,(kr) and r/i/(Ar), respectively* will be 
linearly independent since they have different asymptotic forms at r->oo. We can then deter- 
mine a linear combination of these two solutions so that the boundary condition at r = 0 is 
satisfied; that is, we require 


(“l + CUj) 


= 0 


-0 


(1. 56a) 


and determine c. Once c is determined, the required solution u is obtained, except for an 
overall normalization. The log-derivative of u can then be used, as before, with the log- 
derivative of (1. 53b) for calculating the phase shift 8/. 

The latter method is specially suited when the shape function of the potential possesses 
an infinitely repulsive core (hard core) of radius r c . Here the wavefunction u is required to be 
zero at r = r c . Therefore, we can integrate u t and u 2 from asymptotically large r to r = r c , 
and then require at r = r c the boundary condition 


(wi + cu 2 )\ = 0 . (1. 56b) 

lr-r c 

The phase shift is determined by the same procedure. 

If we wish to integrate the Schrodinger equation in the bound-state case (i.e., k 1 = — y 2 ), 
we have only one asymptotic expression, namely, (1. 52a), to start with. The solution w, now 
obtained by using (1. 55b) backwards, will not automatically satisfy the boundary condition 
(l.56a) at r = 0 (no hard core) or (1. 56b) at r = r c (hard core). In either case, one depth 
parameter V 0 belonging to the potential has to be varied until the required boundary condition 
it- reproduced to the desired accuracy. This feature is essentially connected with the eigenvalue- 
eigenfunction nature of the bound-state problem. Physically, this means that the potential has 
a unique strength in order that it can produce a bound state \lSjm) with the required binding 
energy y 2 (i.e., e). Of course, in the two-nucleon case, there is only one bound state, namely, 
the ground state of the deuteron, which is actually the coupled ( 3 Si + 3 /> 1 )-state. Therefore, it 
will be required that we solve the bound-state equation only in the case of the coupled diffe- 



TWO-NUCLEON PROBLEM 39 


rential equations (to be derived in Section 5B). Our coverage of the solution of the uncoupled 
equation for the bound-state case is merely of general mathematical interest. 

Finally, it is worthwhile to note that we have suggested starting the solutions with the 
asymptotic forms, without caring to specify the constant such a solution could be multiplied 
with. This is because we are solving a homogeneous differential equation, and any solution of 
it that is multiplied by an arbitrary constant still remains a solution of the equation. In other 
words, an arbitrary multiplying constant continues to be undetermined in the solution of a 
homogeneous equation. This, however, is no hindrance, not even in the process of evaluating 
the phase shift from the calculated solution. For this purpose, we need only the log-derivatives 
of this solution and the asymptotic expression, and the log-derivative of any function / being 
(1 lf)(df/dr) is clearly independent of any constant preceding /. The overall undetermined 
constant can be specified only by requiring a certain normalization for u. In the bound-state 
case, the normalization is 

J* u 2 dr = 1, 

but, in the scattering case, the normalization is such that the ingoing wave part e~ lkr /r of u/r in 
the asymptotic region (r -+ oo) is equal to the ingoing part of the incident wave This case 
is considered in further detail in Section 7B. 


B. COUPLED RADIAL EQUATIONS 

To obtain the coupled radial equations, we put the coupled solution (1.25) in the Schrodinger 
equation (1.40) and then use the general result (1.43). We thus obtain 

-~ 2 )-v + k 2 ](u \l = j- \,S = 1,/m, TM t ') + w\l = j+ 1,5= 1, jm, TM t » 
= 0. 

* /v 

We observe that the operator / 2 , operating on the angular momentum eigenfunction, 
acquires the appropriate value /(/ -f 1). We multiply this equation from the left first by 
J - j - 1, S = 1, jm % TM t | and then by </ = j + 1, S = 1 t jm, TM t \ and use the orthonor- 
mality of these functions to simplify the results. This procedure yields the two coupled radial 
equations 

+ * 2 ]«. - a - 1. 5 = 1, jm, TM r \ v \j - 1, S = 1, jm, TM t >u 

— <y — 1, S = 1, jm, TM t \ v \j +1,5= 1 ,jm, TM T yw = 0, (1. 57a) 

l£i - ° + - l y ± 2) + k 2 ]w - <J + 1, 5 = 1, jm, TM t \ v\j+l,S=l,jm, TM r >w 

- <J + 1 , 5 = 1 , jm, TM t | v\j - \,S=\,jm, TM t >u = 0. (I.57b) 

The matrix elements of v, which are nondiagonal in /, are equal because of the hermiticity of 
V. The radial function resulting from these nondiagonal matrix elements of v is denoted by 
^f(r). Similar functions resulting from the diagonal matrix elements of v in the states / = j — l 
and / + 1 are represented as £F(r) and <?(r), respectively. Then the coupled radial equa- 

tions can be written as 


d 2 u j(j - 1) 

Sr* 


u + k 2 u + £F(r)u + J{(r)w = 0, 


(I.58a) 
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_ U±w± \ + k 2 w + Q(r)w + 3t(r)u = 0. (I.58b) 

Once again, any solution ^^of (1.58) can be multiplied by a common arbitrary constant, 

and the resultant will still be a solution of these homogeneous equations. This overall 

constant can be fixed by a normalization condition similar to that in the uncoupled case. 

When there is no hard core in the potential functions, u and w are required to be well- 
behaved at r = 0, and their functional dependence on r for 0 will still be given by (1.48), 
with / = j T 1. On the other hand, in the presence of a hard core of radius r c , both u and w 
should vanish at r = r c . 

The asymptotic behaviour for r -* oo is similar to that of the uncoupled case because, when 
r oo, the potential functions 3 (r), Q(r), J{(r) all tend to zero as a decreasing exponential 
and (1. 58a) and (1. 58b) become uncoupled and identical to (1.49) with l —j + 1. 

The ground state of the deuteron is a special case of (1. 58a) and (1. 58b), with k 2 = — y 2 
(bound state) and y=l. u and w are now the radial functions for the 3 Sr and 3 Z),- state, res- 
pectively. The centrifugal term 7(7 — f) becomes zero in (1. 58a). For r -><*>, the asymptotic 

forms of w/r and w/r are given by (1. 52a) with / = 0 and / -= 2, respectively. With the help of 

(CI.8) from Appendix C, we obtain 

u(r) = yrho\iyr) = yr[j 0 (iyr) -f- in 0 (iyr)] = r -+ 00, (1. 59a) 

w(r) = yrhi\iyr) = <r y '[l + ^ + ^~p]> r-+*>. (1. 59b) 

Since an overall multiplying constant is always undetermined with these functions, we have 
multiplied the asymptotic functions rh\ x \iyr) by an extra y to yield somewhat simpler final 
forms. 

The coupled equations (1. 58a) and (1. 58b) may be expressed in simpler notation as 
d 2 u t- 

= Ju -f hw t (1. 60a) 

d 2 w * r _ 

+ gw, (1. 60b) 

where /, g, and h are known functions of r. The integration formulas for u and w can now be 
obtained by following steps similar to those involved in the derivation of (1. 55b). The final 
result for u is given by 

«+ = [(I - *+)(! -4) - *+]-*[{-(! - g+x 1 -/.) + M-}«- 

+ {(l-#+)(10/+2) + 10AA + }« 

+ (0 - g+)h- - (1 - g-)h+}w- + {10*(1 - g + ) + h + (Wg + 2)}w). (1.61) 

The result for w + is obtained from (1.61) by the interchanges /«■* g and Here the func- 

tions/, g, h are d 2 /12 times/, g, h, respectively, where A is the integration step-length. The 
functions with the subscripts + and — are to be evaluated at the points a + 4 and a — A, 
respectively, whereas the unsubscripted functions are to be evaluated at the point a. The 
backward integration formula is obtained from (1.61) by interchanging the subscripts + and — . 
The integration of the deuteron radial functions should begin with the asymptotic forms of 
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u(r) and w(r), given by (I.59a) and (1. 59b). An overall normalization constant for these func- 
tions will remain undetermined, but the relative weight of the two can be adjusted. Therefore, 
the solutions should commence with U(r) of (1. 59a) and qw(r), where y is an arbitrary mixing 
parameter and w(r) is given by (1. 59b). The backward integration formula is used to integrate 
up to r = 0 (no hard core) or r == r c (hard core). The procedure is repeated for two different 


, corres- 


values of rj so that there are two linearly independent solutions, namely, ^ j and j, 

ponding to the values rj t and y 2 • We now use arbitrary superposition of these two solutions so 
as to satisfy the boundary condition at r = 0 (no hard core) or r — r c (hard core). The requir- 
ed equations 


(u { + cu 2 )\ 


!r— 0 or r~r c 


= o, 


(1. 62a) 


(w, + cw 2 ) 


= 0 


r— 0 or r—r c 


(I.62b) 


obviously cannot be satisfied only by the choice of a single constant c. This fact is connected 
with the eigenvalue-eigenfunction nature of the problem. We have to change a depth para- 
meter V 0 in the potential until both the boundary conditions (1. 62a) and (I.62b) are satisfied 
by the Choice of the single constant c. The depth V 0 so determined is the right depth of the 
potential so that the deuteron can be bound with the right binding energy. The final u x -f cu 2 
and w, + cw 2 are the required radial functions u and w, respectively. The overall normali- 
zation constant for them is determined by requiring 


(u 2 -j- w 2 ) dr 1 . 


(1.63) 


In the scattering case, it is true that (1. 58a) and (1. 58b) get uncoupled for r oo because 
JK(r)-+ 0 as a decreasing exponential function. Each of the partial waves l — j — l and 
/ - f 1 could therefore be required to satisfy boundary conditions of the type (1. 53b), 

obtained in the uncoupled case. However, if the aim were to determine the phase shifts , 
and S /+l by solving u and w from the coupled equations and then matching their log-derivatives 
with those of the appropriate asymptotic expressions, we would have ended up with complex 
phase shifts. This is because the partial waves j ± 1 are coupled to each other through the 
scattering potential, and hence the flux of the beam for each partial wave is not individually 
conserved. The flux from each partial wave leaks into the other. If the phase shift is complex, 
then the imaginary part of the phase shift /«, gives rise to a factor exp (— 2€,) in the amplitude 
of the outgoing wave (e (kr ). [This fact becomes explicit from (I.86)-(1.88) in Section 7B.] Thus, 
the imaginary part of the complex phase shift takes care of the damping of the intensity 
of the outgoing wave compared to that of the ingoing wave, the damping itself being a conse- 
quence of the loss of flux. 

It is possible, however, to work with a special mixture of the partial waves l = j — 1 
and / = j -f 1 in the coupled case so that the special eigenwaves (mixtures of / = j ± 1) are 
scattered without any loss of flux. The phase shifts for these special mixtures are therefore 
real and are referred to as the eigenphase shifts of the coupled states. We shall describe the 
eigenphase shift formalism in Section 7B, and thenjfurther discuss the solution of the coupled 
equations in the scattering case. 

Before concluding this section, it would be worthwhile for the reader to be acquainted 
with the nature of the bound-state (Fig. I.2a) and scattering-state (Fig. I.2b) radial functions u 
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plotted as a function of r in the case of a central potential. In both figures, the potential 
function has been indicated by dashed lines on the negative side of the ordinate. The radial 
wavefunction for a potential without any hard core is also shown. When there is no hard core, 
the potential starts at r = 0; but, in the presence of a hard core, the attractive potential ends 
at r = r c , and then, from r = r c to r = 0, there is an infinitely large potential of positive 
(repulsive) value. The radial functions are represented by solid lines on the positive side of 
the ordinate. The thicker line corresponds to the case of the hard core, and the thinner line to 



Fig. 1.2 Hard-core potential (followed by attractive well-behavrd 
potential) and corresponding radial wavefunction (cont.). 


the case of no hard core. When there is no hard core, the internal solutions start at a zero 
value for r — 0, whereas for the hard-core potential they start at a zero value for r = r c , as 
shown in Fig. 1.2. These internal functions then grow up and finally decrease and smoothly 
join the asymptotic forms at & point r = d (which is somewhat larger than the range para- 
meter a), where the potential V(r/a ) has decayed to a very much smaller value than the energy 
E that goes into the Schrddinger equation. It is clear from Fig. 1. 2a that, in the bound-state 
case, the internal solution must pass through a maximum and start decreasing before the 
asymptotic distance d is reached. This is so because, if it is still growing at r m d 9 it cannot 
smoothly match on to the exponentially decreasing tail of the wavefunction. 
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In the case of a scattering state of low energy, the internal solution is very similar to the 
bound-state solution because, inside the range of the potential, the potential term in the 
Schrddinger equation dominates the energy term. For high-energy scattering, however, the 
internal scattering solution distinctly differs from the bound-state solution. In the asymptotic 
region, the scattering solution is a sine wave with a phase shift S. It is clear that an internal 
solution, which is still increasing at r = d, or has already started decreasing at r = J, has no 
difficulty in matching on to a sine wave. Only the latter situation is shown in Fig. 1. 2b. The 



Fig. 1.2 Hard-core potential (followed by attractive well-behaved 
potential) and corresponding radial Vavefunction^ 

radial wavefunction of a particle of positive energy, in the absence of the scattering potential 
is given by krj t (kr), which goes as r /+l at the origirf and as sin (kr — \h) at an asymptotically 
large distance. This unperturbed radial wavefunction is also shown in Fig. I.2b (the curve 
labelled “Free”)- Obviously, the displacement of this curve with respect to the actual asymp- 
totic curve at large distances determines the phase shift. 
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6. STATIC ELECTROMAGNETIC MOMENTS OF DEUTERON 
Having obtained the complete wavefunction 

“ |/ = 0, S = 1, j - 1 , m> + - r \l = 2, S = 1 , j = 1 , m> (1.64) 

for the deuteron in Section 5B, we are now in a position to compute (i) the magnetic dipole 
moment and (ii) the electric quadrupole moment of the deuteron, which are the two static 
electromagnetic moments that the deuteron ground state possesses. The experimental values 
for (i) and (ii) are 0.8573 nM and 2.77 millibarns (mb; 1 barn — 10” 24 cm 2 ), respectively. 


A. MAGNETIC MOMENT 

The magnetic moment operator p has two parts: one results from the intrinsic magnetic 
moments of the nucleons, and the other from the orbital motion of the proton. Let 
^(= — 1.9128 nM) and /z p (=2.7925 nM) denote the intrinsic magnetic moments of the neutron 
and the proton, respectively. The orbital angular momentum of the proton about the centre-of- 
mass of the deuteron is £r x p = |/. Hence, the magnetic moment operator in units of nM is 
given by 

P = Mn<*n + + }/ , (1.65) 

where o n and a p are the Pauli spin operators for the neutron and the proton, respectively. 

Any static electromagnetic moment is evaluated, by convention, for the highest value of 
the projection of angular momentum. Thus, for a state | ISjmy, the expectation value has to be 
evaluated for m = j. Obviously, the operator (1.65) cannot give a matrix element between states 
of different /. Therefore, it is enough if we evaluate 

</S/m =yj p 2 \lSjm = y>. 

Although the general results given in Appendix B (Section III) could be used to evaluate 
this matrix element, a much simpler result, which holds for only the expectation value of a 
vector operator , can be used in the present case. The required result is given by 

= <A.J XJ*>IV*> 


m 

-JU+T) 


<A-J>, 


( 1 . 66 ) 


where < > denotes the expectation value. 

Before we use the results (1.66), we simplify p as 

• H + M P )(*n + Op) 4* i(Mn - ^p)(O n ~ * p ) 4 V 

= (Pa +>p)S + J/ + i(pn — Pp)( a n — <* p ), ( l - 67 ) 

where S is the total spin operator. The last term (a n — o p ), being antisymmetric under the 
exchange of the neutron and proton, cannot contribute to the expectation value we require; this 
is because the spin states S*= 1 and 5 = 0 have definite symmetry properties under spin 
exchange, and either of the states is changed to the opposite symmetry state after (o n — cr p ) 
operates on it. Therefore, it suffices if, witl^the help of (1.66), we evaluate <5 X > and for 
m«y. 

Since / ** J — S, we have 


12 « J2 + $2 _ 2S*J 
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or 

<S.J> = \<J 2 + $ 2 - / 2 > 

»«y(y+i)+^+i)-/(/+i)]. 

Similarly, S = J — / leads to 

<M> = HKJ + U + /(/ + 1) - S(S + 1)]. 

Using these results, together with (1.66) and (1.67) for m = y, we obtain 

<jSjm = y| |ASym = /> = j ^[On + H + i )JU + *) 

+ 0*0 + M p - i){5(5 4- 1) — /(/ + 1)}]. (1.68) 

There being no radial operator in p z , the functions u/r and w/r give rise to the simple 

radial integrals f u 2 dr and f w 2 dr, which multiply respectively the 3 5 r and 3 Z),-matrix ele- 
Jo Jo 

mentof ^calculated from (1.68). These radial integrals are obviously the probabilities of the 3 5 r 
and 3 Z) r state in the deuteron, and the normalization of the deuteron wavefunction expressed by 
(1.63) means that the sum of these probabilities is equal to unity. We denote these probabilities 
by p s ami p D , noting that p s 4- p D = 1. 

Evaluating (1.68) for S = l,y = 1 with respectively / = 0, / = 2, we get 

fi( 3 5,) = p n -f /i p = 0.8797 nM, (I.69a) 

* K 3 ^i) = — + f* p ) + ! = 0.3101 nM. (1 .69b) 

Because the observed magnetic moment of the deuteron is very close to the value given in (I.69a), 
we conclude that the deuteron ground state is predominantly 3 S f . Since the 5-state does not 
have any orbital angular momentum, the magnetic moment in this state results entirely from 
the intrinsic magnetic moments of the nucleons; further, in the spin-triplet state, the spins of 
the two nucleons are aligned parallel, and hence their individual magnetic moments should add 
up. This gives a physical understanding of the result (I.69a). Since the 3 D r state magnetic 
moment (I.69b) is less than the ^-state moment, it is possible to reduce the magnetic moment 
from the 3 5 r state value by mixing it with a small part of the 3 £> v *state. The probability p D of 
the 3 Z) r state i & the deuteron ground state can be calculated if the magnetic moment is made 
to agree with the observed value. Thus, 

0.8573 « 0M91ps 4- 0.3101 p D 
- 0.8797 - 0.569 6p D 
or 


p D = 0.0224/0.5696 = 0.039 = 3.9 %. 

One test of an acceptable deuteron wavefunction, from the point of view of its magnetic 
moment, is therefore given by 

J w 2 dr = p D =» 0.039. (1.70) 

There remain, however, several uncertainties relating to the correct expression for the 
magnetic moment operator itself. The fact that there are meson exchange currents in a nucleus 
implies the existence of additional magnetic moment caused by such currents. The velocity- 
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dependent forces also give rise to extra contribution to the magnetic moment. The origin of the 
latter is now demonstrated for the spin-orbit coupling IS. 

It is well-known (see. for example, Schiff 2 ) that, in the presence of an electromagnetic field, 
the changes in the Hamiltonian of a system are obtained by altering the momentum of the system 
p p _ (eA/c), where e is the charge of the system and A the vector potential of the electro- 
magnetic field. For a constant steady magnetic field H, the vector potential A is given by 

A = x r ) 

as can be verified by forming V x A and checking that the result is indeed H. The spin-orbit 
coupling K(r/a)(r x p)-S therefore gives rise to an extra term in the Hamiltonian: 

- ^K(r/a)(r x A)-S = - ^K(r/a) r X (H x r)-S 

= - ^F(r/a)[r J S - (r-S)r]-H. 

Since the energy of a magnetic dipole of moment p in the presence of H is given by 
-p-H, we identify the extra magnetic moment arising from the spin-orbit term of the 
Hamiltonian as 

p = ^K(r/a)[r J S - (r-S)r]. < L7,) 

Because of the uncertainties associated with the magnetic moment operator, the estimate 
(1.70) of the £>• state probability is not very reliable. A certain latitude of variation has to be 
allowed in this quantity while checking the acceptability of the deuteron wavefunctions cal- 
culated for various parameters of the two-nucleon potential. 

B. ELECTRIC QUADRUPOLE MOMENT 
General Concepts of Electric Multipole Moments 

The quadrupole moment of a nucleus arises from a special kind of deformation of its charge 
distribution. Let us first consider the case of a set of point charges bounded in a region of 
space, enclosed by a surface represented, for simplicity, by the closed curve in Fig. 1.3, and 



Fig. 1.3 Electrostatic potential at P due to distribution of 
charge enclosed in a surface represented by closed curve. 
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calculate the potential at a point P outside the charge distribution. Taking O as the origin of a 
coordinate system and / as a typical point charge inside the charge distribution, we can denote 
the distances 01 and OP by the vectors r t and R, respectively. The distance IP is then given by 
( R 2 + rf — 2 Rr t cos <o) 1/2 , where cj is the angle between R and r ; . Therefore, the potential v, at 
the point P due to the charge e 9 located at the point /, is given by 


v, = 


(R 1 -f rf — 2Rr t cos w) 1/2 


' e £ ~~P K (cos to). 

K-or> 


(I.72a) 


Here r< and r > are the smaller and the larger of the two quantities R and r t . This result follows 
from the definition of the Legendre polynomial P K (see Whittaker and Watson 9 ). If ( 9 h </>,) and 
(6, 0) represent the polar coordinates of r, and R in the chosen coordinate system, then 
Pk( cos o») can be written by the spherical harmonic addition theorem [see (BI.21) in 
Appendix B] as 


Pjc( cos w) = 


4 7T K 


y!(0i, 0) = £ 

q — K 


rfQi. <h)y?\e, Q). 


If the point P is extremely remote from the charge distribution, then, in (1. 72a), r< and r> can 
be replaced by r, and R, respectively. Then we have 


h = £ £ -nKTiy-Si 8 ’ t,)- 

K "0 qmm — K 

To obtain the potential v at the point P due to the entire charge distribution, this expression 
has to be summed over all the point charges contained in the distribution. That gives 


where 


• K 

v = E v, = Z 

I X- 0 q 




(1. 72b) 


Q* = £ rW(C„ 4>,). (1. 72c) 

The quantity (1. 72c) is called the ^-component of the R-th moment of the charge distribution. 
It is clear from (1. 72b) that the potential due to a charge distribution at an external point can 
be determined if all these moments (i.e., Q* for all values of K and q) of the charge distribution 
are known. 

If we regard the distribution of charge as continuous, specified by the charge density ep t 
then the summation in (1. 72c) obviously requires to be replaced by an integration over the 
region of space V in which the charge is contained, i.e., 

(1% = p(r)r K yZ(6, +) d'r. (I.72d) 

The density p(r) at the point r can, in general, be a function of all the three polar coordinates 
r, 6 , <f> 9 and it is therefore expressible as a complete summation over the spherical harmonics as 

P(r) = £ £ C lm (r)Y':(8, <j>). (1.73) 

/- 0 m— / 

If this expression of p(r) is inserted in (I.72d), then, from the orthogonality of the spherical 
harmonics, only the term C Kq (r)Y$*(B 9 0) of p( r) contributes to the moment Q* and yields 
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The first term_of />(r) corresponds to / = 0, m = 0 for which the spherical harmonic is the 
constant I/V^tt. Therefore, the monopole part (/ = 0) of the charge density does not depend 
on the angles 6 , <f>, and this part represents a spherically symmetric quantity. All higher terms 
of p(r) depend on the angles through the higher-order spherical harmonics, and hence they 
represent, the deformation of the charge-density distribution. In particular, the quadrupole 
moment arises from the (/ = 2)-terms (m « — 2 to m = +2) of p(r), which are said to represent 
the quadrupole-type deformation of the charge distribution. 

According to the principles of quantum mechanics, the moment of a nucleus is the 
expectation value of the operator (I.72c) with respect to the nuclear wavefunction the 
summation / gotfs over all the protons because they are the particles that carry the nuclear 
charge. The resultant expression 

<flf> = <^| f <^,)\W) (1.74) 

can be very easily converted into the classical form (I.72d) with a suitable definition of p(r), as 
is now shown. By using the property of the S-function, any function f(ri) can be written as 

/(«■/) = J d 3 rf( r)S(r - r,). 

Identifying the function /(/■,) with rfYf(6 h fa), we obtain 

<#> = f d'r r K Yg(d f +KV 1 1 8(r - r,)^). 

J <-i 

Comparing this with (I.72d), we obtain the quantum mechanical expression for />( r) as 

P(r) = <!P| i 8(r - (1.75) 

<- i 

A nuclear state W occurring in (1.74) has a definite angular momentum J and projection 
M. From the general result obtained in Appendix B (Section III), we conclude that the matrix 
element of Yf between two states of angular momentum J and projection M is nonvanishing 
if q = 0 and if K lies between 0 and 2 J. Further, since the parity of the state is the same 
on the two sides of the matrix element in (1.75), K can only be even integers, i.e., U, 2, 4, . . . , 2 J 
or (2J — 1). The last value is 27 or 27 — 1 depending on whether 7 is an integer or a half- 
integer. 

Specialization to Electric Qoadrupole Moment 

We now specialize our discussion to the static quadrupole moment. It is enough, according to 
the preceding discussion, to consider the (q = 0)-component of the operator. From (I.72c), 
is given by 

Oo = Z rfyfce,) = £ r?£( 3 cos 2 9, - 1). 

/-I i - I 

1 he (q =• 0)-component of y\ does not depend on the ^-angle, and the explicit expression of y\ 
used here is from Table AI.l (see Appendix A). Instead of using the operator A,, as just 
defined, it is customary in nuclear physics to use the operator Q 0 , which is equal to 2flj}. We 
shall abide by this convention, and the static quadrupole moment operator of a nuclear state 
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will imply Go# rather than Some alternative expressions of Go are 
Go =* Z rf ( 3 cos 2 — 1) 

/-i 

— £ (32? - rf) 

/-i 

= 2 I rfroM 

/-I 

= J~ 2 r}Yl(0,). (I.76a) 

v j /-I 

According to the discussion following (1.75), a state of / = 0 or J = £ cannot have any 
quadrupole moment. In order that a state may have a nonvanishing static quadrupole 
moment, its angular momentum has to be 1 or higher. The nonvanishing value of the quadru- 
polc moment itself may be positive or negative. An examination of the expressions (1. 76a) 
reveals that the positive and negative values correspond to the expectation value of 3z 2 being 
respectively larger and smaller than the expectation value of r 2 (=x 2 + y 1 + z 2 ). This means 
that, in the former case, the extent of the deformed charge distribution in the z-direction is 
greater than that in the x- and ^-direction. The situation is obviously the opposite in the case 
of a negative quadrupole moment. In both the cases, the deformed charge distribution has a 
spheroidal shape. The z- axis is the symmetry axis of the spheroid, i.e., the cross-section of the 
deformed charge distribution perpendicular to the z-axis has a circular shape. The spheroidal 
shapes corresponding to positive and negative quadrupole moments are shown in Fig. 1.4 and 



(a) Prolate (b) Oblate 

^ Fig, 1,4 Spheroidal charge distribution of prolate and oblate shapes. 
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arc known as prolate (Fig. 1. 4a) and oblate (Fig. I.4b). In both these cases, the section in the 
xy-plane is circular. 

In the case of the deuteron, the positive value of the quadrupole moment therefore 
signifies a prolate spheroidal shape of the charge distribution. Its quadrupole moment operator 
is given, according to (1. 76a), by 


Qo = 3zp — r* = rp(3 cos 2 0 — 1) = $r 2 (3 cos 2 0 — 1) = £r 2 yo(0). (I.76b) 

Here we have used the fact that the distance r p of the proton from the centre-of-mass is Jr. 

We shall first evaluate the general matrix element of (1. 76b) between the states 
</, S 9 j\ m = j\ and |/', S y j\ m = y>, and then give specific values to /, /' in order to obtain the 
two types of contribution of the wavefunction (1.64). The highest projection m = j is chosen 
because static electromagnetic moments are always quoted for this projection by way of con- 
vention. Using, from Appendix B, (Bill. 1) and (Bill. 14) in succession, we obtain 

«sjj\ Qo I rsjjy = [' J ']</s/| \q\ | rsjy, (i.77a> 

where 

<ISJ\ \Q\ \l’Sf> = R,R„r< dry-iy-'U(Sl’j2;jl)J^ o * 'J. . (I.77b) 


Ri and R r are the radial wavefunctions corresponding to the states / and /'. 

We first take /' = 0 and / — 2 in (1. 77b) and use the fact that both the Clebsch-Gordon 
coefficient and the {/-function become unity in this case. Further, since R t = vv/r and R r = u/r, 
we get 


( 3 S r 3 D i)- reduced matrix element 



(1. 78a) 


Similarly, putting S — 1, /' = /== 2, and j = 1 in (1.77b) and using (1.36) and Table AVII.6 
(see Appendix A), we obtain 


(^i^Z^-reduced matrix element == 


2yJ 10 


i: 


w 2 r 2 dr. 


(1. 78b) 


The actual matrix elements are obtained by multiplying the results (1.78) by the Clebsch- 
Gordon coefficient occurring in (1. 77a), which has the value 1/v lO for j = 1. We finally note 
that, in the expectation value of the quadrupole moment operator with respect to the state 
(1.64), the ( 3 D r 3 /)|)-matrix element occurs once, whereas the ^Sp^J-matrix element occurs 
twice. Hence, we get the quadrupole moment q of the deuteron by adding twice the result 
(1.78a) to the result (1. 78b), and then multiplying the sum by \/V 10. Thus, 

q sa "hT j 0 UWfl dr ~ J 0 ^ dr - ( L78c ) 

The tensor potential is so adjusted that the resultant w accurately reproduces the observed 
quadrupole moment. The binding energy « and the quadrupole moment q can be well-repro- 
duced for several sets of values of the parameters in the potential. These sets can then bi 
sotoewhat narrowed down by also checking t the value of the magnetic moment. However, as 
already mentioned, the magnetic moment leaves some latitude in view of the uncertainty in the 
operator itself. As a result, the choice of the parameters in the potential cannot be reduced to 
a unique set. 
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7. SCATTERING FORMALISM FOR TWO-NUCLEON SYSTEM 
A. DEFINITION AND KINEMATICS 

Now we examine the scattering of a proton by a neutron caused by the nucleon-nucleon 
potential between the two particles. The scattering of a proton by a proton (discussed in 
Section 8) is further complicated by the presence of the Coulomb potential. However, the 
definitions and kinematic considerations that follow apply to both n-p and p-p scattering. 

In a typical experimental set-up, the neutron is contained in a target material inside a 
scattering chamber, and the proton beam from an accelerator is scattered by the target. In 
Fig. 1.5, N denotes the target neutron, and the protons are incident on it along the direction 

P' 



Fig. 1.5 Set-up for measuring differential scattering cross-section. 


PN, which we choose as the z-axis of the coordinate system fixed in the laboratory. These protons 
are scattered in all possible directions. We consider the scattering in the direction NP\ which 
makes an angle 0, with the direction of the incident beam. A detector, set up at a distance r from 
the scattering centre, subtends a finite solid angle doj t at N. It counts the scattered protons pro- 
ceeding per unit time along the direction 0 ,, through the solid angle </<*>/ (i.e., across the element 
of area r 2 Ja>/) with a certain efficiency. An independent knowledge of this efficiency enables the 
calculation of the total number of protons N$ scattered per unit time within the solid angle 
diof in the direction 0,. What is obtained in this way is obviously not the scattering due to one 
target neutron, but rather that due to all the neutrons contained within a volume of the target 
defined by its thickness t along the z-direction, and area A marked by the cross-section of the 
incident beam. The total number of target neutrons N T responsible for the scattering is there- 
fore given by Atp , where p is the density of neutrons in the target material. Similarly, the total 
number of incident protons can be specified in terms of the number of particles N v incident 
per unit time per unit area of the beam. This latter quantity is called the flux of particles. If 
we divide N s first by N T and then by and also by the solid angle dw t then we get the proba- 
bility per unit time of scattering of the proton at an angle 0, within unit solid angle, for a single 
scattering centre, and for the unit incident flux of protons. This experimental quantity is known 
as the differential cross-section of scattering for the angle 0, and is denoted by either o(0/) or 
dojdio . The integral of this quantity over all the angles is called the total scattering cross-section. 

In the foregoing definition, we have used the angles measured in the laboratory coordinate 
system. A similar definition of the differential cross-section can be given also for the centre-of- 
mass coordinate system. If o(0) denotes the differential cross-section in the centre-of-mass 
system, then, in view of the fact that 0/ and 0 are related in a definite way, 0 ( 0 /) and o(0) can 
also be related to each other once and for all. The theory of the scattering process is always 
worked out in the centre-of-mass coordinate system, and hence o(0), and not o(0/) # is the 
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quantity that will be calculated directly by means of the quantum mechanical theory. On the 
other hand, <j(0 ; ) is the quantity measured in experiments in the laboratory. Therefore, the 
relation just mentioned is essential for a comparison of theory and experiment. 

The derivation relating the various laboratory quantities with the corresponding ccntre- 
of-mass (CM) quantities is given in Schiff 2 . Only the relevant results are quoted here. 

Considering, in the laboratory, a projectile of mass M x moving with initial velocity V! 
and incident on a fixed target particle of mass A/ a , we have 


£i»b = 

(I.79a) 

F m 2 

E CM M x -f M 2 " h 

(1.79b) 

such that, for nucleon-nucleon scattering (AT t = M 2 ), 


^CM = W*. 

(1.79c) 

The scattering angles d t and 6 are related by the equation 


„ s in 0 _ A/, 

tan 0/ — ., m = kM , 

m -f cos 6 M 2 

(I.79d) 

and hence 


, a ^ (1 + m 2 + 2m cos 8) 3 ' 2 ^^ 

= l + m cos 0 ° (e) ' 

(I.79e) 

For the case of nucleon-nucleon scattering, m — 1, and we have 


8 = 28„ 0 ( 6 ) = i sec e, o(8,). 

(1.790 


In Section 7B, we shall describe the quantum mechanical calculation of a(0) in terms of 
an incident plane wave eP* along the z-direction, and a scattered outgoing wave of the type 
r^ l e tkr M(6) 9 where M is called the scattering amplitude. 

The probability current of any quantum mechanical wavefunction !P is given by (see 
Schiff 2 ) 

Re 

where Re denotes "the real part of”, and /x signifies the reduced mass of the system (=>half of 
the nucleon mass for nucleon-nucleon scattering). For the incident wave, we use 

to obtain the probability current along the z-direction given by 
h/Cft” 1 = v, 

where v is the velocity. Thus, the incident wave represents a flux of v particles per unit area 
per unit time. 

In the same way, the scattered wave 

-^presents a probability current along the radial direction given by 
r~ 2 v\M(8)\ 2 . 

Therefore, the total number of scattered particles passing through the area r 1 dot is 
v dot \M(8)\\ 
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Since we are now considering a case where there is only one scattering centre, our earlier 
definition of the differential cross-section asserts that 


da 

da> 



(I-79g) 


This expression for the differential scattering cross-section in terms of the scattering amplitude 
is used in our subsequent discussions. 


B. SCATTERING THEORY 

Assuming the direction of the incident particle to be the z-axis of the centre-of-mass coordi- 
nate system, we get the incident wavefunction at a large distance from the scattering centre 
given by the plane wave e lkz . If the incident spin state corresponds to S and projection m , then 

y inc = ««*X* = £ i‘VW]j,(kr) Yfrl ( I.80a) 

The partial-wave expansion of e lkz used here is a standard result and is given in Appendix C 
(Section I). We now couple the spherical harmonic Yo with the spin function X* and introduce 
the angular momentum coupled wavefunction \lSjm} > which has already been used for the 
description of the two-nucleon spin-angle wavefunction. We also use the asymptotic form of 
ji(kr) for r oo, given by (1.50). We thus obtain 

/+s , f / S /I i 

. i ' V4 'W lo m J Fr Sin {kr ~ V^lSjmy. (I.80b) 

The amplitude of —[e~ i[kr ~ lll2)ln y2ikr]\lSjmy in the incident wave is obviously given by i l Ci S j m 
where 



(I.81a) 


Similarly, the amplitude of (e? kr lr)\lSjmy in (I.80b) is given by 

C lS jJ(2ik). (1.8 lb) 

The incident wavefunction !P inc is a solution of the free Schrodinger equation, that is, 
(1.40) without the potential term. As discussed in Section 5, the actual solution of the 
Schrodinger equation (1.40) can also be decomposed into the states | ISjmy, of which the states 
/ j (S = 1 or S = 0) are uncoupled and the states / =* j ± 1 (5 = 1) are coupled. By definition, 
the scattered wave is given by 

V.™ - V ~ ^inc, (1.82) 

and it should be a purely outgoing wave (i.e., the radial part should be of the type e^/r). 
Therefore, the ingoing wave part (<r /A 7 r) of W should be exactly equal to that of so that 
the ingoing part vanishes on the right-hand side of (1.82). 


Uncoupled States 

We first determine the part of that contains the uncoupled states | ISjmy with / The 
radial part of these states, for r -► oo, has already b6en given in (I.53b) as 

J = jj8in(A:r-|/ w + 6f). 


r -*■ oo. 


(I.83a) 
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The coefficient of [— e- i{kr ~ ill2)i9) l(2ikr)] in this wavefunction is clearly given by 
A, exp (-/S?). 

Equating this with the ingoing amplitude of the state | ISjrri) of ^nc, namely, i l C JS )m> given by 
(1.8 la), we get 

A, = i' exp (iSf)C ISJm , 1 = j. 

The coefficient of (e tkr /r)\lSjmy 9 in (I.83a), is similarly seen to be 

^ exp (-/J h) exp (»S?) = fijfisim «P (2 i8?). (I.83b) 

If we subtract (I.81b) — which gives the same amplitude in x V inc — from (I.83b), we obtain, 
according to (1.82), the amplitude of the |/ *= ) t Sjrri > part of the scattered wave. The full 
expression for this scattered partial wave is therefore given by 

1 c P ikr 

2 ^C /S/M [exp (2/5?) - if— | ISjmy, / = j. (I.84a) 

If we now break up the angular momentum coupling in | ISjni) and write it as 

[ISjmy = £ [ 1 , S , ■ (I.84b) 

m' im — m m m J 

then it is clear that the incident beam of the spin projection m can be scattered, in general, to 
all possible values of the spin projection m. The coefficient of (* i *7 r )*™' in (I.84a) is called the 
scattering amplitude in the uncoupled state / = j\ corresponding to the scattering from an 
initial state of given spin projection m to a final state of spin projection m. We shall denote 
this quantity by A/£f/ m , and fully express it with the help of (1.84a) and (I.84b) as 

M% m (6,4.) = ±VW Tip S J ]\ j , S , J l[exp (2/8?) — l]y*_ m -(0, </>). 

L o m mllm — m m m J 

(1.85) 

The sum of (1.85) over j = 0 -+j = oo gives the total scattering amplitude corresponding to all 
the uncoupled states. 

Before evaluating the scattering amplitude in the coupled case, we shall so alter the 
preceding method of derivation that it will allow immediate generalization to the coupled case. 
Since our aim is to expand the total wave in the ingoing and outgoing waves, we could have 
straightaway started with the general asymptotic form 

U = A*~' r oo. (1.86) 

The amplitude of the outgoing wave should obviously be related to that of the ingoing wave 
through the Svattering process itself. This physical fact is incorporated in (1.86) by requiring 

B « SA , (1.87) 

where S is called the scattering operator or the scattering matrix. Here S relates the single 
quantity A to the single quantity B t and hence it is a very simple one-dimensional matrix (i.e., 
a tingle scalar quantity). Comparing (I.83a) with (1.86), we obtain 

A = -A, exp (-ihf)l(2ik), 

B - -A, exp (i&f)l(2tk). 
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and hence 

S = B/A = exp (2isf), (1.88) 

where 6? is the phase shift for the uncoupled state / = j. Thus, the asymptotic form (I.83a), 
used earlier, is exactly equivalent to the form 

u » A[e-* k '~w 2)1*) _ exp (2 r -+ oo. 

Coupled Case 

In the coupled case, we start with asymptotic forms of the coupled radial functions u and w y 
written in analogy with (1.86) as 

u - A { e-* k W-'W, r -> oo, (I.89a) 

w = A 2 e- t[kr - O/W+Diri _ B 2e i[krHU2)U+iM 9 r-+oo. (I.89b) 

Since the waves l — j ± 1 are coupled to each other, we cannot require B { to be determined 
entirely from A | by means of the scattering process. The same observation is true for A 2 and B 2 . 
Because of the coupling of the two partial wave channels, an ingoing wave in the channel 
/ = y — lor/=y-f-l gets scattered to both the channels / = j — 1 and / ==j + 1. Thus, in 
the preSfent case, we can impose the more generalized requirement, namely, that the amplitude 

vector of the outgoing wave be related to of the ingoing wave through a 2x2 

scattering matrix S' 


M:)- 


(1.90) 


Now since 
Bf 


■ 27 SijAj, 
J-i 


we find that either B x or B 2 is given as a linear sum of both A t and A 2t as desired. 
There being no flux loss from the combined channels, we require 

Z AfA t = J B?B t 

/-i /-i 


or 


(At ^;)-w «)(,;)• 


Using (1.90) and its Hermitean conjugate on the right-hand side of this equation, we get 

S'S = t, 

i.e., S is required to be a unitary matrix. [It should be noted that, in the simple uncoupled 
case, S = exp (2 isf) was unitary. This is because, during the scattering process, there is no loss 
of flux from the wave / = j since it is uncoupled.] « 

It is also assumed that time-reversal invariance is another general requirement on the 
matrix. In the coupled case, the vS-matrix will ultimately be computed by solving the coupled 
Schrddinger equation, in which the scattering agency, namely, the two-nucleon potential, has 
already been chosen to satisfy this general invariance requirement (see Section 3). The S - 
matrix computed from such potentials will also satisfy time-reversal invariance. As a 
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result of this invariance property, the ^-matrix becomes symmetric. The matrix element 
</«>- l|<S|/ = y+ 1> denotes scattering from an initial state l=j + 1 to a final state 
/ = j — 1. Under time-reversal, the initial and final states get reversed in their roles, and the 
matrix element is transformed to <7 — j + 1| S |/ «=» j — 1>. The invariance under time-reversal 
therefore requires these two matrix elements to be equal, i.e., <5 to be symmetric. 

We next prove that the 2 x 2 symmetric unitary matrix S can be diagonalized by a real 
orthogonal matrix 0 • If 

0~ l S0 - A (I.91a) 

where D is the diagonal form of S> then 

SO = OD (1.9 lb) 

or 

0< S = DO (~ denotes a transposed matrix) 

or 

OS = DO {S = S due to symmetry, and D « D due to the diagonal nature of /)). 
But, from (1.9 la), 

cr l s = dct\ 

and hence a comparison of the last two equations establishes 

0~ l - 6. (I.92a) 

i.e., 0 is an orthogonal matrix. The fact that 0 is real, at the same time, follows from the 
unitarity of S as now detailed. We first use the fact that any eigenvector of a matrix is also an 
eigenvector of the inverse matrix, and the eigenvalues are reciprocals of each other. Thus, if 
|*> is an eigenvector of S belonging to the eigenvalue d at i.e., 

S\*> - da\*>, (1.93) 

then 

s- 1 1 «> = ( 4 )"» 

automatically holds. Therefore, 

<P\S A \«>-(da)- l <P\*>- (1 .94a) 

But 

m [follows from the Hermitean conjugate of (1.93) with a -*■ 0], 

and hence 

<0<S-'|*>-tf<0l«>. (I.94b) 

Subtracting (I.94a) from (I.94b), we get 

#• 

; W-X'Kfi |«>-o. 

When p * a, this equation yields 

dS = (da)-'. ( 1 . 95 ) 

Thus, the diagonal elements d a of the diagonal matrix D should be of the form exp (2/8*), 
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where 5* is real. Further, (1.95) means 

/)t =3 /)“*, 

that is, D is also unitary. Now, taking the inverse of (1.9 lb), we get 

o- l s~ l = D-'O' 1 


or 




Similarly, the Hermitean conjugate of (I.91b) yields 

A comparison of these two results establishes 

(T 1 = 0\ (I92b) 

i.e., 0 is unitary. If we combine (I.92a) with (I.92b), we find 

6 - o- 1 = ot = o*, 

that is, the matrix £7 is also real. 

The most general form of a real orthogonal 2x2 matrix may be described by a single 
real parameter < as 

( cos c —sin «\ 
sin < cos €/ 


The orthonormality of the rows and columns of this matrix can be immediately checked. The 
form of the diagonal matrix D has already been established as 

D ^ P ( m< j) 0 \ 

\ 0 exp (2/5/)/ 

where 5* and Sf are real parameters. From (1. 9 la) and these general forms of O and D, it 
becomes obvious that the symmetric unitary scattering matrix S can be parametrized in terms 
of the three real quantities c, b% and as 


S = 0D0~ V = 


( cos 6 —sin c\ /exp (2/6“) 
sin € cos «/ \ 0 


0 \/ cos c 

(2/5?)/ \— sin c 


exp (2/5;), 


sin c' 
cos e 


/exp (2/5*) cos 2 € + exp (2/5;) sin 2 € [exp (2/6*) — exp (2/6;)] sin c cos c' 
\[exp (2/6*) — exp (2/6; 0 )] sin e cos « exp (2/5“) sin 2 c + exp (2 iSf) cos 2 


(1.96) 


The parameter « is called the mixing parameter, and the two 6’s the eigenphase shifts. (The 
reason for these nomenclatures will soon be clear.) 

(1.9 lb) implies that the two columns of 0 are the two eigenvectors of S belonging to the 
two eigenvalues given by the two diagonal elements of D . Thus, < 



„ /COS €\ 
exp (2/6;) I . ), 

\sin «/ 


(I.97a) 



58 THEORY OF NUCLEAR STRUCTURE 


Comparing these expressions with (1.90), we get two special choices of A\ and A 2 for which 
2?i and B 2 are simply proportional to A t and A 2% respectively. The eigenwaves, obtained from 
(1.89a) and (I.89b) corresponding to these special choices, are called a- and 0-wave, respective- 
ly. They can be represented in the space of \j — 1, 1 , jni) and \j + 1, 1 * jm} by the two- 
dimensional vectors 

_ exp 

sin - exp (2isV“ , ~' l ' iK ' + ' l " 1 F 

-sin - exp 9gb) 

cos _ exp (2 



Scattering amplitude for coupled states 

is given by [see (I.80b)] 

A, = 


The coefficient of (1/r) exp [— /(Ar — \fo)]\ISjm) in 

(1.99) 


where C IS)m is defined by (I.81a). Considering the two coupled /-values, /,=)—! and 
/ 2 — y _)_ i for a given we can write the corresponding part of the total wavefunctioji as 


Z -[/4, exp { - /(Ar — — B, exp {/(At — \l,ir)}]\l,Sjmy. (1.100) 

(-i r 

The coefficients A, and A 2 in (1.100) can be obtained from (1.99) by assigning the /-valbes of 
/, and l 2 , respectively. This is because the ingoing wave part of !P must be equal to that of 
!P inc , as stated after (1.82). 

The outgoing spherical wave (l/r)e‘ kr in the total wavefunction has an amplitude due to 
these two coupled /-values, given by the 5-term of (1.100), namely. 


— ZB, exp {—\il,rt)\l t Sjrny. (1.101) 

/-i 

Substituting 

2 

B,= Z Slk^k 

. k - 1 

according to the definition (1.90), and then writing A k explicitly from (1.99), we obtain 

-ZB, exp (- = ~ Z Z S,kC lkSI J lk -'*\i,Sjm>. (1. 102a) 

i_l /-I Jfc-1 

The coefficient of (1 lr)ef kr due to these two /-values in is given, according to (I.81b), as 

X J C„ slm \l,Sjm>. (I.102b) 

According to (1.82), the coefficient of (1//V*' in due to the two coupled states / — j ± 1 is 
obtained by subtracting (1. 102b) from (1. 102a). Let M s 2> m denote the scattering amplitude due 
to these two coupled states, corresponding to the transition from the initial spin state x£ to 
the final spin state X*,. The component x£, contained in the state |/,S/m> is clearly given by 
(see (1.84b)] 

<Sm' | \,Sjmy = f '' , 5 , ''1^.^, 4>). 

L m — m m ml 


( 1 . 103 ) 
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Using this expression and subtracting (1.102b) from (1. 102a) as described, we obtain 

M£/ m - ~- k ( i | i ( (Sik ~ hk)i lk - h Ci k s,^<Sm' | hSjmy 

= ^5 J i (Afc _ S, *)//*-' V[U][ lk s 7 If 1 ‘ , S , J ] YZ-rtie.*). 

2 ik fc_i VLj,fc 1 J Lo m mJLm — m m' m\ 


(1.104) 


The matrix elements Sik are to be substituted from (1.96). 


Differential and Total Cross-Section 

To put together all the results so far derived in this section, we refer back to (1.85), and de- 
lineate the uncoupled amplitude first for 5=1, and then for 5 = 0, as 


Viyjfexp (2 ib ( j l) ) — 1]P *H[ * , , Vit-m'(0, 4)y 

m ' m v,vv 2 ik lJn ' Lo m m\Vm — m m! m\ 


(1.105) 


Mk o' 0 ’ '(6, <f) - ^V'[7][exp (2/4 0> ) - 1 ] Yl(9, <f>). (1. 106) 

In the singlet case, the only possible value of m and m is zero, and both the Clebsch-Gordon 
coefficients are equal to unity; this accounts for the simpler appearance of (1.106). 

•The total singlet scattering amplitude is obtained by summing (1. 106) over j = 0 -> j = 
whereas the total triplet scattering amplitude is given by first adding (1.104) and (1.105) and 

then summing over j = 0 -*j = 


Mto(9, 4>) = £ Wo.o V, 4>), 


i-o 


(1. 107a) 


<f>) = E <t>) + m(9, if))]. 


(1. 107b) 

!-o L 

Therelore, the singlet and triplet differential cross-sections corresponding to these scattering 
amplitudes are given, according to (I.79g), by 

(1. 108a) 




00 

2; 

'y-o 


/.s-o . ) ( 


(—) 

W s - 1 ' 


b | r Ml ?;'• \e, 4>) + 4>)\\ 

m- 1 J-0 


(I.108b) 


In the triplet case, since the result can be in all possible values of m , the differential 
cross-section for ISmW |SW> scattering, which is the square of the modulus of (1.107b), has 
been summed over m\ that is, between m’ = -1 and +1- (1.108b) gives the triplet 

differential cross-section corresponding to an initial spin projection m, which has therefore been 

used as a label on the left-hand side. . . 

To obtain dal du> in the case where no measurement is made on the spin of the initial 
state, we must multiply (1.108a) by the probability />( 0, 0) of the initial singlet state, and 
(I.108b) by the probability p(l, m) of the initial triplet state |S = 1, m>. The second expression 
has obviously to be summed over all m-values, frdm m = -1 to m = +1, and then added to 
the singlet expression. For a completely unpolarized incident beam, the four initial spin states 
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|0, 0>and |1, m> (m = —1 tom => + 1) occur with equal probability, and hence />(0,0) =»/>(!, m) 
= Therefore, 


£-«£>«+ *£ (£)—• 


(1.109) 


The total cross-section is obtained by integrating the differential cross-section over all 
angles. The singlet total cross-section is obviously given by 


= 2 2 V[;/] exp [i(bf - sf) sin «} 0) sin 

K * ;-0 0 

x I' sin e de # y<(», *)r o ''(0, *) 


: § r [j] sin 1 8' 
* y - 0 


»y 0> . 


( 1 . 110 ) 


This result follows from the orthonormality of spherical harmonics, according to which the 
integral over angles is simply <$/, Thus, the singlet total cross-section does not contain any 
interference between states of different angular momenta. In the first step of (1.110), [jf] de- 
notes [j][f] = (2j + 1)(2/ + 1). 

The computation of the triplet total cross-section is a little more complicated: itlnvolves 
examining the structure of each term in the triplet amplitude, and noting that the dependence 
on m and rri is through factors of the type 

' 1 7 If ll , \ 

0 m m\lm — m m m\ 


Thus, the m, m summation of any general term in the square modulus, and the subsequent 
angle-integration, yields 



$/i r&i, v • 




We have used the orthonormality of spherical harmonics, and that of the Clebsch-Gordon coeffi- 
cients [see (AIV.3) in Appendix A], and also the last symmetry property of the Clebsch-Gordon 
coefficient [see (AIV.4) in Appendix A]. 

The various Krdnecker deltas in (I. Ill) require that, in the triplet total cross-section, 
there cannot be any interference (i) betweeh terms of different j (due to the presence of 6/, ?)> 

(ii) between terms with different spherical harmonics for the same j (because of £/,,/;), and 

(iii) between the two terms of (1.104) for each spherical harmonic (due to £/,//). Using all these 



TWO-NUCLEON PROBLEM 61 


facts, we get 

<*-. = p z i j ] sin 2 5}° + n% [y'KKiSi, - i)| 2 + \(S 21 - l)| 2 + I.S. 2 I 2 + l&.l 2 }- 

K j- o K ;-o 

This can be further simplified by noting that the expression within the braces is the trace of 
the matrix (S — t)(S f — 1) and that the trace of S is the sum of its eigenvalues. Thus, 

<?s-t = 7 j 2 [y]{sin 2 8} n + sin 2 8® + sin 2 8f}. (1.112) 

* /- o 

Recalling the probability factor of £ preceding the two terms in (1.109), we finally obtain 

a = Ti E [y]{sin 2 8* 0> + sin 2 8* 1 * + sin 2 6® + sin 2 85}* (M 13) 

K o 


C. CALCULATION OF PHASE SHIFTS AND MIXING PARAMETER 
Computing the differential and total scattering cross-section with the help of (1.109) and 
(1.113) becomes possible only when we know the phase shifts and the mixing parameter «. The 
calculation of the phase shift b) s) in the uncoupled case has been described in Section 5. We 
need only»explain the method of computing 8®, bj, and c from the solution of the coupled radial 
Schrddinger equations (1.57). 

We first notice that, for a given j, the parity of the coupled states is — (— \) J and, since 
S = l,.the value of T automatically becomes fixed from the total antisymmetry of the states. 
Therefore, although T has not so far been mentioned in our description of scattering forma- 
lism, there is no difficulty in fixing this quantum number in the coupled equations. These 
equations can be solved by the numerical integration method described in Section 5 [see (1.61)], 
starting with the asymptotic forms for the solutions at large r, and then integrating inwards 
step by step. 

To find out the asymptotic forms needed to commence the integration, we rewrite w a , »v a , 
given by (I.98a), as 

u a = —2/ cos « exp (i‘8j)[sin {kr - \(j — l)w} cos 8* 

4- cos [kr - \U - IV} sin SJ1, r -* *, (I u4) 

*»>„ = —2/ sin * exp (/8“)[sin {kr — \{j + 1)«-} cos 8* 

+ cos [kr — \{j + IV} s > n s “]> r-> 00 • 


Replacing 8* by 8? and « by (< + w/2) in these expressions, we get the results for u s and 
It is clear from these asymptotic expressions that we can obtain two solutions by starting 
the numerical integration first with 


/«, \ = / sin [kr - i (J - IV) \ r w 
w,/ \r) sin {fcr — }(y + IV}' 

and then with 


(I.115a) 


/u 2 \ /cos {kr - - IV) \ 

\wj \ij cos {kr — i(y + IV}/ 


r -*■ oo, • 


(I.115b) 


where ^ it sn adjustable parameter. It is clear from the asymptotic form (1.114) that the 
solutions u 2 and w lt w 2 obtained in this way should be superposed in the same ratio. 
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That is, 


u = Mi + Cu 2 > 
w = -f Cw 2 


(1.116) 


should be assumed to be a general solution. The reason we had to take the parameter rj to be 
the same in (1. 115a) and (I.115b) is also clear from the nature of (1.114). In the expressions 
(1.114), the ratio of the coefficients of the sine terms of u a and w a is equal to the ratio of the 
coefficients of the cosine terms. The same remark is true for the 0-solution. For the a-solution, 
r) is obviously tan «, whereas for the 0-solution, rj is —cot c, so that vfy = — 1. 

After obtaining the complete solutions u ,, h*, and u & w 2 by integrating the coupled 
equations up to r = 0 (no hard core) or r = r c (hard core), we require a zero boundary value 
for the linear combinations (1.116) at r = 0 or r = r c . The two boundary conditions for u and 
w have to be assured by using the parameter and the arbitrary constant C. The value of i?, 
say, V(t , thus found will be equal to tan €, and the mixing parameter « can therefore be deter- 
mined. Similarly, the constant C yields the value of 6“ through C = tan 6*. 

But the scattering formalism we have developed guarantees a second solution of r /. If 
this solution is labelled then we know that = — 1. Therefore, after one is ascertained, 
the entire procedure can be repeated, replacing rj by —y~ l . If the numerical accuracy is ade- 
quate, we expect to find a single constant C (different from the previous C) with \which 
(u\ -f C'u 2 ) and ( u 2 -f- C'u 2 ) automatically satisfy their boundary conditions at r = 0 or r = r c . 
The second solution C obtained in this way gives Sy. 

The reader should note that the nomenclatures a and 0 are very arbitrary. Whatever y 
and C were first found in our numerical search were taken to give the a-solution. This is a 
consequence of the arbitrariness in the formalism itself, which clearly states that the a-solution 
goes over to the 0-solution, and vice versa, when c is replaced by (< -f* tt/2). We can, however, 
introduce a convention to secure agreement between the values of c, bf obtained by different 
workers. At low energies (i.e., small k 2 ), the difference in the centrifugal barrier term /(/ + 1 )/r 2 
for / = j — 1 and / = j -f 1 tends to produce two pure states. Both c = 0 and c = tt/2 can pro- 
duce such pure solutions. However, € = 0 gives pure solutions for which the a- and 0-wave 
correspond to / =* j — 1 and l = j + 1, respectively. The convention that is followed can now 
be stated: the solution of c that goes to zero (instead of tt/2) at low energy is the usual choice. 
This clearly has the effect of calling the predominantly (/ = j — Instate the a-state, and the 
predominantly (/ = j + Instate the 0-state. 


8. SPECIAL CONSIDERATION OF p-p SCATTERING 
The scattering formulas derived in Section 7 are applicable only to the case of n-p scattering, 
and not to p-p scattering, for two reasons. First, because of the Coulomb interaction between 
the two protons, the Schrodinger equation is modified with an extra term corresponding to the 
Coulomb potential e 2 // 1 . Since the Coulomb potential goes to zero slower than the centrifugal 
term /(/ + 1 )/r 2 as r -> oo, the asymptotic equation should contain also the Coulomb term. The 
asymptotic solutions are therefore no longer given by jfjcr) and n t (kr), but by the radial solu- 
tions of the Schrodinger equation for the Coulomb potential. The scattering in the p-p system 
thus contains a pure Coulomb part, a pu^e nuclear part, and an interference between the two 
types of scattering. 

The second reason is the Pauli exclusion principle, and the consequent requirement of 
antisymmetry with respect to the exchange of space and spin coordinates. In Section 7, we 
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have used an incident wave e ikx Xm, which contains all partial waves, / = 0 -> / = oo, correspond- 
ing to both the spin values S (=1, 0). Because the incident wave has all partial waves, the total 
wave ¥* and the scattered wave also contain all possible /-waves corresponding to a given 
spin S. In the case of p-p scattering, this is not true. Because of the Pauli principle, we would 
have to use a symmetric (/ = even) spatial part in « corresponding to S = 0 and an anti- 
symmetric (/ = odd) spatial part for S = 1. 

A. PURE COULOMB SCATTERING 

We consider first the case of pure Coulomb scattering. This gives the Coulomb wavefunctions 
that have to be used at asymptotically large distances in the case of our p-p scattering problem 
arising from the Coulomb plus the pure nucleon-nucleon potential. 

The Schrodinger equation for the repulsive Coulomb potential e 2 jr can be written as 

(V J + k 2 - J-y/'Cr) = 0, (1-117) 

? r 

where = Me 2 lh 2 . We solve this equation in two ways: first, obtain the solution of (1.117) 
straightaway; and second, obtain the solution in spherical polar coordinates, thereby implying 
a partial jwave separation. 


Method 1 We write the solution as 

• IP(r) = e‘ k *g(Z_) with £_ = r - z, (1.1 18) 

which is dictated by a specific consideration. Since the incident nucleon is along the z-axis, and 
the Coulomb potential is spherically symmetric, there is a cylindrical symmetry about the z-axis. 
Hence, if we try to regard ? as a function of the three parabolic coordinates, namely, 
j _ r + z an d the azimuthal angle <j>, then the axial symmetry around z implies that there 
cannot be any dependence on <j>. £F can, in general, be a function of both (r — z) and (r + z), 
but only in the former case do we get *A r ) of (1.1 18) as a sum of an incident wave and an out- 
going spherical wave (see the subsequent derivation for a proof of this statement), which is the 
desired form in scattering formalism. 

If we substitute (1.118) in (1.117), then the resultant equation for £F is found to be a 
confluent hypergeometric equation [see Appendix C (Section II)] for the variable /A£_ and the 
parameters a — — ia, c = 1. The solution of this equation is well-behaved at r -*■ 0 and given by 

£F = F(-iot, 1; /*{_). 

where F is the confluent hypergeometric function represented by the series (Cll.3a) of 
Appendix C and also by the integral representation (CII.5a) and (CII.5b) of Appendix C. 
The constant «= 1 l(2pk) — e J /(ti»), where v (the velocity in the centre-of-mass coordinate 
system) = Itik/M (since h k is the momentum and \M the reduced mass). In this case, since the 
variable ffc{_ is positive-imaginary, we choose the upper sign in the exponential occurring in the 
asymptotic form (C11.5c) of Appendix C. Thus, we obtain 

IF'(r) = e lk *F(—iot, 1; i*£_) 


T(l) 


Al + '«) 


e ,r *(iltU + 'V* z + 


AO 
A -/«)’ 


;0*U- 


r -*■ oo 
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-aln*{_) 


*•"*- ,'**»»* j _ ia m ±jg) r i£^! i 

A l + /a) 1 A 1 - i'a) *£_ J 


^(w/2)a 

AT + to) 1 


r^/(Ati-f-a lnkf^) , COSeC 2 — In do* (•/2)+2ii} 0 < 

kl Afv 2 2 


gtyxr- 


where 


A I + /<*) 

A l - ««) 


e^io. 


(1.119) 

( 1 . 120 ) 


The first term e i(k£+<x corresponds to the incident wave with Coulomb distortion, and the 
second term to the outgoing spherical wave with Coulomb distortion represented by a In 2 hr. 
If we normalize the incident wave to unit amplitude by multiplying (1.119) by e ( ~ w/2)a r(l -f /a), 
then the coefficient of the second term is, by definition, the scattering amplitude 

/cooi(fi) = - cosec2 \ (U 21 ) 


It is clear from this result that the differential cross-section (da/du*)^ = |/ CO ui(0)| 2 is the 
familiar Rutherford expression 


da e 2 j a 0 

= cosec i 


( 1 . 122 ) 


In the case of p-p scattering, however, this is not the correct expression for Coulomb scattering 
because of the antisymmetry requirement under space-spin exchange. We therefore need to 
form the symmetric and antisymmetric combinations to go with S = Oand S = 1, respectively: 

FtT\S) =/cou,( 0 ) +/coo.(* - B) 

= — -^pe^Xcosec 2 ~ e~ la ,in * (*<*) + sec 2 ^ e~ i<x ln co ’’ (,,2) ) (singlet), (1.123) 

AS5>) =/coal(*) -/co.,A ~ B) 

-2 Q Q 

=3 — ^je^^cosec 2 ^ e~ l(1 ,n ,in * <*/ 2) — sec 2 - e~ lx ,n cof * <^ 2 >) (triplet). (1. 1 24) 


Since FJ|J3 ,#I (0) accompanies the spin state | S = 0, w t = 0>, and FS}!}*(9) the spin state |5 =* 1, 
±1» 0), the orthogonality of the spin functions establishes that there is no inter- 
ference between singlet and triplet scattering in the expression of (</o/rfa>) coul . Further, since the 
potential is central and spin-independent, the initial spin projection m t remains unchanged in 
the* scattering process. Each term in the square modulus of the scattering amplitude has to be 
multiplied by P(S, m s ), the probability of the spin state 1 5, ni s > in the initial beam, and then 
summed over ,n t . For an initial unpolarized beam, this procedure gives a factor of J in the 
singlet state, and f in the triplet state. Thus, 


<£>- 


- flffifW + ilASTwf. 


(1.125) 


For future reference, we finally wri(p the Coulomb solution y(r) with the correct normali- 
zation [mentioned after (1.120)] as 

«p ( r) = e<-" J >“Al + iai)e lk, F(—ia, 1; 


(1.126) 
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Method 2 Since the potential of (1. 117) is central, the angular part of the solution of (1.1 17) 
is the spherical harmonic Y l m (6> 4), where / is the orbital angular momentum and m its projec- 
tion. The radial Schrodinger equation for the radial function, u { (r)/r 9 is given by 


d 2 u t 

IP ~ 


/(/ -h 1) 
r* 


u, + k 2 u, - -u, = 0. 


(1.127) 


The solution of this equation, for r 0, is r /+l . For r oo, if we exclude both the potential 
and centrifugal terms, the solution behaves approximately as ef kr . Therefore, we try a solution 
in the form 


ui(r) 


rV Acr 2 r /(r). 


(1.128) 


Substituting (1.128) in (1.127), we obtain, for £F/(r), 

d 2 i h 
"dp? 






where p = — 2/Ar, c = 2(1 + 1), and a = / + 1 + iot. This is the confluent hypergeometric 
equation given in Appendix C (Section II), and hence the solution well-behaved at r = 0 is 


9Xr) = F(l + 1 + 21 + 2; -2 ikr). 


(1.129) 


To explore the asymptotic form of this solution at r oo, we make use of the lower sign of the 
exponential in (CII.5c) of Appendix C since the variable p is negative-imaginary. Thus, 

— r ! e tkr l ^(2/ -f 2) _ (W (/ +H ./a)/ 7ikrYl- [ ~ i0L 

r te !/'(/+ l-/«) e ( ^ 


where 


4. ~ f~2) / 2/^r )~ f ~ 1 

+ r(/ + i + /«/ 2,fer) e J> 

In 


r(l + 1 + »a) v 
r(2l + 2) 1 

|r</+ 1 + /*)| (2*;'*r 


sin (&r 


— a In 2kr -f y,). 


(1.130) 


r(l+\+ id) = r*(l + 1 - id) = I f(/ + 1 + ta)| exp (/^). 

The Coulomb phase shift »?/ is thus defined by 


exp (2 iy,) = 


r(l+ 1 + iat) 

m+l- iocY 


(1.131) 


In order to make this solution closely analogous to j t (kr) 9 we choose the normalization appro- 
priately and obtain the resultant normalized solution, Fi(kr ), as 

F,(kr) = + { p ( ~ — (2k)'e l ~ *m*[r'e lk 'F(l + 1 + id, 21+2 ; - 2ikr)\ 

= ^ sin (kr — {h — a In 2fcr + >?/), r-+oo. (1.132) 

In view of the symmetry about the z-axis, only Y* Q can enter the expression for the com- 
plete wavefunction, which can now be written as 

y(r)=* r CNWYkd). (1.133) 

/- o 
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The normalization constant Cj for the partial waves can be so chosen that (1.133) becomes 
identical to (1.126). From (1.133), we get 

C,F,(kr) = I*’ d+ J' sin 8 d8 'P(r) Y' 0 (8) 

= V ff[/] J ^ d ( cos 6) W(t)Pi ( cos 8), (1.134) 

where the Legendre polynomial P,( cos 0) is related to the spherical harmonic Yq by P t (cos 0) = 
(47Tl[l]) il2 Yo. Using V'(r) from (1.126) in (1.134), we can directly evaluate C h The resultant value 
of C t should be independent of the value of r used in (1.134). For our purpose, the value of 
r ->0 is very convenient. We thus obtain 


C,r> = V w[/] exp (hi) 


A I 4- id) nil + 2 ) 

f(l+l+i») (2k)' t t 0 



dx i-*) 


X F( — iat, 1; /A:r(l — x))Pi{x) 


(1.135) 


or 


C/= /V4tt[/] exp (H/). (1.136) 

[The intervening steps of this derivation are given in Appendix C (Section III).] Therefore, we 
now get two equivalent expressions for !F(r), namely, 

V(r) = £ iVq 7] exp (hi)F,(kr) Yl(0) <1.1 37) 

/- 0 

= e'-* ayt r( 1 + ia)e iks F(-ia, 1; ik(r - z)). (1.126) 

The ingoing spherical wave part of (1.137) is now automatically equal to that of (1.126), and 
hence that of the incident wave contained in (1.126). The scattering amplitude is given by the 
coefficient of the outgoing spherical wave part of (*P — l Fi M ). Thus, another 

expression of the Coulomb amplitude, which is identically equal to (1.121), is given by 

faJfi = 27* ,1 exp (2 hi,) - 1 ] Yfm. (1. 1 38) 


The antisymmetjization ( S = 1) and symmetrization (5 = 0) of this amplitude and the compu- 
tation of {da j d<n) have already been described. 

The Coulomb solution F t (kr ), given by (1.132), is regular at the origin, and hence is the 
only -solution of interest for the treatment of pure Coulomb scattering. There is, however, a 
second solution of the confluent hypergeometric equation [see Appendix C (Section II)], which 
could have beer used, instead of (1.129), to derive a second linearly independent Coulomb 
solution. In the present case, the parameter c of the confluent hypergeometric equation is 
(2/ + 2), which has positive integral values 2, 4, 6, . . . . Therefore, the solution G(a t c\ z) given 
by (CII.6a) in Appendix C shpuld be used to write the second solution. With the same kind 
of normalization as F t {kr) t the new solution for u/(r)/r, to be denoted by G/(fcr), is given as 

G,(kr) = |HL±^ + y ”P ( -‘ r, '\2k)'e'-” l2) *r'e‘ k 'G(l + 1 + in, 21 + 2; -2ikr) 

= ~ Tr C0S * kr In 2 kr + Vi), 


r-> oo. 


(1.139) 
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The asymptotic form of G t (kr) is very similar to that of ni(kr). The extra i in the normali- 
zation should be noted. 

The solution Gfljcr) is useful in the study of scattering by the Coulomb plus a short- 
range force. The solution near the origin, in such a case, is the solution of the Schrodinger 
equation with both kinds of potential, but at a large distance, where the short-range inter- 
action goes to zero, the solution should be written as the most general solution of the Coulomb 
equation, i.e., a linear combination of F,(kr) and G { {kr). 

B. COULOMB PLUS NUCLEAR SCATTERING 
Uncoupled State and Singlet Scattering 

For the uncoupled state / — j, the Schrddinger equation (1.47) gets modified to 

d -£i - —T' 1 '"/ + %r)u, + k 2 u, - = 0, / = ;. (1 . 1 40) 

The equation for r-> oo is obtained from (1.140) by omitting the term if(r)u { since £F(r), 
containing the nucleon-nucleon potential, goes to zero as r -> oo. The two linearly independent 
solutions of the asymptotic equation are given by rF t (kr) and rG^kr) (see Section 8A). Hence, 
the most general asymptotic solution of (1.140) is given by 

y = A /[cos 8/ Fi(kr) — sin G,(/cr)], r oo 

=x dl s i n (k r - \Itt — <x In 2 kr + rj, -f $,), r oo. (1. 141) 

The asymptotic solution contains the Coulomb phase shift plus the nuclear phase shift fy. 
The phase shift 6/ can be computed by the numerical method described in Section 5. The 
procedure entails solving (1.140) numerically with two different initial forms for w, at r -► oc | 
namely, rFj{kr) and rG ( (kr). The correct linear combination of the two independent solutions 
is determined by satisfying the boundary condition at r = 0 (no hard core) or r = r c (hard 

core). S } is then obtained by equating the log-derivative of this general solution with that of 

the asymptotic form (1.141). 

To arrive at the new expression for the scattering amplitude, we have to go through the 
derivation given in Section 7 with the modifications needed by the Coulomb potential and by 
the Pauli principle. Now the incident wave for r -+* oo is the same as that in the pure Coulomb 
case [we have derived two alternative forms for the latter in Section 8A; see (1.119) and the 
normalization of (1.126)]: 

tf'inc — exp [i{kz + a In k(r - z)}], r oo 

= Z i l V4 tt[T] To(0);ri-[-exp {—i(kr - \h - a In 2 kr)} 

/- 0 

-I- exp {i{kr — \Itt — <x In 2 kr)}]. (1.142) 

The partial-wave expansion is useful now. This expansion follows from the fact that the 
ingoing wave part of !P inc must be the same as that of !P given by (1.137). The amplitude of 
the ingoing wave —(2 ikr)~ l exp [ — /(A:rJ/7r — a In 2kr)] in !F inc corresponding to a spin state 
is still FCisjm* where Ctsim is obtained from the # expression (1.8 la). Similarly, the amplitude 
of the outgoing part e* ( * r - a,a2 *' ) / r is identical to (1.8 lb). 

As regards the total u,/r, the asymptotic form (1.141) now replaces (I.83a). The coefficient 
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of —exp [—i(kr — \ — a In 2kr)]/(2ikr) in (1.141) is given by 

A, exp [-/(i?, + 6?)], 


and hence if we carry out all the subsequent steps, (1. 84a) gets replaced by 


2ik 


Cisjm [exp (2 iru + 2 ihf) 


p l(kr - a In 2 kr) 

n-—z — I isjmy. 


The coefficient of (1 /ry ( * f "* ln2 * ,) xj, in this expression gives M J J^ m (6, <f>), and the only difference 
between the new expression and (1.85) is the extra Coulomb phase shift added to &f: 


<f>) — V 477[y] 



{exp (2 hj + 2/6/) - 1} 


X YL- m {e, </>). (1.143) 

For singlet (5 = 0) scattering, the projections m = m = 0, the Clebsch-Gordon coeffi- 
cients are unity, and the symmetrization of the amplitude gives only even values of the 
orbital angular momentum /(==/) and a multiplicative factor of 2. Thus, the singlet amplitude 
is given by 

= k % VM7][{exp (2 ivj) - 1} + exp (2fy){exp (2/6< 0) ) - 1}]^)' 

IK y«>0(even) 

-flftTW+i Z VmT] exp (2p;y)[exp (2ftj 0) ) - 1]^(0). (1,144) 

IK y- O(even) 


/r^« le, (0) is the symmetrized Coulomb amplitude given by (1.123). It has been proved in 
Section 8 A that the closed expression (1.123) is identically equal to the partial wave sum for 
the term [exp (2 irjj) — 1]. The second term in (1.144) contains the nuclear phase shift which 
decreases with increasing j. Hence, while computing the scattering amplitudes, the second 
term need be evaluated for only a few low partial waves, depending on the energy of the 
nucleon being scattered. Since such a procedure is erroneous for the Coulomb scattering, it 
has been necessary to separate the pure Coulomb scattering part in (1.144), carry out the sum 
over j = 0 -*j = oo (even), and replace it by the closed expression (1.123). 

The triplet, uncoupled amplitude, given by (1.143) with S = 1, is now considered along 
with the triplet coupled amplitudes. 


Coupled States aud Triplet Scattering 

The coupled differential equations for / = j - 1 and / = j + 1 obtained from (1.58) by insert- 
ing the Coulomb term are 

% - J(i ~i + F ^ u + H ( r > -f r u = 0 ’ ( L 145a ) 

0 _ U± y + .. 2 ) w * k 2 w + G(r)tv + H(r)u - J-w = 0. (1. 145b) 

For / -►<*>, the nuclear potential terms F(r), G(r), H(r) go to zero, and the equations get 
uncoupled. The asymptotic wavef unctions fof r -► oo are therefore pure Coulomb solutions of 
the form sin (kr — — a In 2 kr + *?,) and cos (kr — — a In 2 kr + fy) with l*=j± 1. 

Alternatively, the asymptotic solutions can be written as a sum of ingoing and outgoing 
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distorted Coulomb waves as 

u = A | exp [—i{kr — \(j — 1)t r — a In 2 kr + 

— Bi exp [i{kr — \(] — 1)tt — a In 2 kr + *?,_|}], r -► oo, (1. 146a) 

w = A 2 exp [—/{/cr - \{j + 1 )n - a In 2 kr + Vj+i}] 

— B 2 exp [./{At — $(;* + 1)tt — a In 2Ar + fy +l }], r -> oo. (1. 146b) 

Obviously, these forms replace (1. 89a) and (1. 89b). The definition of the ^-matrix, its unita- 

rity, symmetry, and diagonalization (which defines the mixing parameter e and the eigenphase 
shifts 6 J and tf) given in Section 7 will obviously remain unmodified. The final expressions 
(1. 98a) and (I.98b) for the a- and 0-wave, however, contain the more complicated ingoing and 
outgoing exponential terms occurring in (1. 146a) and (1. 146b). 

The coefficient of (|/r)e“ <I/cf “ (i/2)/,r “ a,n2/crl |/5ym) in ^ inc [see (1.142)] is still expressed by 
(1.99). However, this has now to be equated with the coefficients A, exp (— ffy) [see (1.146)], 
where / = 1,2 correspond as before to = j — 1 and / 2 = j -f 1. Thus, 




2/A 


C/,5;jh exp (ph). 


(1.147) 


The coefficients are still expressed by (1. 101). 

The coefficient of (l/r)e* ( *'“ a,n2 * r) in y 7 , due to these two coupled waves, is given, accor- 
ding to (1.146), by 
2 

~ £ B, exp (- )</,*) exp (iq,)|/,Sym>, (1.148) 

which replaces (1.101). The same coefficient contained in !P inc is given, according to (1.142), 
by (1. 102b). Now, repeating the steps following (1.101) with the help of (1.142) and (1. 102b), 
we can easily verify that the expression (1.104) for M s ^ m changes only through the replacement 
of Sik by Sikf where 


Stk = exp (irj,)S, k exp (i%) 
or 


(1. 149a) 



D c SD a 


ex P (hj- 1) 
> 0 


0 )• 

exp (irij+t)/ 


(1. 149b) 
(I.149c) 


The matrix elements Stk are still expressed by (1.96). The parameters c, bj, bf occurring in 
(1.96) are now to be determined by solving (1.145). The procedure is similar to that described 
in Section 7C. The initial forms for large r, as given by (1.115), should now be modified by 
adding the appropriate Coulomb phase shift *?, in each of the sine and cosine functions. 

Now we consider the spatial antisymmetrization of the p-p ( S = 1) scattering. As a 
result of this antisymmetrization, only odd spherical harmonics can contribute with a multi- 
plicative factor 2. Hence, the contribution (1.143) from the uncoupled triplet state /=y 
should be accepted with a factor of 2 only when j is an odd integer, whereas the contribution 
from the coupled states / = j ± 1, given by two times (1.104) with S replacing S, is to be 
reckoned when j is an even integer. 

The various /-values that result from the summation over j are given by / = 1; 1; (l, 3); 
3; (3, 5); 5; (5, 7); . . . , where the /*s produced from different y(= 0, 1, 2, . . .) are separated by 
semicolons, and the coupled states are the ones enclosed within the parentheses. The first / ** 1 
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arises from j = 0 , and it is uncoupled because its partner / = j — 1 corresponds to a negative 
/, which is not allowed. It should be noted that only odd /* s appear (due to spatial anti- 
symmetry) and that each / occurs from three neighbouring y-values j = / — 1, j = /, and 
y=s/+ 1 . This knowledge can be utilized to rewrite the part of the triplet amplitude that 
comes from the diagonal matrix elements of the scattering matrix in terms of the triplet 
Coulomb amplitude given by (1.124), and the part that contains the nuclear scattering. This 
separation is analogous to (1.144) for singlet scattering, and the purpose is the same as that 
described after that equation. 

The diagonal part is given by 


r 1 

n 

\ 1 \ 


lo m 

m\ 

L m — m m 

m\ 




where /=»/ when j is an odd integer, and / — j ± 1 when j is an even integer; the scattering 
matrix, in general, depends on j, and hence j has been superscribed on S- The diagonal matrix 
elements of S are given by 


Si!) = exp [2i(v, + 6;°)] = exp (2 iv,)3u ( l = j), 

3!) = (/>c)/. 'SWW,, , = exp (2^)3!) 0=j± 1 ), 

where Si.i 0 =J ± 1) are given in Section 7 [see (1.96)]. We now make use of the counting of 
the states in terms of odd /, as just outlined. The series is then seen to be equivalent to 


- 

M /-I (odd) 


l, l+l 
y 

J 


[/] ,/2 {exp (2n,)S]j 



(1.150) 


It should be noted that the Coulomb phase shifts do not have any explicit y-dependence because 
the Coulomb potential is a pure spatial function. 17 is determined as soon as I is specified; the 
three different y-states, namely, / and / + 1 , corresponding to the same /, have the same phase 
shift rj h Thus, if we consider [exp (2 ft,) — 1] instead of [exp (2 ivdAj — 1]< sum over j con " 
cerns the product of the Clebsch-Gordon coefficients alone. The use of (AlV.3b) in Appendix A 
clarifies that this sum is Hence, we obtain, for [exp (2 ivd - 1], 


~ ' z [/] ,/2 [exp (2/>?,) — l]Ko(0). 

IK /-i (odd) 

irrespective of the value of the initial spin projection m. We have already noticed in Section 8 A 
that this partial wave sum is equal to the closed expression (1.124). Thus, after separating the 
pure* Coulomb scattering, the triplet scattering amplitude is given by 


MbU$, +) = FSSTm + ~ 2? V4 41] YL- m {d, 0 

ik /-i (odd) 

x'F.xp( 2 «, )(«!-.)[' 1 Of 

j • L0 m mllm — m m ml 

1 T '' . 

iK j-oi+r [0 m mjlm — m m ml 

x exp (/(’);_, + ■n )+ i)]3!r- (1.151) 

The first and second terms on the right-hand side of (1.151) result from the diagonal parts of 
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s given by (1.150), and the last term from the nondiagonal elements of the 6-matrix. From 
(1.96) and the definition 6 = D c SD Ci we have 

Sj-i.j+i = Sj+i, i - 1 = exp [i'0?;_i + 7 1j+i))S^j-ij+i 

= exp [i(yj_i + Vj+i)] sin e cos c[exp (2/6?) - exp (2/6?)]. 

As j and / increase, the phase shifts 6? and 6? approach zero, and hence the contribution of the 
last term in (1.151) also gets ever smaller. Therefore, this term, as well as the second term of 
(1.151) (discussed in connection with singlet scattering), does not present any problem for 
numerical evaluation. 

The procedure for squaring the scattering amplitudes, the subsequent summation and 
averaging over m', m , and the computation of the differential and total cross-sections from 
those results have been covered in Section 7. 


C. BAR PHASE SHIFTS 

In Section 7, we parametrized the unitary symmetric scattering matrix in terms of c, 6®, and 6?. 
An alternative parametrization in terms of three new parameters c, 6?, and 6? is also possible, 
if we use the unitary diagonal matrix 


D = | ex P ('*“) 

ither ui 

( co 
/ si 


v \ 

0 exp (itfj)/ 


and another unitary symmetric matrix 
cos 2 € / sin 2c\ 

sin 2c cos 2? / 


to form the matrix DcD. This matrix is obviously unitary and symmetric, and is given in terms 
of three independent real parameters. Hence, 

6 = DffD (1.152) 


is a perfectly acceptable alternative parametrization of the scattering matrix. The new barred 
parameters can be related to the old parameters by equating (1.152) to (1.96). 

Introducing d ± = 6? ± 6? and a similar definition for the barred quantities, we get 


6 


-( 


exp (id+){cos zL + ' cos 2c sin zl_ 


i exp (ij + ) sin d_ sin 2c 
exp (/d + ){cos — / cos 2c sin d_}, 


J 


/exp (/zJ+) exp (/J ) cos 2c 


i exp (/d + ) sin 2c 


exp (/J+) exp (— /d ) cos 2c 


)• 


where the dotted element is equal to the other nondiagonal element from the symmetry of the 
^-matrix. 

The relationships we are seeking are therefore given by 


exp (/j + ) exp (/J_) cos 2c = exp (id + ){cos d_ + » cos 2c sin d_}, 
exp (/J + ) exp (-id J cos 2c = exp (id + ){cos d_ — i cos 2c sin d_}. 
exp (/d + ) sin 2c = exp (id + ) sin d_ sin 2c. 


(1. 153a) 
(1.153b) 
(1.153c) 
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Taking the ratio of (1. 153a) and (I.l 53b), we get 


exp (2/d_) 


cos A_ 4- i cos 2c sin A_ 
cos — i cos 2« sin Aj 


(1.154) 


Similarly, from (I.153b) and (I.l 53c), 


tan 2« = 


sin J_ sin 2c 

cos — i cos 2c sin ' 1 


sin A_ sin 2< 

— (cos 2 -f cos 2 2c sin 2 d_) 1/2 ‘ 

The inverse of the square-root of (1.154) has been substituted for exp (~/J_) in order to arrive 
at the last step. A very simple result for sin 27 that follows from the foregoing equation is 


sin 2€ = 


sin A_ sin 2c 


(sin 2 d_ sin 2 2c + cos 2 -f cos 2 2c sin 2 AJ) l/2 


= sin sin 2c. 


(1. 155a) 


Hence, from (1. 153c) we get 
exp (ii + ) == exp (/J+) 


= (1.155b) 

Using this result in (1. 1 53a) and (1. 153b) and subtracting the two equations, we derive 
cos 27 sin A_ = cos 2c sin A_ 


or 

sin A_ = tan 27/tan 2c. (1.155c) 

The value of sin A_ from (I.l 55a) has been used to arrive at the last step. The expressions 
(1.155) enable us to relate the barred quantities to the unbarred ones. 

The introduction of the bar phase shifts in the analysis of nucleon-nucleon scattering 
was initially motivated by the convenience of relating the parameters of the nuclear 6-matrix 
to those of the total 6-matrix. It is useful to recall the result for the p-p scattering 6-matrix, 
which is related to the nuclear 6-matrix by 6 = D C SD C . Now, if 6 is parametrized in terms 
of barred quantities, then 

6 = DcDgDDz 

= 

where the new diagonal matrix D t is given by 


«P(fy-i) 0 \/exp(/6?) 0 \ 

^ 0 exp (iVj+iV ' 0 exp (ibj)/ 

fexp +8f)] 0 \ 

l *0 exp [/(Vi + S?)]/ 


Thus, in terms of the barred parameters, the passage from S to S is very easy. Both have the 
same type of formal expression, and tfie set of parameters («, 8f) simply changes to 

( 5 , + Vi- 1 . + Vj+t)- Since the Coulomb phase shifts are known, the transformation from 
S to S is trivial. 
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9. EFFECTIVE-RANGE FORMALISM FOR LOW-ENERGY SCATTERING 
Semiclassic arguments may be used to show that, at very low energy, it is the 5-state alone 
that contributes to scattering, and then, as energy increases, ever higher angular momentum 
states start participating in the process. This is a consequence of the short range of the 
nucleon-nucleon force. If this range is denoted by a and the momentum by p, then the maxi- 
mum angular momentum state that can be affected by the scattering potential is obviously 
given by pa. Equating the square of this quantity with /(/ -f l)h 2 , we can very easily evaluate 
the energy at which a given /-state begins to acquire importance. Very simple compu- 
tation places this energy for the (/ = Instate at approximately 10 MeV. In this section, 
we consider scattering below this energy, and try to explore the energy-dependence of the 
5-wave scattering. For p-p scattering, it is enough if we deal with scattering in the ^o-state, 
but for n-p scattering, both *5 0 - and 3 5rscattering have to be considered. In n-p scattering, 
since the tensor force mixes the 3 5 r with the 3 D { - state, strictly speaking we should consider 
the a-state [mixed ( 3 5i + 3 Z)j)-eigenstate of the scattering matrix with the 3 5 r state predomi- 
nant; see Section 7] and not the pure 3 5 r state. 


A. n-p SCATTERING 

We firs^ consider low-energy n-p scattering. From (1. 110) and using only the j = 0 term, we 
get, for ^-scattering, 


4n 

50 k 2 cosec 2 do 0) 


4tt 

k 2 + k 1 cot 2 C' 


(1.156) 


An identical expression holds for 3 5 r scattering with 4 0) replaced by the appropriate phase 
shift. The total low-energy n-p cross-section is then obtained by adding 1<js=o and £a s «i. Thus, 
the examination of the energy-dependence of low-energy n-p scattering is reduced to the study 
of the quantity k cot $ for the ! 5 0 - and 3 5 r state. (We omit the labels from 8 to simplify the 
notation.) 

To show that k cot 8 is an even function of k> i.e., a function of k 2 y we use and <j> {2) 
to denote two linearly independent solutions of the asymptotic equation (1.49). Instead *f 
identifying and <£/ 2) as krji(kr) and krn t (kr) y respectively, we can alternatively take 


— —ikr[ji(kr) — ini(kr)]e~ lill2)ln 
= — ikrh) 2) (kr)e~ ,il,2)IlT 
= e~ ikr y r o, 


= ikr[ji(kr) -f ini(kr)]e i{ll2)lrT 
= ikrh\ l) (kr)e i{lI2)ln 
= e ikr y r — ► oo. 

The solutions wpand u {2) of the Schrddinger equation (1.47) which behave, for r -► oo, 
as ^ ( /° and respectively, are henceforth labelled /,(fc, r) and fi—k y r). If fj(k t r) is a solu- 
tion of the Schrodinger equation, fi—k y r) too automatically is a solution because the 
Schrddinger equation contains k 2 . Further, since f^k y r) behaves as e~ ikr at r -► oo, /,(— k 9 r) 
automatically behaves as e ikr at r -* oo. Therefore, //(—/r, r) is indeed the same as the indepen- 
dent solution 

We now wish to construct the exact solution «/(r) by taking a linear combination of 
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fi(k t r) and /}(— fc, r) so that it automatically satisfies the boundary condition at r oo; the 
linear combination will be chosen such that 

u t (r) — (constant) x r /+1 , r -* 0, 

and hence wj(r) = r\ r -► 0, with a suitable normalization. The Wronskian (denoted by W) of 
fi(k y r ) and fi(—k t r) can be shown, from (1.49), to be a constant, independent of r [see Problem 3 
(Chapter I)]. Thus, it can be evaluated at r -*oo by using their asymptotic forms, which yield 

m, r)±fl-k, r) r) m W[f,(k , r ),/,(-*, r)] = 2 ik. 

This fact, together with the choice 
fi{k) = Lt r‘fi(k, r), 

r-K) 

establishes that 

Hr) = - ^Ui-WAk, r) - ffJWi-k, r)) (1.1 57) 


indeed satisfies u',(r) = r\ r -> 0. 

If we compare (1.157) for r -> oo with (1.86), and use (1.87) and (1.88) for the tS-matrix, 
we get 

< 2i « - «*> - (U58) 

Now, specializing this equation to (/ = 0)-scattering and (in order to simplify the notation) no 
longer using 0 as a subscript, we obtain 


f(k) __ 2 ts cos 8 4-/ sin 8 

f(—k) ~ € ~~ e~ l 0 ~~ cos 8 — i sin 8 


lTence, 


, /(*)+/(-*) 

f(k) -/(-*) 


cos 8 
sin 8 


= cot 8 . 


k cot 8 = N(k 2 )l[D{k% 

where 


N(k 2 ) =/(*) +/(-*), 


D(k 2 ) = j- k [/(k) -f(-k)]. 


(1.159) 
(I.160a) 
(1. 160b) 


It should be noted that both the right-hand sides of (1.160) are even functions of k and there- 
fore N, D y and hence k cot 5, are functions of k 2 . 

By using the asymptotic forms for f(k> r) and /(— /c, r), we derive from (1.157) the 
asymptotic form z/(r) of u(r) as 

«( r > = ~ 2 ft[ A-k)e-*r -f(k)e ,k '}. (1.161) 


This function is a solution of the Schrodinger equation without the potential term. If we extra- 
polate it to the origin, and normalize it by requiring u(r = 0) = 1, then we get 

1 
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Hence, with this particular normalization of the asymptotic function w, we get 

k cot 5 = \[f(k) 4- /(-*)] = |iV(A: 2 ). ( I - 163 ) 

If we now make a Taylor expansion of k cot 8 about k 2 = 0, we obtain 

k cot 8 = — tr 1 4- $r 0 A: 2 — Prlk 4 4 . . . , (1.164) 

where 

-tr 1 = Lt k cot $ = Lt *iV(/c 2 ), (I.165a) 

A a -*0 k*-+0 


ro 


Lt ~-i.N(k 2 ), 
k'-+0 «[* J 


(1.165b) 


< ll65c) 

The constants a, r 0 , and P are called the scattering length, effective range, and shape para- 
meter, respectively. In what follows, they are related to physically more transparent quantities. 
First, we consider the Schrodinger equation for w, namely, 


d 2 u 

Jr 2 


4 k 2 u = 0, 


(1.166) 


and the limit of k 2 -> 0. The resultant equation 


d 2 l(Q 

‘ dr 2 


- 0 


(the subscript now refers to the value of k 2 or, equivalently, energy) has the solution 


Wo = A 4 Br , 

where A and B are integration constants. If this has to be normalized to unity at r = 0, then 
A — 1; and let us further replace B by another constant —a" 1 . Then 

w 0 = 1 - w'r, 

which obviously represents a straight line crossing the abscissa and ordinate at a and 1, 
respectively. Hence, a has a very simple interpretation: it is that value of r for which the zero- 
energy asymptotic solution has zero value, provided it is normalized to unity at the origin. 

We now wish to show that the same — a~ [ occurs in (1.164). To do this, we require 
u 0 (r = a) = 0 in (1.161) and obtain 


0 = Lt - ~r[f{-k)e- >ka —f(k)e‘ ka ] 

k 

Lt m _ Lt ^ 

I , = Lt- 2 -.- 

M m m) - A ~ k)] ^ Sm 


Using the normalization (1.162), we get 


Lt «/(*) +/(■ 

k-tO 


-^1= Lt ■ 

k-*0 


k cos ka 
sin ka 
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— —a~ l . 


This proves the assertion just made, and relates the scattering length to a simple property of 
the zero-energy asymptotic solution. 

Figure 1.6 shows the difference in the sign of the scattering lengths in two typical situa- 



r 


(a) Bound state 



(b) Unbound state 
Fig. 1.6 Radial wavefunctions. 
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tions for the zero-energy wavefunction u 0 . If the potential is strong enough and can produce a 
bound state, then the solution has to bend down before the asymptotic region is reached such 
that a decaying asymptotic solution can be smoothly matched on to it. This situation is shown 
in Fig. 1. 6a. The asymptotic straight line solution now crosses the abscissa on the positive side 
of r, and hence the scattering length a is positive. 

The second situation for a weak potential which cannot produce a bound state is shown 
in Fig. I.6b. Here the internal exact solution u 0 does not bend down in the asymptotic region, 
and hence the smooth matching of a decaying asymptotic solution becomes impossible. The 
zero-energy straight line asymptotic solution now crosses the abscissa on the negative side of 
r, and hence the scattering length is negative. Since the ^o-state in the deuteron is unbound, 
we expect to obtain a negative scattering length for low-energy n*p ‘So-scattering. On the 
other hand, since is a bound state, the corresponding n-p scattering length should be 
positive. (See Section 11 for the experimental values.) 

The next step entails relating the effective range r 0 and the shape parameter P given by 
(1. 165b) and (1. 165c) to the wavefunctions u and u. We start with the Schrodinger equation 
for u : 


d 2 u 

__ + k 2 u +f(r)u = 0. 


(1.167) 


The asymptotic solution for this equation at r oo is taken in the form C sin (kr -f 6), where 
8 is the phase shift, and C an arbitrary normalization constant. For the solution u(r) of 
(1.166), we use the same form, and further normalize it to unity at r = 0, which gives 
C = (sin 6)"‘. Thus, 


u(r) . 


sin (kr 4- 8) 
sin 8 * 


and its log-derivative K(r) t evaluated at the origin, is given by 
1 du\ 


K(Q) = 


u dr 


: k cot 8. 


The exact solution u of (1.167) has to satisfy the two boundary conditions 
n(0) = 0, 

Lt u(r) = Lt u(r). 


(1.168) 

(1.169) 

(1. 1 70a) 
(1. 170b) 


We now multiply (1.167) by u from the left and integrate between zero and infinity; 
similarly, (1.166) is multiplied by u and integrated between an adjustable parameter r (to be 
chosen later) and infinity. Subtracting the two results, we obtain 

0 =s L = j" dr u[ d ~ + +/(r)u] - j_ dr + k 2 u], (1.171) 

By a partial integration, we get the result # 

f« d 2 u f® . d 2 u du * _du|® [*,du. 2 . . f , 

In view of (1.170), the first and second terms of the right-hand side of the foregoing equation 
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contribute only 


du. 

(H ^‘ 


u 2 (F)Kfr). 


Collecting these results and putting in (1.171), we have 

0 = L = J* dr[-i^f + (k 2 + /)« 3 ] - |* dr [-(^) 3 + k 2 u 2 ] + u\r)K(7). (1.172) 

We next prove, with the help of (1.172), that K is stationary under variations of u and u , 
subject to the boundary conditions (1.170). Since L is always required to be zero, 8L = 0. 
Hence, 


0 = SL = u\r)8K(r) + 2u(r)K(7)8u(r) 

+ 2 J„” d ' [ ~d7^ Su) + +S)"Su] - 2 + k 2 u&u). (1.173) 

Integrating by parts the first term of the first integral, we obtain 



The second term, together with the rest of the integrand, vanishes by virtue of (1.167). Similar 
partial integration of the first term of the second integral and the subsequent use of (1.166) 
leaves only 



The boundary conditions (1.170) demand that 


Su( 0) = 0, 


Lt 8u(r) = Lt 8i/(r). 

r-KC r-KD 


Hence, 


dt 


® _ du 

L +% 8 " 1 


= — 2u(7)K(r)8u(r). 


Using all these results in (1.173), we obtain 
0 = 8L « u 2 (7)8K(7 ), 

which proves the stationary nature of K(r) with respect to variations in the wavefunctions. 

We now choose 7 = 0. (A second possible choice of 7 is discussed later in this section.) 
Then, by virtue of (1.169) and the normalization w(0) = 1, we have 

b(k cot 8) = 0; 


obviously, the first 8 denotes variation in k cot 5 corresponding to variations in the wave- 
functions, whereas the second 8 represents the phase shift. 

We are now in a position to return to (1.172) with 7 =» 0, and rewrite it as 

* cot S = dr [(^) 3 - <?£) 2 + k\u 2 - u 2 ) - fu 2 ). 


(1.174) 
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and to consider variations in u and u due to a small variation of k 2 , i.e., 
, du 


8u » 8k 2 


dk 2 

Because k cot 8 is stationary with respect to 8u and 8u t as just proved, we know that there 
cannot be any change in k cot 8 arising from variations in the wavefunctions. But since there is 
an explicit k 2 - dependence in the integral on the right-hand side of (1.174), there will be a varia- 
tion in k cot 8 , when energy is varied, which is given by the differentiation of the £ 2 -term. 
Thus, 


A 

dk 2 ' 


{k cot 5) = j* dr (u 2 — u 2 ). 


(1.175) 


This general and exact relation, specialized to the case k 2 -> 0, now enables us to write down 
ir 0 in terms of the wavefunctions. We have 


Jr 0 — Lt ~ 2 (k cot 8 ) = f dr (i/J — u$), 
• k*-*0 w* Jo 


(U76) 


where the label zero on the wavefunctions once again refers to the value of k 2 . 

The next higher term (the A; 4 -term) in the expansion (1.164) of k cot 8 as a function of 
k 2 can'also be evaluated r rom (1.175). The coefficient of this term, —Pro, is obviously given by 


- p, > - H. * cot 8,1 ” n 


(1.177) 


A much simpler method for deriving the same results is the one due to Bethe 10 . The more 
involved derivation of the effective-range expression (1.176), which we have just covered, is due 
to Raphael 11 ; this method becomes interesting when, following Raphael, we choose a different 
value of the adjustable parameter 7 later in this section. 

In Bethe’s manner of derivation of the effective-range formalism, we start with (1.166) 
and (1.167) tor two different energies k\ and k\. The corresponding wavefunctions are also 
labelled by the subscripts 1 and 2. Multiplying the equation for w, by u 2 from the left, and 
vice versa, and then subtracting the two equations and integrating between 0 and oo, we get 


i: 


<*> d 2 u t d 2 u 2 . 


(W2 


dr 2 


— Wi 


dr 2 


dr = (k\ — /:?) | u { u 2 dr. 


Since the integrand on the left-hand side is 

d . dui du 2 . 

*<“■37 


we obtain 


= (k\ — k\) dr. 

Handling in the same manner the equations for S, and u 2 , we get 


. du, dui 
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Since u lt u 2 become equal to u i9 u 2 > respectively, when r -> oo, the left-hand sides of these two 
equations are equal at the upper limit oo. At the lower limit, u\ = u 2 = 0, and hence only the 
(Mi, w 2 )-term contributes. Thus, when we subtract the two equations, we obtain 

(- uf% + = (*i - *?)£(«, «a - Ul u 2 ) dr. (1. 178) 

We now put /c? = 0 and k] = k 2 t and make use of the normalization m( 0) = 1. 
(1.178) thus yields 

k cot 8 = ( uu 0 — uu 0 ) dr + (^“°)r-o* (1.179) 

From the expression of uq given after (1.166), we get 


Further, in the integrand of (1.179), we make use of the Taylor expansions 
_ * du 

M = Mo 4* * (jj^)**-*) + • • ■ » 
du 

u — u o + * (^£3 )* f -*o + . . . . 

Then (1.179) is easily seen to yield the expansion (1.164) of k cot 8 in powers of k 2 \ and the 
parameters |r 0 and —Prl are given by the expressions (1.176) and (1.177), respectively. 

In the expansion of (1.164), only the first two terms are expected to be important at low 
energy (i.e., small A: 2 ). Unless the data are very accurate, it is difficult to obtain any infor- 
mation on the third term, containing P 9 from an analysis of the low-energy scattering cross- 
section. The two parameters a and r 0t which are derived from a direct analysis of the data, can 
be reproduced by a short-range potential of any reasonable shape because any such potential 
contains two adjustable parameters, namely, the depth and the range. Hence, unless the data 
are very reliable, the low-energy analysis will give information only on the range and depth 
of the potential, and no information at all on its radial shape. Only if we can extract infor- 
mation on the parameter P of (1.164) is there any hope of distinguishing between different 
potential shapes. This explains the nomenclature used for P. At present, experimental data 
have sufficient accuracy to make an evaluation of P possible for the '5-state. The numerical 
values of a f r 0 , and P are given in Section 1 1. 

We next describe an alternative choice of the parameter 7, appearing in (1.172). Instead 
of the normalization w(0) = 1, we now choose u(T) = 1. Further, since w(r) is proportional to 
sin {kr + 8), the log-derivative K(r) is given by k cot (kr 4 8) Therefore, since K(r) is station- 
ary under changes in the wavefunctions, we get 

co * (fcr + $)] = J m 2 dr — J u 2 dr. 

This equation replaces (1.175), which was obtained for 7 = 0. We may now choose 7 in such a 
way that this expression becomes equal to zero for k 2 -* 0. The advantage of such a choice is 
that the k 2 - term is absent in the expansion of k cot (kr + 8), and we then have 

k cot (kr + 5) *= A + \Ck A + . .. . 


( 1 . 180 ) 



11 ( 45 - 122 / 1977 ) 
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There are three parameters A, C, and r in this expression, just as there were a, r 0 , and P in 
the earlier effective range expansion (1.164). But since the A: 2 -term is absent in (1.180), 
k cot (k7 -f 8) is less energy-dependent than k cot 8, and hence this new expansion is expected 
to hold over a larger energy range. 

The equation determining r is given by 


J* ul dr - jjtt* dr = 0. 

Making use of the definition (1.176) of r Q in this expression, we get 
\r Q — j wo dr = 0, 

which yields, with the help of w 0 given after (1.166), 

Jr 0 = 7 — a~ l r 2 4* J tf~ 2 r 3 . 


(1. 181a) 


(1. 181b) 


(1. 182a) 


We can similarly relate the scattering length to the new parameters. (1.180) gives the expression 


k cot 8 — 


k 4- (A 4- \Ck 4 ) cot kr 
cot' kr \Ak~'~+ JCk>) * 


(1. 182b) 


Taking the limit k 2 
obtain 


0 on the right-hand side, and remembering that Lt k cot kr — r _I , we 

k^O 


-a~' = Lt (k cot 5 ) = (I. 182c) 

\ — Ar 

If we expand the right-hand side of (1. 182b) in powers of k 2 and pick up the coefficient of k 4 f 
the tesult should be the same as — Prl in (1.104). The relationship between P and the new 
Raphael parameters obtained in this way is given by 

— p = 7.(1 + X + iJc 2 ) _3 [iJC 3 - lx 2 + (1 + *) J (1 + £)]. (1. 182d) 


where 


x = 


Ar 

l - Ar 




fi 


2 


c 

(r) 3 ' 


The Raphael derivation is interesting for a second reason: it provides the basis of a semi- 
empirical approach due to Feshbach and Lomon 12 for the analysis of two-nucleon scattering 
data. These authors argue that, instead of analyzing two-nucleon data in terms of the phase 
shifts of various states, it may be possible to carry out the analysis in terms of a boundary 
condition at a suitably chosen radius. The Raphael derivation, presented here, elucidates that 
the log-derivative K(r ) at a radius r is stationary with respect to variations in the wavefunction 
and, moreover, that a certain 7 can be chosen such that, at this •radius, K has a fairly weak 
energy-dependence. 

Finally, we indicate what happens to the effective-range formalism if the nuclear poten- 
tial has a hard core. In such a case, the actual wavefunction u vanishes at r = r c , the core 
radius, and hence (in Bethe’s derivation) the lower limit on the integrals involving u should be 
changed from 0 to r c . Thus, the basic equation (1.178) is still valid, provided we change the 
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right-hand side to 


U 1 U 2 dr 


-J>4 


(1. 183a) 


A similar alteration has to be introduced in the integral on the right-hand side of (1.179). The 
final result is clearly an expansion of k cot 8 in the old form (1.164), where aT l has the same 
interpretation, but r 0 and P have slightly altered definitions. Instead of (1.176), we obviously 
obtain 



and instead of (1.177), we have, 


(1. 183b) 


-Pr 




-r* 




(I.183c) 


As far as the Raphael formalism is concerned, the expression (1.180) is still valid, but (1. 181a) 
determining r obviously changes to 


J u\dr — ^ Uodr — 0. (1. 183d) 

But, in view of the new equation (1. 1 83b) of \r Qy (1. 1 83d) and (1. 181b) become identical. There- 
fore, the relationship between the Raphael parameters A, C, 7 and the parameters a , r 0 , P 
remains unchanged. 


Relationship of Triplet Scattering Length and Effective Range with Deuteron Binding Energy 

If the deuteron is assumed to be a pure 3 Systate, then its wavefunction u g and the correspond- 
ing asymptotic function u g satisfy (1.167) and (1.166), respectively, with A: 2 replaced by — y 2 
[see (1.41) for definition]. Therefore, (1.178) holds with the substitution k } = -y 2 , u x = u g> and 
m, = Ug. As before, we put k\ — k 2 t and hence u 2 = u 9 u 2 = u . Thus, 


(-5*4 +5,"£,h, -(*■ + »*) 


du 


dr 


r dr 


jo - 


uUg) dr. 


(1.184) 


The asymptotic wavefunction of the deuteron is given by 
u g = e~ n 

and it clearly has the desired normalization u g (r = 0) = 1. Further, 


(1.185) 



(1.186) 


and hence (1.184) yields 

k cot 8 + y = (k 2 -f y 2 ) j* (uu g — uu g ) dr. (1.187) 

Letting k 2 -+ 0 and using thfe definition (1.165a), we then have 

— ar { -f - y = y 2 | (uu g — uu 8 ) dr % ( 1 . 188 ) 

This equation is exact and can now be approximated by noting that, outside the range of the 
potential, u t u g are equal to w, u g9 respectively. Hence, the integrand on the right-hand side is 
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nonvanishing only within the potential range where the potential term of the Schrodinger 
equation dominates the energy term. Therefore, dropping the energy term as an approximation, 
we replace the integral on the right-hand side of (1.188) by 

J ( u u u — uu 8 ) dr zz j* ( wo — «o) dr == ^ r 0 » ( 1 . 1 89 ) 

where the subscripts on w, u refer to zero energy, and the definition (1.176) has been used. 
Inserting (1.189) back in (1.188), we obtain the desired relationship 

a" 1 = V - \r 0 y 2 . (1.190) 


B. p-p SCATTERING 

Low-energy p-p scattering takes place entirely in the ^o-state. The corresponding wavefunc- 
tions u, u satisfying (1.127) and (1.140) with / = 0 are 


d 2 u 

dr 2 


+ k 2 u- q-u = 0, 
P r 


(1. 191a) 


4- k 2 u — ~ r u + £F(r)u = 0. (1. 191b) 

We consider the two energies k 2 and k\ and treat these two equations in the same manner as 
in Bethe's derivation (see Section 9A). The final equation is once again identical to (1.178). 

To proceed, we need explicit values of u and du/dr for the limit r -> 0. The evaluation of 
these quantities, although quite straightforward with the help of Section 8 and Appendix C 
(Section II), involves a lot of complicated algebraic manipulations, which are now undertaken. 
We finally choose the normalization of u so that it(r — 0) becomes unity. But, for the present, 
we disregard the normalization constant in the asymptotic solution (1.141) and rewrite it, for 
/ *= 0, as 


u — Ar[cot 8 F 0 (kr) — G 0 (kr)]. 


(1.192) 


The normalization omitted here is clearly 4 0 /sin 5, and an extra multiplying factor k has been 
introduced for algebraic convenience. The expressions for krF^kr) and — krG 0 (kr ) are now 
written with the help of (1.132) and (1.139). Thus, 

krF 0 (kr) = exp (-iy 0 )e- {nl2} *e lkr krF( 1 -f fa, 2; —2 /At), 

—krG 0 (kr) = — i — exp (—ir) 0 )e~ {nl2) *e lkr krG( 1 -f fa, 2; —2 /At). 

Here J\2) = 1 and 

T(1 + fa) exp {—h o)e- (nl2)a = |T(1 + fa)| exp (iy 0 ) exp (— iy 0 )e' (ni2><x 

= ]r( 1 + fe) |e- (ir/2 ) a 
«= [r w f( l + fa)r*( l + fa)] 1 ' 2 . 

The result for T(1 -f fa) stated after (1.130) has beenjused here. Now 
1 + fa)r*(l + fa) = F( 1 + fa)f( 1 - ia)e-** 


= e-" a i*r(i<x)F(\ — fa) 


in 0#“** _ 2 7joc 

sin (in<x) e 2 "* — 1 * 
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Here we have applied the standard result 

r(x)r( 1 — X) = Tr/Sin (nX). 

We introduce the symbol C 2 such that 

= a- 1938 ) 

Therefore, 

F(1 + ia) exp (-/*? 0 )e-W 2 * = C. (1. 193b) 

Using this result in the expressions for krF Q (kr) and —krG 0 (kr), we obtain 

krF 0 {kr) = Cef kr krF(\ + ia, 2; — 2/A:r), (I.194a) 

— krG 0 (kr ) = —iCe ikr krG{\ 4- ia, 2; —likr). (1. 194b) 

We now further simplify (1.194) by using the expansions (CII.3a) and (C1I.7) from 
Appendix C for the series Fand G. Since our ultimate aim is to evaluate these functions and 
their derivatives at r — 0, it is enough, in the power series expansions, to retain terms in r up 
to the first power; all higher powers of r may be omitted because even in the derivative they 
produce terms proportional to r and higher powers of r, which vanish at r = 0. We have 

F(l + «<*, 2; -2/ kr) = 1 + i-±i2(-2tfrr) + . . . 

= 1 — ( 1 + ia)ikr + * ♦ • . 

Therefore, retaining terms up to the first power in r, we obtain 
krF 0 {kr) = Ckr{\ + ikr)[ 1 - (1 + ia)ikr] + . . . 

= Ckr. (1. 195a) 

The next term in the expansion is clearly given by 
(Ckr)(ikr ){ l - 1 - ia) - (Ckr)r/{ 2)3), 

where l/£ = 2 ak. G(1 -f /a, 2; —2 ikr) can be simplified in a similar way. Using (CII.7) from 
Appendix C and writing the last term first, we get 

y *-27r/(l+/a) __ i 

G(1 4“ w* 2; — 2 ikr) = [{2 in ( — 2 ikr) -f* w cot u(l -f- ia) 4* in} 

- 2{m + #2) - ^(1 -f ia)}] 

- ha- < L155b > 

We have used the lower signs in (CII.7) because z — —2ikr is in the lower-half plane. While 
applying (CII.7), we have Retained only the first term of F(1 4- ia, 2; — 2/7cr), which is unity, 
and the first term of the summation over r. This is because (1.194b) has a multiplicative factor 
kr 9 and our aim is to retain terms in r up to the first power. We shall further simplify (1. 195b) 
before putting it in (I.194b). The last* term on the right-hand side is, in view of (1. 193b), 
equal to 
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In the expression within the square brackets, 

in + 2 In (—2 ikr) = in + 2 In (e^ nl2) 2kr) = /tt — in + 2 In (2fcr) 

= 2 In 3 - 2 In a, 

P 

where p is defined after (1. 195a). 

Next, we use (Cl!.8a) from Appendix C and the standard results 

+ *) = l + 

ifj( 1 — X) = 0 (x) -f n COt (tt*) 

to obtain the simplification 

0(1) + 0(2) = 1 + 20(1)= 1 -2y, 

7r cot tt( 1 + /a) + 20(1 + la) = 0(1 + /a) + 0(— /a) 


= /- + 0('«) + 0(-*«) 

lot 

l oo 2 00 1 l 

= i _ 2y + £ - 2’ + ^— ) 

let 5«o *5+1 .s-o o -j- /a iS — iol 

= I _ 2’/ + 2a 2 2 , , r ' r - r . 

/a o(o* -f- a 46 ) 

Here y (the Eulerian constant) = 0.5772 .... Using all these results in (I.195b), we obtain 

G( 1 + ia, 2; -likr) = ^(Arr)"' - --^7- 

x [in J - m « + 2 -L + y - 1 + * 2 £ + ’ • • • 

Substituting in (I.194b) and retaining terms in r up to the first power, we obtain the final 
expression 

C(e 2n<x — n 

—krGo(kr) = CT'O + *0 + v } kr 

77 

x [In ' - In a + y + gjgjqrpj -!-#« + ...• (I- 195c) 

Using (I.195a) and (I.195c) in (1.192), and now multiplying by an additional normali- 
< ation constant C, we get 


£2/p2mx __ n 

u(r) = C 2 (cot 5 )kr + (1 + ikr) + -i— — kr 


x [In £ - In > + y + *^2 s(^T^) ~ 1 + ’ * * 


2 1 


iimTlTi 5 cot 8 + 1 + fi lln «" ,nat + y-1+ ^(S 5 !- a 1 ) 1 * (U96) 
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We have used the explicit value of C 2 , given by (1. 193a), to arrive at the final form. Since 
r In r 0 when r -* 0, the value of (1.196) at r = 0 is obviously equal to unity. This explains 
why we chose the normalization constant equal to C from (1.193). Thus, 

w(r = 0) = 1. (1. 197a) 

The evaluation of du/dr at r = 0 from (1.196) is also quite straightforward. We have 

<§>- - + r'[-i» . + » + a’ i* + r 1 U I. r. (1.197b) 

It should be recalled (see Section 8) that j9 _, ( = 2 <xk = A/e 2 /h 2 ) is independent of scattering 
energy, and <*[= e 2 /(tiv), where v is the velocity in the centre-of-mass coordinate system] 
depends on the value of k 2 . Therefore, while applying (1.197) to the basic expression (1.178), 
we must append subscripts 1 and 2 to a and the phase shift 8, but not to £ and y. The last 
term of (1. 197b), because of its energy independence, cancels out in the difference indicated on 
the left-hand side of (1.178), despite its blowing up at r -*0. Thus, 

r'(* 2 - Ki) = (*! - *?)£(«, k 2 - U,u 2 ) dr, . (1. 198a) 

where 

K = e^-l ~ ln * + *,£, S(S*T?) " U -198b) 

It should be noted that the last term of K is a constant and cancels out in the difference 
(K 2 — AT,); hence, whether — y in the definition of K is selected instead of +y appearing in 
(1. 197b) is immaterial. Since the present definition of K , containing the constant — y, is con- 
ventional, we abide by it. 

As in Section 9A, so too here we identify k\ with zero energy and put k 2 = k 2 and, from 
(1. 198a), obtain 

P~ l K = 5 = p~ l ^Lt K + k 2 j" o (wwo — uuq) dr. (1.199a) 

This equation i$ still exact. The effective-range expansion is obtained by expanding u and u 
in a power series of k 2 9 which yields, as in Section 9A, 

pr'K = -o ’ 1 -f irok 2 -f . . . , ( 1 . 199b) 

where the scattering length a is given by 

-a " =rl (1.199c) 

and the effective range r 0 by the familiar expression 

r o = 2 jo (ui - dr. (I.199d) 

Thus, the effective-range expansion of p-p 'So-scattering is an expansion of in powers of 
k 2 , K being defined by (1. 198b). This is in contrast to the n-p ‘S«-scattering, where the expand- 
ed quantity was much simpler and equal to k cot 8. 
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10. POLARIZATION IN TWO-NUCLEON SCATTERING 


A. GENERAL CONCEPTS AND DEFINITIONS 


Polarization of Spin £ Particle 

A spin J particle is described by a two-component spinor wavefunction. We learn in Appendix 
A (Section III) that the spin of a particle described by the wavefunction points in the 
direction of the unit vector n, specified by the angles (0, (f>) t such that 


a = cos 
b = sin^W J >. 


( 1 . 200 ) 


This statement actually means that the operator (o-n) has the value unity for the state 

A single spin \ particle, described by any spinor wavefunction, is therefore completely 
polarized in the direction n whose ( 0 , ^-angles are given by (1.200). Since (o*n) has the value 

unity, we conclude that o has the value n for the spin state ^ j. Therefore, the expectation 


value <o) for the spin state 



can be taken to be the definition of polarization for this state 


because this expectation value has the magnitude unity and the direction n. 

The concept of partial polarization or zero polarization applies to a beam of particles. 
Suppose we have a beam of spin \ particle consisting of N particles, specified by the spin 

( a (r) \ 

£ (f) l with r — 1, . . . , TV. For the r-th particle, the expectation value of a defines the 

direction, say, n (r) . In general, this direction may vary for different particles. The polarization 
of the entire beam is defined to be the average of <o over the whole beam, i.e., by 


AM E n (r) . 

r- 1 


We shall denote the average of the expectation value of any quantity for the whole beam of 
particles by an overhead bar. Thus, the definition of the polarization of a beam of spin J 
particle is given by 

cp « <a> = AM ^ (a<'W'>)a^ (r) J 

= AM E n (r) , (1.201) 

r — I 

where the polar angles 0 (r) , <£ (f) specifying the unit vector n (r) are given in terms of the state 
amplitudes a {r) f b {r) by (1.200). 

If the beam consists of a very large number of particles having the directions n (r) oriented 
tompletely at random , then the summation in (1.204) can obviously be replaced by an integra- 
tion over the entire range of the (0, ^-angles. The components of n, 

n x =» sin $ cos 



88 THEORY OF NUCLEAR STRUCTURE 


n y — sin 6 sin <f> t 
n t = cos d ; 

all give zero when integrated over 

f2tr f+1 

J d<f> I <i(cos0). 

Thus, the definition (1.201) yields zero polarization for a beam of spin $ particle having indivi- 
dual spin alignments n completely at random in space. 

If the directions are not completely random, the vector addition of the N unit vectors in 
(1.201) will obviously yield a single vector, whose magnitude is given by N[P t where 1. 
Clearly, £pcan be equal to l only if all the vectors point in the same direction. Therefore, the 
polarization as defined by (1.201), now has a magnitude £P less than or equal to 1 and a 
resultant direction determined by the vector addition. 

Density Matrix 

A very convenient quantity for carrying out the averaging over all the particles just mentioned 
is the statistical density matrix. We denote it by p, and shall precisely define it in the next 
paragraph. In the discussion on polarization, the states drawing our attention are tfie spin 
states of the particles, and hence the density matrix for our purpose is a matrix in the spin- 
space. The reader should, however, remember that the concept of a density matrix is broad- 
based and not restricted to spin states. In the definition that follows, the notation is therefore 
kept general. 

Let a set of basic states for the specification of the states of the individual particles be 
denoted by |/>, / = 1, 2, . . . , n. In terms of these states, we can specify the state |^ (,) > of the 
r-th particle as 

|^ (r) > = Z C\ r) \iy. (1.202) 

/-i 

The operator p corresponding to the density matrix is now defined by 

P = JT 1 £ I^X^I (I.203a) 

r- 1 

such that its matrix element between the basic states <i| and |/> becomes 

<'! p \f> => n ~ 1 z <i I | y> 

r-1 

= A'-' £ C' r, C‘ ,) *. (I.203b) 

r-1 

The final step follov s from (1.202) by using the orthonormality of the basic states |/>. 

The usefulness of this density matrix is apparent from what follows on the average of 
the expectation value <D> of any operator Q denoting a physical observable. By definition, <0> 
for the r-th particle is given bp 

<n0W*> £WOI»IO 

(OR W*> Z-Tcpp - <‘- 204) 

The denominator accounts for the fact that the state may not be normalized to unity. 
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However, we assume the normalization constant necessary for this purpose to be independent 
of r. Our task now is to carry out the averaging of the expectation value over all the particles 
in the beam. We thus obtain 


Tax gm 

<w> r.rw M^ r) > 


AT* 2 2 C / (0 C, (,, *0| Q |/> 

I, f r — 1 

AM 2" 2 |C} r) | 2 

/ r«l 


,5 «l p l» Q1 o Ig Tr 

r </| p |/> ” Tr p ' 


(1.205) 


The first step here merely employs the definition of the average value. The second step makes 
use of (1.204) with the fact that the normalization of <«/» (r) | 0 (r) > in the denominator is indepen- 
dent of r. In the third step, the definition (1. 203b) has been applied. In the final step, “Tr” 
denotes the trace, i.e., the sum of the diagonal elements of the corresponding matrices. The 
result (1.205) is very important, and it shows that a knowledge of the n 2 matrix elements of the 
density matrix p is enough to carry out a statistical averaging over all the particles of an 
ensemble^ 

In fact, the total number of independent matrix elements of p is even less than n 2 . From 
(1. 203b), it is obvious that 

. 01 f> \b = 01 p I/A 

i.e., the matrix p is Hermitean. Thus, the n diagonal matrix elements and half of the n(n — 1) 
nondiagonal matrix elements are really independent, so that, for carrying out a statistical 
average, the number of matrix elements we need to specify is 

n + i n{n — 1) = \n{n -f 1). 

Further, we have already assumed <^ (r) | 0 (r >> to be independent of r. Let 


| = 2 |C ( ‘ r, | 2 = C, 

1-1 

and hence 

Tr p = 2 N~' 2 |C, (,) | 2 

/-I r-1 

= AT-‘ 2 2 id'*! 2 = C. (I.206a) 

r- 1 i-1 

In particular, if all the states are normalized to unity, then 

Trp=l, (I.206b) 

<S> * Tr pQ. (I.206c) 

The subsidiary condition (I.206a) or (1. 206b) imposes a further restriction on the n diagonal 
elements of p. 

Having introduced the general concepts of a density matrix, we now start specializing it to 
ou; problem of spin polarization in nucleon-nucleon scattering. We deal first with the simpler 
case of a beam of spin \ particle without bringing in the target nucleon for the present. The 
density matrix now is a 2x 2 matrix in the spin-space, and hence we can, in general, express 
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it in terms of the 2 x 2 unit matrix A, and the three Pauli spin matrices a xt o y , a x of Appendix 
A (Section III). We introduce the general symbol 5^ (p = 1, . . . , 4) to denote these four 
matrices. From the properties of the Pauli matrices given in Appendix A (Section III), we 
obtain 


Tr «= 28, v . (1.207) 

The general expression of the density matrix is given by 

P - £ C^, 

*-i 

where the coefficients can be formally expressed in terms of p itself. We multiply both sides 
of this equation by S v and take the trace using the result (1.207). Then 

C v = i Tr f>S v . 

Therefore, 

p = i i (Tr pSJS„ 

= i(Tr p)l + J(Tr />o).o 

- l(Tr P)(t + <5>.«) 

= KTr/>)(l + £P*o). (1.208) 

In the second step, the four operators 1 and a x , a y , a, for S y have been explicitly used and 
the summation carried out over p. In the third and final steps, the definitions (1.205) and 
(1.201), respectively, have been applied. 

In the case of nucleon-nucleon scattering, both the incident and target particles have 
spin and hence the combined spin-space is four-dimensional. The density matrix p is there- 
fore a 4x4 matrix and can, in general, be expanded in terms of the 16 matrices 

1, Cl, a 2 , 0,a 2 , (1.209) 

• 

where 1 and 2 label respectively the incident and target nucleons. These matrices have been 
obtained by a generalization of the aforementioned 2x2 case. Each of the vectors a,, o 2 stands 
for three components, and the quantity a { a 2 actually represents the nine components a ]a o 2 ^ 
wherp each of a and /3 can be any of the components x, y y z; A is the four-dimensional unit 
matrix. The four-dimensional matrix corresponding to C| a is obtained by taking the direct pro- 
duct of this 2x2 Pauli matrix with the 2x2 unit matrix for the target nucleon. The same 
observation holds for any component of o 2 . Finally, any component o la o 2 ^ is represented by 
the direct product of the corresponding Pauli matrices. We do not require explicit matrix forms 
of these operators in our treatment. It will suffice to remember the result analogous to (1.207) 
for the new operators (1.209). We shall continue using the general notation Sy to denote any 
one of them, but we must remember now that p goes over the set of 16 (instead of four) opera- 
tors. The new result for the trace, which follows from the trace of the components of a, and 
o 2 , is given by 


Tr SpSy = 4S^ V , 


( 1 . 210 ) 
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and hence the general expression 
16 

P = z 
^-1 

now reduces in the usual way to 

P = \E Tr^SJS. (1.21 la) 

= i(Tr p)(i -f £fVa t + £V <*2 + 2 < a i* a 2 p)oi x o 2( })- (1.21 lb) 

a, 0 

In the last term, each of the summations over a, p goes over the x-, y-, z-component, and 
iP 2 are respectively the polarizations of the incident and target nucleons, and the average 
value of the product a la a 20 appearing in the last term is called the polarization correlation 
function. 

A relation such as (1.21 lb) is valid for the spin density matrix corresponding to the inci- 
dent as well as the scattered two-nucleon states. It is also obvious that some terms of this 
expansion may be absent because of the lack of polarization of the target nucleons or incident 
nucleons or both. 

According to the scattering theory (covered in Section 7), the coefficients C, of the ex- 
pression (1.202) for the scattered outgoing wave are related to the corresponding coefficients in 
the expansion of the incident wave through the scattering amplitude M (which was found to be 
a matrix in the two-nuc!eon spin-space). It is therefore clear from the definition (1. 203b) that 
the density matrix for the scattered state is related to that for the incident state through the 
same matrix M. We now proceed to obtain this relationship. 

Density matrix for incident and scattered states The scattering theory was worked out in 
Section 7 by starting with the incident wave 

i u _ p ik *X s 
* inc — c m ■ 

Corresponding to this incident wave, the scattered wave of spin projection m was described as 

where M is the scattering amplitude. In general, the scattered wave was found to consist of 
waves of all spin projection, and hence given by the sum 

= ( 1 . 212 ) 

m' 

Since our aim in this section is to consider polarization, we shall start with an incident 
wave in which the various spin states occur with different amplitudes a Thus, 

(1.213) 

£, m 

The scattered wave corresponding to this incident wave is obviously obtained by multiplying 
(1.212) by and carrying out the summation over the spin quantum numbers. Thus, 

V.u.u = r-'e 1 *' 2 ’ Z M s n -, m a s m x s nl . 

S, m m' 

- r l e ,kr 2 b s m x s m ,, 

5 ( 


(I.2l4a) 
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where 


bi' = £ Mi-.mal. 

m 


(1. 214b) 


Comparing (1.213) and (1. 214a) with (1.202), we conclude that the basic states in the 
expansion of the incident wave are e tkM X £ with the coefficients a whereas the basic states in 
the expansion of the outgoing scattered wave are r~ l e ikr X* with the coefficients bi. The functions 
e^and r~ l e ikr merely take account of the spatial dependence of the incident and scattered waves. 
The information on the incident and scattered density matrices is contained, according to 
(I.203b), in the coefficients al and bi. It should be noted that the summation label i of (1.202) 
now corresponds to the two quantum numbers 5 and m; the values (0, 0), (1, 1), (1, 0), and 
(1, —1) of these quantum numbers span the four-dimensional spin-space of the two nucleons. 
For the sake of simplicity, we use the compact notation i to denote the two quantum numbers 
(5, m) when we write, according to the definition (I.203b), the density matrices for the incident 
and scattered states as 


</| P, 0 c U) = dWp*, (1215a) 

r-1 

</| /W, \J> = AM £ bW, (1. 215b) 

r-1 

where N is the total number of particles and (r) labels the r-th particle. According to our 
simpler notation, the definition (1.21 4b) can be rewritten as 

b t = ZM ik a k . (1.216) 

k 

It should be noted that, although the summation over k here implies a sum over all the four 
values of (5, m), the scattering amplitude M itself does not have any component connecting 
states of different 5-quantum number. Hence, this new equation is identical to (1. 214b). Using 
(1.216) in (1.2 15b), we get 

</| Pac.u |y> = N- 1 £ £ M lk aP £ Mf,aV 

r-1 k I 

= £ M tk [N~ l £ 

* kj r-1 

- 2 M^k\ Piac \lXM% 

k.l 

= <i| Mp loc M f |/>. 

In simplifying this expression, we have used the definition (1. 215a). Thus, 
very convenient result for later implementation, namely, 

Pm*it ==* Mp ioc Mi. 

The differential cross-section, which has been calculated in Section 
square modulus of the matrix elements of Af, is now expressed in an alternative manner, using 
/Wt ar *d p iOC . From the expression (1.213), the flux of incident particles per unit area per unit 
time is given by (see the flux calculation in Section 7) 

v £ \a s m \ 1 = v£\a,\ i , 

S, m / 

where v is the incident velocity, and / the abbreviated notation for (5, m). The statistical aver- 


we have proved a 

(1.217) 
7 in terms of the 
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age of this flux over all the particles in the incident beam can be written as 
AT 1 s Z |a<'f = v Tr P JflC . 

r-i i 

In a similar manner, the statistical average of the outgoing flux through the area r 2 d<o for the 
scattered state (1.214a) is 

N~ l v dui Z Z |6/ (r, | 2 — v dcoTv p saitt . 

r-1 i 


Therefore, the differential cross-section, according to the definition of Section 7, is given by 


da 

doj 


o(6) = 


Trjw, 
Tr p lnc ' 


(1.218) 


This is the second important relationship that will be useful for our study in this section. 

Let us examine how the general result (1.218) agrees with the procedure followed in 
Section 7 for an unpolarized incident beam. Putting together (1.107), (1.108), and (1.109), we 
notice that the differential cross-section of an unpolarized beam was defined by 


- i £ £ 

y d<*> S , m m' 


where J is the probability of each spin state in the incident wave, i.e., the statistical average 
of the quantity |a^| 2 was taken to be £, irrespective of the values of S and m. Let us make use 
of this fact in our general definition (1.218). Denoting the statistical average by an overhead 
bar, we get 


da 

du> 



6 # m 


£ K\* 

S. m 


£ |i’ Mi.m-aU* 

S, m m' 


= i £ £\M?„, m f. 

S, m m' 

In simplifying this expression, we have replaced the statistical average of each |o£| 2 in the 
denominator by and obtained unity by summing over (5, m). In the numerator, the square 
of each |a£'| 2 has, when averaged over all the particles, been replaced by J, and the statistical 
average of the cross terms af*af n > has been assumed to be zero. 


B. GENERAL EXPRESSION OF SCATTERING AMPLITUDE 

The scattering amplitude derived in Section 7 is in terms of spherical harmonics and Clebsch- 
Gordon coefficients. We now express the same result in an alternative formal manner. Before 
we consider the general expression of M for nucleon-nucleon scattering, we examine a spin £ 
particle scattered on a zero spin target. This case is much simpler and demonstrates the 
principles involved in the method. 

In the case of a spin \ particle scattered on a zero spin target, the spin-space is two- 
dimensional, and hence the scattering amplitude matrix M is expressible in terms of the four 
2x2 matrices 1, o xt a 2% used earlier in this section. However, it has to be a scalar quantity 
(because its magnitude should not depend on the orientation of the coordinate frame), and we 
must therefore try to construct scalar expressions with these four operators and the kinematic 
variables for the scattering process. The latter are given by the incident and the outgoing 
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momentum vectors k, and k f . Each of these is a polar vector and, for elastic scattering, both 
have the same magnitude k. The angle between them is the scattering angle 0. We can use them 
to construct the different types of quantities 


k\ = k 2 , k( = k 2 t kj • k f = k 2 cos 0 
p ± kf K kf - k f 
\K + kfl’ jk f — k|| 

n = (k, x k f )/|ki x k f | 
second-rank tensor. 


(scalar); 

(vector); 

(axial vector); 


( I 219a) 


The second-rank tensor constructed with kj and k f has not been explicitly written down because 
it will not be able to combine with any term from 1 to o. As there are no independent bilinear 
combinations of the components of a single spin operator o (see Section 3), we have only 


1 (scalar), 

a (axial vector). 


(1.2 1 9b) 


We are permitted to take the scalar product of these two matrices with the corresponding 
quantities in (1. 219a). Thus, the scattering amplitude is given by 

M = g(k 2 , cos 6) 11 -f h(k 2 y cos 0)o.n, (I 220) 

where g and h are scalar functions of the kinematic variables k 2 and cos 0 appearing in the 
scalar expression of (1. 219a). The vector n, by definition, is the unit vector perpendicular to 
the plane of k„ k ff i.e., the scattering plane. 

It should be noted that the requirement of a scalar expression of M guarantees its in- 
variance under the rotation and reflection of the coordinate frame. Since the scattering poten- 
tial Khas the additional property of time-reversal invariance, we should ascertain whether or 
not (1.220) satisfies this requirement. We know that o, being an angular momentum, changes 
sign when t — t. Under the time-reversal operation, the particle starts moving from the final 
state towards the initial state, i e., k f -► -kj and k, -k f . Thus, 


n -► fk f x k,)/|k f x k,| = -n. 


Therefore, (1.220) satisfies the time-reversal invariance. 

We now extend the foregoing considerations to the case of nucleon-nucleon scattering. 
Since*we have two spin operators Oj, o 2 , we can construct all the expressions given by (1. 10). The 
list (1.219a) remains unchanged, but by k t and k f we now understand the initial and final 
momenta of two-nucleon scattering in the centre-of-mass coordinate system. Further, the second- 
rank tensois need to be explicitly written. Since the tensor of (1. 10) is bilinear in o, it does 
not change sign under reflection. Hence, we must construct second-rank tensors of n with n, 
of P with P, of K with K, or of P with K. Combining n with either K or P gives a tensor that 
obviously changes sign under reflection. We also examine the behaviour of AT under time- 
reversal. The tensor Sap is invariant under this operation. Under the same operation, 

P sa — P, K = K, n — n.* 

Therefore, the second-rank tensor constructed with K and P changes sign under time-reversal 
and is unable to combine with Sap- The only admissible second-rank tensors are thus given 
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by 

tXx/3 = KaKp ~ 

£Pa 0 = / > a^- (1.221) 

'JUn = W? - R*. 

The square of each of the unit vectors K, P, n is unity, and hence the corresponding factor is 
absent from the S^-terms. The scalar products of these tensors with the spin tensor of (1. 10) 
yield (in the manner of Section 3) terms in M of the type 

<VA<j 2 «A — Jai«o 2 , (1. 222a) 

where A ~ K, P, n 

The axial vectors of (1. 10) can combine with n of (1. 219a). But since (Oj x o 2 ) does not 
change sign under time-reversal, whereas n does, the only admissible terms of M obtained in 
this way are of the type 

(Oj + o 2 )*n. (I.222b) 

Finally, scalar terms of (I.219a) and (1.10) yield terms of the type 

or o,«o 2 )(function of k 2 and cos 0). (1. 222c) 

Before putting together (1.222a), (1. 222b), and (1.222c) for the general expression of A/, 
we point out another very important fact. It is clear from the definition of the unit vectors K, 
P, and n, given in (1. 219a), that both K and P belong to the plane of k, and k f (the scattering 
plane), and n is perpendicular to this plane. Further, in the case of elastic scattering, 
k x = k f = k y and hence 

K.P - 0, 
p X K = n. 

Thus, K and P are perpendicular to each other, and a right-handed screw turned from P to K 
goes towards the normal direction n. Therefore, the directions P, K, and n define a set of 
right-handed orthogonal coordinate axes, and we can label them the x'-, z'-direction of a 
new coordinate frame. From this it is clear that all the three terms of the type 

<J| • A<j 2 « A 

with A = K, P, n are not independent. Their sum is equal to 
Glx'^lx' 4- <*l 4* 

i.e., o,*or 2 . We can either accept all three of these terms and omit the (a, o 2 )-term of (1. 222c) 
or take any two of these terms and include a (0|«o 2 )-term in M. Let us adopt the first alter- 
native and write the general expression of M as 

M — go(k 2 , cos 0)1 4- f{k 2 , cos 0)(o, — o 2 )*n 

+ hoik 1 , cos 0)(O| + o 2 )*n + hdk 2 , cos 0 )(o,.K)(<t 2 .K) 

+ hpik 1 , cos e)(o,.P)(o 2 .P) + h,(k\ cos e)(o,.n)(Oj.n). 

At this point, we would wish to incorporate another symmetry requirement in A/, which 
follows from the corresponding symmetry of the two-body potential. The symmetry we 
contemplate is the invariance under the exchange of the two nucleons. This, of course, pre* 
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supposes that we are using the language of isospin to describe the two nucleons, and the 
nucleons are then completely equivalent in our description. 

Each of the momenta k, and k r , being the relative momentum of the two nucleons, must 
change sign under an exchange of the nucleons. Therefore, K-+ — K, P->>— P under this 
symmetry operation. However, n being bilinear in k { and k f does not change, i.e., n-*n. An 
examination of the different terms of M now reveals that the /-term changes sign under the 
exchange of the two nucleons, whereas all the other terms remain unchanged. We therefore 
discard the /-term and rewrite the general expression of M as 

M = g 0 l + h 0 (o t o 2 ).n + h K a k * Ko 2 *K + h P o { * Po 2 .P + /i„ 0 ,.ncr 2 .n. (1.223) 

Each of the coefficients g y h here is a function of k 2 and cos 0, and we must remember that a 
general expression of this kind is valid separately for the isospin (T — 0)- and (T = Instate 
scattering amplitude. Therefore, the n-p and p-p systems need respectively ten and five 
complex quantities (the g- and /i-coefficients) to describe the scattering amplitude at any energy 
and angle (k 2 and cos 0). However, all the ten real numbers required to describe the five 
complex quantities for each T cannot be determined from scattering measurements. Since the 
square modulus of the scattering amplitude occurs in any measurable quantity, an overall 
phase parameter is always left undetermined. Thus, nine independent scattering measurements 
at every energy and angle are required to enable us to write down M for p-p scattering to the 
extent of an overall phase. However, all the nine functions of angle obtained by performing ex- 
periments at all angles are not independent because the scattering amplitude matrix M has 
to satisfy certain restrictions, depending on the unitary property of the 5-raatrix. Taking these 
constraints into account, we can show that five independent types of measurement are needed 
to specify the scattering amplitude for a given value of energy. Such measurements will then, in 
principle, allow a unique determination of the Af-matrix or, equivalently, the phase shifts. In 
practice, however, there may be additional constraints, depending on the value of the experi- 
mental energy. For example, at very low energy there is a constraint on the angular momentum, 
and only the 5-state (/ = 0) scattering is of consequence. Therefore, only one value of the 
phase shift suffices for each isospin state. Further, the variation of this single phase shift with 
energy (as long as the energy is low) is fairly well described in terms of two parameters, 
namely, effective range and scattering length. 

Finally, we try to express (1.223) in a more compact manner. Collecting the terms that 
are independent of a lf we define their sum g(k 2 t cos 0) as 

g(k*, cos 6) = g 0 (k 2 , cos 6)i 2 + A 0 oj.b. (1. 224a) 

Similarly, the coefficients of all terms dependent on o, are put together, and we define 
h (k 2 t ccs £) = h 0 (k 2 , cos 0)01* + h K (k 2 f cos 0)(o 2 «K)K -f h P {k 2 y cos 0)(o 2 «P)P 

+ K(k 2 y cos 0)(a 2 *n)n. (1. 224b) 

With these definitions, M is clearly expressible as 

M = g(k 2 t cos 0)1 1 4* h(/c 2 , cos 0)«<Tj. (1.225) 

Each of the expressions (I.224a) and (1. 224b) is a matrix in the space of the target nucleon (2). 
The subscripts 2 and 1 on the unit matrices in (1.224) and (1.225) indicate that these are 2x2 
unit matrices in the spin-space of the corresponding nucleons. The expression for h is not only 
a 2x2 matrix in the spin-space of the target nucleon, but each term in it also behaves as an 
axial vector quantity under the rotation and reflection of the coordinate axes. This explains 



13 ( 45-122 1977 ) 


TWO-NUCLEON PROBLEM 97 


the fact that in (1.225) the second term become a scalar upon multiplication by the axial 
vector a t . The formal similarity of the expression (1.225) and the expression (1.220) for a spin 
i particle scattered on a zero spin target should be noted. 

C. PRINCIPLES OF POLARIZATION EXPERIMENTS 

We are now in a position to work out the expressions that are necessary for a complete under- 
standing of the different types of polarization measurement. 


Differential Cross-Section of Polarized and Unpolarized Beams 

First, using (1.218) for a(0), then (1.217) for the p^ t of the numerator, and finally (1. 211a) to 
replace the p inc of the numerator, we obtain 


a(0) = 


Tr p lcalt Tr Mp inc M f 


Tr Pine 

1 

4 Tr p mc % 


Tr p inc 


2 (Tr Piac Sy)(Tr A/S Aft) 

IL r 


= i Z <5,.> inc (Tr MS, A/t). (I 226a) 

In the final step, we have used (1.205) to replace the statistical average of an expectation 
value. 

Using the sixteen operators Sy explicitly in this expression, we derive the result 
a(6) = i Tr A/A/t -j- i£Pl nc .(Tr A/^A/') -f l£Pi DC -(Tr A/o 2 Aft) 

+ i 2 <o la a20> (Tr A/a la a2 0 A/ + ), (I.226b) 

a. 0 

where £Pl nc and £Pi nc denote the polarization of the two nucleons in the initial state (i.e., the 
state 'Fine). (L226b) is the general expression for the differential cross-section when both the 
incoming and target nucleons may have a polarization This expression can be easily specialized 
to the cases described hereafter. 


Case 1 When both the incoming and target nucleons are unpolarized, we have 
<pi nc = £Pi oc = o, = o. 

Representing the differential cross-section for this special case by ct o ( 0). we obtain, from 
(1.226b), 

a 0 (8) = i Tr A/A/’ 

=* i Tr [fel, + h.o.Kl.gt + o,.ht)] 

= i Tr 2 to’ + h.ht). (1.227) 

Here we have first used the expression (1.225) for A/, and its Hermitean conjugate. We have 
then evaluated the traced of the spin operators belonging to nucleon 1 , using the standard 
results given in Appendix A (Section III). In the resultant expression, we have yet to evaluate 
the trace in the space of nucleon 2, as indicated by Tr 2 , because the original trace was in the 
four-dimensional combined spin-space of the two nucleons. 

To further simplify (1.227), we make use of (1.224) and recall that o 2 .P = <r 2 ^, o 2 .K 
— ffjy, and o 2 >n = a^. Therefore, in evaluating Tr 2 , we can again use the standard results 
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given in Appendix A (Section III). In this way, we obtain 

"(9) = l«o| 2 + 2|/» 0 [ 2 + |Aa-| 2 + Ihfl 1 + \h,\ 2 . (1.228) 

The right-hand side of this equation is a function of k 2 and cos 6. There is no dependence of 
this expression on the azimuthal angle ^ of the direction k f of scattering. This is a consequence 
of the lack of polarization of the incident beam. 


Case 2 When the target nucleon is unpolarized, but the incident nucleon has a polariza- 
tion, we have 

3 * 2 * = 0, <<*iaCr 2 0> = 0. 

Therefore (1. 226b) yields 

o(d) = i Tr A/A/t + j£Pi nc .(Tr A/a,A/t) 

- °om + ff ?*••). 

where a is given by 

_ Tr A/a,A/ f 
* Tr MM 1 ' 

To simplify (1.229b), we need the value of Tr Mo,Mt, which is evaluated, as before, in two 
steps: first, Tr, is taken in the spin-space of nucleon 1, using M and M t from (1.225); and then 
Tr 2 of the resultant expression is evaluated. After completing the first step, we obtain . 

Tr Mo, A/t = 2 Tr 2 (gh f + hgt — /h X h^). (1.230) 

The term (h x fit) arises from the trace of (h.o,)o,(ht.o 2 ), the detailed evaluation of which 
is left to the reader [see Problem 4 (Chapter 1)]. It can be further verified that Tr 2 (h x ht) 
= 0. Using (1.224) and evaluating Tr 2 (ght -f hg f ) in detail, we have 

o(0) = <r 0 (fl)(l + aiPi^.n), (1. 231a) 

where 


(1. 229a) 

(1. 229b) 


|Tr Mo,_M»| 
Tr MMt 


(I.231b) 


2 Re (go + hM 

koi 2 + 2|/i 0 | 2 + \h K f+ | htf + |A.p- (I23lc) 

Thd quantity a is called the asymmetry parameter for the present. The reason for this nomen- 
clature becomes obvious from the discussion that follows. 

We recall that n is the unit vector perpendicular to the plane of kj and k f . The direction 
of ki is the z-axis, and kf makes an angle 6 with this direction (Fig. 1.7). It is possible to rotate 
k r around kj on the surface of a cone, keeping the angle 8 fixed. This amounts to taking the 
jangle of the direction kj through its entire range, i.e., 0 to In. While rotating k f , the direc- 
tion of n keeps changing continuously. Therefore, for a fixed 6, the direction n is related to 
the jangle of k f . Let us consider the very simple cases of k f pointing “Left” and “Right”, 
with respect to the incident direction k^as shown in Fig. 1.7. Both the directions kf and kj are 
assumed to be contained in the plane of the paper. In the case of kf in the left direction, a 
right-handed screw driven from the direction k| towards kf moves upwards; therefore, the 
corresponding n is perpendicular to the plane of the paper, and it points upwards. On the 
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other hand, in the case of k f in the right direction, a right-handed screw driven from kj towards 
k f moves downwards; hence, n is still perpendicular to the plane of the paper, but it points 


Left 



Fig. 1.7 Set-up for measuring left-right asymmetry in scattering of polarized nucleons. 


downwards. Therefore, the directions n in the two cases are exactly opposite to each other, 
and hence, according to (1.23 la), the second term in the expressions of a R (0) and (R 
denoting right, and L left) are exactly equal in magnitude, but opposite in sign. If n describes 
the upward normal, then 


•lW = *o WO + *£Pr c - n), 
ct r (0) - a 0 (6)( 1 - fliPr-n). 
Therefore, 


C L (^) — C7 R (fl) 

*l(0) + 


= fl£Pi 0C .n. 


(1.232) 


For a known polarization of the incident beam, this expression enables us to determine the 
asymmetry parameter a. It is clear from the foregoing details that a nonvanishing value of a 
gives rise to the azimuthal asymmetry in the scattering of a polarized beam, and hence the 
nomenclature. The measured asymmetry is proportional to the asymmetry parameter a of the 
scatterer, and also to the component of the incident polarization along the normal to the 
scattering plane. Therefore, if the scattering plane contains the direction of incident polariza- 
tion, no asymmetry is observed. It is further obvious that the notation a(d) on the left-hand 
side of (1. 231a) is a little misleading because it conceals the ^-dependence of the quantity. We, 
however, choose to keep the notation simple, at the risk of some confusion. 

The foregoing derivation can also be specialized to the cas* of nucleon scattering on a 
spinless target. The expression (1. 226a) is obviously valid, but the summation p now goes over 
the four operators 1 and o of the nucleon. Therefore, (1.226b) changes to the simpler expression 

o($) - J Tr AfAft + i£P inc *(Tr MoM t), (1.233) 

where the trace is in the two-dimensional spin-space of the nucleon. For the matrix M t we now 
have to use the simple expression (1.220). Corresponding to the two cases treated earlier for 
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nucleon-nucleon scattering, we now have 

°o(0) = i Tr AfAft = \g\ 2 + |/i| 2 (base 1— unpolarized incident nucleon), ’• (1.234) 
a(0) = a o (0)(l -f j<P ,nc . n) (case 2— polarized incident nucleon) (I.235a) 

with 

2 Re gh* 

a ~ w 2 + w 2 • (I - 235b) 

As before, the asymmetry parameter at an angle 0 can be determined from the left-right 
azimuthal asymmetry at that angle; the expression of the asymmetry is still given by (1.232). 


Polarization as a Result of Scattering 

We now derive an expression for the polarization of the scattered nucleon beam. Since we are 
interested in the polarization of the beam after the scattering has taken place, we must use, in 
the definition (1.205), the density matrix for the final state, i.e., p^ n = Mp ioc MK Therefore, 
the expression we obtain for the polarization of the scattered beam is 

cp ** tt _ Tr (A/p inc A/ + a f ) Tr Pmc Tr (A/p mc After,) 

•*' ~ Tr P ~ X Trp KUt - i m T7>7oV~ 

or 

= 4Tr V £ (Tr /»«$„)( Tr MS,M to,). 

H 1 * P inc V- 

In the final step, we have used the expression (1.21 la) for Piac . Using the definition of <^> in 
the foregoing equation, we get 

a( 0 )£Pr‘“ = i 2 <6;> inc (Tr MS,M ta,) 

= i Tr MM^a t + i£Pi 0C »Tr (1.236) 

In th e final step, we have used the explicit forms of S^, and dropped the terms containing £P io ' 
and <<7| a o20> [see (1.226b)] on the understanding that we shall always consider initially un- 
polarized targets. 

We first specialize (1.236) to the case of an unpolarized incident beam, i.e., rpj 0 ' = 0. In 
this case, a{6) reduces to a 0 (d) and we obtain 


<7 0 (#)2 > i c *“ = i Tr MM'o t 
or 

• cpvait _ Tr MM'jsi 
ir ‘ ~ Tr MMt • 


(I.237a) 


Tr MM to, can be evaluated in the same way as Tr A/o,A/t. It is easy to verify by such a direct 
evaluation that 

Tr MM*a t = 2 Tr 2 (gh + + hg* + ib x h^). (I.237b) 

But since the last term of (I.f37b) is zero, we obtain the very important result 
Tr A/Afto, = Tr Ma t MK 

A comparison of (I.229b) and (I.237a) therefore reveals that and a are identical. If we 
write 


2>r*" - £Pn, 


(1.238) 
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then the magnitude £Pof the polarization is given by the asymmetry parameter a of (1. 231b) 
and (1.231c). 

The result (1.238) also holds for the scattering of a nucleon on a zero spin target. In this 
case, <P is equal to (I.235b) for the asymmetry parameter. 

We next consider the more general case described by (1.236), where the initial beam has a 
polarization <2 >, |“ c . According to (I.237a) and (1.238), 

J Tr MAfto, = <7 O (0)2T" = £T o(0)2’n- ( L239 > 

We next simplify the second term of (1.236) by explicitly evaluating the trace. A straight- 
forward evaluation of Tr! yields 

i£Pi nc .Tr (A/o.Af'o,) = * Tr 2 [ffi^gg* - h.h + ) 

+ 2 Im {(£P i nc x h)gt} + 2 Re {(££>i“ c -h)h + }l- (* 240) 

Here Re and Im denote real and imaginary parts of the respective quantities. | Tr 2 of gg f and 
h-h f were evaluated when simplifying (1.227), and added to obtain (1.228). Now, subtracting 
the two, we get 

% \ £Pi“ Tr 2 (ggt - h.ht) = [lg 0 | 2 - (1/iA-l 2 + IM 2 + IM 2 )]£er. (1. 241a) 

Evaluating Tr 2 in a similar manner, we obtain 
i Tr 2 hgt = (hog* 4* 
and ftence 

\ Tr a [2 Im (£Pf c x h)g+] = 2 Im [/>?(/»„ - go)](£Pi" c x n). (1.241b) 

Similarly, 

\ Tr 2 hit* = (j/io| 2 + |/i»| 2 )nn + !^/r| 2 KK 4- JA^j-PP. 

Therefore, 

\ Tr 2 [2 Re (£P i , nc .h)h»] = 2(n.£P; nc )(|/io! 2 + !/»„| 2 )n 

+ 2!/i*| J (K.£Pr c )K + 2|/ip| 3 (P.2 > i nc )P. (I.241c) 

The third term on the right-hand side of (1.240) has been expressed in (I.241c) in terms of the 
unit vectors K, P, and n. It is quite trivial to express (1. 241a) and (1. 241b) also in terms of 
these unit vectors. In (I.241a), we write 

£Pi nc = (<Pi nc ‘K)K + (<Pi nc -P)P + (£Pi nc *n)n. 

In (1. 241b), the cross product (£Pi" c x n) is contained in the plane perpendicular to d, i.e., the 
plane of K and P, and hence 

ffi" c X n = -(£Pi ne -P)K + (flp'r- K)P. 

Using all these results in (1.240), we obtain 
J£Pi DC .Tr (A/o,A/t<r,) 

= (|g c | 2 + 2|/t 0 | 2 + M 2 - - |/'/.| 2 )(ffi nC *n)n 

+ [flgol 2 + IM 2 - w 2 - W J )(ffi nC - K ) + 2 Im <*?(*« - /»,)}(iPi 0C -P)]K 
+ [(|go| 2 + M 2 “ M 2 — I/r,| 2 )(£Pl nc -P) - 2 Im {/>*(go - A«)} (S’ ' t nc * K) ] P . (1.242) 
We next consider the geometry shown in Fig. 1.8. k, and k f are the incident and outgoing 
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momenta (each of magnitude it) in the centre-of-mass frame. The angle 0 between them is the 
scattering angle in the centre-of-mass system. The momenta (kj -f k f ) and (kf — k 4 ), construct- 
ed from geometrical considerations, are also shown in the diagram, and the unit vectors in 
these directions are labelled P and K, respectively. From geometry, the angle between P and 
k, is given by 0/2. In Section 7, we derived the relationship between the scattering angle 0/ in 



Fig. 1.8 Two possible sets of coordinate axes in descrip- 
tion of polarization phenomena. 

the laboratory system and the same (0) in the centre-of-mass system, namely, 0, = 0/2. Since 
the incident momentum k, has the same direction in the laboratory and the centre-of-mass 
system, we conclude that the final momentum (k f )i ab in the laboratory system points in the 
same direction as P. Therefore, the last term in (1.242) gives the component of £Pl c *" in the 
direction of the outgoing momentum in the laboratory frame. The second term similarly gives 
the component of £PP“ in the scattering plane, but perpendicular to the direction of the out- 
going momentum in the laboratory frame. The first term, together with (1.239), gives the compo- 
nent ST" in a, direction normal to the scattering plane. The coefficients of the three terms 
in (1.242) contain the components of the incident polarization along the directions n, P, and K. 
However, it is more convenient to consider the components of £P| along the incident momen- 
tum in the laboratory frame (the same as the direction of k,), along the perpendicular to this 
direction in the scattering plane (the direction S in Fig. 1 . 8 ), and along the direction n normal 
to the scattering plane. It is apparent that the unit vector n, the unit vector e along the direc- 
tion of k„ and the unit vector S define a right-handed coordinate system. p ur aim > s achieved 
if we express ( 2 T-K) and (2T.P), appearing in (1.242), in terms of (<Pi BC .e) and (£Pi 0C *S). 
From the geometry defined ig Fig. 1.8, it easily follows that 

cp|“.K = -(27'“) sin 5 + (2T*S) cos \ . 

2 • (1.243) 

ST. P = (£P| oe .e) cos ^ + (cpi nc .S) sin i. 

We first substitute (1.243) in (1.242), and then substitute the resultant expression and (1.239) 



TWO-NUCLEON PROBLEM 103 


in (1.236). Thus. 

1 


= (£P + D£Pi nc .n)n + (A&'F-c + /?£Pi nc *S)K + (/f'£P'r*e + rt'£P'r c *S)P. 

(1.244) 


The quantities D, A, R, A', and R' are respectively given by 

a o (6)D(0) = |ffo | 2 + 2\h 0 \ 1 + IV 2 - |V | 2 - IM 2 = °o( d ) ~ 2 (IV | 2 + l*^! 2 ) 


or 

<7 O (0)[1 - D(6)] = 2(|/i*| 2 + IV 2 ); 

a 0 (8)A(8) = -(|V 2 + IM 2 - IVI 2 - IV 2 ) si" \ + 2 Im [/i?(g 0 - V)] cos ^ ’ 

a 0 {8)R(8) = (IV 2 + M 2 - M 2 - IV 2 ) cos ^ + 2 Im V‘* f Z n ~ h "^ s,n 2 ’ 
a 0 (8)A'(8) = (|g 0 | 2 + IV 2 - IM 2 - IV^) cos \ + 2 Im [/.JUfo - V)] \ > 

jj 0 (6)R\8) = (|g 0 | 2 + IV 2 - IM 2 “ IV 2 ) sin | - 2 Im [h$(g 0 - V)] cos j- 

The parameter IP (equal to the asymmetry parameter a) has already occurred in the ex- 
pression (1.237a) of the polarization of a scattered beam, when the initial beam was unpolarized; 
it has* also occurred as the asymmetry parameter in the expression (1.23 la) of the differential 
cross-section of an initially polarized beam. This parameter is usually measured in a double 
scattering experiment, where the first scattering is the nucleon-nucleon scattering, and the 
second scattering on a spinless C 1J target serves the purpose of an analyzer. The detailed 
geometry and layout of the experiment are described in Section 10D. The parameters D, A, 
and R occurring in (1.244) are called respectively the depolarization, asymmetry, and rotation 
parameters. They are measured in different layouts of triple scattering experiments, in which 
the second scattering is the nucleon-nucleon scattering, and the first and last scatterings are 
on C 12 targets, serving the purpose of polarizer and analyzer, respectively, of the nucleon beam. 
The layout and geometry of these experiments are also described in Section 10D. 


(1. 245a) 
(1. 245b) 

(1. 245c) 

(I.245d) 

(I.245e) 


Spin-Correlation Parameters 

Before describing the set-up of double and triple scattering experiments, we consider the prin- 
ciples involved in the measurement of the correlation of spin polarization of the two outgoing 
nucleons (i e , the scattered nucleon and the recoiling target nucleon). For the sake of simplicity, 
we consider an incident unpolarized beam (i.e., £Pi" c = 0) and an initially unpolarized target 
(i.e., $ f = 0, and <^^ inUW = 0). The correlation in spin is described by the various com- 
ponents of <0,02>sn.i. where 2 is the target nucleon. This quantity is obtained by a procedure 
analogous to that for the derivation of (1.236). Since we have assumed an unpolarized target, 
only the analogue of the first term of (1.236) is present, and is ginen by 

"o(*K^«n.i = i Tr MA/to.o* (I- 246 ) 

The extra operator here being o 2 , the trace in the ‘spin-space of the first particle is that of 
which is expressed by (I.237b). Therefore, 

J Tr MM'ofli = i Tr 2 [(ght + hgt + ih x ht)o 2 ] 
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= i Tr 2 [2 Re (ght)o 2 ] + 1 Tr 2 [(h x ht)a 2 ]. (I.247a) 

From (1.224), wc obtain 

iTr 2 *r« 2 = (|/» 0 | 2 + g a h*)tm + go(h* K KK + A?PP) + ih 0 (h* P PK + h* K KP), 
and hence 2 Re of this quantity is given by 

[2|/» 0 | J + 2 Re (goA*)]nn + 2 Re (goAjf)KK + 2 Re (g 0 /»f)PP 

+ 2 Im (A 0 A]£) KP - 2 Im (A 0 A?) PK. (I.247b) 

The second term of (1. 247a) can be evaluated by rewriting h in the form 
h = Aon + -T A/w^e,, 

i 

where the unit vectors e , (i = x\ y, z) are in the directions P, K, n. Since h consists of two 
types of terms, the h 0 '$ and Vs, it is clear that (h x ht)o 2 will give rise to four different types 
of terms. The traces of these terms can be evaluated by the techniques already described, and 
thus we can obtain 

i Tr 2 (h x ht)o 2 = 2 Im (A<>A£)PK - 2 Im (A„A?)KP 

- 2 Re (A*A*PP + hph*KK + h P h* K na). 

Using (1.247) in (1.246), we get 

<( a i a 2)fiMi = C^nn + C at KP -f C PK PK + CppPP + 

where 

°o(0)C nn = 2|A 0 | 2 + 2 Re ( go h* - h P hl ) ), 

°o (0)C*p = 2 Im [h 0 (hi — hf)] 9 
Cpk — Ckp* (1.249) 

a o(&)C PP = 2 Re (goh P — 
a o(^)^A :k ~ 2 Re (goh* — hph*). 

In (1.248), the two vectors in each term correspond to the directions of polarization of 
the first and second particle. Thus, C nn describes the correlation in their polarizations per- 
pendicular to the scattering plane. Before we discuss the directions of polarization specified 
by the other terms, we again refer to Fig. 1.8, and the description already given on the direction 
of motion of the outgoing particle 1 in the laboratory coordinate system. It should be recalled 
that this motion is along P. Therefore, as far as the polarization of the scattered particle 
(here particle 1) is Concerned (i.e., the first vector in each term), P specifies a polarization 
parallel to its motion, and K a polarization in the scattering plane perpendicular to its 
direction of motion. To investigate similar facts on the recoiling target particle (here 
particle 2), we recall the resalts arrived at in Section 7: (i) the recoiling particle in the centre- 
of-mass system moves in a direction opposite to that of the scattered particle; and (ii) the 
angle giving the direction of a particle in the laboratory system is half of the same angle 
measured in the centre-of-mass system. It is therefore clear from Fig. 1,8 that the recoiling 
particle moves in the direction of — k f in the centre-of-mass system, and — K in the labo- 
ratory system. Therefore, whenever the second vector in (1.248) is K, it describes the polari- 


(I.247c) 

(1.248) 
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zation of the recoiling particle opposite to the direction of its motion in the laboratory frame , 
and whenever it is P, it describes the polarization in the scattering plane perpendicular to the 
direction of motion. We shall see in Section 10D that the polarization of a particle in the 
direction of its motion ( along or opposite the direction) is more difficult to measure than the 
polarization in directions perpendicular to the motion of the particle. Therefore, the coeffi- 
cients C„ n and C KP are easier to measure than the other coefficients in (1.248). 

D. DESCRIPTION OF DOUBLE AND TRIPLE SCATTERING EXPERIMENTS 
In Section 7, the layout of a single scattering experiment giving the differential cross-section 
<t o (0) of an unpolarized beam was described. The new quantities £p, D, R, A , . . . , introduced 
in Section 10C, are measured in double and triple scattering experiments. Before describing 
the set-up for their measurements in the case of nucleon-nucleon scattering, let us explain the 
principles of a polarizer and analyzer (usually a C 12 target), frequently used in these experi- 
ments. The key equations for our purpose are (1.232) and (1.238), and the reader would do 
well to get familiar with them at this stage. 

Polarizer and Analyzer 

Let us consider an unpolarized beam scattered on a C 12 target (spinless). After the scattering, 
the beam is polarized perpendicular to the scattering plane [see (1.238) and the paragraph 
following it], the magnitude <P C of the polarization (C refers to C 12 ) being equal to the 
asymmetry parameter a c of (1. 235b). This scattering is shown in Fig. 1.9, where Cj is the 


L 



Fig. 1.9 Set-up for measuring polarizing power of a target. 

carbon scatterer and the arrows indicate the directions of the incident and outgoing nucleon 
(both in the plane of the paper), making an angle 0/ in the laboratory. The polarization of the 
outgoing beam is perpendicular to the plane of the figure and points upwards. This is indicat- 
ed by the dot enclosed in a circle on the outgoing beam. This beam is next scattered on a second 
C 12 target (C 2 in Fig. 1.9). We measure the left-right asymmetry of the final beam in the two 
directions (also in the plane of the paper) shown after C 2 . According to the statement follow- 
ing (I.235b), this asymmetry is given by (1.232), i.e., where 2T is the polarization 
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of the beam incident on C 2 and is equal to £Pc«i. Here subscript 1 refers to the first scattering 
and subscript 2 to the second. The direction of the polarization (n,) and the normal n 2 to the 
second scattering plane both point upwards with respect to the plane of the paper, and hence 
Oi«d 2 = 1. Therefore, the measured left-right asymmetry is equal to a 2 £ P c . Since the asymmetry 
parameter is equal in magnitude to £P C , the measured asymmetry gives <Pc or the magnitude 
of St- This is usually referred to as the polarizing power of the carbon target. In the experi- 
ment just described, the first scattering caused the polarization with the polarizing power 
equal to <P C , whereas the second scattering served as the analyzer of this polarization through 
its asymmetry parameter a 2 . Therefore, a is also referred to as the analyzing power of the 
target, which is equal in magnitude to the polarizing power of the same target. 

Measurement of $ 

In the set-up described in Fig. 1.9, let us substitute the first scatterer by a nucleon. Then the 
first scattering causes a polarization of the outgoing nucleon beam equal to fPnj, where £P now 
refers to nucleon-nucleon scattering and is the quantity to be measured. The second scattering 
on C 12 serves the purpose of the analyzer and, according to (1.232) and the concluding state- 
ment of our discussion on polarizer and analyzer, the measured left-right asymmetry of the 
final beam determines a c <P = ffc£P. Since £P C is already known, we obtain £P from th,is double 
scattering experiment. 

Measurement of D 

The quantities />, R t A , . . . occur in the expression of the polarization of the outgoing beam 
corresponding to an incident polarized beam. Therefore, in this case, we need a polarized 
nucleon beam before the nucleon-nucleon scattering can be caused. The first scattering is 
usually done on a C 12 target, which serves the purpose of polarizing the beam; the second 
scattering is the nucleon-nucleon scattering under investigation; the various components of 
the polarization of the outgoing beam are then analyzed by the third scatterer, which once 
again is a C 12 target. 

The simplest triple scattering set-up for measuring D is shown in Fig. 1. 10. Here all the 
three scattering planes are coincident with the plane of the paper, and the single normal direc- 
tion n therefore applies to all the three scatterings. The nucleon scatterer is indicated by N, and 
the C 12 scattered by Q and C 3 . The incident nucleon beam on C x is unpolarized, whereas the 
outgoing beam C|N is polarized perpendicular to the paper given by £Pj nc = £P C n. Since the 
normal direction for the second scattering is the same as that of the first scattering, we now 
have ‘only the (SPl^nJ-term in (1.244). The other components in the scattering plane, namely, 
SP'F't and £Pi nc «S, are zero in the present set-up of the experiment. Therefore, the polariza- 
tion of the outgo ag beam NC 3 is predicted to be 

^S>r = (£P+i)ffc)n 

in a direction normal to the»scattering plane. This is indicated by the dot enclosed in a circle 
ol the line NCj. According to (1. 271a) and the fact that a = £P, we obtain 

a{6) == <r o (0)(l + 3>£P C ). 

Therefore, 

rptctt 5* + 05c 

£P| 1 + 9¥c a - 


(1.250a) 
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The left-right asymmetry in the third scattering is therefore given by 


a>cffr 


• n 


ZP±Dcp t b 

1 + £Pi?c‘ 


Since £Pand <P C are already known, this experiment enables us to determine the parameter D. 


L 



Fig. 1. 10 Triple scattering set-up for measuring depolarization parameter. 


If the incident beam in nucleon-nucleon scattering had a complete polarization (i.e., £P c n = n 
or Sc = 1), then, according to (1. 250a), 


£P 


•catt 

1 


£P + D 
1 + £P°* 


Therefore, the outgoing beam can remain completely polarized only if D = 1, which is the 
maximum value of D. For any value of D < 1, the outgoing beam is found to be only partially 
polarized. This explains the nomenclature depolarization parameter. 


Measurement of R 

Figure I. II shows the set-up for R measurement. The subsequent scattering planes are crossed 
with respect to each other such that n I *n 2 = n 2 «n 3 = 0. Let the first scattering plane be hori- 
zontal. Through the outgoing direction QN we draw the vertical plane in solid lines contain- 
ing the third scatterer C 3 . As before, the second scatterer N is a nucleon target. The third 
scattering plane has been drawn through the line NC 3 . The left-right asymmetry of the final 
scattering in this plane is the quantity measured in this experiment. The polarization of the 
beam QN is given by {£'{* = IPcnii but n tl which is in the vertical direction, is now contained 
in the plane of the second scattering. The direction n 2 , normal to the second scattering plane, 
is horizontal, and hence SP\ M does not have any normal component with respect to the second 
scattering plane. In (1.244), the direction e is along the incident laboratory momentum, and S 
is perpendicular to this direction in the scattering plane. Therefore, in the present case, £P', nc 
points in the direction of S for the second scattering. Further, since n 2 and n t are perpendi- 
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cular, 

c(6) = o o (0)(l + 5 > 3 > c o 1 .n 2 ) = a 0 (6). (I.250b) 

Therefore, (1.244) yields, for the polarization of the beam NCj, the expression 

ST" = Rcp c K + R'cp c p, (1.250c) 

where P is in the direction of NC3 (the outgoing direction in the laboratory) and K is in the 
vertical plane but perpendicular to the outgoing direction. Since the third scattering plane 



Fig. 1.11 Triple scattering set-up for measuring parameter R. 

must pass through NC 3 , it is clear that the normal to this plane, n 3 , is always perpendicular 
to P. Therefore, in the left-right asymmetry measurement in the third scattering plane, the 
term P does not occur. According to (1.232), this asymmetry is given by 

£Pc5T"-“3 - = ^RK.n 3 = 9>*R. (I.250d) 

Since the third scattering plane is crossed with respect to the second, the normal n 3 must 
be contained in the vertical plane. By definition, it should also be perpendicular to any line in 
the sfcattering plane, and hence to NC 3 . Therefore, it follows that K is coincident with n 3 , i.e., 
K*n 3 = 1. This explains the final result, which enables us to determine R from the measured 
asymmetry and known SFfc. 

Measurement of A 

The measurement of the parameter A is very similar in principle to that of R, We now need an 
external device to rotate the polarization £P c a, of the beam QN with respect to its direction of 
, motion. Such a rotation can be achieved by applying a magnetic field perpendicular to the 
direction of n 3 and QN. The field rotate! the direction of motion CjN through an amount 
and the direction of spin by an amount d. The two quantities h and A are not equal because of 
the anomalous magnetic moment of the nucleon. Therefore, by adjusting the applied field, it 
is possible to rotate the polarization to the direction of motion. In the final condition, the 
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rotated direction of CjN is obviously in a different plane. Therefore, in Fig. 1.12, we do not 
show the first scattering plane. QN is the rotated beam, and the small arrow above it indicates 



Fig. 1,12 Triple scattering set-up for measuring parameter A. 

the direction of polarization. The scattered beam NC 3 and incident CjN are assumed to be in 
the plane of the paper. The third scattering on C 3 is in the vertical plane, and the left-right 
asymmetry is measured as shown. Since the po’.irization of the incident beam is along the 
direction e, only two terms of (1.244) are nonvanishing, and so we get 

lt = & C (AK -f ,4'P). (I.250e) 

<r(0) is still equal to a o (0), as shown in (1. 250b), because the direction of incident polarization 
continues to be perpendicular to the normal n 2 . This fact has been used in writing (I.250e). As 
before, the left-right asymmetry measurement in the crossed plane rejects the component P of 
(I.250e) and yields a result equal to iPcA, which allows the determination of A. 

Measurements of R ' and A' require the use of magnetic fields between the second and 
third scatterers. Such experiments are not usually done, and hence we shall refrain from giving 
any further description. 

Measurement of Correlation Parameters C nn and C KP 

The disposition of apparatus for the C nn experiment is shown in Fig. 1.13. The incident and all 
the scattered beams are contained in the plane of the paper. N is the nucleon scatterer. The 
other two C 12 scatterers, Q and C 2 , are in the path of the scattered and recoiling nucleons, 
which are detected in coincidence after the first scattering. The incident beam on N is unpolariz- 
ed. According to (1.249), the polarization correlation pf the beams NCi and NC 2 is expressed 
in Aie general form 

“ 2 <V,e„ 

1,1 

where e, (i - I, 2, 3) are the unit vectors along P, K, and n corresponding to the first scatter- 
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ing. The nonvanishing coefficients C t) are given by C „„ , C KPt C PK > C PP> and C KK . Since the left- 
right asymmetry is measured after scattering on Q and C 2 in the same plane as the first 



Fig. 1.13 Set-up for measuring correlation parameters C nn and C KP . 


scattering, all the normals point in the same direction, i.e., perpendicular to the plane of the 
paper. Left-right asymmetry measurements therefore detect only the w/i-component of the 
polarization correlation. The coefficient C M is given by 


nAn _ ^il 4- N 2 r — N lR — Nji 
** N lL + N 2R + N lK + N 2L ' 


(1.251) 


where the N*s denote the counts in the counters specified by the subscripts. 

C K p denotes the correlation coefficient for the polarization of NQ and NC 2 in directions 
perpendicular to them in the plane of the paper (indicated by the small arrows in Fig. 1.13). 
These components can be measured from the asymmetry in the crossed planes through NCj 
and NC 2 . The coefficient C KP is given by an expression similar to (1.251). 


E. EXPRESSIONS IN TERMS OF MATRIX ELEMENTS OF M 

The purpose of measuring the single, double, and triple scattering parameters is to analyze 
them in terms of phase shifts at each energy, and extract a set of phase shifts that is as unique 
as possible. The expressions of the parameters given so far are in terms of the subscripted g- 
and h-coefficients. For completeness, we now indicate how these coefficients are expressed in 
terms of the elements m of the scattering amplitude-matrix. Once this is done, the expres- 
sions for Afm'.m (see Sections 7 and 8) allow the results to be cast in terms of the phase shifts 
and the spherical harmonics. 

We start with the expression (1.223) for M. Taking the trace of both sides, we are left 



TWO-NUCLEON PROBLEM 1 1 1 


with only the g 0 -t erm. Then 

g 0 = J Tr M « J 2T <5, m\ M |S, m> 

5, m 

= (1.252) 

S, m 

Similarly, if we multiply both sides of (1.223) by ( 0 j + o 2 )*n and then take the trace, only the 
corresponding term on the right-hand side of (1.223) yields a factor of 8. Therefore, 

ho = i Tr M(o, + o 2 ).n 

= J Z <5, m\ M \S, m'y <5, m'\ (a, + o 2 ).n | S, m >. (I.253a) 

S, m, m' 

In further simplifying the right-hand side of (I.253a), we must recall (see Section 7) that the 
states | S y m>, used in the matrix elements of M, have their projection quantum numbers 
referred to the incident direction kj as the z-axis. We choose the direction of n as the y-axis, 
and then the direction S in Fig. 1.8 clearly becomes the x-axis. Therefore, 

( a i -f 02 ) *n = 2 S y = j(S + — S_), 

where S* is the two-nucleon spin operator. Using this form in (1. 253a), we have 

h 0 = ' Z [AA ( „V,V(T +m)(2^th) - M'.Vm+.v'CI - m)( 2 + m )]. (I.253b) 

Since S ± give a vanishing result for the singlet ( S = 0)-state, only the triplet matrix elements 
appear in (1. 253b). 

In a manner similar to h 0 , any of the coefficients h A ( A = P, K, n) is given by 
h A = 1 Tr M(a r A)(0 2 -A) 

= i L <S, m\ M 1 5, m'> <5, m\ (a A .A)(a 2 .A) | S, m>. (1.254) 

S, m, m' 

From Fig. 1.8, 

B 0 

O.p = a z COS 2 + v x sin y 

6 0 
0 «K = — o t sin ^ + o x cos 2 » 

and, according to our choice of y-axis, 

0 *|| = (Jy. 

These expressions enable us to evaluate the second factor in (1.254) in terms of the matrix ele- 
ments of a x , cfy, Og. Further simplification of (1.254) is left to the reader. 

The expressions h Pi h K , h n are, however, not independent. Their sum is obviously 
given by 

hp + h K + h n = i Tr Ma^Oj 

= i z <S, m\ o,.o 2 \S, 

S, m 

= -Wo\ + i 2 MJV 


( 1 . 255 ) 
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In the case of p-p scattering, the A/-matrix refers to the state T = 1 uniquely, and the 
Af (0 *- and 3f (I ^component, occurring in all the equations from (1.252) to (1.255), are respec- 
tively the symmetrized and antisymmetrized amplitudes mentioned in Section 8. 

In the case of n-p scattering, if we use the M (0) - and ^-component (given in Section 7) 
in all the equations from (1.252) to (1.255), ,we undoubtedly get the subscripted g~ and h - 
coefficients (in terms of phase shifts), but now each such coefficient can be split up into the 
(T — 1)- and ( T = 0)-component. Corresponding to the split 

M=\[M{T= 1) + Af(r = 0)] 
of the Af-matrix, each g - and //-coefficient is now given by 
^=i[^=l) + ^/(r=0)], 

A/ = \[h t (T = 1) + h,{T = 0)]. ( ' 

t 

If we ignore Coulomb effects for very high-energy scattering, then g t and h, for T = 1, appear- 
ing in (1.256), are the same as those derived for p-p scattering. The factor of £ is necessary to 
secure this equality because the symmetrization and antisymmetrization of the scattering 
amplitudes for p-p scattering in the states S’ = 0 and S = l give rise to an extra factor of 
2 whereas this factor is absent for the (T = l)-component of the n-p scattering amplitude. 
The ( T = 0)-component in (1.256) is related to the (/ = odd)-terms of the scattering amplitude 
for S = 0 and the (/ = even)-terms for S — 1. 

The expressions derived in Section 10C for the various scattering parameters obviously 
hold for n-p scattering too. But we could use the explicit split of the g- and //-coefficients in 
their ( T = 1)- and (T = 0)-component, and then apply the fact that the ( T = l)-components 
are the same as for p-p scattering. An interesting relation that can be derived in this way for 
the polarization <P(0) for the pure ( T = 0)-state is 

2[*o wmu - 2[<r 0 (ir - OWn - 0)] n . p = [a o (0)£P(0)] rral + K ( W)]r-o. (1.257) 

The derivation is set as an exercise (see Problem 7 at the end of this chapter). 

11. ANALYSIS OF TWO-NUCLEON DATA 
A. LOW-ENERGY p-p SCATTERING DATA 

The nuclear part of p-p scattering is in the ^o-state. The Coulomb scattering comes from all 
angular momentum states, and is given by the expressions (1.123) and (1.124) for spin-singlet 
and spin-triplet states, respectively. For triplet spin, the lowest angular momentum state is P , 
and hence we ignore the nuclear scattering in the triplet state at low energy, and consider 
only the Coulomb spattering of (1.124). For the singlet state, we use the expression (1.144), 
retaining only the ( j =* 0)-term. The differential cross-section is therefore given by 

d £ - il/SSPW + \ «P M 2* + So)] sin 8 0 | 2 + i|Cu P , le '(fi)| 2 

= + iifasrw 

+ S -^-° Re [f£ b *! c '(0) exp {— /( 2v 0 + So)}] + ^ sin 2 S 0 
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. vj r a 6 aS j ^ 2 ^ i 0 V , 

— (#p) ( C08ec 2 + ^ 2 cosec j sec 2 C0S ( 2a n taD 2 J 

— °[cosec 2 ^ cos (2a In sin ^ + &o) + sec 2 ^ cos (2a In cos ^ + S 0 )l 

+ p sin 2 S 0 . (1.258) 

Because of the symmetrization of the singlet amplitude and the antisymmetrization of 
the triplet amplitude, the square modulus of each of these remains unchanged when 9 -> (rr — 9). 
Therefore, p-p scattering (at all energies) is symmetric about the 90 ° centre-of-mass angle, and 
it is enough to plot the experimental data between 0 ° and 90 °. The first term in the expression 
(1.258) gives the pure Coulomb scattering and blows up as 0->O. It diminishes in magnitude 
very quickly as 9 increases and reaches an extremely small value for 9 = 90 °. The last term, 
which denotes pure nuclear scattering at low energy, is independent of angle (because it repre- 
sents 5-state scattering), and it predominates over the pure Coulomb scattering at large 
angles. In the intermediate region of angles, the second term, representing the interference 
between the Coulomb and nuclear scattering, shows up in a very striking way; see the dip in 
the typical angular distribution curve (solid line) shown in Fig. 1.14. (The dashed extrapola- 



Fig. 1.14 Typical p-p differential cross-section curve. (Following Blatt, J. M., and 
Weisskopf, V. F., Theoretical Nuclear Physics, Wiley, New York, 1952, p 90.) 
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tion represents the pure Coulomb scattering.) It is clear from this diagram that at intermediate 
angles the cross-section is lower than pure nuclear scattering of larger angles. Thus, the 
interference term is established to be negative in sign, which in turn indicates that the phase 
shift 8 0 positive. The cosine terms inside the square brackets remain positive even if 8 0 is 
negative, but sin 8 0 changes sign, and hence the interference term would have become positive 
had S 0 been negative. 

An analysis of the experimental data in terms of (1.258) determines the phase shift S 0 at 
each energy. Therefore, it is quite straightforward to plot the quantity K of (1. 198b) as a 
function ot energy ( k 2 ). This is done in Fig. 1.15, where the lower curve corresponds to the 

E (MeV) 

0 10 20 30 40 



E (MeV) 

Fig. 1.15 Plot of K for p-p scattering as function of incident laboratory energy of 
proton. [From Breit, G., and Gluckstern, R., Ann. Rev. Nucl. Sc. f 2, 365 (1953); 
also Gammel, J. L., and Thaler, R. M., Progress in Elementary Particle and Cosmic 
Ray Physics , 5, 120 (1^60).] 

values of the abscissa and the ordinate ( shown at respectively the bottom and the right-hand 
edge, the upper curve corresponds to a higher energy range (drawn at the top), and the 
corresponding values of K are given on the left-hand side. If the terms up to k 2 in the 
expression (1. 199b) are important, we expect that K as a function of energy will appear as a 
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straight line. Any departure from a straight line at higher energies indicates the presence of 
the shape-dependent term — Pr\k A in the effective-range expansion of K. The experimental 
curve is found to be a straight line up to about 18 MeV. (It should be noted that, in confor- 
mity with customary practice, all energies quoted in this section are for the laboratory system, 
whereas all angles are for the centre- of-mass system.) Above 18 MeV, experimental points lie 
below the theoretical straight line, showing a positive value for the shape-dependent parameter 
P. This conclusion, however, is not very trustworthy because, at this energy, there can be some 
scattering in the 3 P-states, which have not been considered in the effective range theory and in 
(1.258). For the singlet state, the straight line part of the upper curve yields 

a = —7.68 fm, r 0 = 2.65 fra. (1.259) 


B. LOW-ENERGY n-p SCATTERING DATA 

Low-energy n-p scattering takes place in the ^o-state and in the a-state of coupled 3 S, -f *D It 
i.e., the coupled state in which *Si is predominant. Because of the very small weight of 
the 3 D, -state, the measured angular distribution is spherically symmetric. For this reason, the 
fit to the data is usually discussed in terms of the total scattering cross-section. Using the 
effective,range expansion for k cot 5 in (1.256) and its counterpart for the 3 5,-state, we obtain 


= i, 


~b (~ a % 1 \ r o*k 2 ) 2 k 2 + ( — a t 1 -j- \r 0l k 2 ) 


(1. 260a) 


the subscripts s and t denoting the singlet and triplet state quantities. In the limit of zero 
energy (k 2 0), this expression reduces to 


a(k 2 ->0) = J(4t ra]) -f f(4 na 2 x ). 


(1. 260b) 


The experimental quantity to be compared with this expression is obtained by extrapolating the 
low-energy part of the curve of a versus k 2 to zero energy. 

The experimental data are shown in Fig. 1.16. The extrapolated value at zero energy is 
found to be (20.36 + 0.10) barns. The actual experimental data for energies comparable to 1 eV 
are shown in Fig. 1. 17a. It is found that the observed cross-section at energies less than 1 eV 
quickly increases to about four times the aforementioned extrapolated value. This quick in- 
crease is an effect of chemical binding, which is discussed later in this section. For the present, 
we confine ourselves to the fit to the extrapolated zero-energy value. 

The zero-energy triplet cross-section 4 na] in (1. 260b) can be very easily estimated by 
making use of the expression (1.190) for the triplet scattering length. The maximum value of 
the right-hand side is clearly y, and hence the minimum estimate for a t isy 1 , i.e., thedeuteron 
radius (=4.31 fm). The minimum value of the right-hand side of (1.190) corresponds to the 
largest estimate of the effective range r 0l . Since the deuteron is a very loosely bound system, its 
radius y- 1 can be taken to be the upper limit of r 0t , reducing the right-hand side to \y. Thus, 
the maximum estimate of a, is 2y~ 1 . Using these maximum and minimum estimated values of 
a tt we predict that the zero-energy triplet cross-section lies within the range 

2.33 barns < a t (k 2 -+ 0) < 9.32 barns, 

which is very much smaller than the extrapolated experimental value quoted earlier. This dis- 
agreement has to be understood in terms of the singlet scattering 4nal in (I.260b). This was first 
pointed out by Wigner, who suggested that the neutron-proton interaction is different in spin- 
singlet and spin-triplet even-parity states. Using the limiting values of the triplet cross-section 



1 16 THEORY OF NUCLEAR STRUCTURE 


in (1. 260b), together with the experimental value of 20.36 barns on the left-hand side, we can 
easily estimate the limiting values of the singlet scattering cross-section Ana*. These limits are 
given by 

74.6 barns > a % (k 2 -+ 0) > 53.6 barns. 

The large magnitude of the singlet scattering length, obtained in this way, can be interpreted 
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Fig. 1.16 Neutron-proton scattering cross-section at low energy. (Following Blatt, 

J. M., and Weisskopf, V. F., Theoretical Nuclear Physics, Wiley, New York, 1952, 

P 70.) 

in terms of the scattering length diagram (Fig. 1.6). It is clear from Fig. 1 .6a that the more the 
internal wavefunction bends down, the closer to the origin the point a moves. The stronger 
bidding implies a smaller positive value of the scattering length. A very large positive value of 
a therefore means a very weakly bound system. The unbound case, depicted in Fig. I.6b, shows 
that, if the internal solution just becorpes horizontal when the asymptotic region is reached, 
i.e., if the system is just unbound, the dashed curve ‘meets’ the abscissa on the negative side at 
a <= —oo. The more and more unbound the system is, the closer does the intercept of the dashed 
curve move to the origin from the negative side. Thus, a very large negative value of the 
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scattering length implies an unbound system having a ‘virtual state’ just above zero energy. 
The value of the zero-energy cross-section implies only that a J is large, and fails to disclose the 
very vital information on the sign of o t . The latter determines, as just explained, whether the 
^o-state of the n-p system is very weakly bound or corresponds to a virtual state just above 
zero energy. Toglean this.information, we have obviously to design an experiment in which terms 
linear in a % can affect the result. These experiments entail the coherent scattering of neutrons 
by (i) the two protons belonging to ortho- and para-hydrogen molecules or (ii) the protons at 
the lattice points of a crystal or (iii) the protons belonging to a liquid ‘mirror’, which causes a 
total reflection of the incident neutron beam. All these experiments measure the coherent 
scattering length / defined by 

/« + O- 261 ) 

The best value for this quantity is obtained from the experiment described in (iii) and is given 
by —(3 78 + 0.02) fm. Combining this with the expression for zero energy, namely, (1.260b), 
and the experimental value of o(k 2 ->0), we easily derive 

a t = (5.38 ± 0.02) fm, a, = -(23.69 ± 0.06) fm. (I.262a) 

Of course, the fact that a has a positive sign (because the deuteron is bound) must be applied 
in order that the solutions a t and a , of (1. 260b) and (1.261) become unique. Having obtained 
a x , we can straightaway calculate r 0t from (1.190) by using the known value of the deuteron 
radius, namely, 

r 0t - (1.70 ± 0.03; fm. (I.262b) 

Finally, r 0a can be determined, in principle , from (I.260a) by applying the already known values 
of a ly r Ct and the experimental curve of a versus energy. In practice, however, the observed 
data are insensitive to the choice of r 0t ; with the accuracy of the available data it appears that 
any value of r 0l between 1.5 fm and 3.5 fm is quite satisfactory. It is usual to assume charge- 
independence of nucleon-nucleon interaction and take r Qt to be the same as the ^-effective 
range for p-p scattering. 

Before describing the principle of the coherent scattering experiments, let us discuss how 
low-energy n-p scattering is affected by the chemical binding of the target proton belonging to 
a heavy molecule. Such chemical binding is responsible for the quick rise of the cross-section 
in Fig. 1. 1 7a at energies less than 1 eV. 

Effect of Chemical Binding 

The binding energy of the hydrogen atom belonging to a target molecule is usually of the 
order of l eV. As long as the energy of the incident neutron is much larger than this binding 
energy, the recoil of the target proton is sufficiently large to tear it off the molecule. Thus, as 
far as n-p scattering is concerned, the proton can still be regarded as free, and we expect to 
get a cross-section of the order of 23 barns. This is clear from the range between 1 eV and 
10 eV in Fig. 1. 17a. As the energy of the incident neutron gets smaller, the recoil of the proton 
is not sufficient to dislocate it from the molecule, and then the binding to the molecule begins 
to affect the results through a rise in the cross-section. The bound proton is normally in its 
lc West energy state, and the small recoil energy tends to excite it to one of its excited (still 
bound) states of vibration. When the recoil energy is smaller than the energy W of the first 
excited vibrational state, the molecule, together with the proton, remains in the same energy 
state, and the incident neutron undergoes elastic scattering. As the recoil energy gets higher 
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and higher, successive states of vibration of the proton can be excited. This phenomenon is 
marked by the consecutive bumps in the cross-section curve of Fig. 1. 17b, where o frce is the 
cross-section due to an unbound proton. The bumps coincide with the excitation of successive 
excited states of vibration of the proton. 


i 

ofbarns) 



(a) Increase In cross-section with decreasing energy (following Blatt, J. M., and 
Weisskopf, V. F„ Theoretical Nuclear Physics, Wiley, New York, 1952, p 72) 


Fig. 1.17 Cross-section for neutron scattering by protons bound in a molecule (cont.). 


Let us consider the case of extremely small energy when the proton remains in its lowest 
state, and show that the cross-section for such energy is indeed four times the free proton 
cross-section. This effect arises from the fact that the reduced mass of a free neutron-proton 
system is different from that of the system consisting of a neutron and a proton bound in a 
molecule. Denoting the mass of the molecule by M m and that of the nucleon by Af, we get the 
reduced mass p of the lattet system as 


I 

fit » 


M+M m ’ 


(1. 263a) 


which is x M when (i.e., the proton is bound in a very heavy molecule). On the 

other hand, the reduced mass of the free neutron-proton system is 
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Thus, for a very heavy molecule , the ratio of the two reduced masses is expressed as 
ii In = 2. 

It can be shown that the cross-section of scattering by the bound proton is given, to a very 
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(b) Cross-section of scattering (a) by a bound proton, plotted against 
energy (E) (following Bathe, H. A., and Morrison, P., Elementary Nuclear 
Theory, 2nd edn., Wiley, New York, 1956, p 63) 

Fig. 1.17 Cross-section for neutron scattering by protons bound in a 
molecule. 



good approximation, by the Born approximation formula using a pseudo-potential, and that 
the final result is 


I* 


(1. 263b) 


where a is the scattering length. This expression establishes the desired result for a heavy 
molecule. An outline of the pseudo-potential method, originally due to Fermi, can be obtained 
from Blatt and Weisskopf 13 whose work is the basis for most of Section 11B. 


Coherent Scattering of Neutrons 

Let us consider the scattering of a neutron beam by a set of N scattering centres (protons 

or any other nucleus) located at the points r,. r 2 , . . . , r, r N . The origin of the coordinates 

is taken at a fixed point 0 with respect to which an incident or an outgoing neutron has the 
coordinate vector r„. The relative coordinate of the incident neutron with respect to the 
scattering centre at r, is thus (r n - r,). According to the discussion in Section 7, the scattering 
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amplitude /(0,) due to the i-th scattering centre, where 0 t is the angle made by the relative 
coordinate vector (r n — r/) with the incident momentum k, is defined by the asymptotic wave- 
function 


«»p [*.(-„ -r,)l +/(.,)' “ P ®^. 

The second term represents the scattering due to the /- th scattering centre, when the incident 
wave is given by the first term. Therefore, if the incident wave is written as 


^mc — exp (ik*r n ), 

the corresponding scattered wave due to the /-th centre will be 


(1. 264a) 


V'JL, ==/(«,) exp (/k.r,) 


exp ()A:|r n - r,|) 


l r n - r il 

Considering the scattering by all the scattering centres, we obtain !F gcatt 
incident wave (1. 264a): 


^ M) exp (/k«r,) 

/-i 


exp(/A|r n - r,|) 


r n — r. 


(I.264b) 
corresponding to the 

(I.264c) 


If the origin O is fixed near the scattering target, then all the r/s will have small magnitudes. 
To compute the scattering cross-section, we need (see Section 7) the expression for for 

r n oo. Writing 


|r„ - r,| = (r 2 a + r) - 2r,.r n ) l/2 = : r n - r,.e n , 


where e n is the unit vector in the direction of r n , we obtain from (I.264c) the asymptotic form 


^.cu = £ f( e <) exp [/*r,.(e k - e n )] — \ ?„-*■*>. (1.265) 

i~t r n 

Here e k is the unit vector in the incident direction, i.e., in the direction of k. As in Section 7, 
we compute the scattering flux flowing across the area ri d<o nt which is 

JT | £ M) exp [ifcr,.(e k - e n )]| 2 dw n . 

M /-i 

The incident flux per unit area corresponding to the expression (I.264a) is equal to 
hk/M. 

The ratio of these two expressions yields 

out going flux per unit solid angle 
incident flux per unit area 

= | 2 /(«,) exp [/*r,.(e k - e„)]| 2 (I.266a) 

/-I 

« 

= £ IM)i 2 + £ exp [«*(e k - e n ).(r, - t,)]. (I.266b) 

/«■ l /*/ 

If the N scattering centres are randomly distributed in the target material, then the 
phase angle fcr,*(e k — e n ) corresponding to the different scattering centres will have completely 
random values. Thus, the (/ ^ j>terms in the expression (I.266b) will, under such circum- 
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stances, sum up to a negligible value. The expression (I.266b) then reduces to 

i? m)\ 2 = um\ 2 - (1.267) 

Under such conditions, the scattering by the different scattering centres is said to be incoherent 
with respect to each other. In Section 7, when we computed the differential cross-section per 
unit solid angle and for one scattering centre, the proportionality of the scattering to the total 
number of scattering centres was tacitly assumed. We have now provided an understanding of 
that tacit assumption; according to (1.267), the proportionality to N follows if the scattering 
by the different scattering centres in the target material is incoherent, which is so when they 
are randomly distributed. 

If the scattering centres belong to a crystalline target material, then their regular 
arrangement causes a definite relationship in the phase angle &r/«(e k — e n ) of (1. 266a) for 
different scattering centres. This phase relationship is very much akin to what obtains in the 
case of X-ray scattering by crystals. The Bragg or Laue conditions for coherent X-ray scatter- 
ing by a crystal in certain preferred directions are well-known. We shall show that the phase 
relationship demanded by (1.266a) for coherent scattering by different centres is identical to 
that derived by Kittel 14 for X-ray scattering. It is clear from (1. 266b) that if 

£(e k - e„Mr, - tj) 

is an integral multiple of 2n for all pairs (/, j) of scattering centres, then the second term for 
different i and j add up coherently and the expression becomes 

2 \fW\ 2 Hr 2 A W) = I 2 M ) | 2 . (1.268) 

/-i i-i 

Here the scattering amplitudes due to different scattering centres have added up coherently, 
and the square of the modulus is taken after the coherent addition. In a crystal, (r, — r/) for 
any i and j is of the form (f^a -f n 2 b -b c), where (n t% n 2 , n 3 ) are integers and a, b, c are the 
basic translation vectors under which the crystal remains invariant. Comparing our results 
with Kittel’s, we note that our ( r , — r y ) is his quantity r, our e k is his incident unit vector 
So, and our e n is his outgoing unit vector s. The wave number k in our case is indeed 
2 tt/A, where A is the De Broglie wavelength of the incident neutron. Thus, the phase angle 
fc(e k — e n V( r / — r ; ) is identical to Kittel’s expression (2.3) for X-ray scattering and the sub- 
sequent equations (2.4) to (2.8), derived by Kittel 14 , therefore hold good in our case. 

Let the N scattering centres consist of nuclei of different types a, /?, . . . . If the number 
of nuclei of type at is and the scattering amplitude of neutron on these nuclei is / a , then, 
along a given direction 0, the expression (1.268) contributes 

\2 KUO)?- (1.269) 

CL 

Since the energy of the incident neutron in these experiments must be very low— too low to 
dislodge a nucleus from the crystal—, we have also to correct each f x for the binding effect 
discussed in this section. The reduced mass /z a of the incident neutrftn of mass Af, in the case 
of scattering on an unbound nucleus of type at having mass MA X , is 

A a „ 

*** " + = A . + 1 

Taking the crystal to be infinitely heavy compared to the incident neutron, we obtain the 
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reduced mass p' for scattering by nuclei bound in the crystal as 

= M. 

Therefore, the binding effect is incorporated in the expression (1.269) by multiplying each f a by 
the corresponding i-e., + l)M a - A further modification of (1.269) is necessary in the 

terms that correspond to scattering by nuclei having a nonvanishing spin 7 a . If 7 a is non- 
vanishing, then the combined system of the incident neutron and the target nucleus a has two 
possible values of total angular momentum: (/ a = 7 a -f J) and (J a = 7 a — £). In the case 7 a = 0, 
only one value of / a , namely, 4, is possible, and hence this case is excluded from the present 
discussion. When 7 a ^ 0, the two values of J a usually give rise to different scattering ampli- 
tudes; let us denote these by /i +) and /i’ > for (7 a = 7 a -f £) and (J a = 7 a — £), respectively. The 
number of scattering nuclei jV a also subdivides into two sets A^ +) and corresponding to 
the two values of 7 a . If the incident neutron is unpolarized, and the target nucleus spin 7 a is 
oriented in all possible directions with equal statistical probability, then the fraction of the 
total number of nuclei N a that will produce = 7 a -f £) or (J y — 7, — £) with the incident 
neutron spin is clearly given by the corresponding statistical probability of these states. The 
number of substates with a given value of J a is (2/ a -f 1) and the total number of substates 
taking into account both values of is 

[2(7* + i) + 1] + [2(7* - *) + 1] « 2(27, + 1). 

The ratio of the two, i.e., (l/2)(2/ a + l)/(27 a -f 1), thus determines the fraction of nuclei that 
produces the prescribed / a with the incident neutron. We therefore write 




JjLzh-L jv 

27 a + 1 •• 




27 a 4- 1 




The considerations of spin, in the case of 7 a ^ 0, thus replace each term N a / a (0) of (1.269) by 
the expression 


K+WX0) + NjrVtty = 2ir+i l(Ia + + (I270) 

In the special case when the scattering nucleus in the crystal is a proton, we have 7* = 
/ < j[ +) andyj[~ ) then denote respectively the triplet and singlet n-p scattering amplitudes. The 
numerical factors with these scattering amplitudes in (1.270), leaving aside N at then become the 
familiar factors J and J. The binding effect gives the additional factor (A a 4- 1 )//!«, which is 
equal to 2 for the proton (A a = 1). 

The expression (1.269), with the modifications for the binding effect and nuclear spin, as 
outlined, gives the intensity of coherent scattering of the neutron beam along the favoured 
directions 6 (the so-called Bragg angles). Those interested in the details of the coherent neutron 
scattering experiment by crystals containing hydrogen should refer to Bethe and Morrison 10 . 
The final numbe r that is deduced from such an experiment in the case of coherent scattering 
by a proton is the coherent scattering amplitude given by 

/h - 2(|/ t + */,), (1.271) 

vhere the numerical factor 2 takes account of the binding effect, and the .subscripts t and s 
stand for triplet and singlet scattering, respectively. As explained after the general expression 
(1.270), the scattering amplitudes /, and f t correspond to the superscripts (+) and (— ), respec- 
tively, in that expression. In view of the low energy of the neutrons in these experiments, /, 
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and f % can be replaced by the corresponding zero-energy quantities. Comparing the wavefunc- 
tion in the limit k -+ 0, namely, 

y'(r) = 1 — ajr , k -> 0, 

with the general expression defining the scattering amplitude 

y'(r) = e‘"‘ +A6)~, 

we find, in the limit of k -+ 0, that the second expression reduces to the first, provided we 
make the identification 

/=-*. (1.272) 

Thus, the zero-energy scattering amplitude is merely the negative of the scattering length. We 
therefore rewrite (1.271) as 

f H = —2(1 a, + R). ( I273 ) 

The value, determined for this quantity in the coherent scattering experiment, is 

/„ = 3.9 fm. (1. 274a) 

The measurement of the low-energy total cross-section, described after (1. 260b), yields 

\a] + = '62 fm 2 . (I.274b) 

(1. 274a) and (1. 274b) can be compatible with each other only if a, differs greatly from a,. 
Furthermore, since a, is positive, a, has to be negative so that the positive sign of /„ is repro- 
duced. The final values of a, and a„ derived from (1. 274a) and (I.274b), have already been 
quoted in (1. 262a). 

It is possible to obtain the coherent scattering amplitude by reflecting a neutron beam on 
a liquid hydrocarbon-reflecting surface. Phenomena such as reflection and refraction are most 
aptly described in terms of a bulk property— the refractive index p — of the medium through 
which wave propagation takes place. In order to understand why the refractive index concept 
is associated with a coherence of the amplitude of the waves scattered by various points in the 
medium, we first point out a property of the total scattering cross-section a, which is called 
the optical theorem. According to this theorem (see Problem 5 at the end of this chapter), 

a = £lm/(0), d-275) 

where /(0) denotes the scattering amplitude in the forward direction. Thus, we notice that even 
though the scattering by the various points in the medium is incoherent, in the sum of the 
cross-section of scattering by the various points in the medium, the scattering amplitudes in 
the forwtyd direction add up in a coherent manner. Unfortunately, the optical theorem relates 
only the imaginary part of this coherent sum to the measured total cross-section. Our aim is 
therefore to obtain a relation similar to the optical theorem that will express a measurable 
quantity in terms of the real part of the scattering amplitude in the forward direction. We 
shall soon see that such a relationship exists for the feal part of the refractive index p. 

To calculate the refractive index p, we consider, in a semiclassical manner, the case of a 
plane wave incident along the z-axis from the left on a sheet of refractive material of thickness 
At and index of refraction p. Let the origin of the coordinates be at 0 (Fig. 1.18). Our aim is 
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to find an expression for the transmitted wave at the point P located to the right of the sheet. 
In the absence of refractive material, the wave at P is 


At 



Fig. 1.18 Scattering by a target of thickness At. (Beam 
incident from left and transmitted beam observed at P.) 


According to the definition of the refractive index /u, the presence of refractive material 
simply changes the path length At to pAt; hence, the wave at P in the presence of the material 
is obtained by replacing z in the expression of the plane wave by the path length pAt -f (z — At). 
Therefore, 

wave at P = (1.276) 

Here the refractive index p has been taken to be complex in general. The expression (1.276) 
states that the imaginary part of p gives rise to an absorption of the wave in the refractive 
material, and its real part is responsible for causing a change in the phase angle of the plane 
wave. The absorption can very simply be related to the total scattering cross-section a; in fact, 
the relationship to be derived is at the root of determining a from a transmission experiment. 
Let 7 0 be the number of neutrons incident on unit area of the target material and / the number 
transmitted through it in the forward direction. The loss of particles in the transmitted beam 
must be equal to the total number of neutrons scattered away from the forward beam. If a is 
the total cross-section and N the total number of scattering centres per unit volume of the 
target, then the number of neutrons scattered away is given by oI^NAt. Therefore, * 

/=/o- oI 0 Ndt = 4(1 - oNdt) 7Z (1.277) 

The measurement of the transmitted intensity I and the direct intensity / 0 (measured by 
removing the target from the beam path), 1 together with a knowledge of N and dt, thus deter- 
mines a. This is the principle of the transmission experiment just referred to. In our case, 
what is important is the comparison of (1.277) with (1.276). According to the expression 
(1.276), the transmitted intensity at P, which is proportional to the square of the modulus of 
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this expression, contains the absorptive factor exp [— 2&(Im p) At]. A comparison of this 
factor with the absorptive factor of (1.277) allows the identification 

2k(lm p) = oN or Im p * aN/(2k). (1.278) 

This expression has already given us a relationship between the imaginary part of the refractive 
index and the cross-section a. It will very soon be related to the optical theorem (1.275). 

Since our main aim is to obtain an expression of (Re p) with the help of the correspond- 
ing factor in (1.276), let us directly compute the wave at P by adding the incident wave e ikz 
with all the scattered spherical waves reaching P from the various points in the target. Let us 
consider the scattering centres contained within the radii x and ( x + dx) of the target material 
with O as the centre. Each of these centres produces a spherical wave f(6)e ikr lr at P t where r is 
the radial distance of P from these scattering centres and f(6) is the scattering amplitude. The 
total number of scattering centres contained within these radii is given by NAt2vx dx. Thus, 
integrating over the entire target, we obtain 

Too pikr 

wave at /» = + 2nNAt —x dx f(6) 

Jo r 

= e ,kz + InNAt^* f(9)e lkr dr 

plkx 

= e"“- 2nNAtf(Q)-£ 

e lki e l[(2TTS!k)f(0Ui ) (1.279) 

In arriving at the second step, we have noted that z has a fixed value, and hence the relation 
r 2 as z 2 -f x 2 leads to r dr = jc dx. According to this relation, the limits x = 0 and x = oo clearly 
change to r = z and r — oo. In the third step, we have carried out the integration with the 
usual convergence factor e~*\ where c is a positive infinitesimal quantity; this device makes the 
contribution to the integral from its upper limit equal to zero. In carrying out the integration, 
we have also used the fact that, for the very low-energy neutron scattering under consideration, 
the scattering is entirely in the 5-state, and hence the scattering amplitude is independent of 9 
and can be extracted from the integral. However, at the end of the integration, we have noted 
that the nonvanishing contribution to the integral is from the lower limit r = z, for which the 
angle 9 is equal to zero. Hence, in the final expression, the constant value of the 5-state scatter- 
ing amplitude has been specifically labelled with the angle 9 = 0. 

In a more general derivation, without assuming pure 5-state scattering, we have first to 
express f{9) as a function of r, say, F(r), by using the relation cos 6 = z/r or B = cos _I (z/r) (see 
Fig. 1.18). An integration by parts then yields the third step of (1.279) as the first term; in the 
other term, we find the integral of e lkr (dFjdr). Usually, the second term is ignored by assuming 
a slow variation of F with r. 

We next compare the expression (1.279) with (1.276) and obtain 


fc(Im p) 


2 nN t r/AX 
Im/(0), 


*l(Re /*) - 1] = Re AO). 


(1.280) 


The first of these relations, together with (1.278), leatls to 

a “Wi? Im/(0) = T Im/(0) ’ 
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i.e., the optical theorem (1.275). The second equation in (1.280) gives the desired relationship 
between the real part of the refractive index and the real part of the scattering amplitude. 
Replacing the latter by —a, where a is the scattering length, we finally obtain 

(Re ft) — 1 == — ~a. (1. 281a) 


We have so far assumed only one type of scattering nucleus in the target having scattering 
length a for neutron scattering and number density N per unit volume of the target material. 
If we have several types of nuclei for which these quantities are given by a a and N a , then the 
summation over the different types yields 

(Re p) ~ 1 = - -g Z (1. 281b) 


Thus, the real part of the refractive index is indeed related to the coherent sum of the scatter- 
ing amplitudes in the forward direction. 

For a measurement of (Re p), however, a total reflection type experiment is carried out. 
It is clear from (1.28 lb) that (Re p) is less than unity if the coherent sum 27 N a a a is positive. In 

a 

the way earlier indicated for Bragg reflection in crystals, each iV a / a (0) in (1. 281b) has to be 
replaced by A^ +) /£ +) (0) 4- N^J^X 0 ) with the help of (1.270). Thus, when the scattering nucleus 
a is a proton, we have two terms— one with a positive scattering amplitude /i~\0) (because the 
singlet scattering length a 9 is negative) and the other with a negative scattering amplitude ,/2 +) (0) 
(because the triplet scattering length a x is positive). Because |a,| is very much larger than a x , the 
expression A r i +) /i +) (0) 4- Aa~yd -) (0) for scattering by protons turns out to be positive. Accord- 
ing to (1. 281b), therefore, (Re p) is larger than 1 if the target material is pure liquid hydrogen. 
In that case, we know that there cannot be any total reflection of the neutron beam when it is 
incident from air on to the liquid surface. Fortunately, for most heavier nuclei, the scattering 
length is positive, and hence by taking liquids that contain such nuclei, in addition to hydrogen, 
we can easily make (Re p) < 1. Under such circumstances, the total reflection of the neutron 
beam will take place at an angle of incidence i c for which the corresponding angle of refraction 
e c into the liquid is 90°. Thus, (Re p) will be given by 


Re p 


sin ic 
sin d c 


= sin / c . 


Usually, a convenient liquid hydrocarbon is used as the target material, for which (Re p) turns 
out to be very close to unity. As a result, i c (which is measured from the normal to the reflect- 
ing surface) is nearly equal to *r/2. The slight departure from *r/2 is denoted by 8 C . Thus, 
i c — (w/2 — S c ), and 5 C is the so-called glancing angle, i.e., the angle made by the incident beam 
with the reflecting surface. In terms of the small angle $ c , we have 


(Re p) = sin i c = sin (? — 3 C ) = cos 8 C s 1 — ^5*. 

€ 

When we combine this expression with (1.28 1 b), the expression we derive for the coherent sum 
of the scattering amplitudes in terms of the measured glancing angle 8 C is 

~ F f ^aA(O) = ^ r n^. (i.28ic) 

The scattering amplitude of carbon is taken to be known from an independent measurement of 



TWO-NUCLION PROBLEM 127 


the neutron scattering cross-section on a carbon target. The concentration of C- and H- 
nuclei in the liquid hydrocarbon then enables the use of (1.28 lc) and the derivation of the 
amplitude / H for hydrogen, as defined in (1.273). 

The third type of experiment for the determination of / H consists of scattering neutrons 
on hydrogen molecules, which are of two types: (i) ortho-hydrogen, in which the protons of 
the two hydrogen atoms in the molecule have a total spin 5=1, and (ii) para-hydrogen, in 
which the two protons have a total spin 5 = 0. Since the hydrogen molecules are randomly 
oriented in a hydrogen target, the scattering of neutrons by different molecules is incoherent. 
On the other hand, the scattering amplitudes of the two protons in each molecule coherently 
add up with each other as follows. We denote the incident neutron by the subscript n and the 
two protons by the subscripts 1 and 2. The factor (p'Ip) for the binding effect in the scattering 
by each proton is clearly equal to | (it should be checked that fx — §M and /x = £Af, Af being 
the nucleon mass). The spin state of the incident neutron with any of the target protons can 
be either singlet or triplet. The projection operators for these states for the proton i (/ = 1, 2) 
are given by 

A,' = t(l - ^ = i(3 + )• 

It can be easily checked that A t produces zero acting on a triplet state, and unity acting on a 
singlet state; the operator A t does just the opposite. In this sense, they are the projection 
operators, as claimed. The scattering amplitude of the neutron scattering due to this proton is 
then expressed as 

+/A 

J being the binding factor. Summing over the two protons in the molecule, we then obtain the 
scattering amplitude / due to a molecule: 

/mo, = 5 r (/./I? 1 + f,Ap) 

l 

= -2 z (M?* + M«°) 

I 

= 3a t ) 4* (a t — 0»)°n*i( c i + °2)1 

= -|[(0i + 3n t ) + (a t - <*.)<VS]. (1.282) 

Here S is the total spin operator for the two protons in the hydrogen molecule, and the values 
of the quantum number 5 for ortho- and para-hydrogen have already been quoted. The expres- 
sion (1.282) is the operator that stands for the scattering amplitude. To find its value for the 
two kinds of hydrogen molecules, we introduce the spin operator 

tS =* s n + S = £<* n + S, 

which represents the total spin of the incident neutron and the two protons in the target mole- 
cule. Squaring this vector equation, we easily obtain 

S 2 * si -f S 2 + <VS. 

Thus, the expectation value of o n *S, occurring in (1.282), will be 

<o n .S> - <(£ 2 - s 2 - 5 2 )> = S(S + 1) - ! - S(S + 1). (1.283) 

I ? erc S and 5 are the quantum numbers corresponding to the spins S and S, respectively. 
According to the angular momentum coupling rules, S has only one value, namely, <S *= i, in 
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the case of para-hydrogen for which 5 = 0. Therefore, for the scattering by the para-hydrogen 
molecule, (1.283) is zero, and (1.282) yields the value 

/£?= -f(fl. + 3a t ). (1. 284a) 

However, in the case of ortho-hydrogen (5 = 1), the coupling rule gives two possible values of 
the quantum number St namely, S = J and S = }. In the two cases, we have 


<0*S> ort ho 


-2 for <5 = i 
1 for vS = i 


Using these values in (1.282), we obtain 

/r. ho 0S = |) = - |(a, + 3a,), ( 1 . 284b) 

f%T(S = J) = -W (1.284c) 


In the scattering experiment, the quantum number S t however, is not measured. Hence, we 
have to first form the cross-section with these scattering amplitudes and then average over this 
quantum number. The averaging factor (2S 4- l)/[2(25 + 1)] is equal to J and § for respec- 
tively = i and S — h In this manner, 

tfonho = 4^[J(a t 4- 3n,) 2 + S16n t 2 ] 

= 4*r£[fa + 3a,) 2 + 2(a, - a,) 2 ]. (I.285a) 

In the same way, (I.284a) yields 

32 ff 

°pan 8=2 47rj(n s 4" 3fl f ) 2 = ^“(^t ^i)^- (I.285b) 


Thus, a ortho is larger than < 7 par », provided a t and a % are different. This fact was proved in early 
experiments which established Wigner’s hypothesis, namely, that the nucleon-nucleon potential 
is spin-dependent, thereby making the singlet and triplet scattering lengths different. The 
experimental values of a ^ and <r orth o are nearly 4 barns and 125 barns, respectively. It is clear 
from (1.285) that these values enable us to determine a t and a % with the additional information 
that a t is positive. 


C. TWO-NUCLEON SCATTERING IN MEDIUM-ENERGY RANGE 
Scattering data m the range 10 MeV to about 500 MeV is treated in the medium-range category. 
Above this upper limit, meson production starts taking place and the scattering ceases to be 
purely elastic. High-energy scattering (sBeV) is not dealt with here. 

The reader should first realize that data do not exist as a continuous function of energy 
in our specified energy range. The various energy regions where extensive data are available 
are determined by the working capacity of the accelerators around the world. Thus, one of the 
earliest and most popular energies for p-p scattering has been in the range 310-350 MeV. 
Experiments have also been carried out in regions around 10-25 MeV, 30 MeV, 40 MeV, 
50 MeV, 70 MeV, 95 MeV, 130-190 MeV, 170-260 MeV, and 400-460 MeV. 

, The second point to note is that the 1 p-p data are more abundant and more accurate than 
the n-p data; .this is because of purely experimental reasons connected with the difficulty in 
obtaining mono-energetic neutron beams. The n-p experiments can also be performed with 
proton beams, but then the target neutron must belong to a nucleus such as the deuteron; in 
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this case, the extraction of the scattering due to the neutron alone from the composite scatter- 
ing of the neutron and proton in the deuteron target would have to rely on theoretical models. 
Such experiments and analyses of n-p scattering have also been conducted. 

The earliest measurements were on the total and differential cross-sections only. The first 
polarization measurements were those for 310 MeV p-p scattering. A large number of data 
has been summarized by Wilson 15 and Hess 16 . 

Several representative curves with data at various energies are shown in Fig. 1.19 (n-p) 
and Fig. 1.20 (p-p). Some characteristic features deserve special mention. 

n-p Scattering 

(i) In the range 10-200 MeV, the total cross-section falls rapidly, according to the inverse 
power of energy, from the zero-energy value of 20.36 barns. In the range 200-400 MeV, it 
remains nearly constant and then rises due to the extra inelastic (meson production) cross- 
section. 

(ii) The differential cross-section curve is almost symmetric about the 90° centre-of-mass 
angle. The slight departure from symmetry is evident in two ways: (a) the backward (180°) 
scattering is somewhat larger than the forward (0°) scattering and gets enhanced with the 
increase in energy; and (b) the position of the minimum of the differential cross-section shifts to 
angles larger than 90° with increasing energy. 

p-p Scattering 

(i) The total scattering cross-section initially falls with energy (72 mb at 40 MeV and 23 mb at 
140 MeV), then remains nearly constant till about 350 MeV, beyond which there is an increase 
due to inelastic processes. 

(ii) In the differential cross-section curve, Coulomb scattering is predominant at small 
angles followed by the Coulomb nuclear interference region, beyond which the nearly pure 
nuclear scattering is more or less isotropic up to 90° (the curve is symmetric about this angle 
due to the identity of the two particles). With increasing energy, the extent of the Coulomb 
and Coulomb nuclear interference region shrinks towards smaller angles, and the isotropy of 
nearly pure nuclear scattering correspondingly gets extended up to 20°; the interference region 
extends from 20° to 50°, whereas the isotropic nuclear scattering holds in the range 50°-90°. At 
345 MeV, on the other hand, the isotropy extends down to 15°. 

(iii) In the range 300-450 MeV, the p-p differential cross-section at 90° is nearly four 
times that for n-p scattering at the same energy. 

12 . DIFFERENT FORMS OF TWO-NUCLEON POTENTIAL 
The near symmetry about 90° of the n-p differential cross-section curve shows the existence of 
an exchange-dependence which is approximately of the Serber type, i.c., a potential that 
exists for the even states only. The magnitude of the differential cross-section at 180 ° being 
somewhat higher than that at 0° indicates that the strength of the Majorana exchange is 
slightly larger than that of the non-exchange component. In other words, there is a small odd- 
state potential whose strength has a sign opposite to that of the even-state potential. 

The shift of the minimum of the n-p differential cross-section curve from 90° to higher 
angles is indirect evidence of the presence of a noncentral potential. To appreciate this, let us 
consider the scattering at an energy where only the £-, P-, and Z)-state scattering are impor- 
tant. The scattering in the even states £ and D is predominant, and it is a sum of terms 
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Fig. 1 .20 Scattering data for p-p scattering. [Following Hamada, T., and 
Johnston, I. D., Nucl. Phys., 34, 382 (1962).] 


containing yj and y£(0), where 6 is the scat,erin 8 an « le - Such 8 function of 6 is ob v > ous| y 
symmetric about 90° with its minimum located at that angle. , 

Now let us consider the small P-state scattering which has to be added to the scattering 
in even states. This brings in a term proportional to — yj(0), i.e., —cos 0, the minus sign 
being a consequence of the opposite sign of the odd-state potential. The small P-state scatter- 
ing therefore reduces the amplitude slightly at 0 = 0, increases it by an equal amount at 
0 1 w and leaves the amplitude at 0 = */2 unaltered. Thus, the minimum of the differential 
crow-section curve remains at 0 = w/2. This conclusion would not have been true had there 
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been noncentral forces leading to the presence of spherical harmonics Y l m {9 , <f>) with m^O in 
the scattering amplitude. 

Another very important characteristic of the two-nucleon potential is established by the 
near isotropy of the nuclear part of the p-p differential scattering. Since the 5-state scattering 
is independent of angle, it may be concluded at first sight that, for some mysterious reason, 
p-p scattering takes place only in the 5-state even when the energy rises to a few hundred 
MeV. This conclusion, however, is immediately ruled out by examining the magnitude of 
the p-p cross-section. 5-state p-p scattering is in the spin-singlet state; the spin averaging 
gives a factor of J in the expression for the cross-section, whereas the symmetrization of the 
angle-independent 5-state amplitude with respect to the angles 9 and ( n — 0) gives a factor of 
2 in the scattering amplitude and a factor of 4 in the cross-section. The spin-averaging factor 
and the symmetrization factor thus cancel out, leading to the expression of the 5-state total 
scattering cross-section 

a = ^ sin 2 So. (1.286) 

where 8 0 is the 5-state phase shift. Thus, the maximum value of the 5-state p-p cross-section 
is 4 w/& 2 . The observed value in the medium energy range is twice this maximum estimate, 
proving that, though higher angular momentum states contribute to p-p scattering, the 
differential scattering remains isotropic. 

To delve deeper into the mystery, let us consider scattering at an energy where angular 
momentum states up to D make important contribution. In the p-p system, the even states 5 
and D are spin-singlet, and hence only the central force contributes to the scattering in these 
states. Once again, cancelling the spin averaging and symmetrization factors, we have the 
combined 5, D differential scattering cross-section given by 

o(9) = ~|i; (2/ -f 1) sin 8{ P ,{ cos 0)| 2 

= ^|[sin So + f(3 cos 2 0 - 1) sin S 2 ]| 2 

= p[sin 2 S c + 5(cos 2 0-1) sin S 0 sin S 2 + ^(3 cos 2 0 - l) 2 sin 2 S 2 ], (1.287) 

The angle-dependent factor (3 cos 2 9 — 1) has its maximum value -f 2 for 0 — 0 and 0 = n, 
and its minimum v^lue — 1 for 0 = 7r/2. If both the 5- and Z)-state potential are attractive, 
then both 8 0 and 8 2 are positive, and hence the interference term makes a positive contribution 
at 0 = 0 and 0 = w, and a negative contribution at 0 =* 7r/2. The other angle-dependent term 
in (1.287), which represents the contribution of the Z)-state, is positive at all angles and for 

any sign of S 2 . Then, at 6 = tt/2, a{d) is predicted to have its minimum. On the other hand, if 
So and 8 2 have opposite signs, then, in the interference term, sin So sin 8 2 is negative, and 
hence the contribution of this Jerm now becomes negative at 9 = 0 and 0 — rr, and positive at 
0 ® w/2. The increase of the cross-section, due to the interference term at 7 r/2, and the decrease 
at $ rm 0 and at 0 = it then have the effect of nullifying the angle-dependence of the last term 
and establishing a near isotropic distribution. The clue to the isotropy therefore lies in the 
opposite sign of So and 8 2 . Jastrow 17 suggested an ingenious way of achieving this end, namely, 
by considering a potential that has a repulsive core region of very small extent followed by an 
attractive tail. If the repulsive core has a sufficiently small radius, then, at the energies of a 
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few hundred MeV, only the 5-stat* gets affected by it; as a result, the S-state acquires a 
negative phase shift because the repulsive core dominates the attractive tail. On the other 
hand, each higher angular momentum state corresponds, semiclassicaily speaking, to a certain 
impact parameter between the two nucleons; as long as this parameter is larger than the core 
radius, the phase shift gets determined by the attractive outer potential, and has a positive 
sign. 

The idea of the hard core was first suggested by Jastrow. More or less simultaneously, 
Case and Pais 18 proposed the spin-orbit potential as a remedy to the problem of near isotropy 
of the p-p scattering. A simple Born approximation estimate shows that the scattering due to 
the spin-orbit potential vanishes at 6 = 0 and 6 = n. The equality of the scattering at 6 = 0 and 
0 = 7T follows, of course, from the symmetry of the p-p scattering about 6 = w/2. The Bom 
approximation expression further shows that the cross-section is nonvanishing at 6 — tt/2 and 
builds up as we proceed from 6 = 0 towards 6 = 7t/ 2. The scattering due to the central 
potential of an approximately Serber type is peaked at 6 = 0 and 6 = v with a minimum near 
6 = tt/2. Thus, the scattering due to the spin-orbit potential, which helps to build up the cross- 
section at 7t/2, has the effect of leading to near isotropic scattering. However, after the initial 
suggestion by Case and Pais, several authors worked out exact scattering calculations and came 
to the conclusion that the spin-orbit potential cannot produce the observed isotropy in the 
entire energy range up to several hundred MeV. On the other hand, the hard core of the 
potential, as suggested by Jastrow, is more effective in this respect. 

As soon as the earliest polarization data started coming in, it became established that the 
spin-orbit potential plays a crucial role in explaining the data and is an indispensable part of 
the two-nucleon interaction. As a result of all these qualitative and semiquantitative facts, 
different brands of the two-nucleon potential developed over the years. All these arc characteriz- 
ed by central, tensor, and spin-orbit components and rely on the hard core in the radial shape 
for the near isotropy of the p-p scattering. As for the detailed radial form of the well-behaved 
potential outside the hard core, most workers have used shapes predicted with the help of the 
meson theory. Some details of a few of these phenomenological potentials are now given. 

Phenomenological Potentials with Hard Core 

Several brands of two-nucleon potential were suggested by Gammel and Thaler 19 , and by 
Brueckner, Gammel, and Thaler. About the same time, Signell and Marshak 20 produced a 
phenomenological potential by adopting, as a starting point, the Gartenhaus potential derived 
on the basis of the meson theory, and then adding to it the hard core and the spin-orbit 
potentials. 

The two most popular and successful brands of the two-nucleon potential having a hard 
core are due to Hamada and Johnston 5 and to Breit et al 6 . These potentials reproduce all the 

two-body scattering data (including the polarization parameters) as a function of energy over 
the energy range of several hundred MeV. The Yale potential of Breit and his collaborators 
was specially designed to reproduce the phase shifts, in various two^nucleon states, as smooth 
functions of energy. As a first step, the phase parameters (the phase shifts, and the mixing 
parameter in the case of coupled states) were determined as a function of the energy by direct 
fit to all the scattering and polarization data (in the manner described in Section 10). The 
setting-up of the potential with its parameters adjusted to reproduce the phase parameters may 
be regarded as the second step in this type of work. The first step, namely, the determination 
of the phase parameter as a function of energy, is rather sophisticated and has been practised very 
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efficiently by several groups of workers, including the Livermore and Yale teams. The actual 
procedure, now almost standardized, entails expressing the scattering amplitude as the sum over 
partial waves up to a certain maximum orbital angular momentum / mix . The usual value chosen 
for / m , x is 5. The contribution of all the higher partial waves is then taken to be represented 
by the one-pion exchange contribution (OPEC) to the scattering amplitude. This idea, initially 
suggested by Moravcsik 21 , helped to reduce the ambiguity in the determination of the phase 
shifts. As already mentioned, the 310 MeV p-p data received the earliest attention. Before 
Moravcsik’s suggestion, the entire scattering was represented by a partial wave sum, with / 
going to a fairly large value. As a result, the number of phase parameters was too many to be 
unambiguously determined. In the earliest analyses of this type (see Stapp 22 ), five alternative 
sets of phase parameters produced approximately similar statistical fit to the 310 MeV p-p 
data. When the data were reanalyzed by using the OPEC plus a fewer number of phase para- 
meters, the latter became determined uniquely. In view of this success, the Yale group, while 
setting up the phenomenological potential, took the one-pion exchange potential (OPEP) as a 
given component of the potential and then determined the rest of the potential by fitting the 
energy-dependent phase parameters up to / miu . More details on this potential are given later in 
this section. 

The Hamada-Johnston (HJ) two-nucleon potential is written as 

V = V c + VtU -i- V ls t » S ~f* V n l 12 , (1. 288a) 

where 3* is the tensor operator occurring in (1.12), and the quadratic spin-orbit coupling / l2 is 
defined by (1.22). The radial shape functions V ct K t , V ISj and V n are given by 

K c = 0.08(j f x)(T 1 .T 2 )(a,.a 2 )K(.x)[l + a c Y(x) + b c Y\x)], 

V ; = 0.08($fO(T,.T 2 )Z(x)[l + «,r(*) + b,Y\x)] t 

(1. 288b) 

V ls = nG ls Y\x)[ 1 +b ls Y(x)] > 

Vn = nG„x- 2 Z(x)[ 1 + a n Y(x) + b lt Y\x)]. 

Here /x is the pion mass (=139.4) in MeV and x is the internucleon distance measured in units 
of the pion Compton wavelength ( = 1.415 fm); the nucleon mass M is taken to be 6.73^*; and 

the functions K(x) and Z(x) are defined by 

Y( x) = y, Z(x) = (1 + l + | 2 ) Y(x). (1.288c) 

The values of the parameters a c , b cy a t , b i% . . . , as determined from the detailed fit to the 
scattering data, are given in Table 1.1. These radial shapes of the potential are used outside the 

hard core of radius x c = 0.343. 

The HJ potential, as originally proposed (see Table 1.1), would lead to bound triplet 

(/ = J)-odd states which are known to be non-existent. Therefore, the triplet (/ = /)-odd 
state potential has subsequently been modified as follows. It has been defined as —0.26744fi 
in the region x c < x < 0.487 and by (1.288) for jc > 0.487. 

The Yale potential of Brcit et al 6 % is very similar to the HJ potential. Here the OPEP 
(to "be labelled K OPEP ) is explicitly used and the quadratic spin-orbit coupling is written in a 

somewhat different form. The entire two-nucleon potential is expressed as 

V = Fopep + F c + F,3 + F ls {.S + F q [0 12 - (bS) 2 ], 


(1. 289a) 
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Table 1.1 Parameters of Hamada-Johnston 3 potential defined by (1.288) 


Spin-Parity State 

ci c 

b c 



Singlet-even 

8.7 

10.6 



Triplet-odd 

-9.07 

10.6 

-1.29 

0.55 

Triplet-even 

6.0 

-1.0 

-0.5 

0.2 

Singlet-odd 

-8.0 

12.0 




Parameters 


G/s 

bis 

G tt 

an 

bn 



-0.000891 

0.2 

-0.2 

0.1961 

-7.12 

-0.000891 

-7.26 

6.92 

0.0743 

-0.1 

0.00267 

1.8 

-0.4 



-0.00267 

2.0 

6.0 


where the operator multiplying V q is the negative of (1.23). The OPEP is given by 

^OPEP = (flWS)' T|,T2 T [0, ’° : + (l + l + (1.289b) 

where x , and M are the quantities defined in the context of the HJ potential, and the coupl- 
ing constant g 2 is given by g 2 / 14 = 0.94 in the singlet-even states and unity elsewhere. In 
computing the meson Compton wavelength, the neutral pion mass was used for singlet-even 
and triplet-odd states [i.e. , (T — Instates], whereas for singlet-odd and triplet-even states [i.e., 
(T = 0)-states] a weighted mean of charged and neutral pion masses was used in the proportion 
2-to-l. The hard-core radius was taken to be x c = 0.35. All the depths F c , V t , . . . were in the 
form 


V = Z a n e~ lK lx n . (1.289c) 

n- I 

The values of the parameters a n in the various spin-parity states and for the different tjpes of 
K(i.e., V c , V tf . . .) are listed in Table 1.2. 

Phenomenological Potentials without Hard Core 

Soft-core potential Both the HJ potential and the Yale potential have been very extensively 
used in recent years in nuclear many-body calculations and structural work (see Chapter II). 
Though these potentials have been highly successful in achieving a good fit to the two-nucleon 
data, they are deficient in producing good results in the many-body calculations. It is felt that, 
in the latter calculations, a two-nucleon potential with a softer repulsive core (instead of the 
infinitely repulsive core) would be more efficient. With this aim in view, a soft-core potential 

was recently introduced by Reid 23 by fitting the two-nucleon phase parameters up to an energy 

of about 350 MeV. Bressel et al M earlier derived a soft-core potential from similar analyses. 
Reid’s soft-core potential was a sequel to a hard-core potential determined by him earlier 
from the two-nucleon data. The main characteristic that distinguishes the Reid potential from 
the HJ and the Yale potential is that Reid determined the potential in each two-nucleon state 
independent of the other states. It may appear that this approach would produce one potential 
for each of the infinite number of two-nucleon states, and hence the data-fitting in this manner 

v.duld become patently meaningless. In practice, however, this is not so. Since the highest 
energy (»350 MeV) considered in the analysis is rather low, Reid confined himself to a few 



Tabic 1.2 Parameters a n (in MeV) for Yale potential (see Breit et al 6 ) in (1. 289c) 
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two-nucleon states, namely, those with J < 2. The HJ and the Yale potentials with their extra 
quadratic spin-orbit term have, in fact, as much freedom as Reid’s potential had when con- 
fined to the specific states. The potentials in the low angular momentum states, considered by 
Reid, are more or less adequate in determining the low-energy behaviour of nuclei, i.e., the 
binding energy of nuclei considered as a many-body system (see Chapter II) and other struc- 
tural aspects dealt with in Chapters III-VI. 

In the singlet and the uncoupled triplet states (which have / = 7), Reid used a central 
potential, and for the coupled triplet states he used a potential having centra], tensor, and 
spin-orbit (/• S, and not quadratic) components. In the p-p system, confining ourselves to (7 ^ 2)- 
states, we have only two singlet-even states, ’So and ’D 2 . Reid chose different central poten- 
tials in these two states. In fact, the quadratic spin-orbit coupling term in the HJ and the Yale 
potentials does precisely this job. In these cases, the tensor and /• S do not contribute in the 
singlet states, but the quadratic spin-orbit coupling terms (in addition to the central force) do. 
From (1.22) and (1.23), it is easy to verify that the potential in the singlet states in the HJ and 
Yale cases is respectively given by 

F(HJ) = K c - 21(1 -f \)V n (1. 290a) 

and 

F(Yale) = V c - /(/ + l)K q . (I.290b) 

The second term in each expression vanishes in the 5-state, and makes a repulsive contribution 
(taking K c , V lh V q to be attractive) in the D-state. Thus, the quadratic spin-orbit coupling has 
the effect of making the ’S 0 - and ’Di-potential different, which is Reid’s assumption. Securing 
the difference in the potential of the two states was, in fact, the main motivation of Hamada 
and Johnston and Breit and his colleagues when they introduced the quadratic spin-orbit 
coupling. The ’So-phase shift at the various energies determines the central potential F c , lead- 
ing to 'Di-phase shifts which are found to be overattractive in comparison with what is given 
by the direct phase shift analysis. The second terms in (1.290) provide the repulsive contribu- 
tion necessary to bring down the ’D 2 - phase shifts to their observed values. 

It can be verified from (1.22) and (1.23) that, in the triplet coupled states, the quadratic 
spin-orbit term of the Breit potential vanishes, whereas that in the HJ potential becomes pro- 
portional to /• S. Therefore, both these potentials agree with the form used by Reid for the 
triplet coupled states. 

Having enumerated the main features of the Reid potential, we now list those of his soft- 
core potential. Any reader who would like to have information on the hard-core potential 
should refer to Reid 23 . 

In Reid’s soft-core potential, h = 10.463 MeV; x has the definition stated after (1. 288b) 
with the inverse of the meson Compton wavelength taken as 0.7 fm” 1 ; and all the numbers 

representing the depth of the various components are in MeV. 

(T «=» l)-states 

K( ! S 0 ) a -/?(<r* - 1650.6e“ 4 * + 6484.2e“ 7jr )x- 1 , 

V('D 2 ) = —h(e~ x - 12.322e” 2 * - 11 \2.6e' m * x )X m \ 

VfPo) - -/»[(! +- x + Jv* “ (^ + 

+ (27.l33e -2jt - 790.74c -4 * + 20662e -7 *)jr l , 
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F( 3 />,) = A[(1 + - + - 2 )e~ x - (| + + (-135.25*?- 2 * + 472.81e- 3j, )x 

x x xx 

VCPi - 3 f 2 ) =v c +v,g+ V,sl-S 

with 

V e = (J he~ x - 933.48e _4Jt + 4152.1<r 6j ‘).v-', 

V t = A[d + - + - (^ + -^)e' 4, ]-v-‘ - 34.925 e~ ix lx, (1.291a) 

J x x xx 

V ls = — 2074.1e -<JI /x. 

( T «= 0)- states 

KC^,) = (3he~ x — 634.39c -2 * + 2163.4<r 3j, );x -1 , 

K( 3 D 2 ) = -3A[(1 +1 + p)e~ x - (® + p)e- 4x lx~‘ - 220.12c -2 */* + 871 c -3 */x, 

K( 3 Sj — 3 Di) = K + K 1*^12 + P ) ! S^ # S 

with 

y c = (__/,<?-* + 105.468^-^ - 3187.8e~ 4jc + 9924. S*- 6 *)*’ 1 , 

K = _ A((1 + 3 + I)* - * - (- + - 2 )e -4 *]* - ‘ + 351.77*-*/* - 1673.5*-*/*, (1 291b) 

X A XX 

V IS = 708.91 e-*/* - 2713.1*-*/*. 

Velocity-dependent potential and nonlocal potential Two types of potential other than the 
soft-core potential have been used to obviate the difficulties of dealing with the hard core. Of 
these, one is characterized by an explicit quadratic momentum dependence 

^W(r) + W{r)£ C' 292 ) 

where p is the momentum operator, and W(r) denotes the radial dependence. This form was 
originally proposed bv Peierls, and investigated in detail by Razavy et al 25 and Green 26 . 

The second type of potential is characterized by its nonlocality. A nonlocal potential is 
represented in the coordinate space by a function such as F(r, r'), which is nonvanishing even 

when r # r\ The local potential, so far dealt with, is a special case of the nonlocal potential 
and is represented by K(r, r')A(r, r'). A separable nonlocal potential, which has the special form 
K(r, r') =/(r)/(r'), (1.293) 

has been widely used. Tabakin 27 studied such a potential in detail by taking a sum of two 
separable terms [as in (1.293)] in each two-nucleon state. Further extension of the separable 

form has been considered, especially in dealing with the three-body problem. For good reviews 
of the separable potential and its applications, see Mitra 24 and Levinger 29 . 

13. ONE-BOSON EXCHANGE POTENTIAL (OBEP) 

We have stated in Section 12 that the one-pion exchange contribution (OPEC) to the scattering 

amplitude has been explicitly included in the two- body data analysis, and the data then give usin- 
formation on the phase parameters of states up to a certain maximum orbital angular momentum 

/ Correspondingly, in the analysis in terms of a two-body potential, many authors (e.g., 
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Breit ct al 6 ) included the one-pion exchange potential (OPEP) explicitly and then set up the 
rest of the potential phenomenologically. Qualitatively speaking, the motivation behind such 
approaches is as follows. The potential acting between a pair of particles due to the exchange 
of a meson has a range of the order of the meson Compton wavelength, which is inversely 
proportional to the meson mass. Since the 7r-meson is the lightest boson that can be exchanged 
between a pair of nucleons, the OPEP determines the long-range part (beyond the pion- 
Compton wavelength) of the two-nucleon potential. If we want information on the two-nucleon 
potential at medium and short ranges, we are then faced with the computation of the potential 
arising from the exchange of heavier bosons and two, three, . . . pions. Since this computation 
is comparatively more difficult, Breit and his coworkers were satisfied with determining it 
phenomenologically. 

A breakthrough has been achieved in recent years with the realization that multi-meson 
systems most often have strongly correlated resonance states behaving as a single boson. It is 
therefore speculated that some of these multi-meson resonances, when exchanged between two 
nucleons, may dominate the medium- and short-range behaviour of the two-nucleon potential. 
The potential computed in this way is called the one-boson exchange potential (OBEP). 

Besides the exchange of one 7T-meson, other exchanges have been explicitly considered in 
the OBEP: (i) the p-meson (two-pion system with quantum numbers J = 1, parity P = —1, 
isospin 1) having a mass ^ 750 MeV (pion mass 135 MeV); (ii) the co-meson (/ = 1, 
P = —1, T = 0, mass ^ 780 MeV) which is a three-pion resonance; (iii) the ^-meson which 
has tjie same quantum numbers as that of a mass ^ 1020 MeV, and is a resonance of the 
KK system; (iv) the so-called a-meson (J = 0, P = -f 1, T — 0) which is postulated to occur 
in the two-pion system; and (v) the 7?-meson which has all the quantum numbers of the n- 
meson, except for isospiu T — 0 (7r-meson has T — 1). 

The exchange of the o»- and f-meson gives rise to a repulsive potential in all states, which 
becomes very strong at about 0.2 fm, the Compton wavelength of <f>. This effect is therefore 
comparable with the strongly repulsive core of the phenomenological two-nucleon potential. 
The exchange of i?-meson creates a very weak potential, and may be neglected. 

The a-meson is currently in an experimentally unconfirmed state. In the OBEP theory, 
its mass and coupling strength go as parameters, which are then determined by detailed fit to 
the two-nucleon data. The introduction of the a-meson is regarded as a convenient parametri- 
zation of the effect of the two-pion system in the 5-state (7 = 0). The two-pion wavefunction 
has to be symmetric under the exchange of spatial and isospin coordinates (they have no spin); 
since the 5-state is symmetric, the isospin state too has to be symmetric, and the only sym- 
metric state that can be obtained by coupling two unit isospin states is the state with T= 0. 
Thus, the quantum numbers are quite unique. Some authors have included a heavier meson 
(called the 5 -meson) with the same quantum numbers as those of the a-meson. 

The main difference amongst workers on the meson-theoretic two-nucleon potential lies 
in their manner of treatment of the two-pion system. The approach, just described, in which 

the effect of the two-pion system is parametrized through one oj two isoscalar (T =* 0) scalar 
(J = 0) mesons is one such treatment. In another development of the theory, the effect of the 
S-state of the two-pion system is parametrized through the scattering length and effective 

range. In yet another attempt, the effect of the two-pion continuum is considered in more 
detail, and the resultant potential taken into account explicitly. The potential generated in any 

of these ways is attractive and counteracts the repulsive effect of the w and ^-exchange at 
medium range. 
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Various authors also differ in the details of their method of computing the potential. 
Broadly speaking, conventional field-theoretical techniques and the dispersion theoretic method 
are the two principal methods of solving the problem. They are not detailed here. 

The properties of each boson that enter the expression of the corresponding potential are 
the coupling constant of the boson field to the nucleon field (this parameter determines the 
strength of the potential), and the mass of the boson (the inverse of which, as mentioned 
earlier, determines the range of the potential). With the exception of the s^alar-isoscalar 
meson, the masses of the other bosons, considered in the OBEP, are known from experimental 
data. Most of the resonance states have a finite width, and in that sense the mass is not very 
unique. A slight latitude of variation can therefore be tolerated in the mass parameters. In the 
detailed analysis by Scotti and Wong 30 , the p-meson mass was thus taken to be an additional 
adjustable parameter. With the exception of the rr-meson, the value of the coupling constant 
of these bosons is not known too accurately from experimental data. Moreover, in the case of 
the vector bosons (i.e., J = 1), each boson is characterized by two coupling constants corres- 
ponding to the vector- and tensor-type coupling. Thus, we need, in principle, two coupling 
constants for each p,w, and </>. In practice, there is evidence that the tensor coupling in the 
cases to and <f> is comparatively weak, and hence these three bosons give rise, in a practical 
data analysis, to four (instead of six) adjustable strength parameters. The rj - meson gives rise 
to one more, and the a-meson to two, namely, the coupling strength and the mass. Considering 
the p-meson mass, we have so far counted eight adjustable parameters. Three more cut-off 
parameters enter through an exponential convergence factor needed in each vector meson 
potential. One more parameter was introduced to give the correct k 21 - type behaviour for small 
k to the partial wave amplitude of angular momentum /. Thus, the scattering analysis based 
on the OBEP has twelve parameters, much smaller in number than those contained in the 
phenomenological potentials. Vet the fit to the two-body data is statistically as good (perhaps 
slightly better) as that achieved with the phenomenological potentials. 

The number of parameters in the OBEP can be considerably reduced by taking advantage 
of the interrelationship amongst the various coupling strengths postulated by the SU3- and SU 6 - 
Symmetry requirements. Ball et al 31 thus reduced the total number of parameters to four: the 

mass and coupling strength of o\ a single coupling strength that relates the strengths for 

p, o», and <f>; a single parameter that describes the cut off needed for convergence; and the 
correct k 21 - type threshold behaviour. The fit achieved in this way is, once again, highly 
satisfactory. 

The expressions for the, potential due to the exchange of the different mesons are now 
quoted from the work of Bryan and Scott 32 . We first deal with the isoscalar ( T = 0) mesons, 
of which we have four at our disposal: a scalar (/ = 0, P = -f i) meson a; a pseudo- 

scalar (J = 0, ?= -1) meson % and two vector (/= I, P- -1) mesons, u> and <f>. The 

expression of the interaction Lagrangian £ mu which describes the coupling of the boson field 
(<f>) to (he nucleon field becomes relevant in defining the coupling constant (g). Therefore, 
in each case, the expression of the Lagrangian is followed by that of the OBEP. The potential 
in every case is in units of the rest mass (m) energy of the corresponding boson, and the radial 

distance x is in units of the Compton wavelength of the same particle. M is the nucleon mass. 
The functions /(*), J(x ), and g(x) are defined by 

/(*) - e~ x xr\ J(x) = g(x) = 1 + 3x"‘ + 3r J . 
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(i) T «b 0, / =» 0, P = -f 1 (isoscalar, scalar meson), 

-Tint == (4 tt) ,/2 £i^, 

y=g 2 0 - + i^(x)/.S], (1.294a) 

(ii) r = 0, y = 0, P = —1 (isoscalar, pseudoscalar meson), 

Xnt = (47r) ,/2 ^0y 5 0^ (y 5 is the usual Dirac matrix), 

2 

F = ^(^)V(x)[o 1 .o 2 + g(x)2”] ( £T is the usual tensor force operator). 

(I.294b) 

(iii) r=0, 7=1,P=-1 (isoscalar, vector meson), 

-fin. = + {//(2m)} 

x ^ ^ v }] (y^, cr* v are the usual Dirac matrices— see, 

dXyt for example, Schweber et al 33 — , g is the 

vector coupling constant, and / the tensor 
coupling constant), 


F = S 2 [{1 


+ {l + 


\(mjM)f 2 j m\, v 

1 + \(mjM) 2 g ] U + * ) 

1 4- y (m/ A /)/>2 » W,J p_ _ rfvVTl/ixl 


. n , 4 




(1. 294c) 


The expressions for the case of the ( T = l)-r:esons are obtained from the foregoing ones 
by consistently replacing <f> * n the Lagrangian by T-<p, where t is the isospin operator for the 
nucleon, and <p a vector in the isospin space. The expressions for the OBEP are derived from 

(1.294) by multiplying each expression by t^Tj, where the subscripts refer to the two nucleons. 
The three new expressions then describe respectively the OBEP due to the exchange of an 

isovector scalar meson, isovector pseudoscalar meson (?r), and isovector vector meson (p). It 
should be noted that the pion-exchange potential obtained in this way agrees with the expres- 

sion (I.289b) for the OPEP. Bryan and Scott used an isovector scalar meson in addition to the 
usual o-meson (isoscalar scalar); they treated the coupling constant and mass of this meson as 
parameters and determined for them the values g 2 = 6.5, m = 770 MeV, whereas the corres- 
ponding values for the a-meson were g 2 = 9.4, m = 560 MeV. 

The OBEP just quoted has an (r' 3 )-behaviour at the origin, and hence it is cut off to zero 

inside a small sphere about the origin. The cut-off radius chosen by Bryan and Scott was 
( 6 fm. 

A review article on the OBEP by the late Erkelenz 34 and another by Brown 35 are recom- 
mended to the reader. More recently, Green and Haapakoski 36 more competently computed 

the ‘5 0 -potential by considering the effect of the V*-resonance, known as d 3 , 3 (1230 MeV) 

[subscripts 3, 3 stand for 2 J and 2 T, respectively], which plays a dominant role in n-N 

scattering. The OBEP due to the o-exchange mainly contributes to the ^-potential and, as 

already mentioned, this part of the OBEP is unreliable due to the unsatisfactory experimental 
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situation of the a-resonance. The recent work considering the J 3t 3 is yet another approach to 
the simulation of the two-pion effects. 
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PROBLEMS 

1. (a) Consider the tensor operator defined by (1.12) and evaluate the expectation value of 
S 2 in a two-body triplet state of projection unity [i.e., X} of (1. 4c)]. 

(b) Give arguments to show that the 3 ZVstate wavefunction can be obtained by apply- 
ing £T on the 3 5 r state wavefunction 

Y(*D { ) = NSTVCSJ. 

Assume *F( 3 S|) to be normalized to unity and evaluate the normalization constant N such that 
*F( 3 /),) is also similarly n 'rmalized. 

(c) Evaluate the matrix elements of ^connecting with ^P( y Di), and *F( 3 Z) i) with 

using the results of Problems la and lb. Check the results with the help of (I.38b). 

2. (a) Analytically solve the 5-state radial Schrodinger equation for a bound state of energy 
— < by using the exponential and Hiilthen potent'als of (I.45b). [Hint: Use the variable trans- 
formations Z = e~ rl(2a) (exponential) and Z = 1 — e~ tla (Hiilthen).] 

(b) Solve the 5-state radial Schrodinger equation with a square-well potential of depth 
V 0 and range a. Find the value of the product V 0 a 2 when the state is just bound. 

3. The'Wronskian of any two functions / and g of a variable r is defined as 

»V. !■>-/%- 4- 

Show that the Wronskian of the two independent solutions f t {k, r ) and fi{—k, r ) of (1.47), as 
defined in Section 9A, is independent of r. [Hint: Multiply the differential equation for f t (k, r ) 

by f(-k, r) and, vice versa, subtract and integrate.] 

4. (a) Obtain (1.230) after evaluating the trace of the spin operators of the first particle. 

(b) Show that Tr 2 (h x h*) «= 0 by detailed evaluation. * 

(c) Establish (1.231c) by evaluating the trace of (1.23 lb) in detail. 

5. Consider, for the scattering amplitude of a central potential, the partial-wave expression 

f(B) = .-lr T (21 + l)[exp (2/8,) - l]P,(cos 6), 

2tk /- o 
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where Pj is the Legendre polynomial. Compute the corresponding total cross-section a and 
directly show 

a = ~ I«n/(0), 

where Im denotes the “imaginary part of” and /( 0) denotes the scattering amplitude for 6 = 0. 

6. Use the Born approximation expression (El. lc) from Appendix E to compute the scattering 
amplitude separately for a central, tensor, and spin-orbit potential. 

7. Derive (1.257). 
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II Nuclear Binding Energy 
and Many-Body Theory 


14. NUCLEAR BINDING ENERGY 

The definition and preliminary facts of nuclear binding energy have been presented in Section 1. 
In this chapter, we shall calculate the nuclear binding energy, starting with the nuclear 
many-body Hamiltonian which is a sum of the kinetic energy and the interaction between all 
pairs of nucleons [see (II. 3)]. The mathematical apparatus of the many-body perturbation theory 
is applied for this purpose. The actual development of the many-body formalism begins only in 
Section 15. Here we prepare the ground for a systematic discussion on nuclear binding energy 
in terms of physically distinguishable contributions. Such a discussion is invariably based on 
an empirical mass formula. The most celebrated of this category was, for a long time, the 
Bethe;Weizsacker (BW) formula. Many modifications to this formula have been suggested by 
various authors at different times; however, only recently a more versatile formula has been 
designed to encompass sc oral features of nuclear structure not contained in the BW version. 
The new mass formula was proposed by Myers and Swiatecki (MS) and contains mainly the 
effect of nuclear deformation and shell structure in addition to the features of the BW formula. 

The actual nuclear binding energy in the BW mass formula is split up into five different 
components, each with a definite physical origin. The mass formula is written as 

A/(Z, N)c 2 = (A/ P Z + M n N)c 2 + £(Z, N), (II.l) 

where A/(Z, N) is the mass of the nucleus made up of Z protons and N neutrons; M p and A/ n 
are the masses of a proton and a neutron, respectively; and the quantity £(Z, N) is the negative 
of the binding energy of the nucleus. For a stable nucleus, E is negative and hence the binding 
energy is positive. As just mentioned, the quantity E can be broken up into five different 
components, each of which we shall now discuss. The main purpose of such a mass formula is 
to delineate the dependence of the various terms on the relevant variables N, Z, and A . When- 
ever necessary, we shall also make use of an expression similar to (II.l) for the atomic mass, in 
which case the proton mass Af p is replaced by the mass of the hydrogen atom A/ H . 

Volume Energy 

If we consider a hypothetical nucleus made up of an equal num(jer of protons and neutrons, 
and having no surface and no Coulomb interaction amongst its protons, what sort of binding 
energy should we expect ? The answer to this question is at the basis of the concept of the 
volume energy term. Theoretically, it is the expectation value of a nuclear many-body 
Hamiltonian, containing only the kinetic energy and the typical nuclear interaction amongst the 
nucleons; the Coulomb term of the actual nuclear Hamiltonian must be dropped, according to 
the definition just given, and the nuclear wavefunctions to be used in the computation of the 
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expectation value must correspond to a constant density everywhere (a fall-off of the density 
implies the existence of a nuclear surface). Such a hypothetical nucleus is called the infinite 
nuclear matter, and our explicit calculation later shows that the expectation value just defined 
is proportional to A(=N -f Z). This, as explained in Section 1, is the saturation property of 
the typical nuclear forces in a nucleus. The first term of the binding energy formula is there- 
fore a term proportional to A and is defined by 

volume energy = — a v A t (II.2a) 

which provides the predominantly attractive contribution to the total energy £(Z, N ); this is 
because the entire effect of the attractive nucleon-nucleon forces is contained in this particular 
term. In the empirical formula, of which (II.2a) is merely one term, the constant a w is deter- 
mined by fitting known nuclear masses, and is found to have a value approximately 15 MeV. 
A more precise value is given in Table II.l. From what has just been said, it is clear that in a 
calculation of nuclear binding energy based on the hypothetical nuclear matter concept the 
final calculated value has to be compared with only the volume energy term. 

The binding energy of an actual nucleus differs from (II. 2a) because of the limitations 
involved in the concept of the ‘hypothetical’ nucleus. The limitations must therefore be removed 
by adding several correction terms to (II.2a). One such term must take into account the effect 
of the nuclear surface for an actual nucleus. Other terms must allow for the Coulomb repulsion 
amongst the protons, and the fact that most medium-heavy and heavy nuclei have N > Z, and 
not N « Z, as implied in the concept of the volume energy term. These terms are now 
introduced. 

Surface Energy 

In the empirical formula, all that needs insertion is the dependence of the surface energy term 
on the quantities JV, Z, and A. The subsequent argument shows that it depends on only A 
explicitly and is proportional to A 212 . The way the nuclear surface affects binding energy is by 
preventing each nucleon near the surface from having neighbours on all sides to interact with. 
A nucleon deep inside the nucleus interacts with all the nucleons contained in a sphere of 
radius equal to the range of the nuclear force and thus contributes to the total binding energy 

its fullest share, which, according to the concept of the volume energy term, is roughly 15 MeV 
per nucleon. A nucleon near the surface, on the contrary, interacts with only the nucleons 
contained in a part of the sphere just described because the remainder of the sphere, with the 
nucleon at its centre, is outside the nuclear surface and contains no nucleons to interact with. 

As a result, it contributes less than its share of the volume energy per nucleon. Thus, the 
correction to the negative volume energy due to the surface effect must be a term with a positive 
sign and this must be proportional to the total surface area of the nucleus. In this sense, this 

particular correction term is akin to the surface tension effect of a liquid drop. Since the radius 
of a nucleus is given by r^\ the surface area is proportional to A^\ and hence we write the 

surface energy term as 

surface energy = +a S '4 2/3 - (II.2b) 

If the nuclear shape is spherical, then the surface area is 4 *rlA 2li and, in this case, the empiri- 

cal ;}arameter a s can be taken to define the nuclear surface tension S as 

fls = 4irr js. (II.2b') 

The surface area of a deformed nucleus, however, is different, and the expression (II.2b) there- 
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fore changes. In the MS mass formula, this effect of deformation has been included. 

Coulomb Energy 

Once again, if we want the dependence of the Coulomb energy on the quantities Z, N , and A, 
this can be very easily inferred from the classical ideas of a charged liquid drop. For a spheri- 
cal drop of radius R having a total charge Ze, the classical expression for the Coulomb energy 
is given by 

* (Ze? 

* R ' 

The simplest way to derive this classical expression is to consider the Coulomb potential on a 
spherical shell of thickness dr at radius r. The charge contained in this shell is 4 nr 2 p dr, where 
p is the charge per unit volume; the Coulomb potential on this shell due to the sphere of 
radius r is given by (47r/3)pr 3 /r = (4tt/3 )pr 2 . Therefore, the Coulomb energy gained in putting 
the charge on the shell around the sphere of radius r, which is a product of the charge and the 
potential, is expressed as 

(y) 2 3p 2 r 4 dr. 

The Coulomb energy gained in building up the charge on the entire sphere, starting with 
r — O and ending with r = R, is then denoted by 



because 

pR y = Ze. 

The same expression holds for the major part of the Coulomb energy, worked out quantum 
mechanically by employing correct many-body wavefunctions. Minor corrections arise due to 

the effect of the Pauli exclusion principle. We shall ignore these finer details, and use in our 
mass formula 

e ? Z 2 Z 2 

Coulomb energy = » - jqi = a cjm • (II. 2c) 

The value of the parameter a c is therefore essentially determined by the quantity r 0 , which is 

known from experimental data on nuclear radii. Taking r„ = 1.2 fm, we obtain a c = 0.71 MeV. 
The Coulomb parameter in the mass formula is thus the easiest to determine. 

Symmetry Energy 

The symmetry energy part of the binding energy formula represents the addition that is neces* 

sary to account for the unequal number of neutrops and protons in many stable nuclei. The 
dependence of this term on the quantities N , Z, and A is not obvious. In Section 21 B, we note 

ihat, with model nuclear wavefunctions, the correction behaves as AftTJA), where T, = 
\(N — Z). For all stable nuclei, the quantity (TJA) is very small, and hence while writing the 

correction term it is quite adequate to take account of only the leading term in the function / 



148 THEORY OF NUCLEAR STRUCTURE 


of TJA . It will also be shown that the leading term is quadratic. Therefore, we write 

{N — Z ) 2 

symmetry energy = a^A^T] — l 0 v*v ^ — , 


(II.2d) 


where a v is given by (II. 2 a); the symmetry energy is therefore determined by the new indepen- 
dent parameter x v . 

Combining (II. 2a) and (II. 2d), we can write the volume and this symmetry energy term of 
the mass formula as 

-M( 1 - *v/ 2 ), (II. 2d') 

where /= A~ l T x . In this sense, the symmetry energy hitherto referred to can be described as 
the volume symmetry energy. This terminology is in keeping with the MS mass formula. 

In the MS mass formula, the authors introduce an additional surface symmetry energy 
term along with the surface energy term (II. 2b) and write the combined terms as 

+a s A 2 ‘\\ - x s l 2 ). (II.2d') 

However, while choosing numerical values of the parameters, they put x v = x s . 

The quantity T g used in the expressions (II. 2d) is the third component of the isospin T for 
the nucleus. The concept of isospin for the individual nucleons and for the two-nucleon system 
(after coupling the two individual isospins) has been introduced in Chapter I. In keeping with 
the ideas there, the concept can be extended to a nucleus made up of many nucleons. The total 
isospin T is a vector sum of the individual isospin 4 of the nucleons. The quantum number Tin 
the eigenvalue T(T 1) of T 2 can therefore have many possible values consistent with the 
coupling rules. (For instance, it had the two values 1 and 0 in the two-nucleon system.) The 
situation for the third component of T, however, is very simple. Since the component is addi- 
tive, T x is obtained by adding the third component of isospin of the individual nucleons. 
According to our convention, each neutron and each proton contributes respectively and 

— i to this component, and therefore 

T, = UN - Z), 

as defined earlier. Since T x is the third component of T, its value, according to angular 
momentum rules, must range from + T to — T, integrally spaced. Therefore, we conclude that 

the minimum value of T for a given nucleus is equal to the value of its T zy i.e., 4(Af — Z). The 
maximum value of T for the same nucleus is \A because A individual vectors of magnitude 4 

have been coupled to obtain T. 


Pairing Energy 

In order to understand the origin of the pairing energy term, let us first study the question of 
stability of nuclei against /5-decay. In //'-decay, the charge of the nucleus ( Z ) increases by one, 

whereas it decreases by one in /3 + -decay and electron capture. In all these processes, the mass 
number A of the nucleus do«s not change. If we consider atomic masses, and if M(A t Z) > 

M(A, 1 + 1), then the nucleus {A, Z) can obviously undergo jJ'-decay spontaneously and 

change itself to the nucleus {A, Z -f 1). On the other hand, if the atomic mass M(A t Z) > 
M(A f Z — 1), then the nucleus undergoes spontaneous ^-emission or AT-capture and changes 

into the nucleus ( A , Z - 1). 

So, for stability against /3-decay, the atomic mass M(A, Z) has to be smaller than both 
M(A, Z + 1) and M(A, Z — I). Since our purpose now is to study the stability of nuclei with 
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a given value of A and different values of Z, we replace N by (A — Z) in (II. 1) and (II.2d) 
and note that, for a given A, the dependence of M on Z is quadratic, and hence M(A, Z) 
plotted as a function of Z is a parabola (the so-called mass parabola), as shown in Fig. II. la. 



Z 


(a) Mass parabola without pairing energy term 

Fig. II. 1 Mass parabola and single-particle energy levels (cont.). 


All the nuclei in this figure decay (as indicated by the arrows) to their neighbours, except the 

one at the minimum point, which is predicted to be stable. Recalling what was said after 

(II. 1) about atomic masses, we derive 


,W(A, Z) 

c az 


(A/„ - M n y + - a v x v 


[given 


A - 2Z 


In obtaining this expression, we have used (II.2a)-(II.2d) for the binding energy E. It is clear 
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that the volume and surface energies have made no contribution to it, whereas the Coulomb 
and symmetry energies have given rise to the last two terms. If we equate the expression to 
zero, we clearly get the value of Z that corresponds to the minimum point of the parabola. 
This Z therefore gives us the most stable nucleus — stable against all types of /3-decay — with 
the given A. In this way, 

Z QyX y 4- (A/ n — flyXy -f- 0.79 

A ~~ 2 a v *v 4“ 1.42v4 2/3 ** 2a v *v + 1.42 A 21 *’ 

In the second term of the denominator, we have used the value of a c (in MeV) mentioned 
after (II. 2c); the value of the second term in the numerator is also in MeV. The point to note 
here is that this relationship remains unchanged even after the inclusion of the pairing energy 
term (to be introduced soon), provided the pairing energy depends on only A and not expli- 
citly on Z. Therefore, we can use this relation, with the experimentally known Z-value of the 
most stable nucleus for a given A, for the determination of the symmetry energy parameter 
a v x v - In his work, Bethe used the known value Z = 80 for A ~ 200 ( 8 oHg 200 is the most stable 
nucleus with mass number 200); using this fact, we obtain 

a v x v = 93.2 MeV, 

and then the equation determining Z for the most stable nucleus of a given A reads 
y = (1.98 + 0.0 1 5/4 2 ' 3 )-'. 

It is clear that Z\A starts at the correct value, namely, ~l/2, and then decreases as A 
increases; that is to say, for heavier nuclei, we get the correct prediction: that Z has to be less 
than \A and that the number of neutrons has to exceed the number of protons in order that a 
stable nucleus is formed. 

Now, in general , this formula predicts a fractional value of Z at the minimum of the 
mass parabola; the nearest integer is therefore the correct prediction for Z. There is nothing 
in the derivation that tells us that even Z-values are predicted more often than odd Z-values 
or vice versa. Since there is no preference for odd or even Z in the formula for the most stable 
one, we conclude that, for odd-mass nuclei, stable isotopes with odd or even Z are, statisti- 
cally speaking, equally abundant — an expectation borne out by experimental facts. On the 
other hand, whfcn we consider even values of A, if the most stable one happens to have even 
Z, then, since A* is even, its neutron number N is also even. Conversely, if this particular 
nucleus has odd Z, then N also is odd. Experimentally, however, we know that even-even 
nuclei are much more stable than odd-odd nuclei. The stability of the latter is so poor that, 
with the exception of H 2 , Li 6 , B 10 , and N 14 , there is no other odd-odd stable nucleus in the 
periodic table. It is this shortcoming of a mass formula with only the four terms (II. 2a) to 
(II.2d) that necessitates the addition of the pairing energy term. How such a term provides the 
remedy for even A nuclei ^qualitatively demonstrated in Fig. II. lb. We deliberately insert an 
extra attractive and a repulsive contribution in the even-even and odd-odd nuclei, respectively, 
whereas no such extra contribution is made to odd-mass nuclei. Thus, 

r +8f(A) (odd-odd) 

pairing energy = < 0 (odd-mass) (IL2e) 

[ — Sf(A) (even-even) 
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where 8 is a constant parameter, and the function / depends on only A . It is clear that the 
pairing energy term keeps the mass parabola for odd-mass nuclei unaltered (see Fig. II. la). 
But it produces two parabolas for even A nuclei, as depicted in Fig. II. lb, where the upper 



(b) Mass parabolas (solid lines) with inclusion of pairing energy term in 
even-mass nuclei 

Fig. II. 1 Mass parabola and single-particle energy levels (cont.). 

* 

one corresponds to odd-odd nuclei and the lower one to even-even nuclei. The upward and 
downward shifts in the two cases are caused respectively by the repulsive and attractive contri- 
butions from (II.2e). As is shown by the arrows, now the odd-odd nucleus (Z) at the minimum 
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point of the upper curve can undergo 0-decay to its neighbours Z ± 1 on the even-even curve. 
In the case of the even-even curve, not only is the nucleus near the minimum stable, but some 
of its immediate neighbours on either side are also expected to be stable, provided each such 
member (Z) on the even-even curve is below its neighbours Z ± 1 on the odd-odd curve. This 
is because the decay from any of these even-even nuclei to its immediate lower neighbour on 
the same curve can take place only through double-beta decay, which is an extremely 
improbable process. 

Both the constant 8 and the functional dependence of A in (II. 2e) are determined by a 
detailed fit to the mass data. As a result, several different forms for the pairing energy term 
are currently in vogue. It is important to note that, in spite of their different appearances, all 
these terms predict numerical values of the pairing energy term that lie within a fraction of an 
MeV, even for fairly heavy nuclei. Since the total binding energy of a nucleus with a mass 
number in the vicinity of 100 is already about 800 MeV, such a small discrepancy in the pair- 
ing energy term really makes, from author to author, negligible percentage change in the nature 
of the actual fit to the binding energy data secured through their formulas. 

Some of the different forms of the pairing energy term are listed in Table II. 1, which also 
specifies the values of the other parameters in the mass formula. The first row gives the para- 
meters of the BW formula, starting with the Coulomb energy parameter a c in which r 0 = 1.2 fm 
has been used. Earlier values of these parameters listed by Bethel and Fermi differ from the 


Table II. 1 Parameters (in MeV) of mass formula [see (II. 2)] 


Volume 

(av) 

Surface 

(as) 

Coulomb 

( fl c) 

Symmetry 

(flyXy) 

! 

1 

Author 

Pairing 

f(A) 

8 

-15.75 

17.8 

0.71 

93.2 

Fermi* 

A' 3 '* 

33.5 





WB** 

j 

A~ l 

135 

-15.677 

18.56 

0.717 

112.2 

! MSt 

A~'‘ 2 

11 


•Fermi, E., Nuclear Physics, University of Chicago Press, Chicago, 1950, p 6. 

••Blatt, J. M., and Weisskopf, V. F., Theoretical Nuclear Physics, Wiley, New York, 1952, p 232. 
t Myers, W. D., and Swiatecki, W. J., A fuel. Phys. t 81, 1 (1966). 

values listed here mainly through their use of the older value r 0 = 1.5 fm in the evaluation of 
the Coulomb energy term. The second row gives the values of the parameters in the MS for- 
mula (which, however, contains several additional terms); the volume symmetry energy 
parameter differs from the value of that in the BW formula because of the presence of the 
additional surface symmetry energy term in the MS formula. For the symmetry energy term, 
we have listed the complete parameter a w x w ; if a value of x v is required, it can be very easily 
derived. The Myers-Swiatecki paper lists the parameter Jx v (and calls it k) and quotes its value 
as 1,79, which has been used in obtaining 112.2 (in the second row). We have already explicitly 
shown how the values of a c and a w x y are obtained in practice. Since, by the definition (II.2e), 
the pairing energy term for odd-mass nuclei is zero, in principle, the value of a v and a s in the 


♦Belt*. H. A., Revs. Mod. Phys., 8, 165 (1936). 
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first row could be obtained by fitting the experimental masses of any two odd-mass nuclei. The 
values —15.75 and 17.8 listed in the table have, however, been computed from a least-squares 
fit to the masses of a large number of nuclei, rather than only two. 

Stability of Nuclei 

The mass formula is very useful in studying the stability of nuclei againsWhe emission of vari- 
ous particles such as £, a, and a nucleon. The case of /3-decay has already been used while 
introducing the concept of the pairing energy. The criteria for the stability against a- or nucleon 
emission can be worked out as follows. The initial nucleus has the mass A/(Z, N ), and, if it 
has to emit an a-particle having two neutrons and two protons, the residual nucleus is (Z — 2, 
N — 2). if the final mass M(Z — 2, A — 2) -f- A/(a) is smaller than A/(Z, A ), then clearly the 
decay is energetically permitted. Thus, the criterion for ^-stability is given by 

Af(Z, A) - Af(Z - 2, A - 2) < M(a), 

where M{a) is the mass of the a-particle. The nucleon masses cancel out from the two sides and 
the inequality can be rewritten as 

£(Z, A) - E(Z - 2, A - 2) < E(a) 
or 

E(Z - 2, A - 2) + E(a) - E(Z , A) > 0 [(Z, A) is stable]. 

Since the energies are negative, we can write the condition for instability , in terms of the bind- 
ing energies \E\ % as 

| L\Z — 2, N — 2y i- \E(<x)\ - | £(Z, A')! > 0 [(Z, A) is unstable]. 

If this condition is satisfied, then the positive value of the expression gives the kinetic energy 
of the emitted a-particle. In a practical computation, the binding energy of the a-particle is 
taken from experimental data, and that of the two heavy nuclei with the mass numbers 
X) and ^4 — 4 is computed from the mi* 'S formula, using the relationship between Z 
and A which corresponds to the minimum of the mass parabola for a given value of A. The 
kinetic energies of the a-particles emitted by naturally occurring radioactive elements (such as 
Ra with A = 226) computed in this manner are of the right order of magnitude. As a matter 
of fact, the kinetic energy of the emitted a as a function of increasing A starts becoming posi- 
tive for A around 150, that is, much before the natural a-emitters are encountered. However, 
the computed kinetic energy for such nuclei is very small, and therefore the probability of 
penetration through the Coulomb barrier turns out to be almost prohibitive. 

In the same manner as for a-emission, the condition of instability against neutron emission 

is obtained as 

| £(Z, A - 1)| - | £\Z, N) | > 0. 

Here the term analogous to £(a) in the preceding expression is absent because the nucleon does 
not have any intrinsic binding energy. For all stable elements, this condition of instability is, 
as expected, not satisfied. 

Discussion on Mass Formula in Terms of Single-Particle Model 

A few remarks are now made to provide some insight into the terms of the mass formula. We 
already know that the volume binding energy term is a sum of the kinetic energy of the 
nucleons and their potential energy of interaction through the nuclear forces . The former is 



154 THEORY OF NUCLEAR STRUCTURE 

positive whereas the latter is attractive. Now, in both the kinetic energy term and the potential 
energy term, it becomes energetically advantageous (i.e., helps in reducing the energy) for a 
nucleus with a given A to make N = Z = \A. When N * Z, the kinetic energy can be shown 
to increase quadratically with (N - Z)/A (this is explicitly shown in Section 21 B). For the part 
of the potential energy arising from nuclear forces, a similar observation holds. In the case of 
potential energy, it ft not very easy to demonstrate this fact explicitly; it can, however, be made 
plausible by qualitative arguments in terms of the occupancy of single-particle orbitals by the 
nucleons in a nucleus. There is evidence (see Section 24) in nuclei that nucleons, in the lowest 
order of approximation, can be ascribed single-particle quantum states corresponding to the 
energy levels in an average potential field. Now, if this is accepted as an established fact, then 
it is easy to understand why two neutrons (with opposite spin) and two protons like to occupy 
each single-particle spatial state of the average potential well. This produces the best possible 
overlap in the spatial part of their wavefunction, and hence allows them to make their potential 
energy of interaction as strong as possible. As a matter of fact, we have noted in Section 1 
that nuclear forces do show a saturation efTect in groups of two neutrons and two protons. 
Therefore, as long as we consider only the nuclear forces, the minimum of the attractive poten- 
tial energy is secured if N = Z = \A = even integer. This condition can be satisfied only if A 
is a multiple of 4; we shall call such nuclei 4n-nuclei, where n is an integer. If A is even, then 
there is a possibility that it may also be of the (4 n + 2)-type. In the latter case, the preceding 
criterion requiring N = Z = even integer cannot be satisfied; however, it is clear that, for a 
minimum of energy, the nucleus would like to choose its neutron and proton numbers in such 
a way that the saturated single-particle spatial states, each with two protons and two neutrons, 
are the maximum possible. In other words, only two nucleons may be left over for a partially 
filled single-particle state. For these last two nucleons, nuclear interaction energy becomes 
more attractive if one of them is a neutron and the other a proton (because n-p interaction is 
stronger than n-n or p-p interaction). Thus, for all even-/l nuclei, there is a tendency to make 
the neutron and proton numbers equal. [The observant reader will note that the most stable 
(4/i + 2)-type nucleus has been predicted to be odd-odd (i.e., odd-neutron and odd-proton 
number) according to these simple considerations. As we have already learnt, the pairing energy 
effects cause departure from this tendency.] As soon as there is a departure from this condition, 
the number of completely filled single-particle spatial states decreases, and hence we expect the 
attractive potential energy to be weaker; the binding energy then increases compared with that 
in the N = Z case. Since the situation N = Z corresponds to a minimum, any departure from 
this condition must give rise to a positive term in energy quadratic in (JV - Z)/A; a linear term 
would necessarily imply that N = Z was not the condition for a minimum. All this qualitative 
description throws some light on the mechanism of the volume binding energy, and the origin 
of the symmetry energy in the case N Z. 

Let us now examine the consequence of the Coulomb force. To start with, the Coulomb 
energy is small for light nuclei. But as we go on to heavier and heavier nuclei, for a given A, the 
value Z = {A, determined* by the considerations on volume and symmetry energy terms, no 
longer remains energetically advantageous. Because of the large Coulomb energy, the nucleus then 
terds to make Z smaller than \A and thereby reduces a repulsive contribution to its energy. 
However, we have seen that as soon as ft becomes unequal to Z the repulsive symmetry energy 
term comes into play. Therefore, the tendency of the nucleus to reduce Z does not go uncheck- 
ed. The competition between the Coulomb and symmetry energy terms determines the value of 
Z(<\A) for which the minimum of energy can be obtained. 
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Finally, we ask whether the origin of the pairing energy term also can be understood 
from the single-particle picture invoked for the volume and symmetry energy. We have seen 
that, as a result of the competition between the Coulomb and symmetry energy, stable heavy 
and medium-heavy nuclei have N ^ Z, and hence there are at least a few single-particle spatial 
states, each with less than its full quota of two neutrons and two protons. A stable even-even 
nucleus (N, Z) has levels up to a certain maximum filled with two neutrons and two protons, 
and the remaining (N — Z) neutrons go in pairs to levels lying immediately above the completely 
filled ones, as shown in Fig. II. lc where circles with oppositely directed arrows denote nucleons 



Neutrons Protons 


(c) Single-particle energy levels of neutrons 
and protons 


Fig. II. 1 Mass parabola and single-particle 
energy levels. 
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with opposite spin orientation. The odd-mass nucleus (jV, Z — 1) is therefore obtained by 
removing a proton from the topmost filled proton level (« F , say, which is called the fermi level). 
The odd-mass nucleus ( N , Z -f 1) is similarly obtained by putting a proton in the first avail, 
able level above «p, for instance, the level c which already contains two neutrons. 

Let us now consider the mass difference 

c 2 [M(N t Z + 1) - 2M(N 9 Z) -f M(N t Z - 1)]. 

Since the masses of the individual nucleons cancel out, this expression is also equal to 

£(V, Z + 1) - 2E(N > Z) + E(N 9 Z - 1). 

The mass data can be used to compute this quantity. In this special combination, the volume 
energy terms clearly cancel out exactly. The cancellation of the surface, symmetry, and Coulomb 
terms is not exact; however, for fairly large A (and hence large N, Z and large neutron excess), 
the difference of these terms in the linear combination of binding energies (as just specified) is 
expected to be very small. Yet the experimental mass data on the even-even and odd-mass 
nuclei require this difference to be from about \ MeV to a few MeV. According to the complete 
mass formula, this observed result is of course the manifestation of the pairing energy term. 
Since the attractive pairing energy term occurs only in £(V, Z), and not in the odd-mass values 
E(N y Z 4- 1), we expect the difference to be almost equal to 2 hf{A)\ a slight departure from this 
interpretation occurs through the noncancellation of surface, symmetry, and Coulomb energy 
terms. Now let us try to understand this difference in terms of the single-particle picture just 
given. The difference E(N , Z — 1) — E(N, Z) clearly arises from the missing single-particle 
energy (« F ) of the removed proton, the missing interaction of the latter with the two neutrons 
belonging to its orbit, and also the missing interaction between the removed proton with its 
partner proton in the same orbit. This last interaction will be called the pairing interaction and 
denoted by — G; the n-p interaction will be denoted by — G. It is clear that, for simplicity, 
we are assuming the residual interaction between the removed proton and nucleons belonging 
to other orbits to be negligible. A major part of this interaction, however, determines the single- 
particle energy «, « F , . . . . Since the interactions are attractive , the missing interactions give rise 
to positive contributions and the difference £(jV , Z — 1) — E(N, Z) is then 

E(N 9 Z - 1) - E(N t Z) = 4- 2G 4- G. 

The factor 2 in the second term takes care of the interaction with two neutrons. In the same 
manner, the difference E(N, Z+ 1) - £(W, Z) arises partly from the single-particle energy («) 
of the added proton, and its interaction with the two neutrons in its orbit. Thus, 

• F(N 9 Z 4- 1) - E(N y Z) = i - 2 G. 

Adding these two results, we obtain 

E{N 9 Z 4- 1) - 2 £(V, Z) 4- E(N 9 Z- 1) = (c - c F ) 4- G. 

In general, the single-particje levels « and € P near the proton fermi level c F are very close to 
each other, unless of course the particular nucleus has protons in completely closed shells. (See 
Section 23 for the meaning of ‘‘closed shells”.) In the latter case, (« — « F ) is the difference be- 
tween the highest level of the closed shells and the lowest level of the next higher shell; this 
difference is usually of the order of 10 MeV or more. Inside a shell, however, the various single- 
particle levels are very close together, and the pairing interaction G predominates over (« — « F ) 
in the difference of the binding energies. This is why the terminology "pairing energy” is used 
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to denote the term + 5/(4) of the mass formula. 

In the manner just described, we can consider also the nuclei (N ± 1, Z), and compute 
from the mass data 

c 2 [M(N + 1, Z) - 2 M{N t Z) 4- M(N — I, Z)] 
or, equivalently, 

E(N + 1, Z) - 2 E(N, Z) + E(N - 1, Z). 

According to Fig. II. 1c, the nucleus (N — 1, Z) is obtained by removing a neutron from the 
last occupied neutron level (energy = «£), whereas the nucleus (N -f 1, Z) is obtained by putting 
an extra neutron in the level (* n ) just above «£. The difference E(N — 1, Z) — E(N t Z) comes 
from the missing pairing interaction —G n between the removed neutron and its partner in the 
same orbit, and its missing single-particle energy On the other hand, the difference 
E(N -f 1, Z) — E(N, Z) results entirely from the extra single-particle energy c n . Thus, 

E(N - 1, Z) - E(N, Z) = — ep + G n , 

E{N 4* 1, Z) — E(N , Z) = « n , 
and hence 

E(N + 1, Z) - 2£(V, Z) + £(V - 1, Z) = (c n - cf) + (7 n . 

Once again, this expression is also identical to the one for the protons. Unless the neutrons in 
the nucleus denoted by (N, Z) belong to completely closed neutron shells, (e n — «£) is small, 
and hence the difference in the binding energies considered here is roughly equal to the pairing 
energy between a neutron pair. 

In the same manner as just described, we can now obtain the expressions 

E(N + 1, Z - 1) - E(N , Z) « « n - c F 4- G + 2 G, 

E{N — 1, Z 4- I) — E(N, Z) - c ? - 2 G 4- G a 
or 

E(N 4- 1, Z - 1) - 2E(N, Z) 4- E(N - i, Z 4- 1) « [(« - «f) + <?1 4- ((c n - c?) 4- CJ 

Here the special linear combination of the binding energies can be related to the mass data on 
the even-even nucleus (A, Z) and the odd-odd nuclei (N -f 1, Z — 1) and (JV — 1, Z 4- 1) as 

c 2 [M(N 4- 1, Z — 1) — 2M(N, Z) 4- Af(tf - 1, Z 4- 1)]. 

In most cases, the odd-odd nuclei are unstable, and hence the quantity cannot be directly com- 
puted from mass data. However, the /3-decay energies indirectly give the quantities 4- 1* 

Z — 1) — M(N> Z)) and c 2 \M(N — 1, Z 4- 1) — M(N> Z)\. Once again, according to the fore- 
going expressions, the special linear combination depends mainly on the pairing interaction 
between two protons and between two neutrons. This interpretation is in agreement with the 
semi-empirical mass formula, according to which the aforementioned linear combination of 
masses depends predominantly on the pairing energy term and is equal to 4 8f(A). 

The foregoing description, which is in terms qf a set of single-particle levels and the 
pairing interaction between identical nucleons in the same spatial state, but having opposite 
spin directions, is a somewhat oversimplified version of the actual situation. The pairing 
interaction as defined here is made more general in Chapters III and VI. The present simple 
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interaction between identical nucleons in the same spatial states but opposite spin states was 
first considered by Bethe (see Table II. 1). Later, Mayer generalized the concept in connection 
with the //-coupling shell model (see Section 24). According to the more recent nuclear struc- 
ture theory (Section 41), the generalized pairing interaction leads to expressions for all the 
aforementioned mass differences, which can be obtained by consistently replacing quantities of 
the type [(« - « F ) + G] and [(« n - e F ) + G n ] by [(« — < F ) 2 + d 2 ] ,/2 and [(«„ — « F ) 2 + dn] l/2 , 
respectively. The quantity A or A n is called the energy gap parameter and is related to the 
corresponding strength G or G n of the pairing interaction through (VI.95). In this type of 
nuclear structure theory (described in Section 41), the effect of pairing in a set (rather than in 
just one) of close-lying single-particle levels has been carefully considered. If < is taken nearly 
equal to « F , and the pairing theory concerns a pair in a single level, then (VI.95) leads to 
A ~ £G, a result with which the mass differences (already worked out according to our simple 
pairing picture) is in perfect agreement. 

15. BASIC MATHEMATICAL APPARATUS FOR MANY-BODY THEORY 
In Chapter I, we have obtained fairly reliable information on the two-nucleon interaction, 
and described several alternative two-nucleon potentials which explain all the two-body data 
quite accurately. In a nucleus made up of more than two nucleons, the total nucleon interaction 
is obviously a sum of the interaction between all the pairs of nucleons. In addition, there 
could be typical many-body interactions that are not describable in terms of two-body inter- 
actions. However, it is always worthwhile to start with the simplest ideas, and bring in more 
complicated concepts only when the experimental data absolutely demand them. Nuclear data 
have so far been quite well-understood in terms of two-body interactions alone, i.e., without 
resorting to more complicated three- or more-than-three-body forces. 

For a nucleus comprising A nucleons, we shall therefore work with the Hamiltonian 

ET(i) + E V(ij), (II. 3) 

where T denotes the single-particle kinetic energy operator, and V the two-nucleon potential. 
The labels enclosed within the parentheses refer to particle coordinates. The restriction / < j 
in the second sum takes care of the fact that the interaction has to be summed, counting each 
pair (if) only Once. The Schrddinger equation 

/flP(l,'2, ...» 4) = £¥*(1, 2,. .. 9 A) (II. 4) 

cannot, in general, be solved in a straightforward manner. Apart from the difficulties of the 
hard-core potential, the wavefunction itself contains 3 A spatial coordinates, and an equal 
number of spin and isospin coordinates. When A > 2, (II.4), in which many coordinates are 
coupled to each other through the two-body potential, cannot be solved exactly. We must 
therefore take recourse to approximate methods. 

In the quantum mechanics of all many-body systems, we start with an approximate 
Hamiltonian 

/fo = ^(r(0+ q/(01, (1 1. 5 ) 

where C[/ is a suitably defined one-body potential. Solving the Schrddinger equation corres- 
ponding to this Hamiltonian is easy because it consists of one-body terms that do not couple 
the coordinates of different nucleons. First, we find a set of single-particle eigenvalues 
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«a> • • • an d the corresponding single-particle functions ^ a , . . . by solving the one-body 

Schrddinger equation 

(T + J 

then an /t-particle product wavefunction 

<V ..*(1, 2, . . . , = **(1)^(2) . . . ^4) 

obviously satisfies the many-body equation 

..:(!» 2, . . . , A) = E 0 <P a fi" .{(1, 2, . . . , A) 

with 

£o =»«« + «* + ...+ «*• (II. 7c) 

The many-body eigenfunctions of (II. 5) are therefore products of single-particle wavefunctions 
of the type (II. 7a), and the eigenvalue E 0 is the sum of the corresponding single-particle ener- 
gies. The many-body eigenfunctions of the simple Hamiltonian H 0 are labelled by A sets of 
single-particle quantum numbers a/3 ... £. (It should be noted that each of the values a, /3 . . . 
is an abbreviation for the full set of quantum numbers needed to specify a single-particle 
state.) There can evidently be several such many-body wavefunctions corresponding to the 
various ways of choosing the A single-particle states a/3 . . . J. 

Our ultimate aim, however, is to solve (1 1.3), and hence we rewrite it as 

H = H 0 + H lt (II.8) 

where 

= £ V(ij) - j; q/ ( /). (II.9) 

KJ /-I 

Since the solutions of H 0 are already known, the many-body calculation now reduces to an 
approximate treatment of the residua! interaction by perturbation techniques. The rapidity 
of convergence of the perturbation treatment defends on the strength of the residual interac- 
tion, which can be controlled by a judicious choice of the one-body potential cy. A choice of 
C V from such a criterion obviously relates the one-body potential to the given two-body 
potential, averaged over one of the particles. 

For the present, we do not consider the niceties in the choice of QS, but only assume 
that a one-body potential exists such that a perturbation treatment of (II.9) becomes meaning- 
ful. When we do need to use exolicit forms for the single-particle wavefunctions <f > x , we shall 
use semi-empirical forms for dictated partly by certain types of experimental data and 
partly by the convenience of solving the one-body equation (II.6). These model one-body 
potentials and wavefunctions are described in Section 17. In many structural calculations, we 
need not be overconcerned about refining rather we can, in good faith, extensively use the 
model single-particle wavefunctions. Should a refined calculation of C[/ be desired, these model 
single-particle wavefunctions may be used as basis wavefunctions. Such calculations are dealt 
with in Section 35. 

Before we proceed with the development of the many-body perturbation theory, we 
need to incorporate in the many-body unperturbed wavefunction (II. 7a) a very important 
requirement, namely, antisymmetry under the exchange of any two nucleons demanded by the 
I'auli exclusion principle. We therefore now present the details of this antisymmetrization, 
and the method of calculating the matrix elements of one-body and two-body symmetric 


(II.6) 

(II.7a) 

(II.7b) 
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operators using the antisymmetric many-body wavefunctions. In view of the form (II. 9) of the 
residual interaction, such matrix elements appear in the perturbation calculation. 

A. ANTISYMMETRIZATION 

Let us consider the many-body Hamiltonian (II. 3) or (II. 5). If we make any permutation of 
the particle indices, these Hamiltonians remain unchanged. If P is the operator denoting the 
permutation, then the invariance property is expressed by 

PHoP = H 0 
or 

PHq = HqP. (II. 10) 

The same expressions hold for H as well. Although we restrict our discussion to the eigen- 
functions of H 0t our remarks are true for the eigenfunctions of H too. 

Operating with P on (II. 7b), we obtain 

PHoftcffi . . . $(1> 2, . , . , A) = EoP^ap.. .{(1,2,..., A ), 

and hence, using (11.10) on the left-hand side, 

tfo^V..*(l, 2, ...» A) « EoP<t> x p" .{(1, 2, . . . , A). 

Thus, if 0 a3 ...{(l, 2, . . . , A) is an eigenfunction of H 0 with the eigenvalue E 0 , then 
P < P'xp...i( 1» 2, . . . , A) is also an eigenfunction of H 0 belonging to the same eigenvalue; there- 
fore, any linear combination of all the l, 2, . . .' , A) y where P is either 11 or any other 

general permutation of the particle indices, is also an eigenfunction of // 0 belonging to the 
eigenvalue £ 0 . This result therefore provides us with the method of antisymmetrizing (II. 7a) 
without interfering with the property requiring the resultant function to be still an eigen- 
function of H 0 belonging to the known eigenvalue E 0 . The procedure entails superposing all 
^or0...$(l* 2, ... 9 A) in such a way that the sum becomes antisymmetric under the exchange 
of any two nucleon indices. 

To arrive at the required linear sum, we consider first the simpler cases of two- and 
three-nucleon systems. The results indicate the requirements of the general /f-nucleon case. 

Two Nucleons’ 

The normalized antisymmetric wavefunction is given by 

= ^t 2 IUIW2) - (II. Ua) 

which can be written in terms of permutation operators as 

= 72 [1 - P V’ 2 )]W«OWe(2)]- (II. lib) 

Here P{ l, 2) exchanges the nucleon indices. In the two-nucleon case, there are only two 
possible permutations of the two nucleons, namely, keeping them unchanged (which corres- 
ponds to 1) or interchanging them [which corresponds to P( 1, 2)]. Thus, (II. lib) is indeed a 
linear sum of P<P afl ( 1, 2), with the two possible permutations I and P( 1,2), and the coeffi- 
cients \jy/2 and — 1/V 2, respectively. [In our notation, P denotes any general permutation, 
and P(i, j) stands for a single exchange of the labels / and /] 
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We use Jl to denote the antisymmetrizing operator 

^ ” ^2 [1 ~ P(1 ’ 2)1 “ v7! £ w(P)/>> (H-12) 

where A( **2) is the number of nucleons, and t^P) is the parity of the permutation P 9 i.e., 
n(P) *= +1 when P involves an even number of particle exchanges and n(P) = —1 when P in- 
volves an odd number of particle exchanges. In the present case, it is equal to + 1 for 1, and 
— 1 for P(l, 2). Since the square of the exchange operator is 1, we get 

JL 2 - Ml ~ P(l, 2)][1 - P{ 1, 2)] = 1 — P(l, 2) = V2JI = VaU. (II.13) 

It should be observed that the wavefunction (II. 11a) could also be written as a determi- 
nant 


> 1_ ^a(l) ^0) 

al>ea V^(2) M2 )' 


(11.14) 


In this form, the antisymmetry of the wavefunction under an exchange of particle indices 
becomes very transparent. The exchange corresponds to interchanging two rows of the deter- 
minant, and it is a well-known property of determinants that such an exchange multiplies the 
determinant by —1. It should be noted that the particle states correspond to various columns 
of the determinant, and the coordinate labels 1,2,... correspond to various rows. This could 
be reversed, if desired, because a determinant and its transpose are identical. 

*fhc normalization factor also is quite easy to understand: the total number of terms in 
the antisymmetric wavefunction is 2, and the terms themselves are obviously orthogonal to 
each other. The square of each term, when integrated, gives unity. Hence, without the normali- 
zation factor, the square of the wavefunction integrates to 2; this explains why the normali- 
zation factor in (II. 11a) or (11.14) is 1/^/2. 


Three Nucleons 

We next consider an antisymmetric wavefunction of three nucleons corresponding to the set of 
single-particle states (a/9y). In analogy with (11.14), we write the wavefunction as 

1 !WD WO 

= 73! M2) M2)- (II. 15) 

k(3) MV MS) 

Since there are 3! terms in the expansion of the determinant, which are orthogonal to each 
other, the normalization factor here is l/\/3!. A determinant can be very conveniently expand- 
ed in terms of permutation operators operating on the product of the diagonal elements. In 
the present case, we obtain 

"( />)/, ^ (,) M2)*m- (II-16) 

The antisymmetrizer is therefore defined, in general, by the last expression in (11.12). The 
square of of can also be shown, in general, to have the last form given in (11.13). _ 

We digress here to demonstrate that Jl 2 in the three-nucleon case is indeed VAIJI. This 
will familiarize the reader with the elementary manipulations of permutation operators. If we 
begin with the set of numbers (1, 2, 3) and rearrange them as (e,, e 2 , e,), then the permutation 
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( 1 2 3 \ 

), implying that 1 is 
<?i e 2 e 3 l 

to be replaced by e u 2 by e 2y and 3 by <? 3 . Obviously, e u e 2t differ from one another and lie 
within the set of numbers (1, 2, 3). According to this notation, the six (=3!) different ways of 
rearranging 1, 2, 3 are given by 


1 = 


2 3 
2 3 


)■ 


/>(!, 3)/>(l, 2> = 



/I 2 3\ / 1 2 3\ 

/>(,, 2 ) =( 2 1 3 ). = 3 


P( 2 , 3 )P( 1 , 2 ) . 




pp. i) 


.(■ 2 3 y 

\3 2 1/ 


( 11 . 17 ) 


The operators have been deliberately subdivided into two sets. Those in the second row corres- 
pond to single exchanges of two numbers, the third remaining unchanged. Hence, for all these 
operators, 7 t(P) — —1. On the other hand, the operators in the first row correspond to zero ex- 
change (the 1-operator), and the product of two consecutive exchanges. Hence, all these have 
n(P) = -fl. The rr{P) = +1 and 7r(P)f= —1 groups are respectively called even and odd per- 
mutations. It should be observed that when we write a product such as />(1, 3)P(1,2) it is 
understood that the operations indicated by the exchange operators have to be carried out in 
sequence starting from the right . 

Since doing the same exchange twice in succession means getting back to the initial 
arrangement, we have the square of any exchange operator equal to 1. If we take account of 
this fact, it is quite easy to see that the product of any two of these six permutation operators 
will be a third one belonging to the set. If we multiply any two operators from the first row, 
we get one from the first row because the product of two even permutations is necessarily even. 
Similarly, if we multiply any two from the second row, we once again get one belonging to the 
first row because the product now corresponds to two successive exchanges. On the other hand, 
if we multiply one from the first row by one from the second row, we get one belonging to the 
latter because now the product corresponds to an odd number of exchanges. Thus, it is clear 
that if 


PP' = P\ (II. 18a) 

where each of these operators belongs to the set of six operators, then we have 

*(/>(/>') = tt(P'). (II. 18b) 

Let us now write the results of multiplying all the pairs of operators (11.17) as in Table 
11.2. Here the rows and columns are defined by Roman numerals, which stand for the six 
operators in the order shown in (11.17). We use the convention that the operator corresponding 
to the column is placed in the product on the right. The result of any such product has been 
trivially constructed by faithfully following the definitions; for example, to construct II x III 

( 1 2 3\ 

^ J J and then recall that II changes 1 -► 2, i -* 3, and 3 1, and 

hence the second row of III changes, after operation by II, to the order (1 2 3); therefore, 

/I 2 3\ 

II x III = I = 1 . 

\i 2 3/ 
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Tabic II.2 Multiplication of permutation operators for three particles 




I 

Even 

II 

III 

IV 

Odd 

V 

VI 


i 

I 

n 

III 

IV 

V 

VI 

c 

t 

> 

11 

II 

III 

I 

VI 

IV 

V 

W 


III 

III 

I 

II 

V 

VI 

IV 


IV 

IV 

V 

VI 

I 

II 

III 

V 

V 

VI 

IV 

III 

I 

II 

o 

VI 

VI 

IV 

V 

II 

HI 

I 


A very important result, explicitly demonstrated in Table II. 2, is now stated: scanning any row 
or column, we find all the six operators (11.17) occurring once; in other words, if P' = PP\ 
and we choose a given P' and allow P to run over all the six operators (or equivalently keep P 
fixed and allow P' to change), then P' once describes the whole set in (11.17) in a certain changed 
order. 

This result, together with (II. 18b), allows us to simplify Jl 2 . We have 
Jl 1 - 1 s n(PHP')PP'. (11.19) 

Al r t p / 

For a given P\ consider the entire sum over P. From the result just stated and (II. 18b), 

s*(PM p')pp' ~ s*(r)P m . 

p p- 

Since this result is independent of P\ the summation over the latter in (11.19) gives a numerical 
factor, which is equal to the total number of P' operators (=yt!). Thus, 

= S v{P")P' = Vli.Jl. (11.13) 

?• 

The property of the product PP f used here is generally true for the permutations in an A - 
nucleon system even when A > 3. Thus, the property (11.13), derived for three nucleons and 
earlier for two nucleons, is valid in general. 

A Nucleons 

The generalization of these results to A nucleons (A > 3) is quite obvious. We have to choose 
a set of A single-nucleon states (a, 0, ... , £) and construct a detejminantal wavefunction 

*0) 

M2) 

*t(A) 


0, 


■ ■ . { ' 


■s/A\ 


MV MD 
M2) M2) 

UA) MA) 


(II. 20a) 
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which is identically equal to 

4>af » . . . ? = JllU'W) . . . (II.20b) 

with 

^ = VAlf niP)P - ( I12 ») 

The result (11.13) for Jl 2 is still valid. 

B. MATRIX ELEMENTS 

Because of the indistinguishability of the nucleons, any dynamical variable that we wish to 
evaluate with these many-body wavefunctions is necessarily symmetric in all the nucleon vari- 
ables. Important examples are the operators 

Z T(i), E V(ij) t E q/(/). 

/-I t<j i- 1 

Moreover, we shall restrict ourselves to one-body (for example, T and C[/) and two-body (for 
example, V) type operators. 

One-Body Type Symmetric Operator 

Let us denote a general operator of the one-body type by 

F = Eft). (11.22) 

Since each term of this operator contains only one nucleon index, this operator can, at the 
most, change the state of one nucleon when it operates on a many-body wavefunction ^ 
Therefore, only two kinds of nonvanishing matrix elements are obtained: (i) the diagonal 
matrix element connecting <P afi . . . { with itself (here no single-nucleon state is changed by F ); 
and (ii) the nondiagonal matrix element connecting 0 a p ^ { with where one 

single-particle state p changes to // through the operator F, and all the other single-particle 
states remain unaltered. The results for these two cases are now worked out. 

Since the operator F is symmetric in the nucleon indices, it remains unchanged if any 
permutation operator operates on it, e.g., for the three-nucleon case, 

/>(1, 2)[/(i) +/( 2) +/( 3)] =/(2) +/( 1) +/(3) = F. 

Therefore, for any permutation operator F, we have 
PF =* FP. 

We use this result, together with the form (II. 20b) for the wavefunctions, and the result 
(11.13) for ot 2 * and get 

= jj<W^2) • U*)\ 2 rr(P)PF E v(P')P' ^(1^2) . . . 

* <^(1^2) - . . 4> t (A)\ F E n{P')P- |* B (1)^2) . . . * { (,4)>. 

Since ail the single-particle wavefunctions a, p { are different (clearly the determinantal 

wavefunction would vanish otherwise), only the (P* ■ Interns can give a nonvanishing result 
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in the foregoing expression. For any other P\ one or more particle indices correspond to 
different state labels on the two sides, and hence give zero through orthogonality. Thus, the 
diagonal matrix element is given by 

<**...«! F |4V ..«> = <«1)^(2) . . . WA)\zm \K{\)U*) - • . M<)> 

= <&x| / |ta> + <^}| / | + • • • + <&l / l^t) 

= E <fl / |f>- (11.23) 

Here | stands for any of the single-particle states belonging to the set (a/ 2 . . . £)• The particle 
labels have been omitted in the last step because they are dummy integration variables, as far 
as each single-particle matrix element occurring here is concerned. 

Using the foregoing procedure and arguments, we can express the nondiagonal matrix 
element (in which one single-particle state differs on the two sides) as 

<3£<xe ^ <1 F \0^ . . . p' . . . 

= <^a(l)« 2 ) . . . *,<m) . . . h(A) 1 r AO • M*) 

~<p\f\p>- 01.24) 

The last step follows from the fact that only the /(w)-term can contribute a nonvanishing 
result, whereas all the other /(/), / ^ w, give zero because integrates to zero. 

Two-Body Type Symmetric Operator 

We denote a general operator of the two-body type by 

G - i *((/). 

KJ 

Since each term here is a function of two-nucleon variables, at the most, the states of two 
nucleons can change when G operates on a many-nucleon wavefunction. Therefore, there are 
now three different types of nonvanishing matrix elements: (i) the diagonal matrix elements 
connecting . ? with itself; (ii) the nondiagonal matrix element where one single-particle 
state differs on the two sides, i.e., connecting 0^..^ ..$with 0 x(j ^ and (iii) the non- 
diagonal matrix element where two single-particle states differ on the two sides, i.e., connect- 
ing $<x 0 ... v...$ with We assume that **, p and v, v' occupy the same 

columns in the two determinantal wavefunctions. This does not destroy any generality 
because, if they do not occupy the same column, they can be made to do so by exchanging a 
suitable number of columns of the determinants, giving either a multiplicative -fl or — 1 , 
depending on the number of necessary exchanges. 

We proceed exactly as in the case of F, and use the fact that PG = GP by virtue of the 
complete symmetry of G. Thus, we arrive at the result u 

G |4V ..<> = <*a(l)M2) • • * +&A)\ G 2 < P ')P' m2) . . . 

Tf we pick up the term g(l, 2 ) from G, then it is clear that, for a nonvanishing result, we can- 
not permute the particle indices 3, 4, . . . , A; they have to be retained where they appear in 
the left-hand state. If this restriction is imposed, then there are clearly only two operators. 



166 THEORY OF NUCLEAR STRUCTURE 


namely, P* — 1 and />(!, 2), that can contribute to the aforementioned result. Therefore, the 
£(l, 2)- term gives 

<^a(l)M2)| *d. 2)[1 - P(l. 2)] |^(1)^(2)> 

= \U\)Un *(l. 2) |^(l)«2)> - <^.(l)M2)| g( 1, 2) |^(2)^(1)> 

= («$ 8 l<*0)- 

The two-body matrix element within the parentheses appearing in the last step is an abbre- 
viation denoting the direct minus the exchange matrix elements of the preceding step. The 
nomenclatures direct and exchange are self-explanatory in view of the fact that they arise from 
1 and P{ 1, 2), respectively. The contribution of all the pair operators g(ij) occurring in G can 
be similarly evaluated. The final result (obviously a sum over all the pairs of states occur- 
ring in 0) is 

<*«... tl c = 2 (H 8 m, (11.25) 

£<1 

where is any pair belonging to the set (a£ ...£)» and the sum is over all such pair states. 
Proceeding in an analogous manner, we get 

^ {1 G |0 a3 . . . f . . . {'y 

= <*.(1)^(2) . . . M”*) • • • M A )\ G 2 < p ') p ' l*«(l)M2) • • • • • • M A )>- 

p’ 

In this case also, for any g(/, j) occurring in G, only P* = 1 and P(i 9 j) can contribute. How- 
ever, there is a further restriction because of ^ ^ y ! . If either of (/, j) is not equal to m, then 
integrates to zero. Hence, only terms of the type g(i, ni) with P" = 11 and />(/, m) 
contribute. Thus, for the first kind of nondiagonal matrix element, we get 

<<^ ....... ,| G |0 a3 ... K ... <> = E (ft*| g !ft'), (11.26) 

where the summation over £ goes over the entire set of one-nucleon states a/3 ... £ (leaving out 
the particular state p or /). 

The second kind of nondiagonal matrix element where the two states /x, v differ on the two 
sides can also be obtained from similar arguments. In this case, however, if ^(m), and 

<£ v (n), occur io the two wavefunctions, then only the#(m, /?)-term of G with P* = 11 and 
P(m, n) can obviously contribute a nonvanishing result, and we get 

<*aa V ... tl C 1 0 a , . . . ^ . . . V' . . . *> - (H g 1/iV). (11.27) 

It should be remembered that each of the two-particle antisymmetric matrix elements (enclosed 
within the parentheses) occurring in (II.25)-(II.27) is given by the direct minus exchange 
matrix elements 

(ft! g | ft) = <*|(W„( 2)| g( 1, 2) |^(I^(2)> - <^(1)^(2)1 g( 1, 2) |^(W,(2)>. (11.28) 

We finally stress that the results in (11.23)— (11.27), together with the definition (11.28), are 
very important and are repeatedly used in subsequent chapters. These results should be memo- 
rized, even if the detailed bookkeeping needed for this derivation is ignored by a pragmatic 
reader who may not consider such details important. 

16. SECOND-QUANTIZATION TECHNIQUE 
Another powerful technique, which is extensively used in the many-body theory for proper anti- 
symmetrization and the evaluation of matrix elements, is called the method of second quanti- 
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zation. The reader should refer to the text on quantum mechanics by Landau and Lifshitz* 
for the basic concepts of this method. We deal with the results here in a pragmatic manner 
without going into any detailed proof. 

Let us introduce an operator Cl which, operating on any state | produces an extra 
particle in the state a, in addition to what is already contained in |0>. Therefore, if |0> stands 
for a state with no particle (called the “vacuum state”), the C£|0> represents the state l<V of 
a single particle. On the other hand, if |0) denotes a determinantal state of A particles, then 
Cl |0> is a state of ( A -f 1) particles, the last state added to what is already contained in |0 
being the state a. Cj is called the creation operator for the single-particle state a. Similarly, 
the Hermitean conjugate operator C a removes a single particle in the state a operating on any 
state |0>. Thus, if |0> is an /4-particle state, CJft/ is the state of (A — 1) particles, which is 
obtained by eliminating the state a contained in It therefore follows that, if the state a is 
not initially present in |0>, then CJf&j must be zero. The operator C x is called the destruction 
or annihilation operator for the single-particle state a. 

If we keep the Pauli exclusion principle in mind, then c£|0> must be zero if the state a is 
already present in |0;>, because we are trying to produce another particle in the state a in con- 
travention of the exclusion principle. The two results 

Cl\<Py « 0 if a is an occupied state in 0, (II. 29a) 

CV|0> =0 if a is not an occupied state in 0 (II. 29b) 

are very useful in the algebraic manipulations of the creation and destruction operators. 

We next state the anticommutation properties of these operators, which also aid in the 
subsequent algebraic manipulations. (AB -f BA), which is called the anticommutator of any 
two operators A and B : is denoted by the symbol { A , B}. With this notation, we have 

{C a , C„} = {Cl Cl) = 0, (II. 30a) 

{C a , Cl) = (1 1. 30b) 

(1 1. 30a) states that whenever we interchange two destruction or two creation operators we get 
a minus sign. It easily follows that the result {C^, C^} = 0 guarantees the Pauli exclusion 
principle, as now proved. We have 

C^Cl + Cld = o 

or 

c'ad = -ejej. 

Therefore, 

dcim = -cid\<py. 

Making at 0, we get 

c:cl|4>> = -C'c». 

Since a quantity can be equal to the negative of itself only if it is zero, we have established 
the desired result that two particles cannot occupy the same state. 

We proceed to state without proof the expression of the operators in the new language. 

•Landau, L. D., and Lifshitz, E. M., Quantum Mechanics, 2nd edn., Pergamon, Oxford, 1958, p 227. 
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Any one-body type operator is given by 

F= Ef,= E <«| mclC», (II.31a) 

i-l a , & 

and a two-body type operator by 

G= E Oj8| S |y3>dcJC a C v . (II.31b) 

K/-1 a.fi.v.a 

It should be noted that the matrix element of g occurring in (II. 31b) is not the antisymmetrized 
matrix element (the latter could have been used by changing the factor \ to |). The second 
point to note is that |yS> in the matrix element occurs in the reverse order in the correspond- 
ing operator C 3 C y . 

The Hamiltonian is therefore given by 

H = E Ol T 1/3; etc, + i r <«/S| V | yS>CjCjC 9 C v . (11.32) 

ct.p a.tf.y.a 

We now wish to establish the results (II.23)-(II.28) by using the second-quantization 
technique. For the one-body operator of (II. 31a), we get 

<*| E f, \0> = J <«|/|/S><0| ClC, |4>>. (11.33) 

According to (II. 29b), 

C,|d>> = 0 

if ft is not occupied in 0. The Hermitean conjugate of (II. 29b) further demands 

<0|Cl = 0 

if a is not occupied in 0. Therefore, the unrestricted summation over a and in (11.33) is 
actually a restricted summation over the states occupied in 0. Further, 

—ClCp — —CpCl -f 8 

according to (II. 30b). Therefore, (11.33) simplifies to 

occ occ 

2: §,/*!/ 1/3><<*> I *>-e < a |/!/3><<r>| c,c\ [0>. 

<x.0 a.,p 

Since a is required to be an occupied state in 0, Cl|0> = 0 according to (1 1. 29a). Therefore, 
the second term in this expression is zero. Using the 5 ap -factor in the first term, we finally get 
the vfery simple result 

A occ 

<01 £/, \$>=Z <*|/|«>. 

/-I a 

The expression /0|0/ has been put equal to unity because |0)> is a normalized state. This 
result agrees with (11.23). 

'l Before proceeding to derive (11.24) by the present technique, let us adopt a simple way of 
expressing the many-body state 0 ap . . . . . * by taking the state 0 aP . , . ^ * -as the reference 

state. We first note that one of the single-particle states, namely, n % has been removed from 
the reference state and substituted by the single-particle state g! to obtain the state 0 ap . . , ^ 
According to the definition of the creation and destruction operators, the removal and substi- 
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tution, just described, is produced by C^C^, and hence 



Cl'Cp |0 a p 

(11.34) 

Therefore, 

... II. . 

. • tl F . . . £) = £ (f\f {v} (QclP . . . !L . 

t,v 



This expression is simplified by permuting C\> to the extreme left, where it produces zero, act- 
ing on the left-hand state by virtue of the Hermitean conjugate of (II.29b). In this way, we are 
left with the matrix element of K'CK, where 8^ was acquired while transposing and C^. 
We once again take to the left and use the Hermitean conjugate of (II.29a). Thus, the final 
simplified result contains 8 VM > 5^. Using all this, we reproduce the expression (11.24). 

The derivation of the expressions (1 1.25)— (11.27), using the second-quantization technique 
and similar arguments, is left as an exercise. 

17. MODELS FOR SINGLE-NUCLEON WAVEFUNCTION AND POTENTIAL 
It has been mentioned in Section 15 that although the one-body potential C[? should, in 
principle, be determined by averaging the known two-body potential, in practice, a model C[7 
and model single-particle wavefunctions are very frequently used in nuclear structural calcula- 
tions. We shall describe several such models in this section. 

A. PLANE-WAVE STATES 

The simplest single-particle wavefunction is the plane wave 

MO = -?o ex P (' k,r )> (II. 35a) 

where k = ?r l p is the wave number, p the momentum, and Q the volume of a large box in 
which the nucleons are assumed to be enclosed. The presence of the box makes the eigenvalue 
tik of the momentum variable p discrete and the wavefunctions (II. 35a) satisfy the ortho- 
gonality relation 

<*k I *k'> - jj J fl d*r exp [i(k' - k).r] = S k , k -, (II.35b) 

where S k , k - is the Kronecker delta. When fl -* », k becomes continuous and the orthogonality 
relation should change to 

<*k| *k'> = «(k. k'). (H.35C) 

where 8(k, k') is the Dirac delta function. This new equation demands that 

M) = it ex P ( ,k,r ) ( ,! 36 ) 

when Q -* oo and k is continuous. The normalization constant (2 tt)~ 3/2 follows from repre- 
senting the one-dimensional Dirac delta function as 

S(a, a') — (2w) -l | exp [/(a — a')*] dx. 

The model developed with the single-particle plane-wave states is often called the fermi- 
gas model. The plane wavefunctions have also to be used extensively in the study of an idealiz- 
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ed many-nucleon system, called infinite nuclear matter. This hypothetical system is assumed 
to be of infinite extent without a surface. Since one point in the infinite medium is physically 
equivalent to any other, there is no natural choice of the origin of coordinates. If the origin is 
shifted through a distance a, then the wavefunction ^(r) changes to ^(r — a). These two states 
should be equivalent to each other, and hence ^(r — a) can at the most differ from ^(r) 
through a phase. We first consider an infinitesimal displacement c and, by Taylor expansion 
to the first order in c, obtain 

^(r) -*• ^( r - «) = - €.V#r) = (1 - 'e.p)^(r), 

where p = — fhV is the momentum operator. Thus, the infinitesimal displacement operator is 
given by 

It is worthwhile to compare this result with the infinitesimal rotation operator (BI.4) in 
Appendix B, and to note that the role of the angular momentum operator has here been taken 
by the linear momentum. If we now consider a finite displacement a, then, following the same 
procedure as in the case of rotation, we can prove 

ftr - a) = exp [(-// ti)a.pty(r). 

By asserting that <f>(r — a) and </>(r) differ only through a phase, we get 


*(r - a) = exp [ — tS(a)]0(r), 


where 6(a) is a real phase, dependent on the displacement a. Comparing these two expressions, 
we conclude that ^(r) must be an eigenfunction of the momentum operator p, i.e., it must be a 
plane wave of the type (11.36). In this case, the phase 6(a) is obviously given by k*a. 

Since there are two kinds of nucleons, each with two spin states, a given momentum 
state k gets fully occupied, according to the Pauli principle, with two neutrons (spin up and 
spin down) and two protons. The model ground state of the many-nucleon system constructed 
with the plane-wave states is thus a determinant in which the momentum states from k = 0 to 
a certain maximum k F (called the fermi momentum) are occupied; each momentum state has 
four spin-isospin states and accepts two neutrons and two protons. The total number of 
momentum states up to ^f(=^“ 1 Pf) in a b° x of volume Q is given by 


Q f*F 

' (2Vh) 3 Jo 


4tt p 2 dp = 


£2kl 

6k 2 ’ 


Multiplying this by 4 (the spin-isospin multiplicity), we get the total number of occupied 
states (equal to the total number of nucleons) 



(II.37) 


it is known from experimental data that'the radius R of a nucleus comprising A nucleons is 
proportional to A xil and is expressed as 

R * r<>A"\ 
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where r 0 zz 1.07 fm for heavy nuclei ( A > 40). Thus, ft = (4nl3)roA t and hence 


fc P == 


w' 1 , _ 
2 ~ f ° ~ 


1.52ro*. 


(11.38) 


The density of nucleons is obviously given by 


P = 



(11.39) 


The smaller the value of r 0 , the smaller is the volume ft accessible to the A nucleons, and 
hence the larger is the density p. 

We shall work out two more mathematical results for the plane-wave states in order to 
facilitate our discussion on infinite nuclear matter. The first one concerns the summation over 
all momentum states that occur as intermediate states in the development of the many-body 
perturbation theory. The completeness relation gives 

t — 2J |^k/ 

k 

Multiplying with <r| from the left and |r'> from the right, and using (II. 35a), we get 


S(r, r') - I T exp [,k.(r - r')]. 
w k 

On the other hand, if we consider Q -+ o © and continuous k, we get, from (11.36), 


5(r, r') = -!—j f J'k exp [ik.(r - r')]. 

{Lit) J 

Therefore, the prescription for replacing the k summation of exp [/k*(r — r')] by an integration 
is defined by 

S-f f d y k. (11.40) 

k (2tt) 3 J 

The second result we wish to arrive at is the transformation of the two-particle product 
wavefunction exp (/k,»r,) exp (/k 2 *r 2 ) to plane-wave states of the centre-of-mass coordinate R, 
and relative coordinate r, defined as 


r = r, - r 2 , 

R = i(n + r 2 ). 

The canonically conjugate momenta are given by 


(1 1.41) 


k = 4( k i - k 2)» 

K = k, 4- k 2 

«& 

such that 

k,.r, + k 2 «r 2 = K-R + k.r. 

Hence, the required transformation is given by 

exp (/kj»r]) exp (ik 2 «r 2 ) = exp (i‘K»R) exp (ik*r). 


(11.42) 


(11.43) 
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We could also use a more symmetric coordinate transformation 
7= 72 (r '* rj)> 

S = ^2 (r ' + l2) 

and the canonically conjugate momenta 

E - i(E, - k,), 

K = ^72(^1 4- ki). 

These new coordinates and momenta once again yield a simple relation 
exp (ikj *rj) exp (zk 2 *r 2 ) = exp (/K*R) exp (ik*r). 

B. WOODS-SAXON POTENTIAL 
In a real finite nucleus, the density varies in the surface region, and the use of single-particle 
plane-wave states is not a very suitable approximation. We may naively argue that the shape of 
the overall potential C[/ y offered by a nucleus to a neighbouring nucleon, should somewhat 
resemble the shape of its density distribution. The validity of this statement is more firmly 
established in Section 35 when we deal with the self-consistent determination of C{/ by the 
averaging of the given two-body potential. Therefore, any experiment that gives information 
on the density distribution in nuclei provides the guideline for an empirical choice of C[/ m We 
shall shortly discuss the results of high-energy electron scattering experiments for this purpose. 

Direct information on may also be obtained by analyzing the data on the scattering 
of a single nucleon from various nuclei. Such an analysis is done on the casual assumption that 
all the nucleus does to the nucleon is to provide an overall potential, arising from the two- 
body interaction between the oncoming nucleon and the nucleons inside the nucleus. In practice, 
the nucleon usually produces a few different kinds of nuclear reactions after it hits the nucleus: 
(i) it may be directly scattered (shape elastic scattering) or (ii) it may be absorbed by the 
nucleus, leading to the formation of the compound nucleus, and then (a) re-emitted (compound 
nuclear scattering) or (b) the compound nucleus may break up, emitting some other particle 
(deuteron, alpha, . . .). 

If the potential that is required to describe the collision of a nucleon and a nucleus be 
taken as real, then it can produce only elastic scattering and no absorption of the nucleon by 
the nucleus. This is clear from the theory of scattering by a real potential (considered in 
Section 7) in connection with nucleon-nucleon scattering. We learnt there that the outgoing 
amplitude is related to the ingoing amplitude through a unitary vS-matrix, and, as a result, the 
total outgoing flux is the same as the total ingoing flux. This situation can be altered by con- 
sidering a complex potential for which the imaginary part produces an absorption of the 
ingoing flux. (See Problem 6 at the end of this chapter.) 

There is a great deal of information on the complex potential (also called the optical 
potential, which gives the name optical model to this simple model of nucleon-nucleus scatter- 
ing) emerging from the analysis of experimental data. We write the potential as OJ -f i 
where C[? is the real part, and the imaginary part of the optical potential. The imaginary 
part produces absorption of the nucleon, and hence contains information on the compound 


(11.44) 

(11.45) 

(11.46) 
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elastic scattering as well as the processes emitting other particles. On the other hand, the real 
part produces shape elastic scattering, and represents the potential we are directly interested 
in for our structure theory. This potential produces a discrete set of bound states, and also 
continuum states which can be directly calculated by solving the one-body Schrbdinger 
equation (11.6). 

We here summarize the information on C[? by stating that it consists of a pure spatial 
part and a single-particle spin-orbit coupling term /*s. For the sake of simplicity, we do not 
bring in the (/*s)-term for the present; it is dealt with in Section 24 when we consider the 
single-particle equation in more detail in connection with the nuclear shell model. For now we 
are satisfied with the pure spatial part of C[/ 9 which is found to have the shape 

W = T T cap Kr°- *)/«] • (11.47) 

This potential is usually called the Woods-Saxon potential (see Woods and Saxon 1 ), and looks 
like the solid line (for a fairly large R ) in Fig. II.2. The parameter <V 0 gives the strength of 


r(fni) 



the potential, and is attractive (i.e., negative in sign); the radius parameter R determines the 
extent of the core region of nearly uniform density, and the fall-off distance in the surface 
region is determined by the diffuseness parameter a. The usual range of the values of a is 
>' . 5 -*0.7 fm, and that of ro (where R =» r 0 A lii ) is 1.15 -* 1.35 fm. Jhis interpretation of the 
parameters R and a is clear from the considerations now described. At r = 0, the potential is 
given by 

1 + exp (-Rio)' 

As lOng as R is fairly large, this value is roughly equal to As t increases, the term 
exp [(r — R)la] in the denominator also increases, but as long as r 4 R, the term 1 in the 
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denominator predominates, and there is very little change in the value of GJ. Thus, the extent 
of the core region of more or less constant magnitude depends on how big R is. When r = R t 
the potential drops to C[? 0 i 2; from then on, since r is larger than R> the quantity (r — R)ja 
becomes positive, and the exponential starts growing fairly fast as r increases. Very soon, 1 
gets small compared with the exponential term, and the potential becomes approximately 
q/ 0 exp [— (r — R)/a] (r > R) which decays at a rate determined by the magnitude of a. 

Although the diffuseness parameter varies very little from nucleus to nucleus, the radius 
parameter /?, being proportional to A 11 *, changes considerably from light to heavy nuclei. For 
a nucleus with a rather small R , the Woods-Saxon potential looks like the dashed curve in 
Fig. II. 2, where the surface region is very pronounced as compared with the very small core. 
It is clear from the shape of these curves that the optical potential for a heavy nucleus can be 
very nearly approximated by a suitably defined square-well, whereas for lighter nuclei a finite 
depth potential varying as r 2 (the harmonic oscillator potential) is a fairly good representa- 
tion. Since the square-well has a very sharp edge, it produces more pronounced diffraction of 
the incident nucleon wave than the diffused surface Woods-Saxon potential. Therefore, as far 
as the fit to nucleon scattering data is concerned, the square-well may not be a very good 
approximation (although, historically speaking, the first optical potential set up by Feshbach 
et al 2 was a complex square-well) to the Woods-Saxon potential. However, in nuclear structure 
theory, it is the core region of the potential that is of greater consequence than the surface 
region because the inner region of the potential determines the behaviour of the wavefunction 
at small distances. Similarly, for lighter nuclei, the oscillator potential of finite depth may be 
further approximated by the oscillator potential \Marr 2 , which grows to -oo when r -► oo. We 
expect that such a change alters the wavefunction near the periphery of the nucleus, but not 
considerably in the interior. 

Finally, it must be stressed that the potential C[/ 9 determined from the analysis of 
nucleon scattering data, is not very unique. Without appreciably spoiling the fit, the depth 
and the radius R can simultaneously be changed within certain limits, keeping C\/ 0 R 2 roughly 
a constant. The data are not very sensitive to the shape of the core region too. There have been 
attempts to replace the local potential (which is, to some extent, energy-dependent) by an 
energy-independent nonlocal potential. As far as structure theory is concerned, we usually 
work with the harmonic oscillator potential, occasionally with the Woods-Saxon, and seldom 
with any other potential. Needless to say, the single-particle equation (11.6) cannot be ana- 
lytically solved in the case of the Woods-Saxon potential; it has to be numerically handled. 

As mentioned at the beginning of this section, we should also take the clue to an 
empirical C[7 by making it conform to the shape of the density distribution inside a nucleus. 
This is an empirical way of making the one-body potential consistent with the density (in lieu 
of a fully self-consistent determination of from the given V ). At present, there is a vast 
amount of experimental data on nuclear charge distribution. Because of the Coulomb repulsion 
between the protons, and the fact that in heavier nuclei there is a neutron excess, the density 
distribution of neutrons njay be somewhat different from the charge distribution in a nucleus 
(which gives only the proton density distribution). However, since the neutron excess tends to 
spread the neutrons over a larger volume, and the Coulomb repulsion also has a similar effect 
on the protons, we assume that the charge distribution, revealed in electron scattering experi- 
ments, is a fairly reliable guide to the density distribution in a nucleus. At any rate, the spirit 
of our present discussion is empirical, and all we want to check is that the density distribution 
roughly agrees with the shape of q; given in this section. 
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The differential cross-section a(0) for the scattering of an electron of energy £by a nucleus 
of charge Ze 9 assumed to be located at a point, is given by 


a(0) = 


2 V cos 2 (0/2) 
4 E 2 sin 4 (0/2) 


*m(0). 


(H.48) 


This is the well-known Mott formula for electron scattering by a point charge. As long as the 
electron energy is small,, and it does not penetrate into the nuclear charge distribution, this 
formula describes the electron scattering excellently. However, when the electron energy is 
large (-wlO 2 MeV), the electron penetrates into the nuclear charge distribution, and (11.48) 
becomes invalid. Because of the high energy of the electron, the Born approximation equation 

<K0) = * M (0)x|F if (0)| 2 , (11.49) 

has been extensively applied; in (11.49), the form factor F l( (0) t corresponding to an initial 
nuclear state x F l and a final nuclear state is given by 


FM) = y <y S \ Z exp (iq.r,) |^>. (11.50) 

This formula takes into account the possibility of inelastic scattering corresponding to an 
excitation of the nucleus from its ground state. The summation p goes over the protons only, 
and q is the momentum transfer of the electron, given by q = k, — k f , where k; and k f are the 
initial and final momenta of the electron in units of h. 

In the case of elastic scattering, both and !F f are equal to the ground state of the 
nucleus, and k t = k { — k. Then g = 2k sin \d with k = £/(hc), if relativistic electron energy is 
assumed. Since 


exp (iq.r,) = j J}r exp (i'q.r)S(r, r,), 
we may write, for elastic scattering, 

F(6) = | d 3 r exp (i'q.r)p(r), (11.51) 

where 

P(T) = z-'<y 0 1 r S(r, r,) |V*>. (II. 52 ) 

P 

The quantity p(r) is the proton probability density inside the nucleus at the point r. 

The observed differential cross-section a(0), divided by the Mott cross-section a M (0), gives 
the experimental |F(0)| 2 as a function of 0. Various shapes of the charge density p{ r) are used to 
obtain the best fit to the experimental curve. For a nucleus having a spherically symmetric 
density p(r), the angle-integration in (11.51) can easily be carried out and F(6) reduces to 

F(8) = — f rp(r) sin (gr) dr. (11.53) 

? Jo 

The normalization (EI.6) in Appendix E now becomes 



If we expand sin ( qr ) in (11.53) for small q in powers of q, and use the foregoing normalization, 
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we obtain 

(11.54) 

where 

<i r 2 y =» 4ir| p(r)r 4 dr (11.55) 

is the mean-square radius of the charge distribution. Thus, an extrapolation of the form factor 
to q-+0 (i.e., small 6 , in view of q = Ik sin $0) gives us information on the mean-square 
radius. 

In principle, the relation (11.51) can be inverted by using the standard result 

| exp [iq*(r - r')] d 3 g = (2w) 3 8(r - r'). 

We multiply (11.44) by exp (— iq*r'), integrate over q, and get 

P(r') = J A C *P (H.56) 

Since the dependence of F(0) on 0 is through the momentum transfer q, we have used F(q) in 
(11.50). For a spherical density p(r), we have just seen that F(q) is actually a function of the 
magnitude q , and hence the angle-integration in (11.56) can be carried out, yielding 

J%F(q)sin(qr)df. (11.57) 

It is clear from (11.57) that the charge density />(/■) could be uniquely obtained from the 
measured form factor had it been possible for the experiment to give F(q) for all q between 0 
and oo. Since this is almost impossible, the data on F(q) is analyzed usually with various 
assumed shapes of p(r) containing one or two parameters. It is clear from (11.54) that the low- 
energy data can be analyzed only in terms of one parameter, namely, the mean-square radius; 
as we go higher and higher in q , the higher and higher moments of the charge distribu- 
tion p(r) appear in F(q). Thus, when the experiments are done with fairly high energies, quite 
a few moments of the charge distribution, appearing in an expansion of F(q) in powers of q, 
grow significant, and hence an analysis of the data in terms of an entire density distribution 
p(r) becomes meaningful. 

Some detqils on the derivation of (11.49) and the shapes of the charge distributions of 
various nuclei and their root-mean-square radii are given in Appendix E. The data on the 
root-mean-square radii are very useful in fixing a parameter in the assumed model CV(r) 
in nuclear structure calculations. We summarize the results here by saying that a fermi-type 
charge distribution 


P(r) 


Po 

1 + exp [(/• - R)/a] 


(11.58) 


explain! the electron scattering data fairly well. It should be observed that this shape is the 
same ns that of the Woods-Saxon potential City). The observation on the shrinkage of the 
core region (the radius R) as we proceed .to lighter nuclei is true for the charge distribution 
too; the skin thickness however (determined by the diffuseness parameter a) stays more or 
less constant. Once again, in many nuclei, changes in the shape of p(r) in the core region 
within reasonable limits do not appreciably alter the fit to For very light nuclei, the 
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charge distributions calculated with wavefunctions of an infinite oscillator potential \Ma> 2 r 2 
(see Section 17C for these wavefunctions) are found to reproduce the data fairly well. 

C. ISOTROPIC HARMONIC OSCILLATOR POTENTIAL 

The model single-particle potential most extensively used in nuclear structure study is the 
isotropic harmonic oscillator potential 

CV(r) = \Moy\x 2 -f y 2 + z 2 ) = \Mo?r 2 % (11.59) 

where M is the nucleon mass, and u the angular frequency of the oscillator; if a is the spring 
constant, then a? = a/A/. Since the three harmonic oscillators occurring in (11.59) in the 
directions x , y t z , have the same spring constant, C(/(r) is called the three-dimensional isotropic 
oscillator potential. 

The single-particle Schrodinger equation, with this potential, in terms of cartesian co- 
ordinates can be very easily separated into three harmonic oscillator equations for the three 
directions x, y t z. The equation for the x-direction, for example, is 

(- Tm 3? + = W*) («•«>) 

whose eigenvalues and eigenfunctions (see Schiff 3 ) are 

E x = M"* + i). "x = 0.1,2 (II. 61a) 

<t>n x (x) = [by/n nx n x \}-' l2 H„tf) exp (-Jf 2 ). (II.61b) 

Here f = x/b, and b 2 = ti/CAfou). The Hermite polynomial H„ x ( () can be computed from the 
results 

tfo(f) = 1, »i(0 = 2f, H^it) = 2(HJ® - 2 (11.62) 

Similar equations hold for E y , <j>(y) and E zy The energy E and the full three-dimensional 
wavefunction are obviously given by 

E — E x + E y + E 2 = tiw(n x + n y + Hz + I) (11.63) 

and 

<K*) = 4<x)Hy)Kz)- 0 1 64) 

The energy E is determined by the total oscillator quantum number A, defined as 

A = n x -f n y + n z . (11.65) 

In general, for a given A (which can have positive integral values), ( n x , n yt n M ) can have various 
possible sets of values consistent with (11.65). Thus, there is a great deal of degeneracy in each 
eigenvalue. 

In nuclear structure work, it is more convenient to use the solutions of the three-dimen- 
sional harmonic oscillator equation in spherical polar coordinates (r, d , ^). Since the potential 
(11.59) is spherically symmetric, the angle-dependence of the wavefunctions is given by spheri- 
cal harmonics; hence, we write 

4 ). (H-66) 

The radial function R(r) satisfies the usual radial Schrttdinger equation 
' [|!- / l+-L ) + k J -v(r)]/? = 0, 


(11.67) 
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where 


- 2Af£ 

~ ti 2 ’ 


2 M 


Mm, 


2,2 


„(r) = ~CV {r) = ( -£>' 


We now examine the dimension of h/(Afw). This can be written as [ti /(Mc)](c/cu). The 
nucleon Compton wavelength [ti /(Me)] has the dimension of length. The velocity of light c has 
the dimension of (length) x (time)" 1 , and w has the dimension of (time)" 1 . Hence, Ti/(Afo>), which 
has the dimension of (length) 2 , is from now on denoted by 6 2 , where b is called the oscillator 
parameter and has the dimension of length 




We also introduce the dimensionless radial coordinate 


( 11 . 68 ) 


'-t 


and convert the radial equation (11.67) into an equation in p such that 

where 


Mo) tl 2 tlcu 


(11.69) 


(11.70) 


is the energy measured in units of tiw. 

For p 0, the nature of the solution is determined by the first two terms of (11.69), and 
is therefore given by 


m 




0 


(11.71) 


We accept the first one because the other one, for / ^ 0, blows up at the origin. Similarly, the 
solution for /> -► oo is determined by the first and last terms in (11.69), and is described by 

r^-(i/2)p* 

= i U,2„. 

Once* again, the first one is accepted from the condition of well behaviour. The R we therefore 
substitute in (11.69) is 

R(p) = pi+< e -<i/i).«/r (p); (H.72) 

and we obtain, for F(p), e 


* F + 2(i±l - p) d I + [ie - (21 + 3 )]F - 0 . 


dp 2 


(11.73) 


The solution to this equation can be obtained in the form of a series 

F(P) 


k - 0 


(II.74) 
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where the indicial parameter /3 and the recurrence relation for the coefficients c k can be 
obtained in the usual way. It can finally be verified that the series defined by (11.74) is the 
confluent hypergeomctric series [see Appendix C (Section II)] with p 1 — z, $(/ + I -£) = <!, 
and (/ + f ) = c. Thus, 

F(p) = + f -<?),/ + }; P 2 ). (11.75) 

This result could have been obtained also by putting p 2 = z in (11.73) and checking that the 
resultant differential equation is identical to (CII.l) of Appendix C. 

We now use the solution (11.75) in (I J .72) and investigate what happens when p *>. In 
order that R(p) can go as e' (,/2)p * when p -> oo, the confluent hypergeometric series must termi- 
nate after a finite number of terms. This happens when the quantity a of F(a , c; z) is a negative 
integer or zero. In the present case, we thus obtain 

W+i -<?)=-*, n -0,1,2,..., (11.76) 

or 


Ent = = M 2 ' 1 4- / + f). (11.77) 

Thus, in terms of the new quantum numbers n, /, the total oscillator quantum number A is 
given by 


A » In + /. (11.78) 

Once again, for each integral A, the quantum numbers n, / may acquire various possible 
values, giving rise to considerable degeneracy. 

We now collect jill tliese results and write out the radial function, multiplied by a nor- 
malization constant N n , , at 


RniP) = exp (-Ap 2 )F(-h, / + f; p 2 ). 

The present F has a finite number of terms and is related to the Laguerre polynomials by 


r a ( 7 \ _ [£(" ±_?±J)] 2 rr - 

* ~ n\f(a +1) ” ’ + ’ 


(11.79) 


Therefore, 

= N„p>+' exp (-*1> 2 )C V)- 


The normalization constant N hI is determined by requiring 
I 


and using 


: j’ R 2 nl (r) dr = b dp 

[r(n + a + 1)] J 


z a e-L a m (z)L a „(z) dz » S„, , 


n\ 


In this way, we obtain 


(11*80) 


R,i(r) - ex P (-IPW’iP 2 ) (II. 81a) 

* 

- tl }U 2 pl -H „p ( _ ip 2) £ ( _ i)*r->(Ar + / + |)^y*. (11.81b) 

Theform(II.81b) follows from (II.81a) by using (11.79), and (CII.3b) from Appendix C. It 
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should be observed that the complete radial function 
R«(r) = RJP) 

r bp 

is obtained from (11.81) by replacing £r ,/2 by b~ 3l2 t and the factor p l + l by p l . Many authors use 
the full radial function (let us call it <R rt/ ), instead of the while quoting expressions for the 
oscillator radial functions. The reader is warned against confusing R nt and jR„, through over- 
sight. 

It should be noted that, for n = 0, the sum over k in (II.81b) reduces to r~\l + }), and 

hence 

Mr) = b ~'*[ exp (-V). (II. 82a) 

Similarly, for n = 1, the two terms in the sum can be easily evaluated to get 

Mr) = exp (- ip 2 )[l - (II. 82b) 

The expressions (11.82) could also have been obtained from (II. 8 la) by using 

L$(z) = r(a + 1), I?(z) = r(a + 2 )[(a + 1) - z], (I1.83a) 

To compute the radial functions R nl with n > 2, the easiest method is to use the recurrence 
relation 

L; +I (2) = + In + 1 - z)L“( 2 ) - (a + n) 2 L°^{z)] (Il.83b) 

and evaluate ii +l/2 (p 2 ) for n > 2, step by step, starting with (II. 83a). The use of (11.8!a) then 
allows the computation of a whole set of R„i(r), for a given l. 

We now get back to (11.78) for the total oscillator quantum number A, and observe that 
all the degenerate oscillator states belonging to a given A have the same parity. This is because 
2n is always an even integer, and / is therefore odd or even depending on whether A is odd or 
even. All the oscillator states up to A = 7 are listed in Table II. 3. 

Table II. 3 Isotropic harmonic oscil- 
lator states 


Value of A Degenerate States 


0 ( 00 ) 

1 ( 01 ) 

2 ( 02 ), ( 10 ) 

3 (03), (11) 

4 (04), (12), (20) 

5 (05), (13), (21) 

6 (06), (14), (22), (30) 

7 (07), (15), (23), (31) 
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According to our definition of n t its lowest value is zero. An equally popular convention 
of defining this radial quantum number gives the n-value as one higher than ours, and hence 
starts with unity instead of zero. This definition is preferred by many authors because here n 
directly gives the total number of radial nodes in the wavefunction R„i (the node at zero is not 
counted). Once again, the reader is warned against confusing these two different definitions 
of n . 

Product of Two Oscillator Functions and Moshinsky Transformation 

We shall express the product of the oscillator functions of two particles in terms of oscillator 
functions corresponding to the relative and centre-of-mass coordinates defined by (11.41) and 
(11.44). The expression we are aiming at will be the analogue of (11.46), derived for the plane- 
wave functions. In the present case, however, the relationship is a little more complicated in the 
sense that there is a finite number of terms in the transformation, and the calculation of the 
transformation coefficients is a nontrivial algebraic problem. 

We first start with the oscillator Hamiltonian for two particles: 

H{ 1. 2) = - + Vi) + \M<u 2 (r\ + r\). (II.84a) 

If we use the transformation (11.41), we get 

H( 1, 2) = - W - + J/uuV. 

where 3i — 2A/ and ^ =* \M. Thus, the Hamiltonian has clearly separated into oscillator 
Hamiltonians for the cenue-of-mass coordinate R, and the relative coordinate r. The same 
remark is true if we use the transformation (11.44), in which case we get 

HO, 2) = - 2 ^V 2 R + \Mc?R 2 - 2 ^vj + tMw'r 2 . (II.84b) 

An advantage of (II. 84b) is that the same mass M appears in the centre-of-mass (R) and relative 
(r) Hamiltonians. The definition (11.68) of the oscillator parameter b that appears in the 
solutions of the harmonic oscillator equation tells us that this parameter remains unaltered if 
we use R and r; on the other hand, if we use R and r, then the centre-of-mass oscillator has 
the parameter 6 CM = (\/V2 )6, and 6 re , = V2 6. From now on, we shall use the set R and r, 
although the entire work can be done with R and r also. If a change to (R, r) is required, the 
reader is reminded to change the oscillator parameters appropriately. 

Since the expressions (11.84) describe the same Hamiltonian H( 1,2), we conclude that 
both ^i, l / 1 m l (* , 1 )^n«;,m t (r 2 ) and ^xjk(R)^nUr) form a complete set of wavefunctions of two 
particles moving in the harmonic oscillator potential. Each <f> here is a harmonic oscillator 
wavefunction for the coordinate shown within the parentheses. It is therefore guaranteed that 
any one product wavefunction should be expressible in terms of a complete 

set of harmonic oscillator functions There are certain conservation require- 

ments that will, however, limit the sum to a finite number of terms. 

Instead of describing this transformation in terms of the product wavefunctions, we define 
it in terms of the angular momentum coupled wavefunctions 

^ f ]^r l / l m 1 (ri)^« t / t m s (r2), 

[ Ja# «im t Lrnj nti Ms 
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JVbxW* Mr)] = 2 [ 

l Jm' 3im L 31 m M J 

where L is the total orbital angular momentum quantum number and M its projection. The 
same definitions apply to L! and A/'. The advantage of using these coupled wavefunctions in 
the transformation is that now we have two more conserved quantities: L and M should be the 
same as l! and M ' from angular momentum conservation. We therefore write the transforma- 
tion as 

f^n/i( r i)> ^*/»( r 2 )| “ % nl : L\\n l l lt n 2 l 2 - Ly\<f>jij;(R) t <f> nJ (r)] , (11.85) 

L Jm Jis.ni [ 

where the transformation coefficients (to be determined by detailed algebra) are denoted by the 
symbol < || >. The various quantities occurring inside the transformation bracket are self- 
explanatory. As already mentioned, the sum on the right-hand side is found to contain a finite 
number of terms from physical conservation requirements, which we shall now discuss. 

The total energy of the two oscillator functions on the left-hand side of (11.85) is given by 

tiw(2/ij -f* 1 1 2n 2 I 2 4“ 3) = Tio>(Aj A 2 -f- 3). 

From the requirement of conservation of the total energy, this number should be equal to the 
energy contained in each term on the right-hand side, namely, 

+ X + 2n l 4- 3) - Ti w{A + A + 3). 

Thus, 

Aj *4" Aj = A 4“ A. (II. 86a) 

There is a parity conservation requirement too. But since (A! -f A 2 ) determines the parity of the 
left-hand side and (A -f A) the parity of the right-hand side, (II. 86a) already guarantees parity 
conservation. The second nontrivial requirement is provided by the angular momentum coupl- 
ing on the right-hand side, which demands that X and / be able to couple and produce the 
given L of the left-hand side. This therefore gives 

(£+l)>L>\X-l\. (II. 86b) 

To illustrate how the expressions (11.86) limit the number of terms in (11.85), let us 
consider the case of (n,/,) = (Op), (n 2 li) = (Id), and L = 3. We now have A, 4- A 2 = 5. There- 
fore, any possible break-up of 5 into two positive integers would give, by (II. 86a), the values 
of A and A. Thus, the allowed combinations are 

A = 0, A = 5; A = 0, A = 5; A = 1, A = 4; 

. A = 1, /J =4; >1 = 2, A = 3; A = 2, A » 3. 

Now, if we consider Table II. 3 which gives the oscillator states for various A (applicable 
to A also), thcr cDrresponding to the set A * 0, A = 5, we get the three states 

tfoo(R), ^05(0], ^ tfoo(R)< ^is(0]* tfoo(R), ^ 2 lO*)]. 

We now apply (II. 86b) to these three states. Since L has been specified to be 3, only the second 
state is acceptable; the first and third states can produce the total angular momentum 5 and 1, 
respectively, and hence are not acceptable. In the same way, we can deal with the remaining 
five sets. 

Having demonstrated how to count the 71 X f nl that appear in (11.85), we are left with 
the task of obtaining the transformation coefficients themselves. These transformation coefficients 
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were first defined by Talmi 4 , and later by Moshinsky 3 , who prepared extensive numerical 
tables for them. Appendix F gives the necessary algebraic formulas for the computation of 
these coefficients. For very extensive computations involving many oscillator functions, it is 
advisable to program these formulas for the computing machine, and calculate and store them 
for subsequent use. If only a few coefficients are needed in a small calculation, reference to the 
tables prepared by Moshinsky and Brody 6 will yield quicker results. We shall use the term 
harmonic oscillator brackets to denote these transformation coefficients. 

18. PERTURBATION THEORY IN THE LOWEST TWO ORDERS 
We have already discussed the many-body eigenvalues and eigenfunctions of the unperturbed 
Hamiltonian H 0 . Denoting the unperturbed ground-state wavefunction by 0 O , and the corres- 
ponding energy eigenvalue by Eo°\ we obtain 

N 0 <Po = £o°W (IL87) 

The ground state <f> 0 is a determinantal wavefunction of the type (II. 20a) and is specified by a 

set of single-particle states a, 0, {, which are called occupied states from now on. An 

excited state <P„ of this Hamiltonian belonging to the energy eigenvalue E„ satisfies the equa- 
tion 

H 0 <P a = £i o, 0„. ( IL88) 

The excited states <P m , <*>„, . . . are also determinantal wavefunctions, but they obviously differ 
from the ground state in having one or more single-particle states different from those occupied 

in <P 0 - . . 

The situation can be discussed with the help of the single-particle energy levels given in 
Fig. II. 3. The states a, 0, y, { starting from the bottom of the single-particle spectrum are 
occupied in 4> 0 ; there is a large number of states above the highest occupied level (called the 
fermi level, fermi surface, or fermi energy), which are left unoccupied in the ground state. The 
excited states 4>„ are obtained by lifting any number of particles from the occupied to the un- 
occupied states. If only one particle is lifted from the occupied state p to the unoccupied state 
p, then obviously the difference between the energy of this <D m and the energy of <£ 0 is given by 

£ <o>_£f = v _ v (IL89a) 

where t^, are the energies of the corresponding single-particle states. If we compare the 
structure’ of such a <t>„ with <f> 0 . then we notice that d> m has a vacancy in the state p and an 
additional occupancy of the state p'; otherwise they are identical. For this reason, such a state 
is often called a one- hole one-particle (lh-lp) state, where the vacant state p is called the 
hole state and the extra occupied state p is called the particle state. In the same way, the higher 

excited states may have 2p-2h, 3p-3h The excitation energy of an np-nh state is given, 

in general, by the sum of the energies (<„) of the n-particle states minus the sum of the energies 
(«*) of the n-hole states, i.e., 

£< m o>_£f = r«,-r«*. ( n - 89b ) 

p h 

Having explicitly introduced the unperturbed wavefunctions and the energies, we now 
proceed to work out the perturbation formalism for the ground state in the lowest two orders. 
Denoting the ground-state energy in the order k by 4*’, we write the standard expressions 
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(see, for example, Schiff 3 ) as 


4 0) = <<*o| H 0 |<P 0 >, 

(II. 90a) 

4° = <<*ol H, \<Po>, 

(II. 90b) 

r (2) ,<<*01 4 l<*,> <<*„l H, |<Z> 0 > 

0 . 4°> - £< u > 

(11.90c) 


where the summation n runs over all the excited unperturbed states, and H 0 and Hi are given 
by (11.8) and (II.9), respectively. 

Unoccupied 

' levels 



Occupied 

levels 


! e 

» « 

Fig. II. 3 Fermi energy and occupied 
and unoccupied single-particle levels. 

Further simplificatioil is obtained with the help of (II. 23)— (1 1 . 27) . We have 
4° = <<*o| X V„ ,$„> - <<*ol Z CV, m 

t<J i 

occ occ 

* x (M| v \(V) - z -<{| a; 10. (11.91 a) 

t <v { 

where occ denotes the set of single-particle states occupied in 4> 0 . The unperturbed energy 
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(II.90a) is given by 

OCC 

4 01 = <0o| Z (T, + cy,) | 0 O > = 2 <{| T+cy |f>. (Il.9lb) 

i t 

It is convenient to combine the equations (11.91) and then work out the right-hand side of the 
resultant expression as 

£f + 4° = <(\ T If) + 7 (ftl V If,). (11.92) 

t (<v 

To simplify the matrix element in (II.90c), we first write 
<d>o| Hj |0„> = <0 O | £ V lf |0„> - <0 O | £ <V, |0„>. (11.93) 

i<) / 

In the first term, a nonvanishing result is obtained (i) when the excited state 0„ differs from 
0 O through the state of one particle, i.e., <P n is a lh-lp type state with respect to 0 O , and also 
(ii) when it differs from 0 O through two single-particle states, i.e., when it is a state of the 
2h-2p type. On the other hand, the second term of (11.93) is nonvanishing only when 0„ is of 
the type (i). We shall work out these two cases separately. 

Case (i) 

occ 

<*o| | *„> = S (ft.| V If,*') - <H cy |^'>, (II.94a) 

t 

4 0) - 4 0) = * r r (II.94b) 

where p and ft' are the hole and particle states, respectively. The average potential QJ can be 
so chosen that (II. 94a) vanishes, i.e., 

occ 

Ol !/*') = l (W v\&) (H.95) 

i 

should be satisfied. The average potential OJ , defined in this way, is in agreement with the 
Hartree-Fock definition of the average potential in atomic physics. In the case of infinite 
nuclear matter, where the single-particle states are the momentum eigenstates, it is easy to 
show that each term of (II. 94a) vanishes individually. We shall therefore put the contribution 
of the lh-lp type 0* in (II. 90c) equal to zero. 


Case (ii) 

<<f>o| Ml |*.> = <*ol £ V„ |4>„> = 0»v| V Ift'v'), 

£ (°> _ £l 0 ) = v , + ^ ^ _ €v> 

where n, v are the two hole states and p, v' are the corresponding particle states. 
Substituting (11.96) in (11.90c), we obtain 


= - E 


1(H v _ 1 h' v ')1 2 

' + <V — - 


(II.96a) 

(11.96b) 

(11.97) 


w!iete the summation label n has been appropriately replaced by the hole pair and the particle 
pair of 0„. 

The expressions (11.92) and (11.97) are now applied to the case of the infinite nuclear 
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matter. It is obvious that the matrix elements of V appearing in these expressions would be 
infinitely large if we wish to use a realistic two-nucleon potential with a hard core; even a 
soft-core potential with a very large repulsive core would cause difficulties because then each 
matrix element of V is very large and the convergence of the perturbation terms in successive 
orders is very poor. For this reason, we deliberately use for V a weak well-behaved potential 

V — Vof( r l a )(gwPw + £m^m + goPa + gH.P h) (II. 98a) 

with the strength parameters g satisfying 

£w + gsi + go + gn = !• (II. 98b) 

The operator P with the subscripts W, M, a, and H denotes respectively Wigner, Majorana, 
Bartlett, and Heisenberg exchange defined in Section 3A; in particular, P w is the same as the 
unity operator, and P M = P n P H = — P T . The depth parameter F 0 is typically taken to be 
40 MeV to 50 MeV with a range parameter a zz 1.4-1. 5 fm, and the shape function f{rja) is 
any of the well-behaved forms in (1. 45b). 

The subsequent perturbation calculations are only of academic interest; nevertheless, they 
acquaint the reader with several important concepts and mathematical manipulations of the 
infinite nuclear matter theory. The formulation of a more detailed and sophisticated many- 
body perturbation theory applicable to the realistic two-nucleon potential is dealt with in 
Section 19. 


Kinetic Energy 

The single-particle state |£>, in the case of infinite nuclear matter, actually stands for 
|k, m 3t /n T >, where m 39 m r are the projection quantum numbers of spin and isospin. Thus, 
(II. 35a) leads to 

occ occ t|2 

Z <f| T\0 = Z <k, m„ m,\ (- ^V 2 ) |k, m„ m T > 
t k, m„ m r Llvl 


i 2 M 

. °« ti 2 * 2 

4 f 2M- 


^ J d?r exp (— i'k*r) exp (/k.r) 


The summation' is replaced by integration with the help of (11.40), and finally the result 
(11.37) is used to obtain 


or 


<r> 



d 3 k 


ti 2 * 2 

2M 


*£.4* f* 

(2n)^ w 2M} 0 


k* dk 


Jhl 2Ckp ,.h 2 k 2 f 

2 M Sv* = A ' 2M 


<z> = 

A 


*2M ’ 


(I1.99a) 


(II.99b) 
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Thus, the average kinetic energy per nucleon is equal to three-fifths of the maximum kinetic 
energy of a fermi-sea nucleon. 


Potential Energy 

A two-body state such as \(rfy is now more explicitly written as |k,, m s , m T ; k 2 , mj, m^y, where 
the semicolon separates the state labels of the two nucleons. The antisymmetrized matrix 
element of V between any two states is then given by 

(k,, m t9 m r ; k 2 , m iy | Kjk,, m ti m r \ k 2 , m\, m\) 

= <k„ m t , m t \ k 2 , m' st m r |P(|k„ m st m T ; k 2 , m' s , mi> - |k 2 , nu ; k l9 m s , m T ». 

( 11 . 100 ) 


The Wigner term of (II. 98a) does not exchange anything, and hence, for this term, (11.100) 
yields 


^ 2 ! f( r l a ) l^i> ^ 2 ) 

~~ ^rwj, matrix, mX^l» f( r / a ) 1^2* 


( 11 . 101 ) 


On the other hand, with any of the exchange potentials of (II. 98a) we have first to carry out 
the appropriate exchange in the two states enclosed within the parentheses in (II. 100) and then 
write down the result analogous to (II. 101). For example, because the Majorana operator ex- 
changes the spatial part of the wavefunction, we first interchange k 2 «-> k 2 and then obtain K 0 £m 
X [expression (II. 101) with the momentum matrix elements interchanging places]. The Bartlett 
and Heisenberg terms can be handled in the same manner. The first one interchanges m t <-> m' s 
in (II. 100), and the second interchanges both m t «-+ tn' s and k, <-♦ k 2 . 

The matrix elements occurring in (II. 101) can, by using (11.43), be simplified to 


<k|. k 2 | f(rja) |k lt k 2 > = <K. k| f(r!d) |K, k> 

= ^K.k<ki Aria) |k> 

= ^k.k J d*r exp [i'(k - k).r]/(r/a) 


= ^ K .kf(!k-k|), 


(II. 102a) 


where 


F(q) = J d z r exp (/q*r)/(r/a) (II.102b) 

is the Fourier transform of the shape function. Using the Yukawa shape for F, we can expli- 
citly work out the integral in (II. 102b) and obtain 


F{q) = 


4 rra 3 

1 + q 2 a r 


(II.I02c) 


• _ . 

The 8-function in (II. 102a) has been obtained from (K | K> by the normalization condition 
\II,35b) of the plane waves, and it expresses the requirement of total momentum conservation 
of the interacting pair of nucleons. All these results are now applied to the potential energy 
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term of (11.92) to obtain 

occ occ occ 

E (h\v\fr) = i 2 E (ki, m st m r ; k 2 , mU m\\ V |k„ m T ; k 2 , m5, m T ) 

£<V k lt m s , m T k„ m',, m T 

occ 

= i v 0 2 2 2 [(g w - m + S m<>m 'g p - 

k lt k, m tt m 9 m Tt m r 

X <kj, k 2 | f(r/a) |k t , k 2 > 

m' r Sw — £m + ^m rt m' r So ““ m^n) 

X<k 1 ,k 2 |/(r/ fl )|k 2 ,k 1 >]. (11.103) 

Here we have replaced the pair sum (£ < * 7 ) by half times the independent summations over f 
and v; this is legitimate because each of the extra terms corresponding to f v entering through 
this process is identically zero by virtue of the cancellation of the direct and the exchange 
terms of the antisymmetrized matrix element. The sum over the projection quantum numbers 
in (11.103) can be immediately performed, taking due account of the Kronecker deltas. Further, 
from ( 11 . 102 ), and the definition (11.42) of the relative momentum, we obtain 

<k„ k 2 | f(r/a) |k„ k 2 > - ^F(O) = 

<k„ k 2 | f(rla) |k 2 , k,> = if(2|kj) = i 

In this way, the final simplified form for (11.103) is found to be 
2 Vn occ 

<F>= S [ gl F(0) + gi F(2k)}, 

w ki.k, 

where 

£l = 4g W — #M + 2g 0 — 2gH> 
gi = + 4g M — 2 g a -f- 2g H - 

The momentum summation is easy to carry out in the first term. It should be observed 
that four times E or E is each equal to A, the total number of nucleons, and that ( A/Q ) is the 

ki k* 

density p given by (11.37). Therefore, 

first term of (11.105a) = lV 0 giApF(0) = j^gi^ K h (11.106) 


(II. 104a) 
(II. 104b) 

(II. 105a) 

(11.105b) 


where * F = kpa. In the second term, the summations are much more involved to carry out be- 
cause of the presence of the momentum-dependent quantity F(2k). We first replace the sums 
by the integrations following (11.40). Then 


] occ Q ./"occ f occ 

S.f.. f(2t) -(S?] "'J 


( 11 . 107 ) 

<* i*kp,k1«k r ) 

Here we have converted the integrations over ki, k 2 into those over the total and relative 



NUCLEAR BINDING ENERGY AND MANY-BODY THEORY 189 


momenta K and k and have specified the restrictions beneath the integral so that only the 
occupied states are taken into account. 

Now, from the definitions of K, k in terms of k b k 2 , we get 
ki - JK + k, i.e., k\ = \lO + k 2 + Kk cos 0, 
k 2 = £K - k, i.fc., k\ = \K 2 + k 2 - Kk cos 0 , 

where 0 is the angle between the vectors K and k. Since each of k { and k 2 should be less than 
or equal to k Pt we have, from these two relations, 


k 2 

cos 6 < — 
COS 0 > — 


- (i* 2 + k 2 ) 
Kk 

kf - (i K 2 + k 1 ) 
Kk 


(II.108a) 
(II. 108b) 


These relations imply that, for the given K> k y and k Ft the integration over the angles of K in 
(11.107) is not unrestricted. As a matter of fact, if k\ — (\K 2 -f k 2 ) is not positive, the require- 
ments (11.108) become mutually contradictory, and no permissible value of cos 0 exists. Hence, 
the first requirement is 

kl - (\K 2 + * 2 ) > 0 
or 

K^2(kl-ky‘ 2 . (II.l09a) 

For the specified k F and k y (II. 109a) gives the maximum value of K y which yields a non- 
vanishing result in (11.107) When this condition is satisfied, we can distinguish between the 
two possibilities 

kp — (\K 2 4- k 2 ) . 

Kk ' 

or 

K < 2{kp — k) (II. 109b) 

and 

kl - UK 2 + k 2 ) ^ . 

Kk ^ 1 

or 


K > 2(kp — k). (11.109c) 

In the first case, all the values of cos 0 between —1 and 4-1 are obviously permitted by (11.108). 
But, in the second case, cos 0 cannot go over the full range; it goes from its minimum value 
given by the right-hand side of (II. 108b) to its maximum value given b£ the right-hand side of 
(II. 108a). 

Using in (11.107) all the considerations just specified, we h&ve the expression (11.107) 
given by 


_1 

Q 


occ 

2 F(2k) = 


ki. k. 


d!W !' *■**“> 


2 (*{,-*«)»/» 
2(kr-k) 


K 2 dK 


kl - UK 2 + k 2 ) 

Kk 
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In the first term, included within the square brackets, the integration limits of cos 6 are such 
that cos 6 can go over its full range of values, and hence the integration over the angles of K 
has yielded a factor 4n placed just outside the square brackets. On the other hand, in the 
second term within the square brackets, the integration limits of cos 0 impose a restriction on 
the maximum and minimum values of cos 0, just mentioned, and h^nce the angle-integration 
yields 

2„[(cos 0W - (cos 6) m J = ~ t * 2) . (II. 1 10a) 

This explains the structure of the second term. It should finally be noted that each of kj and k 2 
varies in magnitude from 0 -> fc F , and hence (kj — k 2 ) varies in magnitude from 0 -► this 
explains the limits of the ^-integration. 

Carrying out the ^-integrations explicitly, we obtain 

5 L nm - (sW.‘ F *** Wr* 1 - 1 h + *5J»- < II " 0b » 


Using the explicit expression of F(2k) from (II. 104b), we can complete the momentum 
integration in (II. 110b). The integral encountered is given by 

P . - fx + »x 3 ) 

Jo 1 + ' 

where x = k/k F and * F = k?a M First, we write the integrand / in the form 

a 2 f (1 + 4»CpX 2 )( 1 - fx + fx 3 ) - (1 - fx + fx 3 ) 

* KfI = 1 + 4k 2 x 2 ~ 


x, * . 1 iv 1 — ?* -4- \x 

= (1 - fx + Jx 3 ) - - T -- 44x2 


(8fc F ) _, (l + 4 k f x 2 )x . , 1 


— /i iv _i_ Iv3) _ 1 - _ V 1 4. (Ji- 4. * 

_ (1 t x+ix) l+ 4 ^ 2 , + 4 *pX 2 + C 8* 2 + * J 1 4- 4 kJx 2 

1 / 1 . »v , , 3 1 , 1 . 1 

= 1 “ 84 + t)X + ix - V+TkJx 1 + ( 8 T 2 + j) 84 2 r+ 4 ^?* 

A term-by-term integration is now straightforward. Collecting all these results with (11.106), 
we obtain the final simplified form for (II. 105a) as 


. <J r -vr* + £*&"- si + + < h . hi > 

The binding energy per nucleon up to the first order in the perturbation theory is given 
by the sum of (IT. 90b) and (II. Ill), which is a function of the fermi momentum kp or, equi- 
valently, a function of the nuclear radius parameter f 0 or the density of nucleons p. The basic 
idea in infinite nuclear matter theory is that, although we go to the limit Q oo, A too simul- 
taneously becomes very large in such a way that the density p, which is very simply given by the 
radius parameter r 0 , still remains a finite well-determined number. The calculated value of the 
binding energy per nucleon can be plotted as a function of the parameter r© or, equivalently, p or 
kp . If the theory is satisfactory, then this curve should display a minimum, and the equilibrium 
density and binding energy of the nucleus should correspond to this minimum. The purpose of 
the theoretical calculation is to check whether the binding energy versus the r 0 -curve does 
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indeed show a minimum of right magnitude at the correct r 0 . In many cases, the theoretical 
curve may not even show a minimum. If, for example, the curve monotonically decreases as 
r 0 -*0, then the state of lowest binding energy corresponds to r 0 = 0; such a theory therefore 
predicts that the nucleus energetically prefers to be in a collapsed state of zero radius, and 
hence it is obviously wrong. 

With this general discussion on the type of result to expect, let us now closely examine 
our binding energy expression (II. 99b) plus (II. 111). The nature of the binding energy versus 
the r 0 -curve depends, to a large extent, on the type of exchange mixture being used in the two- 
nucleon potential. If we consider a mixture of Wigner and Majorana forces alone, then 
g\ = - £m and g 2 = -£ W + 4g M . If we normalize g w + g M to unity, then we can para- 

metrize g { and g 2 by one parameter a chosen from 

£w = £0 + <*)» £m = 1(1 ~ <*)* 
and hence 

8i = 1(3 + 5a), g 2 = i(3 ~ 5a). 

The binding energy ( E/A ) curves (see Brueckner 7 ) for several values of a are shown in Fig. II. 4. 
The nature of the curves can be understood in this way: when r 0 becomes small, k P gets very 
large, and hence the K^-term in (11.111) dominates the other terms; this term will give an 
attractive contribution (since the attractive V 0 is present as an overall factor) if g, = £(3 + 5a) 
is positive, i.e., as long as a > —0.6. For values of a < —0.6, the positive kinetic energy and 
the repulsive potential energy terms add up, giving a curve above the r 0 -axis. For values of a 
sufficiently larger than — 0.6, the attractive potential energy term overtakes the kinetic energy 
term and produces a negative energy. But, unfortunately, the curves do not display a genuine 
minimum. From what has already been said, these monotonically decreasing curves, as r o -*0, 
predict a collapsed state. 

The situation improves if we use an exchange dependence for which g t = 0. Such calcu- 
lations have been done by Swiatecki 8 for the Yukawa and also the Gaussian potential 
f(r!a) = e“ rt/a \ using a (T t *T 2 )-type exchange-dependence. Huby 9 did a similar calculation with 
a Yukawa potential of the type k r 0 T,*T 2 (g 2 + f 2 o i *a 2 )e~ rla l(rla), where g z and / 2 are two 
strength parameters. It should be observed that the exchange-dependence of Huby’s potential 
is described by 

gw =/ 2 - g 2 . gM = -4 f 2 , g, = -2 f\ g H = 2(/ 2 - g z ) 

such that 

gi = 0, gi = —3 (g 2 + 3/ 2 ). 

Huby chose V 0 - —13.4 MeV, f 2 = 0.595, g 2 = 0.258, and a = 1.75 fm. The results for the 
binding energy are shown in Fig. II. 5. The curve a corresponds to our first-order expression 
vll.lll), and indeed shows a minimum. The values of r 0 and El A corresponding to the minimum, 
however, greatly vary from the observed results. Huby calculated the correction to E/A due to 
the second-order perturbation term. (We end this section with the details of the second-order 
calculation.) His final results (that is, first order plus«econd order) are shown by the curve b. 
Although the saturation binding energy improves to some extent, its value and that of r 0 still 
do not agree with the observed numbers. 

Various other radial shapes of the two-body potential have also been tried in this kind of 
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to (10-« cm) 

Fig. II.4 Binding energy per nucleon as function of nuclear radius parameter r 0 
for various mixtures of Wigner and Majorana exchanges of purely central two* 
nucleon potential having Yukawa shape. (Following Brueckner, K. A., in The 
Many-Body Problem, ed. by C. Dewitt, Dunod, Paris, 1959, p 113.) 
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calculation. The Gaussian shape used by Swiatecki is an example. This simply entails recal- 
culating F(0) and F^jkl) of (11.104), using the appropriate shape function /(r/a), and then 
repeating all the steps leading to (II. 1 1 1). A very in\eresting potential has been used by Bethe 10 . 
Rather than choosing a potential with a complicated kind of exchange-dependence, he uses a 

r 0 (ln units of 1.75 fm) 



Fig. II 3 Results of binding energy calculation with a 
well-behaved central potential. [From Huby, R., Proc. 

Phys. Soc . (London), A62, 62 (1949).] 

simple model potential, which is assumed to exist only in the 5(/=0)-stateof the relative motion of 
two interacting nucleons. Further, the radial shape is assumed to be an exponential f(r/a) = e~ rla . 
For this potential, we have to work with the Wigner term of (11.103) with # w = 1, and then, 
in computing the Fourier transform F of (1 1.1 02a), use only the 5-wave part of the relative 
wavefunction exp (/k»r). In this way, we finally obtain the result 

9 ' & 11 ' 1101, (ini2) 

where [(II. Ill)] stands for the quantity enclosed within the square brackets in (11.111). Using 
a range parameter equal to 0.706 fm, and also keeping V 0 just sufficient to produce a resonance 
at zero energy in the two nucleon S-state, Bethe obtains a minimum in the binding energy 
curve at k f a = 2.92. This corresponds to a value of r„, which is more than three times smaller 
than the observed value, and a saturation nuclear density about thirty times too large. 

The most realistic calculation of the potential energy using tie perturbation theory has 
been that by Tabakin", who employed the separable nonlocal potential mentioned in Section J2. 
The two curves in Fig. 11.6 show the binding energy per nucleon in the first and second order. 
In the first order, saturation is obtained at A F = 1.6 fm -1 with E/A = — 8 MeV, whereas with 
tbe inclusion of the second-order energy these values are given by 1.8 fm-' and —14.1 MeV, 

respectively. It should be observed that the value of k f is much higher than the proper satura- 
tion value. 
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Fig. 11.6 Results of binding energy calculation with a separable 
nonlocal potential. [Following Tabakin, F., Ann. Phys . (N.Y.), 
30, 51 (1964).] 


Second-Order Calculation f 

The expression (11.97) has to be evaluated in detail. We have already seen from (II. 102a) that 
the total two-body momentum must be the same for the initial and final states in a matrix ele- 
ment of V. Denoting the initial momenta of the two fermi-sea particles by kj, k 2 and the 
momenta of the same particles when they go out of the fermi sea by k h k 2 , we then obtain 

k, + k 2 = k, + k 2 = K, i(*i - k 2 ) - k, i(k, - k 2 ) - k. 
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Further, 


€ (^i) + <(^2) = 
c (ki) + «(k 2 ) = 


jh^ 

2M 

tr 
2 M 


( * ? + Ai) -^ + 


h ^ 2 

A/ ’ 


(fc 2 + fc 2 ) = 


h 2 *: 2 n 2 * 2 

4 A/ + M ' 


Therefore, the energy denominator in (11.97) is given by 
«(k .') + «(k a ) - *(k,) - «(k 2 ) = - k 2 ). 


(11.113) 


For the evaluation of the numerator, we begin by noting that the direct minus exchange 
matrix element of V can be written in a compact form as 

(ki. m 4 , m T ; k 2 , m S9 ml\ K [ k t * m„ w T ; k 2 , m!, ml) 


= m 4 , m T ; k 2 , mi, ml | F(H - P M P a P r ) m 4 , m T ; k 2 , m’ s> ml). (II. 1 14) 

Writing out V in the form (II. 98a), where /\v is actually the unity operator and P H — P Si P a , 
we obtain 


F(1 - P M P,P r ) = V 0 f(rla)( gv/ i + g M P M + go P„ + g H P M P a - g»P M P a P, - g M P„P 7 
~ SoPyiP, ~ ShP,) 

= yoAr/a)[g\P a< P r ) + <?(/>„, P,)P M ], (11.115a) 

where 

3* - $w! + g.P. ~ g\\P <jP i ~ gnP ii (11.115b) 

i? = + gnPc - SwP/, - .?«/,• (11.1 15c) 

Using (II. 1 15a) in (II. 1 14), we obtain 

(k h w„ m T ; k 2 , mU ml | K |k„ m„ m T ; k 2 , wj, ml) 

— Fg^kj, m„ m T ; k 2 , m,\ m' T \f(r/a) 

X (£P|k h m Sf m T ; k : , m(, m' 7 > + £P|k 2 , m„ m T ; k,, mi, ml)). (11.116) 

The summations in (11.97) now entail a summing over the occupied momentum states (k,, k 2 ) 
with a factor of \ y a similar summing over the unoccupied momentum states (k,, k^) with a 
factor of $, and a summing over m„ m T , m SJ m T , m) mi, mi, ml. Because the energy denomi- 
nator (11.113) is independent of spin-isospin states, the sums over the eight m-quantum 
numbers can be carried out on the square of the modulus of (II. 1 16) alone. While doing so, 

we note that 

£ | m„ m T ; mi, m T ; mi, m r I = 1 (11.117) 

m 

C 

from the completeness of the spin isospin states, where the sum is over all the four quantum 
numbers with an overhead bar. Finally, each of the sums over m 4 , m T , m s> m r will be a trace 
of the operator concerned in the corresponding spin-isospin space. When, for example, 
r 9 = i(l -f «i*o 2 ) is summed over m, (the spin states of the first particle), we have 

„ £ <«J P 9 \ m s) - Tri P 9 = H 2 


(11.118) 
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because Tri o, = 0 and Tr, 1 = 2t 2 . Here 1 2 > s the unity operator in the spin-space of the 
second particle. Upon subsequent summation over m’„ (11.118) yields 2. Thus, 

Z <jn„ m',\ P. | m„ m,> = 2. 

Further summation over m T , mi of this quantity clearly yields an additional factor of 4. 
Denoting the complete sum over all the four quantum numbers by the symbol Tr lj2 , we obtain 


Tr lf2 P 0 55 2 Z <m„ w T ; mi, mil P 0 \m„ m r ; mi, mi> = 8. (II. 119a) 

m t , m' m T , ro' 

In the same manner, 

Tri.j P, = 8, (II.119b) 

T ri ,2 P 0 P, = 4 (11.119c) 

and, of course, 

Tr (j2 1 = 16. (II. 1 19d) 

Using all these results in (11.116), we get 

Z Z |(k„ m„ m t ; k 2 , m„ m , | V |k,, m„ m r ; k 2 , m„ mi) | 2 

" m 

- W 2 Tr,. 2 (5> 2 |<k„ k 2 | / jk„ k 2 >|* + <P|<k„ k 2 | / |k 2 , k,>| 2 
+ 2£P2Kk„ k 2 | / |k„ k 2 ><k 2 , k,| / |k„ k 2 ». (11.120) 


The Tr lt2 operation for the operators ff 2 , S 2 and can be carried out with the help of 
(11.119) and the explicit forms (1 1. 11 5b) and (II. 11 5c) of and £P. The two matrix elements 
of / can also be substituted from (11.102), which contain the two Fourier transforms F(k — k) 
and F(k + k). The details of this algebra will not be discussed. 

The final expression of the second-order energy can be obtained, provided we know how 
to carry out a sum of the type 

occ unocc _ _ _ 

Z Z (k 2 -k 2 )- l $( k, k)6(K, K), 

ki. ka kt.k, 

where £F(k, k) can be one of the three functions |F(k + k)| 2 , |F(k — i)| 2 , and F(k -f k)F(k — k). 
The sums can Be converted into integrals over k,, k 2 , k,, k 2 in the usual way; the integration 
variables can then be changed to K, K, k, and k with appropriate restrictions on the magnitudes 
k u k 2 « k F ) and k l9 k 2 O In view of the $(K, K)-factor, we are left with the integrations 
over K, k, and k. To tackle these integrals, subject to the restrictions just mentioned, we have 
to follow a procedure similar to that described for the momentum summation in the calcula- 
tion of the first-order energy. Here it is convenient to keep K fixed and first carry out the 
integration over the angle& of k and k. 

It is easy to see that the restrictions (11.108) apply to the angle $ between the vectors k 
aod£; however, the restrictions (11.109) now have to be reinterpreted as those on the magni- 
tUk of k for a given value of K . Thus, XII. 1 09a) is replaced by 

* < (*p - i* 2 ) 1 ' 2 , (11.121a) 

which fixes the maximum value of the k-integration. Similarly, (II. 109b) and (II. 109c) are 
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replaced by 

* < *p - \K, (II.121b) 

k^k r -iK. (11.121c) 

(II. 121b) permits all the values of cos 0 between —1 and +1, whereas (II.121c) allows cos 0 to 
vary between -P k (K) and +P k (K), where P k (K) is given by the right-hand side of (II.108a). 

Considerations similar to those used in the case of k lead to some conclusions for the 
angles of k. First, the minimum value of the ^-integration is determined by the condition 

k>(kl- IK 1 )'! 1 . (II. 122a) 

Further, when 

k>k r + \K, (II. 122b) 

the angle-integration can be carried over the full range of —1 to +1. On the other hand, if 

k < + I*, (11.122c) 

the quantity cos 0 can vary between -Q- k (K) and +Q- k (K), where 


Q-iK) =* 

fc lr v V'/. 


(11.123) 


These restrictions on the angles of k and k can be very lucidly specified in terms of Fig. II. 7. 
The two circles represent fermi spheres, each of radius k P . The separation between the centres 
C and C' of the two spheres is equal to K. The intersection of the two spheres is a lens-shaped 



Fig. II. 7 Two intersecting fermi spheres showing region of 
integration in momentum space required in evaluating 
second-order contribution to binding energy. «■ 

region in momentum space. We assert that the momentum vectors, corresponding to all points 
in this lens-shaped region, measured from the centre 0, give the permissible values of the 
initial relative momentum k. To elucidate this, let us consider any point P and join it to the 

— ► — ► 

point* 0, C, and C'. It is clear that the vector CP is equal to CO + OP, that is, }K + k. 
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Similarly, the vector PC is given by OC — OP , that is, JK — k. Thus, CP and PC are 
respectively k t and k 2 . According to our construction, as long as P is a point in the lens-shaped 

— ► — ► 

region, the length of the vectors CP and PC' will always be less than the radius fc P of the two 
spheres. Thus, the restrictions k x < k F and k 2 < k P are correctly incorporated if all the momentum 
vectors measured from 0, and contained in the lens-shaped region, define the permissible 
domain of integration of k. It is clear that when we complete the sphere of radius 
OD — (k P — \K) with 0 as the centre, this sphere is contained entirely within the lens. Hence, 
from k = 0 to (k F — i k), the angle-integration of k is over the full range of spherical geometry. 
The two points A and B are evidently at a distance k = (k F — ±K 2 ) 112 from 0, specifying the 
maximum value of k to be used in the integration. It is clear that, in the regions of the lens 
between the points A and B and the sphere of radius ( k F — $£), the angle 6 (measured with 

respect to K, i.e., CC as the z-axis) is bound between a minimum and a maximum value. 
Obviously, the minimum and maximum values of 6 for a given k are obtained respectively on 
the right and left surfaces of the lens. The minimum and maximum values of cos 6 , resulting 
from the geometrical construction, can easily be found to agree with their values [stated after 
(11.121c)]. 

In Fig. II. 7, the region outside the boundary of the two fcrmi spheres gives the permitted 
domain of integration of k. The proof of this statement and the division of the ^-integration 
into the two ranges (II. 122b) and (II. 122c) also follow from geometrical considerations based 
on Fig. II. 7. The procedure is the same as that described for the A-integration. 


19. GOLDSTONE’S LINKED-CLUSTER PERTURBATION EXPANSION 
We now present a sophisticated and complete derivation of the many-body perturbation theory 
(see Goldstone 12 ). We wish to solve the ground state V 7 and the corresponding energy £ of a 
Hamiltonian H with a perturbation theory based on an unperturbed Hamiltonian H 0t and its 
ground state 0 having unperturbed energy £ 0 . For simplicity, 0 is shown without the sub- 
script 0. Denoting the perturbation by H if we have 

HW = (H 0 + //,)<£ = £<£, (II. 124a) 

//o0 = £ o 0. (II. 124b) 

Multiplying (II. 124a) from the left by O* and integrating over all the particle coordinates, we 

get 

<0| Ho |!P> + <0| H t 1<P> - £<0 | !£>. 

In the first term, we replace <0|//q by <0|£o, according to (II. 124b), and obtain 


or 




E-Eo 


<3Jh m 

<*\V> • 


(11.125) 


The perturbation approach entails expressing V in a perturbative series based on the unper- 
turbed 0; then (11.125) yields the correction to the energy in various orders. 

To develop the perturbation expansion of *£ in a formal way, we follow a time-dependent 
approach and resort to artificial ‘switching on’ of the perturbation H\ very slowly, commencing 
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with the unperturbed H 0 at time t = — oo. We write 

H\{t) = e“H u €>0. (11.126) 

We ultimately let c go to zero through positive values. We notice from (11.126) that, at t -* — oc, 
because of the positive value of £, the perturbation H 1(f) -► 0, and hence we are able to satisfy 
our earlier assumption that only H 0 is present at t = — oo. Further, as the time increases from 
(t = — oo) to ( t = 0), the interaction H\(t) gradually increases through its dependence on the 
exponential factor, and ultimately, at t = 0, it acquires the full value Hi of the interaction. So, 
it is only at t = 0 that the wavefunction ^(f) evolves to the correct solution of H given in 
(II. 124a). The gradual development of the interaction from zero value at t = — oo to its full 
value at / » o is usually called the adiabatic switching process. 

We shall work with the Hamiltonian 

tf«(0 - H 0 + //f(0, (II. 127a) 

solve the time-dependent Schrodinger equation 

= n \ 8 ^, (II. 127b) 

and then evaluate *P,(f) at t = 0 in the limit c -► -f0. The boundary condition to be imposed 
on V<(t) is obtained from the fact that, at t -* — oo, the wavefunction has to correspond to the 
Hamiltonian 7/ 0 . 

TJie stationary state wavefunction 0, used in (1 1. 124b), is the time-independent wave- 
function for the Hamiltonian H 0y and the corresponding time-dependent wavefunction 0(f) in 
the Schrddinger picture is given by 

<*>(/) = exp (-fa)#. (II.127c) 

The boundary condition on can therefore be stated as 

Lt Lt V,(t)= Lt <*>(/). (II.127d) 

*-►+0 t~+— ao l-y— 00 

Further, the stationary state solution W (time-independent) of the complete Hamiltonian has 
the time-dependent expression 

!P(0 = exp (- (II. 127e) 

in the Schrddinger picture. At time t — 0, (II. 1 27e) becomes identical to the time-independent 
function 'F. Hence, our tacit assumption in the adiabatic switching procedure is that we expect 
the validity of the equation 

Lt ¥',(f = 0) = 'f'(/ = 0) = , f'. (II.127f) 

«-*+0 

There are examples of Hamiltonians where the adiabatic switching ^procedure leads to a state 
which is not the lowest energy state of the complete Hamiltonian. In these cases, the lowest 
energy of the exact Hamiltonian cannot ever be obtained in a perturbative manner from the 
unperturbed ground state We omit such cases from our consideration. 

Instead of trying to obtain a formal solution of (II. 127b) subject to the condition 
(iI.127d), we first convert the equation into a different representation, known as the interaction 

representation. The wavefunction *F,(f) of this representation is related to the wavefunction 
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!P«(0 of the SchrOdinger representation through the unitary transformation 

£.(<) = exp (£tf 0 <)y.( /)• (II. 128a) 

The same transformation exp [(i/h)tf 0 f] has to be applied to any other SchrOdinger wave- 
function. Any operator Q of the Schrodinger representation then automatically transforms in 

the interaction representation into Q(t) given by 
6(0 = exp (itfoOfl «P (" £ ff o0- 

In particular, the Hamiltonian operator H n (t) of (II. 127a) transforms into (since H 0 is invariant 
under the foregoing transformation) 

= //„ + H\(l) (II.128b) 

with 

Hl(t) = exp (~H 0 t)H\(l) exp (- ~H 0 <) 

= e " exp exp (- ^H 0 t). (II. 128c) 

Making the substitutions (II. 128a) and (II. 128b) in (II. 127b), we obtain 

i* 8 ™ = (11.129) 

Applying the unitary transformation exp [(i/ti)/f 0 t] on the Schrddinger wavefunction #(/) 
of (II. 127c), we easily obtain 

$(t) = exp (— ~£of)exp (^£ o t)0 — <t>. (II. 130a) 

Thus, the unperturbed wavefunction becomes time-independent in the interaction represent a- 

tion, and hence the boundary condition (11.127d) reduces to 

Lt Lt W,{t)= Lt 0(/) (II. 130b) 

«-*+0 h+-CC QO 

Further, according to (II. 128a), the exact wavefunction in both representations becomes identi- 

cal at t *= 0. Therefore, the adiabatic assumption (II.127f) can be rewritten as 

Lt #.(r=.0)= Lt y.(/ = 0) = !f'. (II.130c) 

•-►+0 «-*+0 

We can immediately Varry out an integration with respect to time and express the solu- 
tion of (11.129) as 

\'i - 

= g I' dr' %')^0- (II.131a) 

The occurrence of t on the integral sign means that the integral has to be evaluated as an 
indefinite one, and then we have to put t' = t in the result. In (II. 131a), C is the integration 
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constant, which can be determined by imposing the condition (II. 130b). Thus, 


$,(t) = $ - i dt' H\{t')$.( t'), 

and, by imposing (II. 1 30c), we obtain from this equation 

Lt $,(t = 0) = 4> + Lt (-£) f° dt' 
•-►+o «-*+o n j -ao 


(II. 131b) 


(II. 132a) 


This formal expression of V allows us to develop it in a perturbation series by carrying out an 
iterative procedure on the integral: we substitute for ’f'.(f') from (II. 131b), that is, 

£.(0 = * - £ J' w dt" H\(t " )£,(/') 

and then again substitute a similar expression for *P«(0 in the integral, and so on. In this 
way, 

= Lt dt ' H\(t')<P + (- jj) 2 J° w <*' J" b dt " + . . . j 

= Lt U,d>, (II. 132b) 

<-♦+0 


. U. - 1 + £ [(- /)« J° ^ dt, j' l # dt 2 ... J'"~‘ dt n H\( tl )Hl(h) . . . %„)]. (II. 132c) 

Using (II. 132b) in the master equation (11.125), we obtain 

where Hi has been substituted from (II. 128c) in terms of its interaction representation at 
r — O. 

At this stage, we introduce the second quantized expression (11.32) for the many-body 
Hamiltonian. We add and subtract the average one-body potential C]/ in the manner of (II. 5) 

and (II.9), and then obtain 

H 0 = £ O! (r + cv> |/3 >cic s = X..CJQ, (II. 134a) 

a,0 « 


//, = *£ <^| y \y^C[C\C,C y - 27 <a| CV i^)c;c,. (II. 134b) 

a.0,v,4 a *0 

Here « a is the eigenvalue of <J 4- C V) in the single-particle state |a>. In order to obtain the 
expression of H\, which is in the interaction representation, we need Cj(t), d,(r), ... also in 
the interaction representation. By definition, 

€l(t) = exp (jjffot)Cl exp (-J*o0. 

and hence, by straightforward differentiation, we obtain 
ir&pl = -exp (jjffoOltfo. Cl] exp (-jjtf 0 0 


,..3Ci(0 


■•Ad- 
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The last step follows from a direct evaluation of the commutator with the help of (II. 134a) for 
//„, and the anticommutation relation of the creation and destruction operators. A direct time- 
integration of this equation yields 

Cl(0 = exp fa)Cl (II. 135a) 


In obtaining this form, we have also imposed the condition Ci (t = 0) =5 Cl which follows from 
the definition of Cl(f). The Hermitean conjugate of (II. 13 5a) guarantees 


C„(r) = exp (-^t)C e . 


(II. 135b) 


With the help of (11.135), we therefore obtain 

H\{t) = e«[i E V | yS>ClclC,C y exp «»)f) 

a.0.v.a n 

- z <«| cy |y>c;c v exp {£(«„ - «„)*}. (II.136) 

a.y n 

With these expressions, we shall first examine the structure of 


Lt 

«-*+o 


<<f| V. |<P> 


(11.137) 


occurring in (11.133), and then the linked-cluster expansion of Goldstone will follow. 

When we insert (11.136) and (II. 132c) in (11.137), we observe a set of exponential time 

factors corresponding to each time / 2 , . . . , and then the groups of creation and destruc- 
tion operators, such as (C^C^C^C,,,) and (C^C^), appearing in a continued product; the sub- 
script i here refers to the subscript to the t to which the particular group of creation and 
destruction operators belongs. When writing the continued product of these operators, we 
must take into account the order in which the various t,'s occurred in (II. 132c). 

If 0 is a many-body state in which single-particle states up to a certain maximum energy 

are occupied, then we have 


Cy\<P> = 0 (if y is a particle state above the occupied set of states), (II. 138a) 

Cl\<Py = 0 (if a is a hole state, i.e., one of the states already occupied in 0 ). 

(II. 138b) 


On the other hand, C y \<t>y and Cl |<P> stand for a lh-lp state if r is an occupied state and a an 
unoccupied state. The contraction of two such operators is, by definition, the expectation value 

of their product iu the state < P. We denote the contraction by the symbol ( ). Thus, 


<clc v > « <*| c\c y |d>> = «Av. < n - ' 1 38c > 

according to the property (It. 138a) of C y . Here n y is the occupation probability of a state, i.e., 

n y « 1 if y is an occupied state in <P, otherwise it is zero. In a similar manner, the property 

(II.,138b) of Cl yields 

<C y Cl> = (l-n # )S ay . (H.138d) 

We now state Wick’s theorem in a simplified manner, which best suits our purpose. 
According to this simplified version of the theorem, the product of any number of creation and 
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destruction operators is equivalent to the result 
ABCD . . . = N(ABCD . . .) 

+ <AB>N(CD ...) + ... 

+ <AB>(CD>N(EF . ..) + ... . (11.139) 

Here we have used the general symbols A, B , ... to denote the creation and destruction opera- 
tors. The letter N stands for the ‘normal product* and indicates an arrangement of the opera- 
tors, enclosed within the parentheses following N, in which all ‘particle’ and ‘hole’ creation 
operators (i.e., C a if a is an unoccupied state, and C y if y is an occupied state) have been per- 
muted to the left of the ‘particle’ and ‘hole’ destruction operators (C a , Cy, . . .); in securing this 
arrangement , the sign of the permutation must be included. The second line of (11.139) says that 
we must continue contracting every pair of operators, and multiply it by the normal product 
of the remaining operators; here also, we must include a minus sign if the final arrangement 
of operators is reached through an odd number of permutations. For example, the term 
<AC>N(BD . . .) should appear with a minus sign. The third line of (11.139) shows that we must 
next contract two pairs of operators (in all possible ways), keeping an account of the sign due to 
the permutations, and multiply the contraction by the normal product of the remaining opera- 
tors. The process has to be continued until all the operators are contracted in pairs in all 
possible ways. 

In view of Wick’s theorem and the properties (11.138) of 0, we conclude that, in the 
expression of U € (0>, terms that contribute are those that have only particle and hole creation 
operators in the normal products, and terms that have no normal products at all (i.e., the 
fully contracted terms). File last type of terms are obviously the only ones that contribute to 

^^draw di^gram^ 11 137> ' The mOSt convenient wa V to- keep track of all nonvanishing terms 

A contraction <C a C v> > of the creation operator taken from time t, and the destruction 
operator taken from time tj(t,>tj) is nonvaniehing, according to (II. 138c), only if a, = y Jt 
and the state «, or the state y, is occupied in 0 . This is represented in Fig. II.8 by the line 



Fig. II.8 Goldstone diagram showing bubble at t i9 
particle line originating at t } and ending at t„ and 

hole line going from f, to tj . 


With the downward-pointing arrow showing a propagation from time t, to time t, ( from the 
creation to the destruction operator). Such a line moving downwards therefore represents the 
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propagation of a ‘hole’ state. According to our convention, a line going out from some point 
denotes creation at that point and a line going towards a point signifies destruction at that 
point. This explains why, in the representation of (ClCy^ the arrow is from to tj . In 
Fig. II.8, we have taken the direction of time flow from the bottom towards the top. There- 
fore, time t h which is greater than is shown by a horizontal line above that for t } . In the 
same manner, we can represent the contraction of the destruction operator taken 

from time t { and the creation operator taken from time tj(t ( > tj) by the line with the upward- 
pointing arrow. According to (11.138b), the state or the state otj must now stand for a 
‘particle* state; the direction of the arrow has been fixed, as before, by noting where the 
particle is created and where it is destroyed. A third kind of nonvanishing contraction is that 
of two operators belonging to the same time t h i.e., <c£ C v# >. From the expression of H^tj), 
it is clear that the creation operator in such a case always occurs to the left of the destruction 
operator, and hence, according to (II. 138a), ^(= 7 /) must be an occupied state. This process 
is represented by the “Bubble” in Fig. II. 8 where both the creation and the destruction are 
found at f it as required. 

normal products of the operators correspond to the destruction or the creation of 
particles and holes from the state d>. An operator C*^, contained in a normal product, stands 
for the creation of a particle (if a is an unoccupied state), and for the destruction of a hole (if c» 
is an occupied state) taking place at time r,. Similarly, the operator C y< present in a normal 
product stands for the creation of a hole state at time /, or the destruction of a particle state 
at the same time, depending on whether y is an occupied or an unoccupied state. On a diagram, 
the creation and destruction operators for particles and holes appear as free lines running 
from the edges of the diagram to the horizontal line standing for the relevant time. An arrow 
that points downwards will be a ‘hole* and one that points upwards will be a ‘particle’; the 
movement of the arrow towards or away from the time line indicates whether a creation or a 

destruction has taken place. In this way, we arrive at the possibilities shown in Fig. II. 9. 


1 

k Particle creation i 

r Hole destruction 

Particle destruction j 

t Hole creation 1 

} 


Fig. IL9 Goldstone diagram showing particle creation, particle des- 

traction, hole creation, and hole destruction at 


According to (II.132c), we have interactions taking place at n different times /„ 

in a process of order n. At each instant of time, the V- or ^-interaction is represented along 

the corresponding time line. Each F-linc has two ends, each end (to be called a vertex) with 

r>n0 v ‘particle line or one hole line going in and another going out; this is because of C,tCjC,C y 
with each ^-interaction. On the other hand, each (^/-interaction (because of its ClC y ) has at 

one end one particle line or one hole line going in and another going out; the other end of the 

^/-interaction is however left free and deliberately terminated by across to emphasize the fact 

that it stands for a (^/-interaction. 
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The rule for associating the matrix elements of V and C[? with the interaction lines is as 
follows. The states (or state) that correspond(s) to ingoing lines must be written as initial 
states (or state) (right - hand side of the matrix element) and those going out as final states (left- 
hand side of the matrix element). In the matrix element of V , the correct correspondence 
between the first state on the right and the first state on the left as the ingoing line and the 
corresponding outgoing line must be maintained; the same correspondence must also be kept 
between the second single-particle state on the right and the one on the left. Thus, the direct 
and exchange terras of a two-body matrix element correspond to different diagrams. For 
example, the two diagrams of Fig. II. 10 correspond to the direct and exchange matrix 
elements (in the first order) (*p\ V \aff) and <a/3| V |j3a>, respectively. As required by the 
correspondence just mentioned, the arrows in the diagrams representing the exchange matrix 
element V | fia) indicate a -> p and p a. 


P 



Direct Exchange 

Fig. 11.10 Direct and exchange diagrams of first order in 

two-body potential V. 


Now that we have stated all the rules for diagrammatic representation, we note that, in 
the expression U'<P, the bottom of the diagram cannot have any free particle line or free hole 

line because we are starting with 0 as the initial state. In the n - th order, there will be n-inter- 
action lines at times t l% t 2 , . . . , t„ with t t > t 2 > • • . > t n . Finally, at the top of the diagram, 
there will be several free particle and free hole lines (in the terms containing normal products). 

There Will also be some diagrams with no external lines (the fully contracted terms); such diagrams 

obviously correspond to processes contained in (<P\ U, ]<£> in which we start with 0 and end 
with In addition, there will be diagrams in which there are physically isolated parts, Some 
Of which may not have any external lines. Such disconnected parts having no external lines are 

called unlinked parts. Once again, the unlinked parts obviously represent processes contained 

in <d>| U, |0>. . . . . • .. . , 

We must now consider the time-integrations in a diagram having one or more unlinked 

parts For an understanding of the proof, just one such unlinked part in a diagram (see Fig. 

II 11) is adequate. Suppose the times at which the interactions take place in this nnlinked pan 
are given by t [, ri t'„ where t \ ; and, on the other hand, the times at which 

the interactions take place in the other parts of the diagram (whicji have some external lines at 

the top by definition) are r„ h h with t, > t 2 > ■ • . > b w c have to admit ait possible 

ordering of the times in the set (r|, t)) with respect to those in the set (f[, h , . . • . hi 

In diagrammatic terms, this process simply means a physical displacement, up or down, of the 
Unlinked part as a whole with respect to the rest of the diagram. If we carry on independent time- 

intearations within the two sets and multiply the results, it is obvious that the effect of all such 
physical displacements of the unlinked part will be correctly taken care of. Therefore, we 
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Fig. II. 11 Typical Goldstonc diagram containing unlinked part. 

conclude that the contribution to U t <I> of any diagram having unlinked parts is the ground- 
state-to-ground-state matrix element represented by such an unlinked part multiplied by the ex- 
pression for the rest of the diagram. It is therefore clear that the quantity <<Z>| U , | <£> in the 
denominator of (II. 1 37) results as a common factor in the numerator and, after the cancellation 
of these common quantities from the numerator and the denominator, only the linked diagrams 
in the expression for Ujb remains. By definition, a linked diagram is any diagram that is not 

unlinked. Therefore, it will be characteristic of all these diagrams in U m <t> to have external lines. 
It is important to note that physically disconnected parts, each with external lines , will still 

be considered a linked diagram in C/,0. 

Now let us examine the final expression (11.133) for the energy. The linked-cluster diagram 

of U, |0> now has to be multiplied by </£|// r (f = 0) to obtain the energy. The interaction 
H\ (/ = 0) can take care of only two outgoing and two ingoing lines (the F-part), or 

only one outgoing and one ingoing line (the q;.part), at time t = 0. Further, as a result 

of this last interaction, we want all external lines to disappear from the top of the diagram 
leading to the final state <0|. Therefore, not all linked diagrams contained in C/,| 0>, 

but rather only those having two or four external lines, ultimately contribute to the 
energy. It is essential to note that two disconnected parts having external lines were counted 

as linked diagrams In t/,0; however, after — 0) multiplies from the left, the last H x 

interaction establishes connection between the disconnected parts of C/,|0)>. Thus, in the contri- 

bution to the energy, we pick up all ground-state-to-ground-state diagram that are physically 

connected to one another. It is intuitively obvious that any such connected ground-state-to- 

ground-state diagram will be comprised of a set of closed polygons of particle and hole lines. In 

each closed polygon, the coiners represent interaction vertices, where interaction lines connect it 
to other polygons. The directions of the arrows on the lines making a polygon must be conti- 

nuousthrough the successive vertices. Each such polygon is called a loop. The sides of the 
polygons, which are hole lines or particle lines connecting two different times, correspond to 

various contractions of pairs, as already explained. The number of permutations needed to go 

from the initial arrangement of the creation and destruction operators to the one that corres- 
ponds to the pairs contracted in a loop is always one more than the number of hole lines 
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belonging to the loop. Therefore, the sign associated with any ground-state-to-ground-state 
connected diagram can be taken to be (— 1) /+ \ where / is the number of loops and h the 
number of hole lines. If there are also ^-interaction lines, each such line will carry an 
additional minus sign due to the fact that —OJ occurs in //j. Hence, the final rule for the sign 
of a diagram is given by ( — l) /+/,+n(q/) , where n(C ]/) is the number of OJ - interaction lines. 

The diagrams drawn before the time-integrations have been called Goldstone diagrams 
by many authors. Let us now explicitly consider the time-integrations in the connected ground- 
state-to-ground-state Goldstone diagram. According to (11.136) and (II. 132c), the integration 
over t n in the w-th order term gives (we shall include one — //ti factor with each time-integra- 
tion) 

dt " exp (< ° exp - *«» + 

«* (« y » + ~ e a« — exp C €/ /»-i) exp [ — ^( — «« w H- H- 1], 

(II. 140a) 

“ti J'Too' dtn cxp (€/,,) exp — *y» )tn] 

= (<y n — ex P ex P [*(«a n - *y rt Vn-l]» (II. 140b) 

(II.I4t)a) results for the K-interaction term and (II. 140b) for the C(/-interaction term. 

In a ground-state-to-ground-state diagram, there are no free particle or free hole lines; ail 

creation and destruction operators have been contracted pairwise, and hence the particle and 
hole lines on such a diagram necessarily run from one interaction vertex to another. The crea- 
tion operator C* or C'Jj in // t (t n ) must have contracted with a destruction operator which is 

lo its left and belongs "to another time t, (i # i). According to (II. 138d), such a contraction 

requires <*„ to be a particle state running from time t„ to time t,. In the same way, the operator 
C„ or C# must have contracted with a creation operator to its left, i.e., either belonging to 

the sanu "time /„ or a different time t , (/ * n). In either case, according to (II. 138c), y„ and S n 
have to be hole states; in the first case, it represents a “bubble” runnihg from t„ to t„, whereas 

in the second case, the hole line runs from t ( to t„. In view of these identifications of the labels 
«*. Pm we conclude that the energy denominators appearing in either (II. 140a) or (II.140b) 

are equal to the energy of the holes minus the energy of the particles present in the time inter- 

val between f„_i and 

Let us next examine the integration over t„_,. At this stage, we have to multiply (II.140a) 

or (11.140b) by the time factors from //|((„_i) and then integrate. For an understanding of the 
details, it is adequate to consider only the ^-interaction part. Collecting (II.140a) with the K- 

part of //,(<„_,), we obtain the time integral 

-j; 4.-1 exp (2<r„_i) exp [-'(-<«„ - % + \ + %, - V, “ ‘Am 

+ « yw _, + (11.141) 

YVe have to consider two possibilities: any of the particle lines a„, ft, or the hole lines y nt 8, 

may either meet an interaction vertex at or continue unhindered in the time interval 
to » b _ 2 . In the first case, any line that meets an interaction vertex corresponds to a contraction 
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of a creation and a destruction operator, one taken from time and the other from time t„. 
The single-particle labels on these two operators are therefore required to be the same; the 
corresponding energies in (11.141), one appearing with a plus sign and the other with a minus 
sign, then cancel each other. What remains in the exponent is the energy of the hole states 
minus the energy of the particle states, these holes and particles now being those present in the 
diagram between the time interval and t m _ 2 . The time-integration in (11.141) thus once attain 
produces an energy denominator, K £ ~ f «„>• Continuing in this manner with subsequent 

time-integrations over r„_ 2 , t n _ 2 we shall always arrive at the foregoing rule for the energy 

denominators. ejr 

We can now summarize all the results of the diagram technique. To find the contribution 
to the ground-state energy in any order n of the perturbation theory, we need to draw all con- 
nected diagrams without any external lines containing n-interactions. To calculate the contri- 
bution of any of these diagrams, we have to write down the matrix elements of Korq/at 
each interaction vertex, placing the ingoing single-particle states on the right and the corres- 
ponding outgoing ones on the left; for every intermediate state, i.e., the portion of the diagram 
between two interaction lines, we have to write an energy denominator equal to the sum of 
hole energies minus the sum of particle energies, taking into account the hole and particle 
lines present in that particular intermediate state; finally, we have to write the sign of the 
diagram in front of the resultant expression; it is plus or minus depending on whether the Sum of 
the number of hole lines, the number of closed loops, and the number of ^V-interactions * n the 

diagram is even or odd. The rule for the final summation over the hole and particle lines is 
given at the end of this section. 

As an illustration of the diagrammatic method, we consider the three first-order diagrams. 
The first of these diagrams contains the C^- interaction, shown by the cross in Fig. II. 12a. The 


5 



(a) C\/ -interaction with (b) V-interaction between (c) Exchange process 

a fermi-sto particle two fermi-sea particles corresponding 

(direct process) to Fig. 11.1 2b 


Fig. 11.12 First-order diagrams. 

single fermi*se i state (f) counts once as a loop and once as a hole line; and since there IS Olie 

C^-intei action, the sign of this diagram is minus. There is no intermediate state, and hence no 
energy denominator. The matrix element at the interaction vertex is <f| cy |f>. Thus, the result 

is given by 

Fig. II. 12a = — <f| cy |f>. (II. 142a) 

Figure 11.12b has two loops, two hole Itaes, and no cy-interaction, and hence the sign is plus. 
No energy denominator is required, and the matrix element of the K-interaction is (ft| V\ fi). 

Thus, 


Fig. II. 12b m+<M V \ti>. 


(II. 142b) 
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Figure II. 12c has only one loop, two hole lines, and no ClAinteraction, and hence its sign is 
minus. Once again, no energy denominator is needed, and the final result with the matrix ele* 
ment of V is given by 

Fig. II.12c = V |^>. (II.142c) 

Clearly then, Fig. II. 12c is the exchange counterpart of Fig. II. 12b, and together they produce 

Fig. II. 12b 4- Fig. II. 12c — (£v\ V (II.142d) 

To illustrate a more complicated case, let us consider the second-order diagrams. 
Figure II. 13a contains two loops, two hole lines, and no CTZ-interaction. Hence, its sign is plus. 



Fig. 11.13 Second-order diagrams with K-interaction. 


The energy denominator is given by c, + « v — v — and hence 


Fig. II. 13a 


< >v| V |mV> V *'i v luv 

«„ 4- <v — — «v' 


(II. 143a) 


The only difference in Fig. 11. 13b is that it contains only one loop and, at the upper interaction 
line, y! — ► v and v' -#• y\ the corresponding matrix element is therefore (yy | and not 

</iv | V as in Fig. II. 13a. Thus, 


Fig. Il.l3b = 




(II. 143b) 


For a given pair of occupied states (y, v) and a given pair of particle states (y\ v'), it is also 

possible to label the diagrams alternatively, as shown in Figs. II.13c and II.13d. Writing their 
contribution as just outlined and then adding all the four diagrams, we easily obtain 


Fig. II.13a+Fig. 


II.13b+Fig. II. 1 3c + Fig. II.13d = 


( H V l/iV )QtV| V l/* y) 

<^T«v-V-V 


(11.143c) 


The rule for summing over the hole and particle lines is now stated. After having 

written down the contribution of a diagram with an arbitrary labelling of the lines, we have 
obviously to sum each hole line over all the occupied fermi-sea states and each particle line 

over all the single-particle states above the fermi sea. However, when a set of q hole lines is 

completely equivalent, for example, the pair (£, v) *n Figs. II.l2b and II. 12c and Fig. II. 13. 
independent sums over all of them are redundant and must be divided by q\, which is the 
number of ways in which one set of labelling of the q equivalent hole lines can be permuted 

amongst themselves. In the same manner, the summations over p equivalent particle lines in 

any part of a diagram must be divided by p\ 
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If we apply this summation rule to Fig. 11.12, we obtain the complete first-order contri- 
bution as 

-£ <f| CV |f> + i 2 2 (fij; V If*?). 

t i v 

which is the same as (II. 91a). The expression (11.92) then follows in the same manner. Simi- 
larly, the summation rule produces from (II. 143c) a complete second-order contribution, which 

exactly agrees with (11.97). 


20. TWO-BODY REACTION MATRIX 

Examples of all possible first-order diagrams have been shown in Fig. 11.12. In the second 

order, it is possible to draw three diagrams other than those in Fig. 11.13. Examples of these 
arc given in Fig. 11.14. However, it is easy to sec that these diagrams correspond to a lh-lp 



Fig. II. 14 Second-order diagrams with lh-lp type intermediate state. 


type intermediate state, and hence their contributions vanish by the arguments presented after 
Some representative third-order diagrams are shown in Fig. 11.15. Similarly, other 

diagrams in higher orders can be detailed. 



(a) Entering into 

sum fort-matrix 

(see Fig. 11.16) 



interaction 



Fig. 11.15 Representative third-order diagrams. 


Now, in the nuclear case, where there is a strongly repulsive core region ©f the two- 
nucleon potential, any of the single interaction vertex for the ^-interaction will be very big 
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and, in fact, infinitely large, if the core is idealized by the hard sphere. How then do these 
diagrams help us? To discover the answer, we have to use the known physical properties of 
the given many-body system to reckon the comparative importance of these diagrams. In the 
nuclear case, the strong short-range part of the interaction very strongly correlates the motion 
of a pair of nucleons, and the probability of a third nucleon or more nucleons coming simul- 
taneously close enough to a given correlated pair is very small. This, therefore, gives us the 
clue that all the diagrams describing the interactions of a given pair of nucleons to all orders 
of the perturbation theory must be given more importance than diagrams that need the 
presence of more than two fermi-sea nucleons. 

In the discussions that follow, we imply the existence of the exchange diagrams, and 
argue in terms of the direct diagrams alone. The first-order diagram Fig. II. 12b, the second- 

order diagram Fig. II. 13a, and the third-order diagram Fig. II. 1 5a, all describe the interaction 
between a given pair of fermi-sea nucleons. In the first order, they interact directly; in the 
second order, they have interacted, risen above the fermi sea, and then finally interacted to 
return to their initial states inside the fermi sea; in the third order, the intermediate state 
particles have interacted once more, still staying outside the fermi sea, and, after the final 

interaction, have returned to the holes inside the fermi sea. In this way, more and more inter- 
action lines can be inserted within the pair of intermediate state particles, but care should be 

taken to always keep them outside the fermi sea. The infinite number of this particular class 
of perturbation theory diagrams is shown in Fig. 11.16. Brueckner and his collaborators first 



r ig. 11.16 Sum of ladder diagrams defining effective potential t between two 

fermi-sea particles f and y. 


proposed that this set of diagrams be summed, in the nuclear case, as exactly as possible. The 
result then defines the reaction matrix t between nucleon-pair states. The derivation follows. 
Applying the rules given in Section 19, we can write the contribution of the diagrams in 

Fig. 11.16, for a given pair of occupied states (f^), as 


L L 
{'<1)' ('<!)' 


...(«{ + <^rX c f + S ” V v) ’ 


( 11 . 144 ) 


It should be noted that, in conformity with our earlier observation, we have implied the 
presence of the relevant exchange diagrams, and hence the dir^pt minus exchange matrix 

elements, represented within the parentheses, occur in (11,144). 

Let us define a projection operator Q, which projects outside the fermi sea, and an 

energy denominator e(w) by 


Q 

e(wj 




( 11 . 145 ) 


f'oi' V 

where w is a given number and V are single-particle states outside the fermi sea. Then the 
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expression (11.144) can be written as 

C£v\ P \ r , V . . . F 
v " «*(*v 0 ) e(*v 0 ) *(**o) 


(II. 146a) 


with 

wo «= «< + (II. 146b) 

The complete sum of all these diagrams may be used to define a matrix element of the reac- 
tion matrix t as 


«”i ' if’> - F i^> + <« i*»> + v £o) v *h v '*»> 

In general, we then define the operator / by 
/(w) — K + F-^rF+ ^ r 

v 7 ^( w ) tf(w) 

(11.148) can be formally rewritten as 

'<"> “ V <*h V+ y £) y+ y S) V e^) V+ ■ • ] 

= y + r S> iiw) - 

If we define an operator Q such that 

t=VQ, 

then (11.149) can be equivalently rewritten as an equation for Q as 


VQ(w) = V[t + ^ra(w)] 


(11.147) 


(11.148) 


( 11 . 149 ) 

(11.150) 


fl w- ,+ ^ nw - ,+ ife F+ «» r «5 r+ - 


( 11 . 151 ) 


Letting (11.151), with w = w 0 of (II. 146b), operate on the unperturbed two-nucleon state 
\(rj) f we obtain 






( 11 . 152 ) 


The resultant state, as given by the right-hand side of (11.152), comprises the unperturbed 
pair state and all possible two-particle excitations above the fermi sea resulting from the inter- 
actions occurring between«the pair as many times as possible. It should be noted that the 

projection operator Q restricts the two-particle states, after any interaction between the pair, 

tr> states outside the fermi sea. This is an effect of the Pauli exclusion principle because all the 

states inside the fermi sea are already occupied by other nucleons, and hende these are not 

available to the interacting pair when they scatter. The state fl(w 0 )|ft) is therefore the exact 

state of the pair corresponding to the unperturbed state | frj). This exact state of the pair, 

embedded in the many*body medium, differs in two respects from the state of a pair left all 
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by itself: (i) the restriction due to the Pauli principle as just described, and (ii) the initial 
energy vt > 0 [contained in c(w 0 )], which is not equal to the sum of the free-particle energies of 
the pair. (The important consequences of these differences are described in detail in 
Section 22.) 

Using the symbol we then rewrite (11.152) as 

■= »(«'<,)lf>>> =, If,,) + (11.153) 

This equation, due originally to Bethe and Goldstone 13 , can be converted into the coordinate 
space and then solved for the exact wavefunction. The details are given in Section 22. The 
point to note here is that, in the core region, V becomes infinitely large, the exact wavefunc- 
tion goes to zero, and hence their product still remains a meaningful small finite quantity. If 
the core is only strongly repulsive, and not exactly infinite in magnitude, the exact wave- 
function also remains extremely small in that region, and once again the contribution to their 

product from the core region is small. It should be observed that, by virtue of the definition 
(11.150) and the definition of |^) exact i any matrix element of t is given by 

(*V| t Ift,) « (*V I VO [£*?) - (*V| V Inexact- (11.154) 

Since the product K|^) cxact has become a meaningful small quantity in the core region of V, 
the matrix elements of /, as computed from (11.154), are of reasonable magnitude. 

Now, in terms of the r-matrix elements, the entire contribution of the infinite set of V- 
diagrams shown in Fig. 11.16 has reduced simply to a single matrix element (£i?| t of /. 

This is illustrated in Fig. Jl. 17, where the bubbles represent the fermi-sea states £ qas before, 



Fig. 11.17 First-order diagram in effective 

potential t (wavy line). 

and the wavy line denotes the reaction operator or the effective two-body potential t. If all the 
diagrams apart from those used in the definition of this matrix element of t are ignored, then 

the many-body ground-state energy is clearly given by 
occ 

£,= r(f|r|0+r(ftl'l» 

t £<i 

21. CALCULATION OF SURFACE AND SYMMETRY ENERGY 
A. SURFACE ENERGY (Semi-infinite Nuclear Matter) 

Idealized nuclear matter of infinite extent does not have any surface (i.e., no boundary region 

marked by a fall-off in the density), and hence it has no surface energy. For the purpose of 
calculating the surface energy, therefore, we usually modify the idealized model as follows. 

We keep the extent of the nucleus in two directions, say, x and y, infinite, but introduce a wall 
in the z-direction at z = 0, placing ail the nucleons to the right of this wall, i.e., in the region 


( 11 . 155 ) 
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z = 0 to z = +oo. Such an idealized system is often referred to as the semi-infinite nuclear 
matter. The solid wall atz = 0 may actually be an infinitely repulsive potential, extending 
from z = —oo to z = 0 and preventing nucleons from entering this region of space. We may 
also introduce in the region z — —oo to z = 0 a repulsive potential of a different shape; one 
such example, considered later in this section, is a linearly rising repulsive potential which 
becomes infinitely large at z == — oo. 

First, let us consider the case of the infinitely repulsive potential in the region z = — oo 
to z = 0. Since the motion in the z-direction extends to +oo, the quantum states are still of 
the continuum type. Corresponding to the momentum k Xi we have the wavefunction for such a 
state, satisfying the correct boundary condition (namely, it has to be zero at z = 0), given by 

4>k = Lt (j) 112 sin kj 9 (II. 156a) 

where L is the length of the region in which the nucleons move along any coordinate axis, and 
goes to the limit infinity for the model just described. The quantum states for the x- and y- 
direction are still described by 

<f>k. = Lt (j)' 12 exp (ik x x), (II.156b) 

L -+ oo 

Lt (i) 1 ' 2 exp OV)- (II.156c) 

¥ L-hx> ^ 

The nucleon density computed with these wavefunctions is clearly independent of x and y, but 
depends on the coordinate z. At any point (x 9 y, z), it is given by 


Kz)= Z 4faf \h J 2 \4> ks \\ (11.157) 

k xt k vt k s 

where the summation is over all the occupied momentum states, and the factor 4 takes care of 
the four nucleons in each momentum state. To find the occupied momentum states, we first 
note that the allowed values of k x , k y , k x are 

k x L - — 277?!*, k y L - — ^utiyy k x L == 2t th X9 


where n X9 n y are integers, both positive and negative, but n x has only positive integral values. 
The permitted values of k x% k y9 as already noted, follow from the imposition of periodic boun- 
dary conditions dnd the fact that the exponential functions for the same positive and negative 
integer values of n x < or n y represent independent eigenstates. To obtain the allowed values of k t9 
we have imposed the periodic boundary condition (which becomes the same as the standing 
wave boundary condition because <f> kg = 0 at z = 0); we must however note that sin [(2 t m z /L)z] 
and sin [(— InnJDz] are no longer independent wavefunctions (they differ only through a trivial 
phase factor —1), and hence we have restricted n x to positive integer values. In the momentum 
space, therefore, the (k x =l negative)-half of the space is not allowed. All the occupied states 
are now contained inside a hemisphere of radius k F in the ‘upper’ half, i.e., (k M = positive)-half 
of the momentum space. Keeping this fact in mind, we have to convert the momentum summa- 
tion in (11.157) into an integration itr the limit L oq. We denote the volume L? by Q and 
obtain 


p(z) = 


a 


occ 

z 

tfkyykg 


sin 2 kgZ 


_ 8^ Q f 

“0 (So* Ji 


hemisphere 


d 3 k sin 2 (kz cos d) 9 
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where d is the polar angle of k in the momentum space, and the momentum integration is over 
the occupied hemisphere of radius k F . Carrying out the integration explicitly, we get 


ft f»/2 

p(z) = -x l F k 2 dk I sin 6 d& sin 2 ( kz cos 6) 

if 2 Jo Jo 

=n\[ kf k 1 dk[ dn [1 — cos (2 kzn)], t) = cos B 

” Jo Jo 

1 f^F i 7 J I r< sin ( 2kz \ 

-?), k dt 11 - a 

- A«)[l - 


(II. 158a) 


where 


p(oo) 



(II. 158b) 


and the spherical Bessel function j\ [see Appendix C (Section I)] is given by 

• sin I cos { 

J i(f) = -p |“- 


(11.158c) 


For large z, the function ;,(2Jt F z) behaves as sin (2 k f z - n/2), which always remains finite in 
magnitude, and hence the second term of (II. 158a) goes to zero forz->-°o by virtue of the 
factor Q.kfZ in the denominator. Thus, p(«) is the value of the nucleon density at a fairly large 
distance from the surface. As we move towards z = 0, the second term of (II. 158a) makes it- 
self felt, gives rise to small oscillations in the density, and is followed by a smooth fall-off to 
p(z) = 0 at z = 0. The value at z = 0 follows from the result 


Ji(f > = (-* 0. 

It should be noted that, for a given k F , the expression (II. 158b) for p(°o) is exactly one-half of 
the density of infinite nuclear matter (see (11.37)]. This is understandable in the present case 
where the occupied momentum states belong to a hemisphere and not a sphere. 

Because of the fall-off in the density p(z) in the vicinity of z = 0, the amount of nuclear 

matter j* p(z) dz, contained in a cylinder with the axis along z and having unit cross-section, 
is less than [" p(°o) dz. However, the same amount at density p(») will be contained in a 

J° 

cylinder extending from z = a to z = °o, where a is to the right ofz =0. Thus, the location 
z = a is defined by 



(11.159) 


As shown in Fig. 11.18, this definition ensures that the cross-hatched areas with different 
shades are equal. In this figure, p(z), in units of p(»), has been plotted as a function of 
{(=fc F z). Since the density p(z) starts falling off from a point to the right of z = a and even- 
tually reaches zero value at z = 0, the point z — a may be taken to be the ‘location’ of the 
surface of semi-infinite nuclear matter. The nuclear density is seen to fall off gradually across 
this surface. A sharp fall-off in the density at a well-defined z-value is ruled out from energetic 
considerations; such a sharp fall-off in the manner of a step function implies that the momen- 
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turn of the particles at the particular point z is completely uncertain. 



Z 

Fig. 11.18 Density of semi-infinite nuclear 
matter plotted as function of distance 
along z-axis. 


In order to compute the surface energy, we proceed as follows. Let E(z) be the energy 
per unit volume at the point ( x , y t z) of the semi-infinite nuclear matter. Then the amount of 
energy contained in a cylinder of unit cross-section and axis lying along z is given by 



(II. 160a) 


The same quantity of nuclear matter at density p(oo) is contained inside the cylinder of length 
n to oo, where a is defined by (11.159). If the energy density of infinite nuclear matter is 
denoted by E(°o) (which is independent of any coordinate), then the total energy of infinite 
nuclear matter inside the cylinder is 


J* dz £(oo) = £ p(z) dz, (II. 160b) 

where the definition (11.159) has been used to substitute for j" dz. By definition, the total 

energy .(II. 160a) of the semi-infinite nuclear matter must be equal to the volume energy of aa 
equal quantity of infinite nuclear matter, i.e., (II. 160b), plus the surface energy. Therefore, 


surface energy per unit area = dz [E(z) — 


£(oo) 

p(oo) 


P(z)] 


i 


dz €(z)p{z), 


(II. 161 a) 


whtrc ' 

£(q°) 

6( } P(z) />(«)' 

The actual computation therefore reduces to that of £(z). 


(11.161b) 
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The kinetic energy part, T(z), of £(z) can be very easily obtained. We have 


T(z) 


tl 2 


ccc 

2Af * f , 




where the factor 4 takes care of the four nucleons in each occupied momentum state. In a 
straightforward manner, similar to the calculation of p(z), we obtain 


1> 2 8 Q f 

2MQ (2nf J hemijph , re 


d}k k 2 sin 2 ( kz cos 9) 


l r* 
2M* 2 Jo 


kUk [1 


sin (2 kz) 
“2 kz 1 


a , 5 cos £ 15 sin f 30 cos £ , 30 sin 

t 1aT k + e p “ £*“ + -jr-’ 9 


(11.162) 


where ( = 2 k v z. The factor preceding the square brackets is clearly the kinetic energy per unit 
volume of the infinite nuclear matter at density p(o o). 

The potential energy part, V(z), of £(z) is, however, a little more involved to derive. If 
<F> is the total potential energy, then V(z), by definition, is given by 


<K> = J V(z) dx dy dz. 


(11.163) 


Therefore, the calculation of V(z) relies on expressing the potential energy (V) as an inte- 
gral of the type in (11.16'*). The expression (11.105a) for < V )> is still valid. However, the 
single-particle momentum eigenfunction, to be used in (11.104), is no longer given by 
(1/v'fl) exp (i k*r); it is to be obtained from (11.156) and is given by 


*k(0 - (H.164) 

Wc denote the two-particle coordinates by r anc r' (instead of r, and r 2 ) and express the 
matrix elements in (11.104) as integrals over these coordinates. Substituting in (II. 105a) and 
then comparing with (11.163), we obtain 

V{z) - §p(r) J dV P (i')f(\T - r'|) + J dV \p(t, r')| J /(|r - r’|), (11.165) 

where 

occ 

p(r) *= £ 4|^ k (r)| 2 , (II. 166a) 

k 

occ 

p(t, r') = £ 4^*(r)^ k (r'). (II. 166b) 

k 

In general, (11.165) defines a function V of all the three coordinates contained in r. In the 
present case of semi-infinite nuclear matter, p(r), as defined by (II. 166a), which is the same as 
(11.157) and (II. 158a), depends only on z; the exchange density p(r? r') can also be explicitly 
worked out, and the second term of (11.165) can be shown to depend only on z. The explicit 
evaluation will now be done, taking a Gaussian form for/(|r — r'() for the sake of simplicity, 
i.e , 

/(|r - r'|) = exp [-(|r - r'|)V] 

- exp [-(x - x) 2 ja 2 ] exp (-(>- - /)V] exp [-(r - z')V], 
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Since f>(r') depends only on z # , we have, for the integral in the first terra of (11.165), 

[ V (z)]dir«d term = J dV #>(0/(1* - r'|) 

= f" exp [-(x - x')V] dx f* exp [-(y - y') 2 /a 2 ] dy' 

J -00 J -00 

x j* dz exp [ — (z — z') 2 /a 2 ]p(z f ) (11.167) 

= ira 1 j dz' exp [-(z — z') 2 la 2 ]p(z'). 

This integral can be evaluated after inserting p(z) from (II. 158a); the result is clearly a func- 
tion of z alone. The factor p(r) also depends only on z, and, as a result, the first term of 
(11.165) has been established to be a function of z. To evaluate the second term of this expres- 
sion, we first work out the exchange density with the help of (II. 166b), (11.164), and (11.156) as 


p{ r, r') = Lt yj E sin k x z sin kj exp [ — ik x (x — x')] exp [—ik y (y — /)] 

L-x» L k 

= %prr 3 f d 3 k sin k.z sin k,z exp [~ik x (x - x')] exp [~ik,(y - /)] 

\^7T) J hemisphere 


- 3 f Ap k ± dk x [ dd exp {-ik x .(r i 
w Jo Jo 


-.Dij: 


(^F ^ JL >* 3 


dk 2 sin k z z sin k x z. 


Here k ± is the projection of k on the ( x , >>)-plane having the components k XJ k y and making an 
angle 0 with the x-direction. The last integral over k 2 gives rise to a function of z, z\ and k x 
for which we introduce the symbol 


F(k x , z, z') — j* ( ^ F k± - * dk z sin kj sin k x z\ (11.168) 

With this notation, the square of the modulus of the exchange density which enters (11.165) can 
be written as 

\p(j, 0| 2 = p j’* F k x dk x j* 1 k’ x dk’ x dd J 2 " dd' exp [~/(k x - k' ).(r x - r' x )] 
xF(k x , z, z')F(k' x , z, z'). 

We have to multiply this expression by the Gaussian shape function and integrate over x', y , 
z' . The integrals over x', y are clearly of the form now specified, and can be worked out as 

f" dx' f W dy tr *-*n*tr'*-'*\* exp (-/(k x - k>(r x - r' x )] 

J-® J-® 

= J dx e~ (x ~ 

X exp (— i(k, - k',)(y - y’)] 

= rra 1 exp [-(*, - k' x ) 2 /4] exp [-(k, - k',) 2 / 4] 

- exp [— i(k x + k' x 2 - 2k x .k' x )]. 


exp [-i(k x - k' x )(x - x')] J" dy' e-o-W* 
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It is clear from this expression that the second term of (11.165), i.e., the space-exchange term, 
is not in any way dependent on x and y. We finally obtain 

iFwi— . .... - !*><;>’ ‘x {)- *i « r <• c * n. * 

z, z')F{k' L , z, z) exp [~i(fcl + k l ~ 2k L k i cos M 

where 6 is the angle between k x and k' x , i.e., 4 = 6-8'. Of the two angle-integrations over * 
and 6', one can immediately be carried out yielding (2ir), whereas the other becomes an inte- 
gration over 4; and, according to the integral representation of the Bessel function, the latter 

integral yields 

fJir , I, , . . _ , 2 Qfcj.fr x) 2 ” 

f d<j> exp Qfc x fc x cos <j>) = InJoi—^k^kx) — 2* 2 („t)2 ■ 


Using all these results, we obtain 


IJexchange term 


■J> 


( 1-0 


[£F„(z, z')] z , 


(II. 169a) 


F„(z, z') = 2a 


W^-F(k x ,z,z'). 


(II. 169b) 


In the special case we are considering here, F(fc x , z, z'), given by (11.168), can be explicitly 
worked out; therefore, 3 F,(z, r') of (II.169b) can also be evaluated in a 1 1 f " r ‘j * 
manner. Usually, a few of the lowest terms in the summation over n of (II.169a) suffi • 

A better way of calculating the surface energy is to take a potential in the region z 
to g = 0 and then do a variational calculation for the minimum of nuclear energy with respect 
to some ’parameter in the potential. We consider only a linear potential (though this is not very 

realistic) 


Cl \z) = — 


-oo < r < 0. 


(11.170) 


This potential has the value zero at z = 0, always stays repulsive for negative values of z, and 
heroine infinitely repulsive at z -> -oo. The parameter z 0 determines its slope, and is clearly 
equal to the magnitude of z at which the potential becomes equal to the fermi energy. In this 
case the wavefunction (II. 156a) has to be replaced by the solution of the one-dimensional 

in texts on quantum n , replacing everywhere in our earlier work in this section 

and F(z) has then to * of the linear potential. This 

Z’ “h"!,;" T. i» % » f sutfa “ ite i "“ e, * ,io " 

limit z = 0 has to be replaced by : : - 1 -*• of an aver age nuclear potential q;(z) 

... — * * — - < * -* 
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distance is rather slow. Under such circumstances, we assume that the earlier concepts of semi- 
infinite nuclear matter, based on a set of occupied states characterized by the momenta k = 0 -* 
k = k F> are still valid in a local sense; that is, we now assume that, at each point r in space, depend- 
ing on the local density p( r), a set of states characterized by the momenta k = 0 k = A: max (r) 
are occupied. The maximum occupied momentum Ar max (r) at the point r is taken to be related 
to p(r) in the same way as k Fi in the case of semi-infinite nuclear matter, is related to the 
density p( oo), i.e., (II. 158b). We thus have 

P(D = ^U). (H.171) 

Since, however, the density is not given, but the potential C[?(t ) is, we have to make a further 
assumption relating p(r) with C{/( r). Of course, given CV(r), we can, in principle, find out the 
single-particle occupied states and from these calculate p(r). The purpose of the present 
approximate method is to avoid detailed computations, and hence we use a simplified 
approach, which is now explained. In the absence of the potential, a set of single-particle 
states up to the fermi energy € F [=7i 2 k F /(2M )] are occupied. We assume that the characteriza- 
tion of the occupied states remains the same in the presence of the potential. However, at a 
point where the potential energy is C[/(r), the zero-momentum state starts at a total energy < 
given by 

0 = r(r) = c- q/(r), i.e., € = q/(r). (11.172) 

Therefore, the lowest state occupied at the point r, according to this simple picture, has an. 
energy given by (11.172). The highest occupied state of energy c F corresponds in the same way 
to a local momentum k mtLX ( r) given by 

= two = «f - <m = w - CV(r) - (IL 173) 

This simple relationship, along with (11.171), can thus be applied to calculate p(t) from the 
given CJ/(r), obtaining 

p(r) = ^[*1 - ™CV(')? 12 - (H-174) 

Since the spirit of this approximate calculation is to borrow the expressions for nuclear 
matter and use #m M (r), instead of k Ft in those expressions for the calculations of local quan- 
tities at the point r, we go on maintaining the same procedure in the evaluation of the kinetic 
energy density T(r) and the potential energy density K(r). In this way, 

m m r) = \[kl - ^q/(r)f^ 2 ^. (II.175) 

Here the first factor within the square brackets stands for the kinetic energy per nucleon, and 
hence multiplication by tile density />( r) of nucleons produces the kinetic energy per unit 
volume. The derivation of the expression for K(r), obeying the assumptions of the present 
simplified model, is left as an exercise. 

In the case of semi-infinite nuclear matter, the dependence of p(r), T( r), V(r) on r is only 
through z. In the case of the linear potential (11.170), p(z), according to (11.174), starts falling 
off from p(oo) as we go to the left of z » 0, and it reaches the value zero at the point z » — zo» 
where Cl?(z) has the value [h 2 kll{2M)]. In the definition of the surface energy (II.l61a), the 
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integration should, as remarked after (11.170), extend from z =* — oo to z = -boo in the 
presence of a potential C(/(z). However, in the simple model calculation being considered now, 
it suffices if we carry out the integration between z = — z 0 and z = 0; this is because p(z) 
is zero to the left of z = — z 0 , and £(z)/p(z) is equal to £(oo)/p(oo) to the right of z «= 0, making 
C(z) equal to zero in this region. For convenience, we shift the origin to the point —z 0 and 
use the symbol £ to denote the length along the z-axis measured from this origin (i.e., 
£ *= z 0 + z). In the case of the linear potential (11.170), we then have 

= 9 -«“><£)■». (II. 176a) 

no - (I (ii, 176b) 

As an exercise, the interested reader may write down the expression for K(£) for a Yukawa or 
a Gaussian potential. The integration of c(z)p(z) [see (II. 161a)] in the range z = — z 0 to z = 0 
becomes an integration from 0 to z 0 in terms of the new variables £. The final expression for the 
surface energy depends on the parameter z 0 of the potential. The parameter z 0 may be chosen 
by minimizing the surface energy. The numerical agreement of such a simple calculation, 
based on the first-order perturbation expression of V for a well-behaved Gaussian or Yukawa 
potential, is, however, not very encouraging. A more detailed calculation for the same two- 
body potential based on the exact wavefunctions of the linear potential, as mentioned after 
(11.170), also gives unsatisfactory agreement. 

For a fairly comprehensive list of references to more satisfactory calculations of surface 
energy, the reader is referred to a paper on this topic by Day 16 which is based on the two- 
body reaction matrix. 


B. SYMMETRY ENERGY 

For the calculation of symmetry energy, we go baik to a nucleus of infinite extent, but take a 
neutron number ( N ) that is different from the proton number (Z). The total nucleon number 
(N 4 Z) is denoted by A , and we assume that the departure of N and Z from \A is small. 
Thus, 

N s \A + T X9 Z=\A-T x (II. 177a) 

with 


r, = N - \A « N - *(JY + Z) a J(JV - Z), 

and T x is assumed to be small as compared with A. Since the nucleus is of infinite extent, the 
single-particle states are the plane-wave states characterized by the momenta k of the particles. 
However, the total number of occupied states for neutrons, equal to N , is different from that 
for protons, equal to Z. In other words, the fermi momentum for the neutrons, (fcg), is different 
from that for the protons, (&g). Considering two neutrons or two protons with opposite spins 
in each momentum state, and taking Q to be the nuclear volume, we easily have 


(2^ T ( * f) ~ N ' 


^ #<«)' 


(2 3 

Suostituting for N and Z from (II. 177a), we get 


Z. 


m 




3 , T, 




2Q 


(1 + g), (*f) : 


3 v*A, t 7V 


: _ 


2 A 


(II. 177b) 


(II.178a) 
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The first factor in each expression of (II. 178a) is the original ( k F ) 3 for the idealized nuclear 
matter which has an equal number of neutrons and protons. Thus, 

*n = *p(i + syi\ = * F ( 1 - 8) l ‘\ (II. 178b) 

where 

8 = h = * 7 ’ (IU78c) 


/ being the quantity in (II.2d') defining symmetry energy. 

The part of the symmetry energy that arises from the kinetic energy of the system of 
nucleons is easy to calculate. According to our derivation in Section 18, the kinetic energy per 
particle of an infinite many-body system is three-fifths of the fermi energy. Hence, the total 
kinetic energy in the present case is given by 


!<W Z 

• 7M N + • 1M Z 


2M 
ti 2 2Q 4w r 


2M 

■N\5 


(i + fs 2 ) 


(II. 179a) 


(1 1. 179b) 


Therefore, 

= Ml 4- f^ 2 ) = f«F 4- i«F$ 2 - 


(II.179c) 


We have here used (11.177) to replace N and Z, and then (II. 178b) for and k%. Finally, we 
have retained only up to the quadratic term in 5, and, when writing (II. 179c), have replaced 
the second factor within the parentheses in (II. 179b) by its value A. c F is the fermi energy 
[h***/(2A#)J. 

The second term in (II. 179c), when compared with (II. 2d'), gives the contribution to the 
symmetry energy. Before working out the contribution of the potential energy to the 
symmetry-energy term, let us do some schematic work. Let the total binding energy £, which is 
a function of 8 through its dependence on ££* and be expanded in a power series of 8 as 



(II. 180a) 


The first term here is clearly the energy of the idealized nuclear matter with N = Z and the 
fermi momentum k P . By our assumption, we have a minimum of £(5) corresponding to 8 0. 

Therefore, 



The coefficient of the symmetry-energy term in £ is therefore required to be positive from very 
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general considerations. (II. 180a) thus becomes 


£(S) 


d 2 F 

m + i § 2 (^) 0 + 


(II. 180b) 


and we have to compute the second derivative of £ with respect to S for 8 =* 0 (indicated by 
the subscript zero outside the close parenthesis) in order to know the coefficient of the 
symmetry-energy term. 

As already remarked, the dependence of £ on 8 comes through kp and k$, and hence we 

write 

dE dk$ d£ d£ 

do d8 dkp + d8 dk f 

Therefore, 




)« — o — ( )»-o{a/tN^j}a-o + ( 


&E 

|V S(A-N)^ 


,8k r 
dh 


y < 
w a(*£ ■ 


} 


+( 


d 2 k%, ,dE 


,d 2 kl 


)«_o(37^n)s_o + (“^2 )s-o(, 


"8k™’ 


8E 
Ski 


>)«-<>• 


From (II. 178b), wc get 


.My 

' dS )t - 


= (A±) 2 

( d6 h ~ 




2 

F. 


~ ( d8 2 )s ~° “ ~ U * F * 


Using these results, we finally have 


A 

W )# 


k 2 


T l( a^fr j} ° + { 



- 541 (^ 0 + ( a fp)o). ( 11 . 181 ) 

Working out this expression for the kinetic energy part of E with the help of (II. 179a), we 
can very easily verify that the result agrees with (II. 179b) and (II. 179c). It is advantageous, 
however, to first note that, because £ has a minimum at 8 = 0, i.e., kp -► ^f and k f -* kp , the 
second line of (11.181) is zero. To compute the symmetry energy, we thus need the contribution 
of kinetic and potential energy to only the first line of (11.181). The contribution from the 
kinetic energy can easily be verified to be (instead of appearing in (II. 179c). Our 
task is therefore completed if we can write down [d\Vyi{d(kp) 2 }]o and JO/{^Ap) 2 }]o* 1° the 
expression for potential energy, the quantities kp and k? occur as upper limits of momentum 
integrations, and the derivative can be easily written down with the general result for any x 
and any function /(*), namely, 

The details may be worked out by an enterprising reader. 
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22. CALCULATION OF REACTION MATRIX AND NUCLEAR BINDING ENERGY 
A. INFINITE NUCLEAR MATTER 

The definition of the two-body reaction matrix has been given in (11.149). The point we would 
like to emphasize here is that the quantity w is a fixed numerical parameter as far as the 
/-matrix equation is concerned, and this is why this parametric dependence of the various 
quantities has been explicitly shown in (11.149). In the calculation of the energy of infinite 
nuclear matter, we need [see (11.155)] matrix elements of / of the type (£»?| / where £, rj are' 
fermi-sea states; for such matrix elements of /, the parameter w is equal to w 0 of (II. 146b). 
We may also encounter cases where w is not necessarily the starting energy of the pair of 
nucleons interacting through the /-operator; this will happen if other nucleons, excited out of 
the fermi sea, are present as spectators when the two nucleons under consideration are 
interacting. In such a case, w may greatly differ from the sum of the starting energies of the 
initial nucleons. The corresponding /-matrix is said to be off-energy shelf whereas the 
/-matrix in which the parameter w is equal to the initial energy of the interacting pair is 
called on-energy shell. 

The matrix elements of /(w) are given by (11.154), and can be calculated after the corre- 
lated two-body state |fi?) cxact has been calculated from the unperturbed initial state | ft) of the 
pair of nucleons by means of the Bethe-Goldstone equation (II. 1 53) (see Bethe and Goldstone 13 ), 
which we rewrite in terms of the two-body wavefunction as 

^ V',,. (11.182) 

The second term, upon iteration, becomes 

&f + -£r ) r £r ) y + - 1 *.. ("•■») 

a form which, although useless in obtaining in the case of a strong-core potential, is well 
suited for reckoning the good quantum numbers labelling 0^, which serve for the labelling of 
as well. The potential V to the extreme right in each term of (11.183) occurs in a matrix 
element <^V| V | in view of the form (11.145) for Q/e. Thus, the quantum numbers of 0^ 
conserved in the operation with V are carried forward to the labelling of the state |£V> of the 
<2-operator. The same observation is true of the matrix elements of subsequent K-operators, 
as we proceed towards the left. It is therefore convenient to label 0 with quantum numbers 
conserved by the two-nucleon potential V. It is important to realize that, since 0 (v is a two- 
nucleon state, the .discussions in Section 2 are of help in reckoning the labelling quantum 
numbers. Thus, the two-nucleon spin quantum number S, and the isospin quantum number T 
and its projection M T can be very profitably used in specifying Similarly, the centre-of- 
mass wavefunction in the spatial part of 0 {r) appears unmodified in 5^ in spite of the repeated 
operation of V because V does not depend on the centre-of-mass coordinate R of the two 
nucleons. (11.182) can thds be very easily reduced to an equation connecting the unperturbed 
wavefunction of the relative coordinate r with the corresponding exact wavefunction. This is 
done explicitly in what follows. After the Bethe-Goldstone equation for the wavefunction of 
relative motion has been obtained in this way, that wavefunction can be broken up into states 
of various orbital angular momentum / (in the manner of Chapter I), and the good quantum 
number S can be coupled with / to obtain the good quantum numbers J and M. All these 
statements become more explicit as we proceed. 
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In the case of infinite nuclear matter, the occupied plane-wave states (including spin and 
isospin parts) are denoted by the quantum numbers (k t9 a u r x ) and (k 2 , a 2 , r 2 ), instead of ( 
and % and the unoccupied states £', if above the fermi sea by (kj, r\) and (k 2 , a 2f r 2 ), 
respectively. <j and r together with their subscripts denote the projection quantum number for 
spin and isospin, respectively. The summations over V in (11.145) then become integrations 
over the momenta k lt k 2 and summations over the spin and isospin projection quantum 
numbers: 

T.i z [ d>k\ f t (11.184) 


• 1 ■ a 

The single-particle energies c(f'), <(V), • • • a °d energies of the occupied states c(f), 
€( 17 ), . . . correspond to the energies of a self-consistent single-particle Hamiltonian (T-f- ^V)* 
For infinite nuclear matter, the single-particle wavefunctions are required to be the plane waves 
exp (/k»r) from very general symmetry considerations, and hence the average potential GJ 
must be diagonal in k. In other words, exp (/k-r) must be an eigenfunction of q/, i.e., <V must 
be a function of the momentum k only. Since q 7 has to be a scalar, and k 2 (=k*k) is the only 
scalar we can form from k, we conclude that the'potential energy q 7 of the particles in the 
average field is a function of k 2 only. Expanding q/ in powers of k 2 and writing the kinetic 
energy T explicitly, we obtain 




}.- + (A + Bk 2 + Ck A + . 


(II. 185a) 


If we retain quantities up to only the quadratic term, we get the energy t{k) in the so-called 
effective-mass approximation 


*, 2 1-2 h 2 k 2 

•(l<)*C2tf + Bk>) + A = w < + A, 


(II. 185b) 


= (2M) -1 4- (5/h J ). (11.185c) 

In practice, the f-matrix equation has to be solved with an initially specified value of t(k), and 
then, at the end of the t-matrix calculation, the energy of a particle of momentum k and spin- 
isospin projection o, r has to be recalculated from the definition 




+ (ki, <T t , r,; k, o, r| r |k,. r,; k, <r, r). (II.185d) 

ki,oi# T i 


The momentum summation can be converted into an integration in the usual manner. The re- 
calculated values of c(A) must agree with the initially prescribed values. In general, a few 
iterations of the whole procedure are needed [i.e., start with the recalculated e(A), recompute r 
and then again calculate <(k) from the new t) until self-consistency is obtained mthe«(A) 
Considerable experience has been gained by now from calculat.ons.done in the past, and a good 
prescription [due to Bethe (see Rajaraman and Bethe' 7 )] for the starting energies is given by 
(II.185b) with the following choice of parameters: 

¥1-01 A = —112 MeV (occupied*states), (,11.185c) 

' 

¥1 I >4 = 0 (unoccupied states). (11.1850 

M " ’ 
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A few remarks about these prescriptions are pertinent here. First, the energy spectrum (II.185f) 
of the unoccupied (‘particle*) states consists, according to (II. 185b), of the kinetic energy 
[h 2 k 2 l(2M) ] only; there is no potential energy GJ(k 2 ) for these states. Second, the spectrum of 
the occupied (‘hole’) states gives rise to negative energies (i.e., bound states) up to the fermi 
momentum fc F , the usual value for which is about 1.35 fm” 1 . As a result, at the fermi momentum, 
the hole state is very much below the particle state, the latter having a positive energy as per 
(II.185f). Thus, there is an energy gap in the single-particle energy spectrum at the fermi 
surface. 

As a step towards solving the Bcthe-Goldstone equation (11.182), we first separate the 
centre-of-mass motion. In the present case of infinite nuclear matter, we have, for the unper- 
turbed state, 


^ki,ki( r i» r 2 ) = JQ exp 0 ‘k,.r,)^ exp (»kj.r 2 ) 


or 


$K, k(R. r ) = exp (/K.R)-L exp ((k.r), 

where 


(II. 186a) 


R = i( r i + r 2 ), r — r, — r 2 , 

K = k t + k 2 , k = |(ki - k 2 ). 


(II. 186b) 


For simplicity, we have omitted the spin-isospin part of the wavefunction, and have avoided an 
explicit antisymmetrization under the exchange of the two particles. These complications are 
introduced at a later stage in this section [see (11.196) and (II. 197a)]. As far as the separation 
of the centre-of-mass motion is concerned, these omissions do not alter the results in any way. 
According to the discussion following the expression (11.183), the centre-of-mass part 
(1 j^Q) exp (z‘K*R) in (11.186) remains unmodified in the exact wavefunction lP klfk| . Thus, we 
write 


i. rj)= '/WR, r) = exp (i'K.R)^ k (r), (11.187) 

where the correlated wavefunction 0 k (r) for the relative motion has to be obtained by solving 
the Bethe-Goldstone equation. Before writing the resultant equation, we note that >v(=H’ 0 ) for 
the on-energy shell /-matrix is a negative quantity, and, according to Bethe’s prescription 
[(II. 185b) and (11.1850], 

.«(*!) + «*a> = + k?) 


—(IK 1 4 . 2k' 2 ) — ^ 2 

2M (i + L > ~ AM + M • 


Using these results, we obt&io 
, , ti 2 * 2 

e(wo) 


h 2 k ' 2 h 2 j , ,, 2 . 

~M Jjfy 2 + k 2 )> 


(II. 188a) 


h 2 , ti 2 * 2 


where 


(11.188b) 
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is a given negative quantity (because h> 0 is negative). We have here used the fact that the centre* 
of-mass momentum (k,' + ki) for the intermediate state is the same as K (=kj + k 2 ) for the 
initial state. Both w 0 and K are given numbers at the time of tackling the Bethe-Goldstone 
equation. 

Using (II. 188b), (11.187), (11.186), and (11.184) in (11.182), we have 
-L exp (/K.R)Wr) = -L exp (/K.R ) ^ exp (ik-r) - 


X 


J j dY <R, r I K', k')<K', k'| V |K, ^(y 2 + fc' 2 )->. 

(k[, kt > kp) 


(11.189) 


The coordinate representation of |K, ^ k > with respect to <R, r| is, by definition, the wavefunc- 
tion on the left-hand side of (11.189). The integration over d}k\ d 3 kj has been rewritten in 
(11.189) in terms of d*K f d l k\ where K' and k' are related to ki, k^ in the manner of (II. 186b). 
In the matrix element of K, occurring in (11.189), only <k'| and |^k> participate, and the centre- 
of-mass states in the matrix element give rise to the simple orthogonality integral 


<K' | K> = ^ J d 3 R exp (-/K'.R) exp (/K.R) 


(2*y 

Q 


«(K, K'), 


where S is the Dirac delta function. Integration over d 2 K\ occurring in (11.189), can then be 
trivially carried out, which converts <R, r | K', k'> into <R, r | K, k'>, i.e., {\/y/G) exp (/K»R) 
x(l/ v '0) exp (ik'-r). Using all these results, and cancelling out the common factor 
(1/^/0) exp (/K«R), we finally obtain, from (11.189), the desired equation 


(,k -' ) - S? u «, v ■*' is «>> «*•»* + WM &»<■> 


Writing the matrix element of V in the obvious integral form, namely, 


<k'| V |fc> - | dY exp (— »kV)K(r')0 k (r'), 

we rewrite the foregoing equation for </r k (r) as 

W) = —q exp (/k-r) - | dY G(r, r')v(r')</> k (r'), 
where Green’s function G(r, r') is given by 

C(r L f dY ex P [lV, ( r T-) ] 

G( ’ ) (2w) 3 J(*£, ki>k e ) dk V 2 + 


and 


M 

K r ') = r-^V(T'). 


(II.190a) 

(II.190b) 


It is wjirthwhile to remember that both (I1.190a) and (11.190b) have an implicit dependence 
on K (—k[ + ki), although this is not explicitly shown in the notation here. The reader should 
also observe that we have written (II. 190a) for the correlated wavefunction corresponding to 
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the normalized unperturbed wavefunction; this equation could have been written also with the 
omission of the normalization factor 1/V^» in which case 0*(r) would be interpreted as the 
correlated wavefunction corresponding to the unnormalized unperturbed wavefunction 
exp (/k«r). 

It is now interesting to compare (11.190) with the equations that give the exact wave- 
function and Green’s function (see Schiff 3 ) for the case of two-body scattering when the two 
particles do not have any other particles to interact with. The Bethe-Goldstone wavefunction 
(II. 190a) and the corresponding Green’s function (II. 190b) describe a pair of particles embedded 
in the nuclear many-body medium . Although the Bethe-Goldstone wavefunction and Green’s 
function are formally very similar to the scattering wavefunction and the corresponding Green’s 
function, there are very important fundamental differences between the two which will now be 
described. First, the momentum integration in the scattering Green’s function is unrestricted, 
whereas that in (II.190b) has the restrictions indicated under the integral sign. Second, the 
integrand of the scattering Green’s function has a singularity at k ' = ±k , which are on the 
path of the momentum integration; it is the prescription for choosing the integration contour 
near the singular point k ' = + k that leads to the outgoing spherical wave form for the scat- 
tering Green’s function, and eventually the same type of scattered spherical wave in the 
scattering wavefunction for /■-►oo. In the Bethe-Goldstone case, on the other hand, this 
important singularity at the point k' = k is absent; the integrand of (II.l90b) has poles at the 
purely imaginary points k’ = ±iy, which are not on the integration contour along the real axis. 
Thus, the asymptotic behaviour of the Bethe-Goldstone wavefunction for r-> oo is quite different 
from the spherical outgoing wave-scattering solution. As a matter of fact, by ignoring the 
restriction on the k'-integration in (II. 190b), we can immediately obtain an approximate 
expression for the Bethe-Goldstone Green’s function by the contour integration procedure. The 
result can be easily verified to be 


G( r, r')=- 


1 e xp (— y\r - 
4rr |r - r'| ~ 


r'l) 


(11.191) 


To remind the reader that this Green’s function is an approximation to (II. 190b), we have 
used the overhead bar. When this approximate Green’s function is used in (II. 190a), we imme- 
diately notice that, for r -+ oo, the second term of (II. 190a) decays as e~ yr , and we obtain the 
somewhat surprising result 


^ k (r) — -^exp(/k*r), r-*°o. (11.192) 

In other words, the exact Bethe-Goldstone wavefunction, instead of behaving as scattered 
waves with phase shifts, acts exactly like the unperturbed plane wave at large values of r. This 
property is called the ‘healing’ of the exact wavefunction (see Gomes et al 18 ). The exact wave- 
function departs from the unperturbed wavefunction only at small values of r; it acquires, as 
it were, a ‘wound’ at smaller which ‘heals up’ beyond r tz 1 fm, where the exact wavefunction 
and the unperturbed wavefunction become identical. The healing property which has been 
established here with the approximate Green’s function (11.191) has been foun4 to be true even 
in mbre accurate calculations of the Bethe-Goldstone wavefunction. 

Let us now return to the exact equation (II. 190b) and study the difficulties involved in 
evaluating it. The restriction on the integral, as we know, has arisen from the Pauli exclusion 
principle, which required us to take the intermediate particle states kt and k ' 2 (satisfying the 
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total momentum conservation, kj -f k' 2 = K = k t -f k 2 ) outside the fermi sphere of radius k P . 
It has been shown in Section 18 that, to satisfy this requirement, we have to break up the 
integration over dk! into the ranges shown in (11.122) and, in each range, carry out the 
integration over the angles of k' within the appropriate limits of cos 6. Not only do these integra- 
tions make the final results rather complicated, but, what is more, they point to the fact that 
Green’s function depends on the magnitude as well as the direction of the vector K. Thus, the 
Bethe-Goldstone wavefunction would have to be computed for many given angles and magni- 
tudes of K. To avoid this complicated calculation, it is usual to introduce an approximation 
that removes the dependence of Green’s function on the direction of K. This approximation is 
called the angle-averaged approximation for the Pauli operator Q. It entails doing the angle- 
integration in (II. 190b) over the full range by introducing into the integrand the factor 
Q(k\ K) given by 


'0 

Q(k\ K) = 


1 


if o < *' < (fc| — ja : 2 )^ 2 

if - i K 2 y ‘ 2 < k! < (fcp + \K) 
if k'>k P + \K 


(11.193) 


It is clear that the quantity Q{k\ K ) is obtained by carrying out the integrations over 
d ( cos 6) d<f> for the various domains of k\ shown in (11.122), within the appropriate limits of 
cos 0 and ^ (0 -+ 2rr) and then dividing the result by 4n. In this sense, (11.193) indeed expresses 
the restriction due to the Pauli principle in an ‘angle-averaged’ manner. The approximate 
Green’s function in this case is given by 


G.v( r, r') 




exp [/k'.(r - r')] , 

~i +~ k n > a ) 


In* |r 


hi 


^dk‘ Q(k',K) k '^ k ‘ lr 


+ A' J 


(11.194) 


The corresponding Bethe-Goldstone wavefunction can be obtained from (II. 190a). Several 
calculations in this approximation have been done by Brueckner and his collaborators 19 . 
These authors, however, treated the particle energies somewhat differently. Instead of using 
only the kinetic energies in accordance with Bethe’s prescription, Brueckner and his colleagues 
used self-consistent particle energies, such as (11.185d), in which (k, a, r) is now taken to 
denote a particle state. However, in evaluating the second term of (II.185d), we have to be 
careful. Since t depends on w, we have to prescribe a value of w that is suitable when a particle 
above the fermi surface is interacting with an occupied fermi-sea particlfe. Since particles have 
to be excited above the fermi sea in pairs , due to the requirement of total momentum conser- 
vation, at the stage when a particle interacts with an occupied fermi-sea nucleon, there will 
always be another spectator particle and its hole in the fermi sea. Thus, as already remarked, 
there is a case where the parameter w for the t cannot be merely the sum of the starting 
energies of the two interacting nucleons; the excitation energy due to the spectator particle 
will also have to be reckoned. This is the so-called off-energy shell effect, and Brueckner and 
his collaborators considered it in giving a self-consistent definition of the potential energy of 
partiejp states. Bethe has discussed this point in detail (see Rajaraman and Bethe 17 ) and has 
stated why the potential energy for the particle states should be dropped. 

In the preceding discussions, we have used an integral equation form for the Bethe- 
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Goldstone equation (11.190). It is possible to very easily convert this equation into an integro- 
differential equation form. With this aim in view, we first note that — (y 2 + k' 2 ) -1 in Green’s 
function (II. 190b) could be produced by the operation of (V 2 — y 2 )* 1 on the integral 

J d l k* exp (/V»r) exp (— /k'»r') with specified restrictions on the momentum integration. This 

momentum integral is actually the coordinate space representation of the Pauli operator Q t 
and is shown as 


(2 


if 

f ) 3 J (*:,*«> 


kf) 


d 3 k' exp (ik'«r) exp (— ik'»r') < 


Q • 

' (^?J (*;.*; > 


^p) 


d>k'<t | k')<k' | r'> 


Therefore, we can rewrite (II. I90b) as 
G(r, r') - (V 3 - y 2 )-\t\ Q |r'>, 


»<r| 2 |k'><k' | r'> =* <r| Q |r'>. 

k' 

(*i, > * F ) 


and hence (II.190a) yields [with the notation ^ k (r) = (l/y'fl) exp (ik«r)] 

(V 2 - y^kfr) - V> k (r)] - J d 3 r' <r| Q |r')<r'| t> |0 k > 

”<r|e^k>. (II. 195a) 

This is the promised integro-differential equation, with the differential operator V 2 on the left- 
hand side and the integral over r' on the right-hand side ( Q being the integral operator). It is 
advantageous for our subsequent study to introduce the ‘defect wavefunction’ X k (r) defined by 

*k(r) « * k (r) - 0 k (r) (II. 195b) 

such that (II. 195a) becomes 

(V 2 - y 2 )*^) - <r | Qvi/j k y. (II. 195c) 

This integro-differential equation reduces to a pure differential equation if we now make the 
assumption of putting £? = I. This approximation, as is clear, amounts to ignoring the restric- 
tion on the integration over k' (due to the Pauli principle) in Green's function. The form of 
Green’s function iq this approximation is given by (11.191). The differential equation form will, 
however, be more convenient to work with. Putting Q = 1 in (II. 195c), we obtain 

(V 2 - y 2 )X k (r) = v(r)^ k (r) (II.195d) 

or 

[V 2 - y 2 + v(r)]fc(r) - —(k 2 + y^r). (II. 195e) 


Although ^(r)» calculated from this equation, is approximate, we have not introduced a new 
notation for it for the sake <jf simplicity. The goodness of the approximation Q ■■ 1 involved 
in this approximate Bethe-Goldstone equation is discussed later in this section. 

Before solving the differential equation (II.195d) or (II.195c), we choose to introduce the 
complications due to the spin-isospin part^of the pair wavefunction and its antisymmetrization. 
We have Ulready sketched this procedure after the expression (11.183). The unperturbed two- 
particle spatial wavefunction can be either symmetrized or antisymmetrized. Omitting the 
centre-of-mass part, (1 ly/O) exp (/K*R), of the two-nucleon wavefunction, we obtain respectively 
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the symmetric and antisymmetric relative wavefunctions 

4>h(j) = ^=[exp (/k.r) + exp (-/k.r)], (II.196a) 

= ^/=[exp (/k.r) - exp (-/k.r)]. (II.196b) 

Using the familiar partial wave expansions of exp (/k*r) and exp (— /k*r) from Appendix C 
(Section I), we are easily convinced that (II. 196a) and (II. 196b) consist of only even / and odd 
/, respectively. The combination (S, T) of the spin-isospin functions with which these two kinds 
of spatial wavefunctions are to be multiplied is already well-known to the reader (see Chapter 1). 
For the sake of brevity, we omit the superscripts (s) and (a) from ^ k (r), and write the summa- 
tion over / in the partial wave summations with a prime, reminding the reader thereby that this 
summation goes over / of the appropriate parity in keeping with the S, T quantum numbers of 
the spin-isospin functions. Thus, the complete unperturbed wavefunction in its antisymmetrized 
form is written as 

*k(r yxfi/Jtr --Jjjf /VM2/ + l)(*r)-'/,(r) YoW s m / t Mt . (II. 197a) 

Here X s and p T are the spin and isospin functions, and 

fi( r ) “ krji(kr). (II. 197b) 

If we had a central potential alone, then this form would have been convenient to work with. 
The noncentral potential does not conserve the quantum numbers M s and /, and hence we shall 
couple Yo and xfi s in (II. 197a) and work with the angular momentum coupled expression of the 
unperturbed wavefunction 

? iW*W+T){.krY l m S [J ^ jJJl ISJM s >P t Mt , (11.198) 

where | lSJM s y is the spin-angle function defined by (1. 80b). We here have V&ir, instead of the 
usual \/4fr, because of the two terms in (11.196) and the normalization factor 1 1^2. In the 
exact two-body wavefunction, all the quantum numbers (with the exception of /) of each of these 
partial waves are conserved; the radial wavefunction f t (r) will also change to the exact radial 
function, say, u { }\r). In this notation, the superscript denotes the partial wave of the unper- 
turbed wavefunction, and the subscript represents the orbital angular momentum of the 
corresponding exact wavefunction. From the discussions in Chapter I, we know that the possi- 
bility of I' ^ / arises only in the case of the coupled spin- triplet states-having / = J ± 1. In 
such a case, commencing with the unperturbed (/ = / -f- 1)- or (/ = / — l)-wave, we reach, in 
the exact wavefunction, both the (f = J ± 1)- waves. The cases of the spin-singlet state (/ ® J) 
and the uncoupled triplet state having / = / are much simpler. In these cases, labelling the 
e act radial function with the single subscript / is quite adequate.^For simplicity of presenta- 
tion, we shall first discuss the uncoupled states in detail, and then point out the modifications 
in the case of the coupled states. 

For the uncoupled case, the exact radial wavefunction with the quantum number / (=*/) 
is defined with the same extraneous numerical factors'as in (11.198) as 

[o Ms l)(^)-«,(r)|/5/M s >^ r 


(11.199) 
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The difference between /,(r) and u,(r) is called £,(r), i.e., 

{/(') =fir) - u,(r). 

The /-th partial wave of the uncoupled type in the expansion of the defect wavefunction X k (r) 
of (II. 195b) is therefore written as 

[o Ms Ms] ilVU(21 + ^( kr )~W\ lSIM s) p W ( n - 20 °) 

It is now quite straightforward to use the partial wave forms (II. 198)~(II.200) in the 
differential equations (II.195d) and (II.195e) and obtain the corresponding radial equations in 
the manner of Section 5. We then have 

l£i - - y 2 + •«!<»■)]«'■) = •arWrfr) (II. 20 la) 

or 

ifp - l - ~2 ^ ~ Y 2 + v isri r )] u i ( r ) = ~(* 2 + y 2 )fi( r )- (11.201 b) 

Here v /ST (r) is the diagonal matrix element of v with respect to the spin angle and isospin 
function \lSlM s yPlt r (For these matrix elements, see Section 4.) 

(11.201 b) is a nonhomogeneous second-order differential equation for the unknown function 
w ; (r). This is in contrast to the homogeneous equation obtained in Section 5; as a matter of 
fact, the reader will notice that, except for the nonhomogeneous term fir) on the right-hand 
side, the left-hand side of this equation is formally identical to the bound-state (k 2 =» — y 2 ) two- 
body equation (1.44). We need two boundary conditions to solve this second-order equation; 
and we must remember now that the nonhomogeneous term here does not allow us to treat the 
overall normalization of uir) as arbitrary. One appropriate boundary condition is, of course, 
given by 

(at r — 0 (if there is no hard core) 
u t (r) = 0 < 

lat r = c (if there is a hard core of radius c) 

The other boundary condition is defined by the healing property, already mentioned, and also 
apparent from (IJL201a). At r -* oo, t? /5r (r) -* 0, and hence this equation demands Hr) -> 0 as 
a damped exponential e Therefore, the second boundary condition is given by uir) — fir) at 
large r f where visj(r) is negligible. The forward and backward numerical integration formulas 
for the solution of (II.201b) can be worked out in the manner of Section 5; these formulas will 
have some extra terms resulting from the nonhomogeneous part of the differential equation. A 
practical procedure for computing the solution step by step is as follows, (i) Apply the back- 
ward integration formula at a fairly large r, taking W/(r) — fir) and giving an arbitrary value 
to uir — J); integrate towards the origin and stop at a suitable point R to the right of the 
core; call this solution w/ e) .«(ii) Repeat the procedure in (i) with the homogeneous equation, 
taking uir) and u f (r — J) at the starting points from the asymptotic form h { }\iyr) of the homo- 
geneous solution; call this solution The solution to the right of R (which will eventually 
be th; matching radius) can then be written as u) e) -f xj>Y\ where x is an unknown constant 
for the present; notice that this form still guarantees the boundary condition uir) at 

the chosen value of the starting r. (iii) Use the forward integration formula atr»c or r*0 
(depending on whether or not there is a hard core), taking the boundary value zero of u t at 
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th at point and an arbitrary value at the next point to the right; integrate up to the point R 
step by step; call this solution u { {\ Obtain, similarly, the solution of the homogeneous equation 
starting at the internal boundary with the correct boundary condition and an arbitrary value 
at the next point; integrate up to R and denote this solution by ^/°. The general form of the 
internal solution is then u\ l) -f ytf 0 , where y is an unknown constant to be presently deter- 
mined. Matching the values and derivatives of the inner and outer solutions at R 9 we obtain 
two equations for the determination of x and y. 

To calculate the contribution of any of the uncoupled states to the matrix elements of f, 
we recall that we have to write the unperturbed state on the left-hand side, the potential V in 
the middle, and the exact state on the right-hand side. Moreover, if we want a diagonal matrix 
element, then the exact state on the right must correspond to the unperturbed state on the 
left. This means that, along with the complex conjugate of the /-wave part of (11.198), we take 

the /-wave part of (11.199), put V in the middle, and evaluate the matrix element. Finally, 

adding the contributions of the various partial waves, we obtain 

8*r (2/ + 1 )kA[ S 1 f P° dr f^r) VisrfMr). (11.202) 

/ L0 M s M s J Jo 

Here V IST (r) is the diagonal matrix element of the two-body potential V [and not v which is 
equal to — (M/ti 2 )K], mentioned after (II. 201b). The radial integral here has to be broken up 
into a core part and an outer part as 

' J* dr f,{r)V ,s T {r)u^r) — £ dr f,(r)V lS7 {r)uir) + dr f,(r)V, ST (r)u,(r). (II.203a) 

The first integral can be easily evaluated as soon as «/(r) has been obtained by solving (II. 201b). 
Inside the hard core, u,(r) = 0, but V lST (r) -* oo, and usually the second integral works out to 
a finite value which is, however, quite tricky to obtain. We now proceed to demonstrate the 
procedure. 

Multiplying (II. 201a) from the left by far) and integrating from 0 -» c, we get 
- p dr fir ) V,s T (r )u/(r ) = j^drf,(r)[^- 2 - - - y 2 ]^). 

The differential equation for the /-th partial wave/,(r) of the plane wave is given by 


Multiplying this equation by l(r) from the left, integrating between 0 -► c, and then subtract- 
ing from the preceding equation, we easily obtain 

p | dr fi{r)V lS j{r)u,( r ) = (k 2 -f y 2 ) dr -f (£//i —fiQl 

= (k 2 + y 2 ) /,V) dr + f>{c)u',{c)» (II.203b) 

In the final step, we have made use of the fact that [=/K r ) - “K' - )] ' s always equal to fir) 
inside and on the boundary of the core because the exact wavefunction uir) = 0 at all such 
poi itSjJiowever, in the term involving the derivatives//, Jj, we have exercised caution. There is 
no contribution to this term from r = 0 because ft = krjikr ;) is zero at this point. On the other 
unnd, at r - c, Uc) =f,(c), but ftc) *f!(c). This is because: the function u, has a disconti- 



234 THEORY OF NUCLEAR STRUCTURE 


nuity in its derivative atr»c; everywhere on the inner side of the core, «/ =» 0 , and hence 
ufa — c) 0 , € being an infinitesimal quantity, whereas, on the outer edge of the core, the 
exact wavefunction usually starts with a finite value of the derivative, making ufa + i) 96 0 . 
In view of this fact, f)(c + «) — //(c -f «) — ufa 4- «), and this explains the second term of 
(II.203b), which is called the core-boundary term for obvious reasons. The first term of the 
same expression i 9 then the core-volume term. The expressions (11.203) complete the evalua- 
tion of ( 11 . 202 ). 

We next discuss the coupled (/ = J + Instates of triplet spin. In this case, starting with 
the unperturbed /-wave (J + 1 or J — 1) of (11.198), we obtain the corresponding exact wave- 
function as a sum over the two coupled orbital states. Therefore, the expression replacing 
(11.199) is given by 

T ,VM2/+1)[' ' \krr l uhr)\‘'SJM s / T MT . (11.204) 

/'-I/-H L0 M s M s J 

From (II.195e), we then obtain (in the manner of Section 5B) the coupled equations 

[;p - -?* + teWMV) + v ns Mr)u\\r) = -(k 1 + y J )/,(r), (11.205a) 

- l{I ' r f - ~V* + v rr srtrM\r) + t ’,rsMr)u]'\r) = 0, (II.205b) 


where /' is the wave coupled to the /-wave of the given J. vi i!%S jt denotes the matrix element 
of v connecting the state \liSJMypM T with | I 2 SJMyPM T . The unperturbed radial wavefunction 

in these coupled equations can be considered a two-component vector and the corres- 

/i/A 

ponding exact wavefunction is y { ^y As r -► oo and v(r) -► 0, (II. 205a) reduces to 

[£ - - y 2 ]{J V) = o 


or 


(l°(r) = h\ l \iyr). 

Here # 7) (r) is, by definition,/^) — w5 ,} (r)» and since h\ { \iyr) t according to Appendix C (Section I), 
goes to zero at r -►•oo, we conclude that u ( /\r) heals up to ffa ). In the same manner, (II.205b) 
tells us that u^\r) s= h\ l \iyr) -► 0 for r-+ oo. Therefore, at large r, the exact wavefunction 


/4V)\ . 

U°w 


Indeed heals up to the unperturbed 


o- 


At the inner boundary (i.e., r = 0 or r = c). 


the boundary value of the two radial functions is zero. The numerical integration procedure 
starting with the inner and outer boundary conditions is left as an exercise. 

The contribution to tfce diagonal matrix element of l for the coupled states of a given J 
can be easily computed with the help of (11.204) and (11.198). We obtain 

5 

M s 


8ir r ‘ 2 V (2/ + 1)(2/.' + !)*-’[ ‘ S 7 If 7 

/-I/-U r 10 M s MjJLO 

X fr(r ) VrrsM r )u { p{r). 


;j 


( 11 . 206 ) 
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We have here summed (11.204) over the two possible values of l to obtain the exact wave- 
function corresponding to the two unperturbed waves. The unperturbed wave on the left-hand 
side of the /-matrix element has been written with the summation over /'. The two-body 
potential V in the middle is thus sandwiched between (1’SJM s \p]^ t and \1'SJMs) p m t - The 
resultant matrix element of V (which is independent of M s and Mt) has been denoted by the 
subscripted V(r) in (11.206). One of the Clebsch-Gordon coefficients has come from the exact 
wavefunction (11.204), whereas the other (having /') has come from the unperturbed wave. 

We now recall that, in computing the binding energy, we need to sum <k,, k 2 ; SM s TM t \ t 
|k, ( k 2 ; SM s TM t > over all the possible spin-isospin states (i.e., on the quantum numbers S, M s , 7 , 
and M T ) and then over all the possible occupied pair states k ( , k 2 . First, we consider the summa- 
tions over S, M s , 7, and M T . Since the various contributions to the /-matrix element, given by 
(11.202) and (11.206), are independent of M r , the summation over this quantum number 
produces (27 + 1). The summation over M s can also be readily carried out in (11.202) and 
(11.206) from the general properties (AlV.3a) and (AIV.4) in Appendix A of the Clebsch- 
Gordon coefficients 


[' s •'ll 

7' S 

'1 

_ [J) 2 

• / SI 

If 7 5 H 

L0 M s MsJI 

.0 Ms 

M s \ 

V [/][/'] "s 

1 

$ 

$ 

JL-A/s M s 0j 



In (11.202), this factor is unity because l = /' = 7, whereas in (11.206) the summation has a very 
important simplifying effect it removes the summation over cancels the factor 

V (27+ 1)(2/' +T) , and finalh replaces (11.206) by 

877(27+ 1)(27 + l)k~ 2 E f dr f t (r)V u , SJ1 ir)uf{r). (II.207a) 

/./'JO 

The factor (27+ 1), resulting from the M r -summation, has also been included here. For 
ready reference, we write down also the similar expression resulting from (11.202), which is 

8tt(27 + 1)(27 + l)Ar 2 J" dr fj{r)V JSJT (r)uj{r). (11.207b) 

The expressions (11.207) have to be summed over all the values of 7, and, for each J, over all 
the possible values of S and 7. While considering the corresponding values of /, /', the require- 
ment of antisymmetry has to be borne in mind. Usually, the summation is carried over all the 
two-nucleon states beginning with / = 0 and going up to a certain maximum / (= 3, 4); states 
beyond this / are rather unimportant in low-energy phenomena. The /-matrix element obtained 
after this summation has then to be summed over all the occupied pair states k,, k 2 so as to 
obtain the binding energy of infinite nuclear matter. Since the whole calculation described so 
far has been done with a given value of K, and the diagonal /-matrix element, obtained 
through (11.207), depends on k and not on the direction of k, the required pair summation 
can be done in the manner of Section 18. 

( Q = ^-Approximation 

The foregoing treatment of the /-matrix with pure differential equations is based on the neglect 
of the Pauli exclusion principle, i.e., the (Q = ^-approximation. We now present a semi-quan- 
titative^argument, originally due to Bethe (see Rajaraman and Bethe 17 ), in support of this 

approximation. 
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According to (11.182), the ( Q = ^-approximation will be good, provided V is such that 
(1 l e )V>l> automatically has small Fourier components inside the fermi sphere. From the definition 
of the defect wavefunction X, we have 

*- + - + - ~V* 

Therefore, we have to compute the Fourier transform of X, and verify if it has small compo- 
nents for k < fc F . 

The customary argument is based on £ 0 . i c., the (/ = 0)-component of X in the case of a 
pure hard-core potential V of radius c, and no potential for r > c. Inside the core radius, 

Jo =fo(r) = sin kr, r <c, 

and outside the core, the equation determining £ 0 (r), namely, (11.201a), becomes 

(£i~r 2 Mr) = 0, 

which has the solution 

lo(r) = Ae-*', r > c. 

From the continuity of £o(r) at r = c, we have 
A = sin kc e K , 
and hence 

U r ) = sin Arc e~ yi '-‘=\ r > c. 

This defect wavefunction, the unperturbed function / 0 (r), and the exact function u#(r)[=/ 0 (r) 
- Cot')] are shown in Fig. 11.19. The nearly triangular shape of £ 0 (r), with its vertex at r = c, 
and the known shape of sin kr immediately indicate that the Fourier transform of { 0 (r), which 



r « r(fm) 

Pure hard-core potential Hard-core-cum-attractive potenfiai 

Fig. 11.19 Unperturbed, exact, and defect wavefunctions for 5-state. 
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for the 5-state becomes the overlap integral 

| sin kr £ 0 (r) dr 

between sin kr and £<,(/■)» will clearly have a large value only if the first maximum of sin kr 
coincides with the vertex of the ‘triangle’. Thus, the Fourier transform of £ 0 W > s large when 

kc = ~ or k = 3.9 fm~ l for c = 0.4 fm. 

2 2c 

When K = 0, the relative momentum k is also the momentum of the individual particle. The 
value 3.9 fm“ l for k is just about three times the fermi momentum /c F (~ 1.36 fm" 1 ). Thus, the 
intermediate states in g, which are important for (l/c)K</r, lie very much beyond the fermi 
sphere in the case of a hard-core potential V. 

This conclusion is valid also in the case of an attractive potential beyond the hard core. 
The attractive potential has the effect of pulling in the exact wavefunction u^(r) towards the 
core, as shown in Fig. II. 19. As a result, it overshoots f 0 (r ) beyond a certain value of r, and 
therefore J 0 ('') becomes slightly negative in that region. However, the nearly triangular shape 
of Jo ('*) is still preserved, and hence the foregoing argument on the overlap with sin kr still 
holds good. 

Reference Spectrum Method versus Separation Method 

The method for calculating the /-matrix with the help of the solutions of pure differential equa- 
tions depends on two very important assumptions: (i) the quadratic expression for the energies 
of the particle states, which helped to get the V 2 -operator; and (ii) the neglect of the Pauli ex- 
clusion principle. In his original work, Bethe suggested, in respect of (i), a spectrum of the type 
A Bk 2 with nonvanishing values of both A and B for the particle states lying between 3 fm" 1 
and 5 fm - * 1 (the range of momenta within which the hard core scatters the particles according 
to the foregoing discussion). However, in later years, it was realized (see Rajaraman and Bethe 17 ) 
that the free-particle spectrum [ti 2 fc 2 /(2Af)] is the best choice. This is what we have done here. 
Bethe’s work also contains, as already mentioned, a quadratic assumption on the hole spectrum 
with prescribed values of A and B. This assumption is, however, not so crucial in determining 
the equations because the energy w 0 of the occupied pair state appears in the equation as a 
parameter. However, we have already noted that the hole energies entering w 0 must be self- 
consistently reproduced from the calculated /-matrix. The quadratic prescription that Bethe 
has given ensures that the assumed hole energies are close to their correct self-consistent values. 
Bethe has called the assumed spectrum the “reference spectrum”, and the # method, as we have 
described it for the calculation of the /-matrix, is therefore known as the reference spectrum 
method . It is possible to obtain a correction to the /-matrix, calculated by the reference spec- 
trum method, arising from the departure of the reference spectrum from the actual spectrum. 
This correction is called the dispersion correction , and we shall obtain the expression for it later 
in this section [see the second term of (II.2l7a)}. 

Assumption (ii), although not reflected in the name of the method, also plays a very 
crucial role in its working. As already emphasized, without the neglect of the Pauli principle, 
the equation of the method would never have reduced* to a pure differential equation. We have 
reprodueed Bethe’s argument which shows that the neglect of the Pauli principle is a good 
approximation. Along with the calculation of the dispersion correction, we shall presently 
show [sec the first term of (II. 21 7a)] how to calculate the correction to the approximate {-matrix 
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arising from the Pauli exclusion principle. 

Before giving these corrections, we introduce another method, called the separation 
method \ which is motivated by the desire to make the Pauli correction smaller than that 
followlhg from the reference spectrum method. Originally, this new method, as proposed by 
Moszkowski and Scott 20 , had a somewhat different motivation which will also be mentioned as 
we go along. 

In the reference spectrum method, we have used the complete nuclear two-body potential 
in writing the Bethe-Goldstone equation. While arguing in favour of the ( Q = ^-approxi- 
mation, however, we have discussed the situation for only the hard core of the potential, ignoring 
the outer attractive potential which has an exponential or a Yukawa-type tail. We know, from 
the general properties of Fourier transforms, that the longer the distance within which a spatial 
function is nonvanishing, the shorter are the important momentum values in its Fourier trans- 
form. Thus, the decaying tail of the outer attractive potential will have Fourier components 
for much smaller momenta than the Fourier components of the hard core of radius 0.4 fm. 
Even if we include a part of the outer potential, say, up to approximately 1 fm, the important 
Fourier components will still lie fairly outside the fermi sphere. Therefore, we first separate 
the potential V into 
V 9 +V h 

where the short-range part V t includes the hard core plus a part of the outer potential (up to 
a distance d ), and the long-range part F, is the rather weak decaying tail of the outer potential. 
At the stage of writing the approximate Bethe-Goldstone equation with the (Q = ^-approxi- 
mation, we use only F g . According to our foregoing discussion, the corresponding /-matrix (let 
us call it O will then suffer less because of the neglect of the Pauli principle. This approach, 
however, involves the additional task of computing the effect of V h which has been left out of 
the / g -matrix. Here Moszkowski and Scott 20 argued that since F/ is a rather weak potential it 
can be treated by the straightforward perturbation theory (in the manner of Section 18) in the 
first one or two orders. In addition, they proposed a choice of the separation distance d in the 
division of the potential in a manner that makes the diagonal matrix element of / g for a ‘free’ 
(i.e., not in the nuclear medium) nucleon pair identically equal to zero. They hoped that, with 
such a choice, most nuclear calculations can then be done only with the weak well-behaved 
potential V h 

Having sketched the motivation of Moszkowski and Scott, we now proceed to a gene- 
ral derivation (seb Bethe et al 21 ) which relates the exact /-matrix with an approximate one 
(the approximation may be in its treatment of some or all of the operators Q t e 9 and F) through 
a formally exact equation. Such an equation then allows us to calculate the correction, i.e,, the 
difference between / and the approximate one. At a stroke, we then achieve the goal of calculating 
the dispersion correction (due to the approximation on e), the Pauli correction (due to the appro- 
ximation on Q), and the correction due to the long-range potential in the separation method. 

The original equation for the correct /-matrix is given by 

t=VQ=V+ V^t or Si = l + Qt; (II.208a) 

e e 

and the equation for the approximate /-matrix, say, / A , in terms of the approximate operators 
C?a> «a. and y*. i» given by 

*a = =Va+ V a ~I k or = 1 4- 


(II.208b) 
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If we choose the operators Q At e A , and V A to be Hermitean, then t A obviously is Hermitean. 
Thus, the Hermitean conjugate of (II. 208b) can be written as 

fli = l + 'A 7 *. (II.208c) 

Multiplying (II.208a) by t A (=^aK a ) from the left, and (II.208c) by t(=VQ) from the right, and 
then subtracting the two, we obtain 

a\(Y- v a )q = i- t A + t A fe - 

e A t 

or 

t = t A + Qi{V - V a )Q + t A (^ - |)r. (11.209) 

This is the required equation connecting t with t A . The second and third terms on the right- 
hand side represent the correction terms. The second term is nonvanishing only if we have not 
used the full potential V in calculating the approximate matrix t A . For example, it is non- 
vanishing in the separation method, where V A = K„ and hence (V — V A ) = V t ; this term then 
gives the correction due to the long-range part of the potential in the separation method. The 
last term obviously gives the correction due to the Pauli principle and the dispersion correction. 
In the separation method, the exact Q and exact e are not used in writing the Bethe-Goldstone 
equation for the short-range potential. Hence, in this method, both the Pauli and dispersion 
corrections have to be calculated from the last term of (11.209). Now we consider some details 
about the Bethe-Goldstone equation of the separation method. It is customary in this method, 
as in the reference spectrum method, to use Q A = 1. In their original work, Mbszkowski and 
Scott 20 used the free-particle energies for the particle as well as the hole states while calculat- 
ing e A . Thus, 

* K = i b + k l- k l 1 - k 'i ) 

= ~(k 2 - k' 2 ) = ~(k 2 + V>). (II. 210a) 

Here k if k 2 are the momenta of the occupied states, and k[, k 2 those of the intermediate 
particle states. The centre-of-mass energy [h 2 /(4M)]K 2 and fti 2 /(4Af)]Af' 2 clearly cancel out 
because K = K'. It should, however, be noted that it is not necessary to use exactly this 
approximate form for e A in the separation method. For example, the approximate e A calculat- 
ed with Bethe’s prescription (we call it e R ) in the reference spectrum method, which is 

e R = Vji-y 2 + V J ). (II.210b) 

could have been used equally well. In fact, we expect the corresponding approximate t % to be 
better than the Scott-Moszkowski t 9 because with e R the dispersion correction is definitely 
lower than that for the e A of (II. 210a). The expression (II. 2 10a) was originally chosen in order 
to make the diagonal matrix element of f g zero with a special choice of the separation distance 
d . This wHl now be shown. 

A comparison of (11.210a) with (II.210b), together with the fact that Q A = t, and V A V„ 
easily establishes that the Scott-Moszkowski equations can be obtained from Bethe’s reference 
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spectrum equations (11.201) and (11.205) by replacing y 2 everywhere by — k 2 , and V everywhere 
by V a . For specific discussions, we consider only the uncoupled case (11.201 b) and write the 
equation incorporating the suggested substitution as 

l£i - + k 1 + r.(r)]«,(r) = 0. (11.21 la) 

As is to be expected, this equation does not differ from the uncoupled two-nucleon scattering 
equation (1.44). For convenience of notation, we have omitted the state labels /, 5, Tfrom v 
and used only the subscript s as a reminder that it is related to F # , and not the full V. Along 
with this equation, we consider the equation for the /-th partial wave of exp (/k*r), namely, 

l£i - ^75-^ + k2 M r ) = 0, (II. 211b) 

where //(r) is given by (II. 197b). Multiplying (11.21 la) by f,(r) from the left, (11.21 lb) by uj(r) 
from the left, and subtracting and integrating from r = 0 to the separation distance d % we 
obtain 

- J o //('>.('•)«'/('•) dr = (//«/ - u if'i)i 

-ftfuttf) - u,(d)f,(d). (11.212) 

Since there is no potential beyond r = d, the integral on the left-hand side is equal to the 
corresponding integral between the limits 0 and oo. According to (11.202), this integral there- 
fore gives the contribution of the partial-wave state / to the diagonal /-matrix. On the right- 
hand side of (11.212), we have only the contribution from the upper limit d because, at the 
lower limit, both U/( 0) and //(0) vanish. Thus, the contribution to the diagonal element of the 
/-matrix can be made equal to zero, provided the separation distance d of the potential is so 
chosen as to satisfy 

£'),_* = (j)r-J- (H.213) 

It is now clear why the Scott-Moszkowski programme was overambitious. In order to make 
<k| / |k> zero, we have to choose the separation distance d for each partial wave, according to 
the prescription*(II.213). Though this is generally impossible for a single value of d> the hurdle 
can be overcome by introducing different separation distances for different partial- wave states. 
Once this is done,' we should be prepared to keep the d for a particular state fixed while k of the 
incident wave changes. If d is chosen from (11.213) for a particular k and /, there is no 
guarantee that for the same d and / (11.213) will hold for all k. In other words, d will turn out 
to be not only state-dependent but energy-dependent as well. 

The Scott-Moszkowski equation (11.21 la) tells us that beyond d this equation becomes 
identical to (II.21 lb) and has solutions which are, in general , 

fir) = krj^kr), 

, gfc) « krnikr). 

Theitfore, without any extra boundary condition at r =» d or beyond this point, the solution 
U|(r) will be a linear combination of /,(r) and gir), and hence at r ->■ oo it displays a phase 
shift with respect to the incident wave fir). This is contrary to the property of healing required 
of a good Bethe-Goldstone wavefunction. The imposition of the boundary condition (11.213) 
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at the separation distance d precisely serves the purpose of removing the phase shift and 
guaranteeing the healing property at r-> oo (in fact, it ensures healing beyond d), Once the 
log-derivative of the internal wavef unction is matched to the log-derivative of //, and the con- 
tinuity of the wavefunction is ensured at d t i.e., [u t (d) = f{d)] 9 the wavefunction beyond d 
obviously continues to be f t (r) at every point because of the absence of any potential in this 
region. 

The computation of the solution of (11.21 la) and the determination of d from (11.213) are 
now sketched. Since (11.21 la) is homogeneous and of second order, its solution will have an 
overall normalization constant and a second arbitrary constant. The latter is fixed as soon as 
the numerical solution is commenced at the core radius with the given boundary value 
Ufa) = 0. The value u^c + d) can be arbitrarily fixed at the beginning of the numerical inte- 
gration because of the overall arbitrary constant multiplying the solution. As we integrate out- 
wards, we compute the log-derivative (mJ/k,) at each point, and check if it agrees with the log- 
derivative (/////) at the point. The point where this equality holds is our desired separation 
distance d . Finally, we fix the overall arbitrary constant in front of u, by ensuring the conti- 
nuity of the solution at d through the equation U/(d) — fi(d). 

The question we have to answer now is: can a d that satisfies (11.213) always be found? 
If not, then the separation method will not work. It is easy to examine this point if we draw 
the wavefunctions as in Fig. 11.20. For simplicity, let us adhere to the S-state. The unperturb- 
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Fig. 11.20 Unperturbed and exact wave- 
functions in separation method. 

ed wavefunction sin kr starts with a zero value at r = 0 and, by the time the core radius is 
reached, it has already acquired a phase angle kc . On the other hapd, if we had a pure hard- 
core potential, the solution beyond the core radius would be a linear combination of sin kr 
and cos kr 9 i.e., sin (kr + 3). Since this wavefunction has to vanish at r — c, the phase shift 8 
is — kc . Thus, the exact wavefunction, when it starts at c, is behind the unperturbed wave- 
function in phase by an amount kc. In order that its derivative and value can smoothly match 
on to those of the unperturbed wavefunction at d> in accordance with (11.213) and as shown 
in Fig, 11,20, it has to make up for the handicap in phase at the starting point and acquire 
the same phase angle as/ 0 (r) by the time the point d is reached. This is clearly possible only if 
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the exact wavefunction beyond c can ‘bend down’ faster than the unperturbed wavefunction. 
We know that an attractive potential beyond c helps in 'pulling in’ the exact wavefunction, 
whereas a repulsive wavefunction ‘pushes it out’. In the latter case, the rate of ‘bending down’ 
of the wavefunction is obviously slower than that of the unperturbed function, and hence the 
initial handicap in phase will never be made up. On the other hand, in the case of an attractive 
potential, the pulling-in effect really causes a faster bending down of the exact wavefunction, 
as compared with the unperturbed one and, provided the bending down is fast enough , the exact 
wavefunction will catch up with the unperturbed one at some finite d. It is possible to visua- 
lize a weak attractive potential for which the pulling-in effect is so small that the complete 
‘catching-up’ in phase may not take place even at r -> <», or it may take place only at a fairly 
large value of d. Even in the latter case, the separation method, as proposed by Scott and 
Moszkowski, will not work. This is because, if d turns out to be large, the healing distance for 
the Scott-Moszkowski wavefunction (equal to d) misses the most important property of the 
small healing distance of a realistic Bethe-Goldstone wavefunction. The case of a weak poten- 
tial is demonstrated by the dashed line in Fig. 11.20. 

We now arrive at a more general way of applying the separation method in conjunction 
with the e A of the reference spectrum method. We have now to use e R of (11.210b) as the 
expression for e A , and use V, instead of V in the equations of the reference spectrum method. 
To be specific, the uncoupled equations (11.201) become 

l£i - ~ Y 2 + «'.]£/('•) = v.{r)fir), (11.214a) 

[Jp - /(/ ' 7 5— - Y 2 + v.(r)]u,(r) = —(k 2 + y 2 )/^). (II.214b) 

Because y 2 has a fairly large value, the healing-up property beyond the potential V, is now 
automatic, just as it was in the reference spectrum equations. We thus have the advantage of 
choosing the extent d of the short-range potential V, without imposing any constraint such as 
(11.213). In fact, if we so wish, we can identify V,(r ) as just the hard-core part of the potential 
and take the entire outer potential as V h It is, however, more convenient to include, say, up 
to approximately 1 fm of the outer potential in the definition of V, such that the V, that 
remains can truly be treated as a weak potential. Unless V, is fairly weak, the subsequent 
calculation of the correction term due to it, contained in (11.209), becomes rather involved. 

According to (II.214a), we have, for r ^ d, 

WO = h\ l) (iyr) -► 0, r -* <». 

The point to note here is that Wr) ->■ 0, i.e., u,(r) heals up to /,(r) only at a substantially large 
r; at the separation distance, W <0 is given by h\'\iyd). Thus, this separation distance, in contrast 
with that in the Scott-Moszkowski treatment, is no longer exactly equal to the healing distance. 
The method of obtaining the numerical solution of the radial equation (II.214a) or (11.214b), 
starting with the form h { }\iyr) for (,(r) at r = d, will be similar to that discussed in relation 
to tbs reference spectrum equations. The matching distance will have to be chosen at some 
point between c and d. The subsequent Calculation of the /-matrix (/„ say) due to the V, will 
also be achieved in the manner described there. The /, calculated in this way will, in general, 
have nonvanishing diagonal matrix elements, in contrast with the vanishing result achieved in 
the Scott-Moszkowski treatment with the boundary condition (II.2I3). 
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Calculation of Correction Terms 

In both the types of separation method (the Scott-Moszkowski version and that obtained by a 
combination with the reference spectrum), we have to calculate the second term of (11.209), 
giving the correction due to the long-range part of the potential F/ beyond the separation 
distance d. In the reference spectrum method employing the complete potential F, this term is 
identically zero. In the diagonal matrix element of /, for example, this correction term contri- 
butes 


<* k | Ql Vfi | * k > = <£| V, |tf k >, (11.215) 

where is the exact wavefunction for the short-range potential, and ^ k is the exact wave- 
function for the complete problem with the correct g, F, and e . The latter is, of course, 
unknown because we have not solved the exact Bethe-Goldstone equation with the correct g, 
F, and e. Thus, the correction term has to be evaluated to various orders in a perturbation 
theory based on the solution </> k as the unperturbed wavefunction. In other words, we need an 
expansion of Q in which the first term is Q, and l he subsequent terms are obtained in a pertur- 
bative manner. With this aim in view, we write 

Q = 1 + 0-VQ, 
e 

. n, = i + ±KQ„ 
e\ 

where <? A is cither the reference spectrum expression (II.2l0b) or the Scott-Moszkowski expres- 
sion (II.2!0a). Thus, 

= KO s 

e 

or 

Q = Q a — —PA -f 0-VQ. 

e 

Operating on ^ k with this expression and multiplying by F, from the left, we obtain 

Vfih = Vrfl + Vft + V,Q(K + W k . 

In obtaining the second term, we have replaced —e^ x V % Q^ by X k from the Bethe-Goldstone 
equation for the short-range potential. This term, however, is exactly Zero because V x is non- 
vanishing beyond the separation distance, whereas the defect wavefunction Xj is precisely zero 
in this region. Similarly, in the first term, «/£ contributes beyond the separation distance, and, 
in this region, is exactly equal to the unperturbed wavefunction. Thus, 

W, k = Wk + y, Q e (V, + vm k- (II. 216 a) 

This relation is exact. 

We now have to evaluate the second term in’an iterative manner. For this purpose, we 
replace (Q/e)Vfi by (l/e A ) F g G s . Ignoring the effect of g in the term containing F a is justified 
in the first approximation because of the arguments already given. But then this term vanishes 
when multiplied by the V t from the left, as in the argument preceding (II.216a). Thus, the 
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second term of this equation reduces to approximately Vj{Qle)Vfi<f> k , where the Pauli operator 
is retained because its effect for the long-range part of the potential cannot be ignored in the 
first approximation. On the other hand, we can introduce the first approximations e zz e A and 
Q ±, I in its evaluation, the latter approximation being justified by the fact that, in the region 
where V \ is nonvanishing, ^ k ) is indeed the healed-up function ^ k . The separation distance 
may not be the correct healing distance for the exact Bethe-Goldstone wavefunction */r k ; how- 
ever, if d is chosen not too small, the aforementioned approximation can be made as exact as 
possible. Thus, (II. 216a) in the first approximation can be replaced by 

Vfii k = VJu + V^Vfa. (II. 216b) 


This expression, as is clear, is already of the second order in the potential V,. The correction 
term (11.215) can therefore be written to this order in V , as 

<*kl ol Vfi |*k> ~ v, |* k > + <* k | V,~V, |* k >. (11.216c) 

Usually, the second term of (II. 216c) is evaluated with the angle-averaged approximation for 
the Pauli operator Q . 

We next discuss the Pauli and dispersion corrections contained in the third term of 
(11.209). These corrections have to be calculated in the reference spectrum method as well as 
the separation method; further, Q A in both these methods is 1, and hence the correction term 
becomes 




In evaluating it, the first approximation entails substituting t A for the last /. Then we have to 
compute 




e A (— — -")* A ---/ 
e A A e A 


We have deliberately inserted the factors e A ] e A adjacent to t A so that, when we use <^ k | and 
|^k> at the two ends of this chain of operators for obtaining the matrix element, we easily 
secure <x£| and |*£> for <(<f> k \t A e A l and ^a^aI^iOs respectively. In this manner, the correction 
to the diagonal matrix element is given by 


<**l *a(§ - 4)c a |*k> = <Xk| [-(1 - Q)e A + (e A - e)e-'Qe A ] |X$>. (II.217a) 


The first term in this ejpression is the Pauli correction. It removes, through the presence of the 
(1 — 0-factor with a minus sign, the effect of the fermi-sea states earlier allowed to participate 
as intermediate states in the calculation of t A . It should be observed that the computation of 
this term needs only a knowledge of the approximate e K for states inside the fermi sea; hence, 
the momentum integration inside the fermi sphere, present through the operator (1 — 0. 
namely. 


J, 


(^i» h^ip) 


dW |k'><k'|, 


can be carried out in the manner of Section 18. Using this expression for (1 — Q ) explicitly, 
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we obtain 

Pauli correction = ( d 3 k' ~(k' 2 + y 2 ) |<k' | x£» J . (II.2i7b) 

k t K^kp) M 

The Fourier transform <k' J x£> of the defect wavefunction, in the case of a short-range poten- 
tial, was shown to be peaked in the region 3-5 far 1 , whereas the integration in (11.21 7b) extends 
up to k P 1 .36 for 1 ). Thus, the Pauli correction to t 9 will be very small. In the case of t A 
calculated with the complete potential V y this correction is somewhat appreciable because the 
long-range part of the potential then makes the Fourier components <(k' | x£> contained inside 
the fermi sea comparatively larger. 

The second term within the square brackets in (11.21 7a) represents the dispersion correc- 
tion due to the departure of e A from the exact e. The presence of the operator Q tells us that 
the difference (e A — e) for the states outside the fermi sea participates in building up this 
correction. If we adopt the attitude that the parameter w 0 in e A has been made self-consistent 
and that the correct spectrum for the particle states is indeed the free- particle spectrum used 
in our definition of e At then the dispersion correction term is identically zero. This is indeed 
the situation in the reference spectrum method. In the case of the Scott-Moszkowski type 
separation method, however, this is not true because here, although the particle energies in e A 
are the correct ones, the energy of the occupied states w 0 is not self-consistently determined 
but replaced by the energy of a free pair. We have noted that, in the Scott-Moszkowski case, 
c A = (— h 2 IM)(k' 2 — k 2 ) y whereas the ‘correct* e has the expression (— h 2 /M)(k' 2 -|- y 2 ) in which 
the quantity w 0 entering the definition of y 2 is the self-consistent energy of the fermi-sea pair. 
Therefore, 

e f A = _ £(*> + y >). 

This expression enables us to carry out the momentum integration present in the dispersion 
term of (II. 217a). 

Finall), we have to justify the substitution of t A for / in the foregoing calculation. We 
have already observed in the discussion following (II.2l7b) that, in the reference spectrum 
method using the full potential, the Pauli correction may be somewhat large. Therefore, the 
substitution of t A for t in that case may not be a very good approximation. On the other hand, 
in any version of the separation method, this correction is much smaller. Hence, if we wish to 
relate the exact reaction matrix t\^\ for the short-range potential V $ , with the corresponding 
approximate matrix, f g , calculated by making Q = 1 and e = e At then, in the relation [obtained 
from (11.209) by making V = V A = K,] 

(11.21 8a) 

e e A 

the substitution of /, for in the second term is fairly well-jusyfied. The subsequent split- 
ting of this term into the Pauli and dispersion corrections, and their estimates, can then be 
accomplished by the method just given. Were we to use the reference spectrum expression for 
e, wc would finally conclude 

(11.21 8b) 

Or, if we arc fastidious, we may estimate the Pauli correction according to (II.217b) using 
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in the place of and add this correction to the right-hand side of (II. 218b). Finally, the 
exact / for the full potential and the /f xact of (11.21 8a) will be connected by the relation [obtain- 
able from (11.209) by putting V A = V % and Q A = Q f e A = e] 

t = t?* 1 + QlVfi. (II.218c) 

The evaluation of the correction term in this equation has already been discussed and is given 
by (II.216c). 

B. FINITE NUCLEI 

One of the initial attempts at calculating the /-matrix elements for finite nuclei was made by 
Brueckner et al 22 . In their work, they assumed that the density inside a finite nucleus does not 
change too rapidly from point to point (which may not be a very good approximation in the 
surface region of the nucleus), and hence a ‘local density approximation* holds good. At each 
point R in the nucleus, the density />( R) is taken to define a fermi momentum & F (R) by the 
relation /r F (R) = (3^/2)^). Then all the /-matrix results of infinite nuclear matter are 
borrowed, and the /-matrix is transformed into the coordinate space by 

< r l t |r'> = J d’k J d 3 k' <r | k 1 ) <k'| t |k> <k | r>. 

Here r and r' are the relative coordinates of the interacting pair of nucleons having the centre- 
of-mass coordinate R, and k, k' are the relative momenta. In general, / is nonlocal in the 
relative coordinate (as just shown). This expression, when evaluated, has also an implicit de- 
pendence on R because the value of kj{ R) required for obtaining <k'| / |k> must be the local 
fermi momentum at the centre-of-mass R of the interacting pair. If we take a spherically sym- 
metric nucleus, then the density p(R) at any point does not depend on the angles of R; it 
depends only on the magnitude R. Therefore, the corresponding £,.(R) also becomes a function 
of R alone. Thus, the computation is reduced to taking a set of R-values, starting from the 
centre of the nucleus to a point sufficiently beyond the nuclear ‘radius’, and then, corresponding 
to each value of R, calculating the matrix < r| / |r'> for various values of relative coordinates. 
The latter can then be treated as a nonlocal two-nucleon potential with which a self-consistent 
calculation (see Chapter V) of the total energy, single-particle energies, wavefunctions, and the 
density p(R) can be done. Such a calculation, although very painstaking, has been done for O 16 
and Ca 40 with a moderate measure of success. 

At about the same time as Brueckner et al, Banerjee and Dutta-Roy 23 , Dawson and his 
collaborators 24 , and Eden and Emery 23 also worked independently on calculations of the /- 
matrix elements for finite nuclei. In all this work, the advantage of using the harmonic oscilla- 
tor wavefunctions (see* Section 17) has been stressed. 

After the simplicity of Bethe’s reference spectrum method was demonstrated for infinite 
nuclear matter, there nas been a prolific outburst of work on finite nuclei along the same 
lines, using the harmonic oscillator wavefunctions as the single-particle functions. The studies 
of Kuo and Brown 24 , MacfCeller and Becker 27 , Shakin et al 28 , Grillot and McManus 29 , and 
Barrett et jM 30 are typical of the work in this field. The method adopted by different workers 
varies {-lightly from one to the other. Our treatment is based primarily on the method for 
infinite nuclear matter, which has been presented in Section 22A. Formally, this presentation 
has more in common with the Kuo-Brown work than with the other studies. 

As already mentioned, the single-particle wavefunction will be taken as the harmonic 
oscillator wavefunction. The method of expressing the two-particle harmonic oscillator func- 
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tions in terms of the centre-of-mass and relative harmonic oscillator functions has been 
described in Section 17. We now consider a two-body wavefunction of the type \N£> nl : 
where the quantum numbers NX define the harmonic oscillator function for the centre-of-mass 
motion, nl describe the same for the relative motion, and L is the resultant orbital angular 
momentum. We know that the /-matrix will leave NX unchanged, and produce the correlated 
wavefunction $„i(r) from the unperturbed harmonic oscillator function ^ n/ (r). The Bethe-Gold- 
stone equation has therefore to be set up for a given energy w 0 of the interacting pair, and a 
given centre-of-mass state ( NX) of energy E s x = (2 N -f X + })tiw. For the antisymmetry of 
the state, we have to combine the spin-isospin quantum numbers 5, T with the /-values of 
appropriate parity in the manner of Section 22A. The coupling of / and S to produce the con- 
served quantum number £ has also to be done, as described there. 

To set up the Bethe-Goldstone equation, we once again make the approximation Q = 1 
and, in the definition of e, take w Q to be the given initial energy of the interacting pair. For 
the particle energies in the intermediate state, two types of assumption are usually made. 
According to Bethe’s prescription for nuclear matter, these energies must be the unperturbed 
energies of the particle states. Since we are using the harmonic oscillator wavefunctions as the 
unperturbed ones, Bethe’s prescription may, in this case, be taken to mean the sum of the 
energies of two particles moving in harmonic oscillator orbits beyond the occupied set of 
states. If (n[l{) and (n‘ 2 li) denote two such harmonic oscillator states, then their energies can 
be expressed also in terms of the energies of their centre-of-mass state (N'X') and of their 
relative state (nl'). According to (II. 86a), we have 

f n[l[ + *«;/' = •N’X' + *»'/'• 

However, if we have commenced with the given centre-of-mass state ( NX ), then the state 
(N'X 9 ) must be taken to be the same as (NX). In this way, 

e = (w — tNX ) - < nr = (w- «„,) - H 0 ( r) = - [^V 2 + H„(r)], (II.219a) 


where y' 2 has been defined as 


h 2 , 2 

~M r = W 


*«/ 


(II.219b) 


and H 0 (r) is the harmonic oscillator Hamiltonian for the relative coordinate 

Wo(r) = - ^V 2 + JMoA 2 . (11.219c) 

Acting on the intermediate state | NX, nl '>, H 0 (r) reproduces the energy t„r, which explains 
the appearance of Ho(t) in lieu of in the final step of (II. 219a). 

An alternative form for e follows from taking Bethe’s prescription literally and using 
tho/ree-particle energies for particle states as was done in the case of infinite nuclear matter. 
According to this approximation, therefore, 

where Vr refers to the centre-of-mass coordinate and* V 2 to the relative coordinate. Acting on 
the intermediate state \N I, n'/'>, the operator [-h 2 /(4Af)}V J R no longer produces the same 
state multiplied by a number. However, an approximation is made, and the kinetic energy 
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operator for the centre-of-mass motion is replaced by its average value, which is Je.vx in the 
harmonic oscillator state (NX). Thus, the foregoing expression for e reduces to 

e = (w- + ]£v 2 = £(-y 2 + V 2 }> (II.220a) 


where 

- jp 1 = w- \* N S. (II. 220b) 

A third alternative form of e is that applied by workers who closely follow the separation 
method as prescribed by Scott and Moszkowski. In the case of infinite nuclear matter, the 
Scott-Moszkowski approximation entails replacing the exact starting energy w 0 of the pair by 
the //^e-particle value. Hence, in this case, the analogous approximation will incur replacing 
w 0 by (t N x + c^y). Making this substitution in (II. 2 19a), we obtain the new approximate form 
for e as 


C = (*N£ + € */ — *NS) ~ *n'r — — «n'/' — *«/ “ N 0 (t). (11.221) 

The expression (II.220a) is formally identical to (II.2i0b), which is the e-operator of 
Bethe's reference spectrum method for infinite nuclear matter. Thus, if we define, in analogy 
with (II. 195b), 


MO = MO - Mr), 


then the equation for MO will obviously be identical to (II. 195d) in which X k (r) and MO are 
now replaced by Mr) and MO- As in the case of infinite nuclear matter, we here denote the 
pure radial functions corresponding to Mr), M r )> anc * MO by /„/(0, MO, a °d MO, respec- 
tively. These functions then satisfy (II. 201a), according to which M r ) heals up to the 
harmonic oscillator radial function fjj). Care should be exercised in using the form (11.201 b) 
because of the occurrence of — k 2 in it. This quantity arose, as is obvious from (II.201a), 
through the replacement of [(d 2 ldr 2 ) — {/(/ -f l)/r 2 )]//(r) by — k 2 fi(r ). This replacement cannot 
be made, in the present case, for the harmonic oscillator function f nJ (r). 

The treatment of the coupled states with (II. 120a) for e is also similar to that given for 
infinite nuclear matter. The coupled equations for u { JJ(r) and «$(r) corresponding to the un- 
perturbed harmonic oscillator function f nI (r ) are identical to (11.205), provided we remember 
to replace the (—k 2 )~ term by [d 2 /dr 2 — {/(/ -f \)/r 2 }]f„^r). In this way, the coupled equations 
in the reference spectrum method are found to be 

fjp - ^7 ir^ ~y 2 + v us^ji r )]X./V ) - virsM'H'k') = » >usf rCV-fa), (II.222a) 

lj3 ~ ~V* + - *nsMr)X>) = vmsMUr). (II. 222b) 

A comparison of (11.21 9a) with (II. 220a) will convince the reader that if the former is 
used, then too the differential equations for the radial functions are very similar. In all cases, 
we simply have to replace y 2 by y' 2 and add a term (— A//h 2 )(£A/a# 2 r 2 ), arising from the.second 
term of (11.219c), to the left-hand side of each radial equation. 
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Finally, the expression (11.221) leads to 
Mr) = Mr) - 

[// 0 (r) — «,/](^„/ - </'„/) = FMO- (H-223) 

Since // 0 (r) is the harmonic oscillator Hamiltonian of which <f>„i(r) is an eigenstate having the 
eigenvalue «„/, we must have 

[#o(r) — ««/]^/»/(r) = 0. 

Therefore, (11.223) becomes a homogeneous equation for and appears as 
[ffo(r) + K(r) - c fl/ )0 w/ (r) - 0. 

In terms of the pure radial function w n/ (r), we then have 
d 2 id 4- n 

[___ f vnssrif) + U(r) + <?«/]w„/(r) = 0, (11.224) 

where 

M M 

Cni = 6/(r) = - ff (iA/a>V 2 ), 

and v, /s M r ) is the diagonal matrix element of ( — Af/Ti 2 ) K(r) in the two-nucleon state specified 
by /, S, T. The case of the coupled states can be similarly worked out. The reader can easily 
verify that the required equations are given by 

(£ - + ‘WHO + m + &,}">) + vnsMrWJhr) = 0, (II.225a) 

f J r i - + m + emW'W) + Virssri'Wnl = 0. (11.225b) 

The quantity v tr sjfr * s the matrix element of (— A//h 2 )K(r) connecting the two-body states 
\lSflTy and \VS$T,\ 

Since the c in (11.224) and (11.225) closely resembles that of the Scott-Moszkowski work, 
these equations have been applied only with the short-range part V $ of the two-nucleon poten- 
tial. One of the most important cases treated by Kuo and Brown concerns the coupled 
( 3 Si + 3 Z)j)-states. Therefore, we shall discuss (11.225) in further detail, and point out how the 
solutions determine the separation distance d of the potential. 

In the case of the uncoupled equation (11.224), we notice that, for large r, where v(r) -+ 0, 
u nl (r) is a solution of the harmonic oscillator equation. However, in general, for large r, the 
solution can be a linear combinatioaof the well-behaved solution f nl (r) (worked out in Section 
17) and the other linearly independent solution of the harmonic oscillator equation. But, if we 
choose the separation distance d by requiring u H i{d) = f n i(d) and u' n i(fj) =f'{d), then, beyond d , 
where only the harmonic oscillator potential is present, the solution w^r) indeed continues to 
be /„,(/•) and does not mix with the other linearly independent solution. Thus, the correct heal- 
ing up of u n! (r) to the harmonic oscillator function f„,(r) is assured. These considerations, how- 
ever, do not apply so smoothly to (11.225) because of fhe coupled nature of these equations. In 
this case, for a given unperturbed wave/*z(r), we have nonvanishing solutions for both u { l](r) 
and wij8(r). According to the two equations, however, in the region of r where r(r) -> 0, u^(r) 
behaves as f n i(r) plus the other linearly independent solution of the harmonic oscillator having 
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the same n and /; the same observation holds for wi/V) which, according to (11.225b), must 
behave as f m i'(r) plus the other linearly independent solution having the same n and /'. By 
imposing the. boundary conditions at the separation distance r = d t namely, 

=/.,(</), C =/„',(</), (II.226a) 

we can, of course, make the solution u ( n f /(r) properly heal up to the harmonic oscillator function 
fni{r) beyond the point d. The healing-up condition on the function u$(r) which is coupled to 
w*/V) should have been (because the unperturbed wave does not have any component corres- 
ponding to /') 

w$(r) = 0 for r>b t (II.226b) 

where b is the healing distance, and it has to be reasonably small. However, the very nature of 
this solution at large r, mentioned prior to (II.226a), rules out the automatic validity of 
(II.226b) happening. This problem has been taken care of in the literature on the subject 
in an arbitrary manner by demanding the boundary condition 


JL 

C dr "''’ 


■ i— £.[rh,iiYr)] 
rhr(iyr) dr v rwmd 


(11.226c) 


where h r is the spherical Hankel function [see Appendix C (Section I)], and the value of the 
parameter y is taken from the reference spectrum expression (II. 220b). There is more arbitrari- 
ness in this procedure: beyond r = d t the solution i£/J is assumed to be rh\ x \iyr) which, how- 
ever, does not follow from (II. 225b), after putting v(r) = 0. 

The coupled equations are integrated out from the core radius with the initial conditions 
u*'t(c) — 0, u„i\c) = 0. To start the numerical integration, arbitrary values arc given to these 
functions at (c -f J). This is allowed for u ( n) because there is an arbitrary common multiplying 
constant for u$ and a*,!. Giving an arbitrary value to the second function at (c -f A)> we are, 
however, doing more than what is permitted. This would have been acceptable were the relative 
proportion of the two functions arbitrary. But this is not so because the relative mixture of 
the two functions must be determined by the coupled equations themselves. To remove this 
arbitrariness, we. build up a second numerical solution (to be denoted by an overhead bar), 
starting with the same boundary values at c and giving the previous value to u ( n l i\c -f A) and a 
different value to i /J}J(c + A). The correct solution then is of the form 



where A and C are constants to be determined. The linear superposition caused by C makes the 
final solution completely general, and the constant A plays the role of the overall multiplying 
constant. We now determine A , C, and d by ensuring the three boundary conditions embodied 
in (II.226a) and (11.226c). ‘ 

The logically satisfactory way to resolve the arbitrariness in treating the healing up of 
»Sr appears to be as follows. Do not use (11.221) in setting up the coupled equations in a 
separation method; use (IL220a) instead. In that case, the coupled equations, as already dis- 
cussed, will be given by (11.222); because we would like to separate the potential info a short- 
and a long-range part, the potential v appearing in these equations will now have to be taken 
to correspond to the short-range part alone. Beyond the separation distance where this 
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potential goes to zero, we automatically have, from (11.222), the healing-up conditions 
Cl/V) -* rh\ l \iyr) % t/*?(r) -► rh\!\iyr) 9 

both of which tend to zero for large r as e~ Yr . The large positive value of y ensures the healing. 
The coupled equations to be solved, however, are nonhomogeneous. The reader should be able 
to work out the numerical integration of these equations with the help of the description given 
after (11.201 b). This is left as an interesting exercise. 

The coupled equations have been applied in practice to only the ( y Si -f ^^-case. The 
coupling in the triplet states of higher angular momenta has been ignored in almost all com- 
putations. In the particular case of ( 3 Sj + 3 Z> 4 ), when the unperturbed wave is in the (/ = 0)- 
channel, u\!j and w!/,! correspond respectively to the S - and £>-wavefunction. The matrix element 
Vfissn as shown in Section 4, then consists only of the central potential, whereas the other 
diagonal element is made up of the central, tensor, spin-orbit, and quadratic spin-orbit poten- 
tials. The nondiagonal elements tvs/r and v/'/s^r are composed entirely of the tensor potential. 

Calculation of Correction Terms 

Correction terms can be calculated with equations similar to (11.21 6c) and (II. 217a), provided 
the plane-wave functions are suitably replaced by the harmonic oscillator functions. In the 
case of the l S 0 - and ^-statc, for example, the first term of (II.216c) has a contribution from 
only the long-range part of the central potential, for reasons already stated. For the ^o-state, 
the nonccntral potential never contributes, and hence the second-order correction term becomes 
much sthaller than the first-order correction term. On the other hand, the second-order term 
has, in the ^-state, a very important contribution from the long-range part of the tensor 
potential. The tensor potential changes the 3 S r state to an intermediate 3 Z> r state, which then 
goes back to the 3 S r state, giving a nonvanishing second-order result. However, it is very diffi- 
cult to satisfactorily treat the g-operator in the case of finite nuclei. Even if we assume that 
the intermediate particle states have free-particle energies [as in (II.220a)], the replacement of 
the intermediate states contained in g by plane-wave states with momenta larger than k F would 
not be correct. Nevertheless, this procedure is followed in the simplest type of calculations. 
The quantity k v is calculated from the given A and given Q [=(4rr/3)rJ/IJ, where r 0 is taken 
from the experimentally measured ‘radius’ of the nucleus R = r 0 A lli . For g, the angle-averaged 
approximation (11.193) is then used. The reader may work out the detailed formulas on his 
own or with the help of the publication of Kuo and Brown 26 . More careful treatment (for 
example, Wong 31 , and MacKeller and Becker 27 ) of the g-operator also exists, but none is above 
criticism. 

The Pauli and dispersion corrections may also be evaluated by closel/following (II. 217a). 
Once again, the has to be replaced by the corresponding harmonic oscillator defect wave- 
function, and a workable assumption be introduced for the projection operator g and (1 — g). 
In the simplest calculations, the plane-wave approximation, with angle-averaging, has been 
used. 

C. RESULTS OF CALCULATIONS 
Infinite Nuclear Matter 

The results of calculations for infinite nuclear matter have been summarized by Bethe 32 . His 
work is the source for the binding energy per nucleon (in MeV) and the corresponding fermi 
momentum & F (in for 1 ) quoted in Table II.4. The parameter k F can be related to the density 
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in the usual way. The code names for the potentials are elucidated in the footnote to the table, 
and the reader is referred to Section 12 and to the respective original work for details on these 
potentials. 


Table II. 4 Calculated binding energy and fermi momentum of infinite nuclear matter 


Author(s) 

Potential* 

Energy/^ 

(McV) 

k F 

(fro- 1 ! 

Brueckner and Gammel 19 

BGT 

-15.2 

1.02 

Brueckner and Masterson 19 

Yale 

-8.3 

1.19 

Sprung and Bhargava 33 

HJ 

-10.9 

1.38 

Ingber 34 

OBEP, Ingber 

-14.8 

1.31 

Haftel and Tabakin 35 

OBEP, BS 

-15.0 

1.58 

Kallio and Day 36 

Reid (HC) 

-7.2 

1.36 

Reid (SC) 

-11.05 

1.36 



— 11.2 (minimum) 

1.44 


•BGT = Brueckner-Gammcl-Thaler; HJ Hamada- Johnston; OBEP one-boson-exchange potential; BS « 
Bryan-Scott; HC = bard core; SC =* soft core. 

The authors quoted in the first three lines of Table II. 4 used a nonvanishing potential 
energy in their expression of the particle energies in the intermediate states. The other authors 
included in this table followed Bethe’s prescription for the particle energy. 

The first point we notice in Table II. 4 is the excellent value of the binding energy and k F 
in the case of the BGT potential. In later work on two-body physics, this potential has been 
found to be unrealistic. The HJ and Yale potentials, both having a hard core, came into vogue 
in the post-BGT potential days. These potentials, as is clear from Table II.4, underbind the 
nucleons by a very large amount. In very recent years, the OBEP has become quite successful 
in explaining two-body data, and the results with the Ingber and Bryan-Scott OBEP shown in 
the table are quite encouraging. 

The general failure of the Yale and HJ potentials in the nuclear binding energy calcula- 
tion had been attributed to several reasons, (i) The many-body binding energy is very crucially 
determined by the contribution from the two-nucleon 3 S|-state. We have already noted that 
the central potential gives a direct contribution in this state, whereas the tensor potential 
contributes in the second order via the 3 /J r state. As a result, of the two potentials, the one 
with the higher central-tp-tensor ratio in the triplet state will produce larger binding energy 
in the nuclear matter calculation. The HJ potential has a large tensor component, and the 
mixing parameter c for the coupled ( 3 Sj 4- 3 Z>i)-state is very large, (ii) The existence of the 
hard-core repulsion is, according to Bethe, responsible for at least a part of the failure. It has 
been observed that replacing the hard dore by a soft core definitely improves the situation. 

This provides much of the motivation of Reid’s work on a two-body potential with the 
soft core. The value —11.2 MeV of the binding energy for this potential is still slightly low. 
Bethe 33 summarized all the corrections to this value for the binding energy. Rajaraman and 
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Bcthc 17 (see original references in this review article) considered the effect of all higher-order 
diagrams containing three fermi-sea particles. Dahlbohm 37 made the most detailed estimate of 
the three-body contribution by using the Reid potential. Day 38 roughly estimated the contri- 
bution of diagrams containing four hole lines. The contribution due to three-body forces (if 
any) has also been discussed by various authors (see Bethe 32 ). The final binding energy, 
obtained after adding all these corrections to —11.05 MeV, has been found (see Bethe 32 ) to be 
15. 4 MeV per nucleon at = 1.36 fm -1 . Thus, the current results for infinite nuclear matter 
are quite satisfactory. 

Finite Nuclei 

In the case of finite nuclei, there is, apart from obtaining the binding energy from the /-matrix 
elements, considerable interest in using these matrix elements in nuclear structure calculations 
of the type described in subsequent chapters. 

Binding energy has been calculated by employing the Hartree-Fock theory (Chapter V), 
and the /-matrix elements calculated with a harmonic oscillator basis. Once again, the hard- 
core potentials, Yale and BJ, with which most calculations for finite nuclei have been done, 
are found to underbind the nuclei by a large amount. 

An important effect that needs consideration in structural calculations on finite nuclei is 
now described. Most finite nuclei contain a set of single-particle states, completely occupied 
by nucleons, and a few nucleons near the fermi surface in partially filled single-particle states. 
We shall refer to these nucleons as valence nucleons. Now the nuclear structural calculations 
usually entail taking into account the effect of the residual interactions on these valence nucleons 
with the tacit assumption that the nucleons sufficiently below the fermi surface, occupying 
completely filled levels, more or less act as an inert core structure for the nucleus. In the reac- 
tion matrix theory, therefore, we have the additional work of computing this effective inter- 
action between any two valence nucleons. The Brueckner reaction matrix /, computed in this 
chapter, is still strong enough to cause excitation of particles from the core when any of the 
core particles interacts with any of the valence particles. These effects have to be included in 
defining an effective interaction G between any two valence nucleons in terms of the reaction 
matrix /. 

The task of replacing the many-body linked-cluster expansion of all the particles by a 
linked-cluster expansion of the valence particles alone was formally achieved by Bloch and 
Horowitz 39 . Brandow 40 has made very important contributions in recent years in the formal 
development of this subject. 

On the computational side, Kuo and Brown 26 first emphasized the necessity of constructing 
the effective interaction G between two valence nucleons by adding to the /-interaction the effect 
of exciting core particles. They worked out this effect for the two valence nucleons in O 18 and 
F 18 up to the second order in the reaction matrix /. Figure 11.21 a shows the interaction between 
the two valence nucleons directly through the /-operator. The two vertical lines represent the 
two valence nucleons, and the wavy line represents the /-interaction between them. The core 
excitation process considered by Kuo and Brown is shown in Fig. II. 21b. At the first vertex 
involving r (wavy line), a core nucleon interacts with a valence nucleon and gets excited as a 
particle (upward arrow) above the core states, leaving a'hole (downward arrow) in the core; at 
the second vertex, this resultant particle interacts with the other valence particle and falls back 
into the hole that was earlier left behind in the core. This particular process is known as the 
core-polarization effect. The effective interaction G between the valence nucleons can now be 
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(a) Interaction t only 



(b) Interaction via 
hole-particle pair 


Fig. 11.21 Two-body effective interaction between two 
valence nucleons. 


defined as shown in Fig. II. 22a. Thus, the final diagram of Fig. II. 22b, where the saw-toothed 
line represents G, now stands as a replacement of Figs. II.21a and II.21b containing t. 



VVVW 

6 


fwwwvi 

G 


(a) Definition of G (b) Two terms of Fig. 11.21 

written as single term with 
renormalized interaction 

Fig. 11.22 Renormalized interaction G (saw-toothed line) between pair of valence particles. 

Kuo and Brownie found the contributions of the first- and second-order diagrams 
(Fig. II.2Ia and Fig. II.21b, respectively) in G to be comparable. The computed values re- 
produced the spectra of O 18 and F 18 quite well. However, numerical mistakes were discovered 
in this work, and subsequent corrections made the agreement poor. Kuo 41 then restored the 
agreement by including the effect of *two more diagrams which are of second order in /. The 
effect of replacing the hole-particle excitation of the core by the TDA- or RPA-type (see 
Section 42B) excitation was also investigated by Kuo 42 and found not to change the results 
appreciably. Once again, numerical mistakes were noticed in his work, this time by Osnes and 
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Warke 43 , who pointed out that the RPA excitation of the core builds up very large corrections 
to the first order /, and spoils the good fit to the experimental spectra. 

On the conceptual level, the fact that the second-order term in the computation of G is 
comparable to, or even larger in some cases, than the first-order term led to questions on the 
convergence of the entire procedure. Barrett and Kirson 44 then calculated all the third-order 
and a few fourth-order terms. They found that nearly all the third-order terms were of the 
same order of magnitude as the second-order terms. 

Selected sums of higher-order diagrams were then attempted by various authors. In fact, 
the TDA and RPA calculations already belong to this category because the TDA- and RPA- 
type excitation of the core consists of a chain of successive hole-particle pairs always going 
upwards (TDA) or both up and down (RPA). Other kinds of summation, which include the 
effect of ‘screening’ of the hole-particle pair and the modification of a /-interaction vertex in 
Fig. 11.21 b, have also been done by Kirson and Zamick 45 . The numerical results are somewhat 
embarrassing: (i) there is no convergence of the perturbation series for G in terms of the 
successive orders in the /-operator; (ii) the values of the G-matrix elements computed by various 
authors for use in structural calculations on finite nuclei therefore depend very much on 
which diagrams are included in the computation; (iii) the inclusion of all higher-order diagrams 
in the best known way by Kirson (including RPA, self-screening, and vertex modification) gives 
results for G that are very nearly equal to those for the bare /-matrix; and (iv) numerical agree- 
ment with the spectra is best when spectroscopic calculations are made with G-matrix elements 
computed by the simplest Kuo method (i.e., by keeping only the second-order diagrams with- 
out even doing the TDA or RPA). 

The work on calculating G has been very comprehensively reviewed by Barrett and 
Kirson 46 . The reader should consult this article for all the original references in this field. A 
comparatively recent conference proceeding edited by Barrett 47 summarizes the status of the 
subject up to the middle of 1975. 
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PROBLEMS 

1. Derive the various types of matrix elements of T and V by second-quantization algebra. 

2. Work out the complete series solution for the isotropic harmonic oscillator potential. 

3. (a) Calculate the probability P(k) of finding a pair of nucleons in infinite nuclear matter 
with given spin-isospin and relative momentum of magnitude k. Plot this probability as a 
function of k. 

(b) Calculate the probability P K (k) of finding a pair of relative momentum k in infinite 
nuclear matter when the total momentum is given as K. 

(c) Calculate the probability P(r) of finding a pair of nucleons in infinite nuclear matter 
separated by a distance r, and plot it as a function of r. 

4. In order to derive the dependence of any Goldstone diagram on the density p (-A/Q), we 
need to know the dependence on A and Q of three quantities, namely, (i) the summation over 
all occupied fermi-sea states of a hole line, (ii) each two-body matrix element of V t and 
(iii) the summation of each particle line over all the states outside the fermi sea. Show that 
(i) gives a factor A, (ii) is proportional to A~ l t and (iii) is proportional to Q. 

5. Apply the results of Problem 4 to show that the contribution of each of the diagrams in 
Fig. 11.16 (defining t) to the binding energy per nucleon (E/A) is proportional to p. Show that 
the same contribution from each of the third-order diagrams in Figs. II. 15a and II. 15b is pro- 
portional to p 2 . [Hint: While considering the sums mentioned in Problems 4(i) and 4(iii), the 
reader is advised to bear in mind the momentum conservation and sum over only the indepen- 
dent momenta.] 

Note All the diagrams in any order of f, containing three and only three hole lines, can be 
shown by a generalization of the procedure of solving Problem 5 to give a contribution pro- 
portional to p 2 in E/A. Rajaraman and Bethe 17 therefore argued that all such diagrams have 
to be summed (and not considered individually) to find the correction to the contribution of 
Fig. 11.16. W 

6. (a) Take a central complex potential V(r) + i\V(r) and write down the corresponding radial 
Schrodinger equation for the /- th partial wave and its complex conjugate equation. With the 
help of these two equations, derive an equation satisfied by the Wronskian of u t and wf, where 
(u//r) is the radial wavefunction for the /-th partial wave. Show as a consequence of this 
equation that, if u t -*0 as a decaying exponential (characteristic of a bound state) at r <x>, 
the corresponding eigenvalue of energy has to be complex and the imaginary part of the energy 
is given by 

Im E = J ^(rJItt^r)! 2 dr . 

Note If fV(r) is attractive, Im E is negative and we can write E =» £ R — £tT, where T is real. 
Then ;He corresponding time factor of the wavefunction is given by 

ex P - i'J’)*] - exp (- ^0 exp ( 
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Thus, a bound state of the complex potential is in reality only quasi-bound \ and it decays v^ith 
time as exp [{— r/(2h)}/] if the imaginary part of the potential is attractive* 

(b) In the scattering case, the energy is a given real quantity. Use this fact in the same 
Wronskian equation to show 

dm C r 

MO, «/V)]w - - ip-jo WVMO I 2 dr\ 

where the bracketed expression with w as subscript on the left-hand side denotes the, Wrons- 
kian. 

Note For a real potential, W(r) = 0, and hence w ; (r) = uf(r ), i.e., the radial function is real 
whereas, for a complex potential, this equation demands that u t (r) be a complex radial 
function. 

(c) Writing 

W/(r) = F,(r) + /(?/(/*), 
we get, if W(r) is attractive everywhere, 

Mr), *X')] w > 0 for all r. 

Use this condition to prove that the complex phase shift has a positive imaginary part when 
W(r) is attractive. 

(d) Write, in the usual way, 

ufc) = cle-M'-MM - r 

where c t is an overall normalization constant and Si(k) = exp [2/8,(/c)] is the scattering func- 
tion. Prove that, for this U/(r), the ingoing flux is given by 

in = v E |c,| J , 

/- 0 

and the outgoing flux by 

out-* £ WW)! 2 , 

/- o 

where v is the incident velocity in the scattering problem. 

Note Thus, if 8j is rdal (as in the case of the real potential), \3t{k)\ 2 = 1, and the in and out 
flux are equal. On the other hand, for a complex potential with an attractive imaginary part, 
the phase, shift has been proved to have a positive imaginary part, and hence the out flux is 
less than the in flux, r i.e., such a complex potential produces absorption. 



Ill Nuclear Shell Model 


23. INTRODUCTION 

It is well-known that the electrons in an atom move in single-particle orbits corresponding to 
the various energy levels of the attractive Coulomb potential set up by the nucleus from the 
centre of the atom. Comparatively weak Coulomb repulsion between pairs of electrons denotes 
only a small perturbation to the independent particle behaviour of the electrons. As far as the 
motion of the electrons in the outer orbits is concerned, the repulsive forces on them, exerted 
by the electrons moving in orbits closer to the nucleus, get averaged out to an effective overall 
potential which partially screens the attractive nuclear potential. This feature further reduces 
the effect of the residual interactions amongst the electrons, and accounts for the success of an 
independent particle model for the electron motion in atoms. The single-particle energy levels 
determined by the screened nuclear potential have the characteristic of occurring in groups 
separated from each other by energy intervals that are large compared with the typical energy 
difference between the levels of each group. The levels belonging to each group are said to 
form a shell. The states of a many-electron atom are obtained by filling up these levels from 
the bottom with electrons, in accordance with the Pauli exclusion principle. In an atom where 
all the levels belonging to a shell are occupied by electrons, we expect to find the energy 
necessary to excite it to be fairly large, namely, equal to the energy needed to lift an electron 
from the outermost level to the next level of the shell above it. Such an atom will also ‘refuse’ 
to interact chemically with other atoms because it cannot accept an electron in the level of its 
outermost electrons. This is experimentally the situation with the inert gases of the periodic 
table. On the other hand, alkali metals which have only one electron in a shell above a set of 
completely occupied shells would be expected to be chemically very active, and it should be 
very easy to excite the outermost electron of such an atom to any of the close-lying levels of 
the same shell. These properties of alkali atoms are also experimentally well-established. In 
fact, it is well-known that the periodicity of the chemical properties of various atoms occurring 
in the same columns of the periodic table is precisely explained by the # shell structure of the 
electron configurations. 

About the year 1950, evidence of shell structure was obtained for the atomic nucleus 
also. It was found that the role analogous to that of the inert gases in atomic physics is played 
in nuclear physics by a set of nuclei having either the neutron or proton number equal to 2, 
8, 20, 50, 82, and 126. These nucleon numbers are usually called magic numbers. The special 
properties of such nuclei are also common to two other nucleon numbers in a less marked 
degree; these nucleon numbers, 28 and 40, are therefore described as semi-magic. Some of the 
anomalous nuclear properties corresponding to the magic and semi-magic numbers are now 
listed, (F6r more details, the readeT is referred to Mayer and Jensen 1 .) 

(i) Nuclei having magic N - or Z-values, i.e., neutron or proton values, show anoma- 
lous large binding energy as compared with the smoothly varying prediction from the semi- 
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empirical mass formula of Section 14. The high binding energy of Pb 208 , for example, makes 
itself perceptible, starting with nuclei that are ten or more mass units below or above it. The 
higher binding energy also manifests itself in the energy release in a- and /3-decay connecting 
such nuclei. 

(ii) The binding energy of the last nucleon in a nucleus, plotted as a function of the 
nucleon number, displays very large values at the magic numbers. 

(iii) The 9th, 51st, and 83rd neutrons in O 17 , Kr 87 , and Xe 137 , respectively, are very 
loosely bound, making all these nuclei spontaneous neutron emitters. 

(iv) The total number of stable nuclei with N or Z equal to the magic numbers is much 
larger than the average number of nuclei for a nonmagic N - or Z-value in the neighbourhood. 

(v) The first excited state of even nuclei having N or Z equal to the magic numbers 
occurs at an energy that is unusually large as compared with the same excitation energy of 
neighbouring nuclei. 

All these facts, and several others, compiled by Mayer, were accepted as direct evidence on 
the existence of shell structure in the nucleus. The magic numbers mark the filling up of a 
group of close-lying levels belonging to a shell; in analogy with atomic physics, we therefore 
expect these nuclei to be very stable, and harder to excite when compared with their neigh- 
bours. The nuclei with one nucleon more than the magic numbers are comparable with the 
alkali atoms: the last nucleon in them is comparatively loosely bound and easily excitable. 

We have seen in Chapter I that the two-nucleon interaction is very strong and has a 
strongly repulsive core in some two-body states. Moreover, there is no stronger attraction of 
the nucleons with any object located at the centre of the nucleus. Therefore, the understanding 
of nuclear shell structure requires different considerations from those relating to electron shell 
structure. It is clear that the two-nucleon interactions between all pairs average out to a large 
extent and produce a strong overall potential in which the nucleons move more or less 
independently. The residual two-nucleon interaction that remains after the extraction of the 
one-body potential is evidently weaker than the original interaction. 

Many important theoretical questions are associated with the somewhat surprising 
discovery of the shell-model behaviour of the nucleons in a nucleus. For instance, how do the 
strong two-nucleon interactions average out to a smooth shell-model potential well? And how 
do the residual pair interactions get diluted? These questions were resolved several years after 
the shell model was proposed, and after many detailed shell-model calculations were done 
with an empirical overall potential, and empirical residual two-nucleon interactions, which 
were assumed to be smooth, well-behaved, and much more diluted than the actual interactions. 
The answers to the € knotty theoretical problems came with the advent of the Bsueckner- 
Goldstone many-body theory described in Chapter II. Initially, this theory was developed for 
the idealized infinite ruclear matter, but it did provide an understanding of why the nucleons 
almost always move more or less independent of one another. It was pointed out by Gomes 
et al 2 that the Pauli exclusion principle makes a fundamental difference between the motion 
of a pair of nucleons wheft they are on their own and that of the nucleons when they are 
embedded in a many-nucleon medium. In the former case, the strong interaction gives rise to 
a distinctive correlated wavefunction exhibiting large phase shifts at large separation distances. 
On the other hand, in the latter case, the Pauli principle prevents a given pail of nucleons 
from scattering to states occupied by other nucleons in the fermi sea; the correlated built up 
as a result of the scattering to very high momentum states by the repulsive core is confined to 
a very small separation distance (si fm), after which the wavefunction quickly 'heals up* to 
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the free-nucleon wavefunction without any phase shift. The reader should remember that the 
effect of three-body or higher than three-body clustering of nucleons is also found to be small 
in many-body calculations. 

Thus, the nucleons in the many-body medium move, almost all the time, as independent 
particles, despite the strongly repulsive core of the pair interaction. Only when two nucleons 
approach each other to within a fermi does their motion veer considerably from free* particle 
motion; the pair wavefunction at such a short distance of approach is so strongly correlated 
that it vanishes at a distance equal to, but less than, the hard-core radius. The many-body 
theory, described in Section 22, provides the method of calculating the /-matrix elements 
between unperturbed wavefunctions, using the actual potential V and the correlated wavefunc- 
tion ip. The /-matrix is therefore the effective two-body potential to be used along with the un- 
correlated two-nucleon states. With this effective two-nucleon potential, we can do a Hartree- 
Fock calculation, as is done in atomic physics for an atom with many electrons; such a 
procedure yields a self-consistent average potential which is the overall single-particle 
potential used in shell-model calculation. The sum of the effective two-nucleon potential over 
all pairs minus the sum of the average potential C[? over all individual nucleons should be 
treated as the residual interaction. The effects that the residual interaction can produce require 
detailed calculation in nuclear shell theory. 

However, it should be remembered that the shell-model wavefunction of a nucleus is at the 
best a model wavefunction. Along with the effective potential, it does give the correct result in 
an energy calculation, but it lacks the short-range correlation between any pair of nucleons 
present in the actual wavefunction. This fact further implies that when we use the shell-model 
wavefunction in calculating the value of any other physical observable we must correspond- 
ingly use, in principle, an effective operator for the latter. However if the physical quantity 
we wish to evaluate does not depend crucially on the short-range correlations of a pair wave- 
function, then the transformation to the effective operator may not be needed. 

Although we have mentioned that should be calculated by the Hartree-Fock method 
from the effective matrix elements of the actual two-nucleon potential, we shall postpone such 
a first-principle derivation of OJ to Chapter V. In this chapter, we shall assume , rather than 
derive, a form for QJ in accordance with the empirical development of the shell model which 
featured in early years. The potential extensively used in shell-model work is the isotropic 
harmonic oscillator potential supplemented by a spin-orbit coupling term. The eigenvalues and 
eigenfunctions of the former have already been calculated in Section 17. In Section 24, we shall 
consider the effect of adding the spin-orbit coupling term to such a potential. It is then seen 
that this empirically-determined form of the one-body potential does indeed produce a level 
system that explains all the observed magic numbers. 

As regards the residual two-body potential in detailed shell-model calculations, we shall 
develop the formalism for such calculations in a way that leaves us the option of using either 
the /-matrix elements of finite nuclei (described in Section 22) or an empirically-determined 
well-behaved smooth potential, such as the one applied in the many-body perturbation cal- 
culation of Section 18; the addition of a tensor and two-body spin-orbit potential to (II.98a) 
may also be done, if desired. 

24. SINGLE-PARTICLE LEVELS AND MAGIC NUMBERS 
We refer to Section 17C for the single-particle eigenvalues and eigenfunctions belonging to the 
harmonic oscillator potential. Table III. 1 gives the various energy levels in order of increasing 



262 THEORY OF NUCLEAR STRUCTURE 


energy. A given state nl has (21 + 1) degenerate substates corresponding to the values of the 
projection quantum number m l = —/,—/ -f 1, ...» /. Each such (n/m/)-substate can accommo- 
date two nucleons of each kind (i.e., neutron or proton) corresponding to the two alignments 
of spin m s (=+£)• Thus, the Pauli exclusion principle allows 2(2/ + 1) nucleons of each kind 
to go to a particular oscillator state nl. This enables us to estimate how many neutrons or 
protons are needed to fill up the various oscillator energy levels A = 0, 1, 2, . , . . 


Table III. 1 Shell closure for isotropic harmonic oscillator 


Value of A 

Values of nl 

Number of Nucleons Needed 
to Fill Up Shell 

Total Number of Nucleons 
at Shell Closure 

0 

(00) 

2 

2 

1 

(01) 

6 

8 

2 

(10X02) 

12 

20 

3 

(1 0(03) 

20 

40 

4 

(20)( 1 2)(04) 

32 

72 

5 

(21X13X05) 

42 

114 

6 

(30)(22)(14)(06) 

56 

170 


The first energy level A = 0 is obviously filled up with 2 nucleons, and the second level A = 1 
with 6 nucleons. The third level A = 2 contains two n/-states, namely, (02) and (10) which are 
filled up with 10 nucleons and 2 nucleons, respectively. Thus, the third oscillator energy level 
A = 2 is filled up with 12 more nucleons, and so on. The number of nucleons needed to fill up 
each oscillator energy level A is shown in the third column of Table III. 1. When each oscilla- 
tor energy level is filled up, we say that a shell closure has taken place. The total number of 
nucleons at each shell closure is given in the last column of the table. The entry in each line of 
this column is a sum of all the numbers in the third column from the first line to the particular 
line under consideration. 

Words such as energy level , state , and substate carry a special connotation. Each energy 
level is determined by the value of A and is degenerate in two ways: first, it contains several 
‘states’ of different nl and, second, an n/-state itself is degenerate with respect to the projection 
quantum numbers m t and m s . We have called the states nlm t m s the substates of the state nl. We 
shall also very frequently use the word sublevel to denote the various ^/-states present for a 
particular energy level. When all the sublevels belonging to a particular oscillator energy level 
are filled up, only then do we say that we have a closed shell nucleus. In between two successive 
closed-shell nuclei there will obviously be a few nucleon numbers corresponding to the com- 
plete filling-up (i.e., closure) of the various sublevels. These nuclei are said to have a closed 
sublevel ot closed subshell. 

The way the word shell is being used here makes it synonymous with the oscillator energy 
level. This, however, is not strictly true when we consider the spin-orbit coupling. According 
to the general concept of a shell, intrdduced in Section 23, the word denotes a collection of 
states lying very close in energy and separated from a similar group by a comparatively larger 
energy interval. In the case of the harmonic oscillator potential, therefore, a shell becomes 
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identically specified by a A-value, and all sublevels of a shell are degenerate. We shall presently 
see that both these features change with the introduction of the spin>orbit coupling. 

Returning to the third column of Table III. 1 » we expect nuclei having the neutron or 
proton numbers given here to be particularly stable. Therefore, they should be compared with 
the magic numbers mentioned in Section 23. We notice that only the first three numbers 2, 8, 
and 20 (corresponding to He 4 , O 16 , and Ca 40 ) agree with the known magic numbers. The rest 
of the numbers appearing in this column differ from the observed magic numbers 50, 82, and 
126. To explain these higher magic numbers, Mayer suggested that a spin-orbit coupling term 

V/ a (r) = -U(r)l.s (III.l) 

be added to the spherical shell-model potential (e.g., the harmonic oscillator potential). This 
potential causes a splitting of the (/ = / ± £)-levels, as now shown. Since j 2 = l 2 + s 2 + 2/*s, 
we have 

<n(lh)Jm\ V lt (r) |«(/£)/m> - -<tf(r)>.,£[/(/ + 1) - /(/ + 1) - f] 

fW+lKW-r for j = /-i 

for j = /+i ( 

Here \nl\jniy is a single-particle state with the radial function R n! /r and a total angular 
momentum j obtained by coupling the orbital angular momentum / with the spin £; m is the 
projection of j along the quantization axis; and is the radial integral 

^Rh(r)U(r)dr 

of the shape function U(r) of the spin-orbit potential. (III. 2) shows that the state j = / — £ is 
pushed up (-f sign), whereas the state / = / -f £ is pushed down (— sign). The splitting of the 
two /-components of a given / is found to be 

J£, = £(2/+ 1 )<U{r)> nl . (IH«3) 

It should be noted that the signs of the energies j = / + £ in (III. 2) are determined by the 
choice of an attractive (— ) sign in the definition (III.l). With such a choice, the higher /-level 
for a given / is found to be below the lower one. We shall shortly see that this is required 
by the observed magic numbers. 

After the introduction of the spin-orbit coupling, various sublevels in an oscillator shell 
will be specified by the set of quantum numbers nlj. Each such sublevel will be filled up with 
(2 j 4* 1) nucleons of each kind corresponding to the possible (2/ -f 1) values of m. 

The level nl = Os for A = 0 now changes to 0.y,/ 2 , where the subscript denotes the 
/•quantum number. It should be observed that, for an estate (/ = 0), only one value of 
/ («I -f \) is possible. This shell is still filled up with (2/ + 1 =)2 nucleons. The next level Op 
for A s» l is now split up into 0 py* and 0pi /2 , the former occurring below the latter. They are 
filled up by 4 and 2 nucleons, respectively. Thus, the total number of nucleons necessary to 
fill up the second shell is still 6, and the total number of nucleons when this shell is closed is 
still 8. The next shell A = 2 contains Is and Od , which now split up into ls J/2 , 0 </ 5/2 , and 0 d i}2 . 
The total number of nucleons to fill these up is still the same as that Shown in Table III.l. 
Important changes start taking place from the next group of sublevels which correspond to 
A — 3, and nl — lp, nl « 0/. These levels now split up into 1 p 3 / 2 , lpi /2 and 0/ 7/2 , 0/ 5/2 . If we 
assume the radial integral in (III. 3) to be very weakly dependent on the quantum numbers 
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n, /, then we expect the splitting, which is proportional to (2/ -f 1), to be larger for the /-state 
than for the p-state. Thus, the state 0/ 7/2 will be the lowest of the sublevels, and will be filled 
up with 8 nucleons; the nucleon number (20 4* 8 =) 28 therefore marks the closure of the 
sublevels 0/ 7 / 2 and accounts for the occurrence of this semi-magic number. The remaining 
sublevels l/> 3 / 2 , lpi/ 2 , and 0/ 5/2 require 12 nucleons to be filled up, bringing the total number of 
nucleons to 40, which is also known to be a semi-magic number. In order that the magic 
number 50 be reproduced, we obviously have to consider the next set of levels belonging to 
A = 4. If we once again invoke the dependence of the spin-orbit splitting on (21 +1), we 
expect that the level 0 g 9 j 2 will be the lowest in this set. The spin-orbit splitting for the g-state 
is so large that this particular level is pushed down from above to the vicinity of the levels 
contained in A = 3. If this hypothesis is accepted, then it is easy to see that the 0 g 9j2 requiring 
10 nucleons to be filled up precisely explains the existence of the magic number 50. We now 
notice that the spin-orbit coupling has radically changed the concept of an oscillator shell 
specified by A. Instead of the levels 1 p and Of contained in A = 3 defining this particular shell, 
the level 0g 9 / 2 , which came down from the next higher A, also teamed up with lp 3/2 , lp l/2 , 0/ 7/2 , 
and 0/ 5/2 to redefine the shell. Thus, all the sublevels specified by the quantum numbers nlj 
and present between two actual magic numbers is the realistic definition of a shell, as is 
understood by nuclear structure theorists. Very often the expression major shell is used to 
describe the same entity. It should also be observed that all the sublevels belonging to the 
major shell between the magic numbers 20 and 50 have odd parity, except for the level 0 g 9 j 2 
which came down from above. This level has an even parity, and may be called an intruder 
level in this particular major shell. 

The idea of spin-orbit splitting can be similarly applied to the sublevels in A *= 5, 6, 7 
for the explanation of the remaining two magic numbers. The sublevel 0g 7/2 , together with the 
rest of the sublevels in A = 4, i.e., 2s l!2 , ld 5 j 2i and 1 d m , requires 20 nucleons, taking the total 
to 70 nucleons. Then 0 h llJ2 comes down from A = 5 to the vicinity of these levels, and the 
extra 12 nucleons filling it up explain the magic number 82. In the same way, the level 0/| 3/2 
coming down to the vicinity of the sublevels in A = 6 will explain the magic number 126. 
These levels, namely, 0h lt f 2 and 0/ 13 / 2 , once again are the intruder levels in the respective 
major shells and have parity opposite to that of the rest of the levels. 

Figure III. I shows the single-particle level spectrum. The harmonic oscillator levels are 
indicated in the extreme left-hand column; the values of A = 0, 1,2,... times ho» and the parity 
of the sublevels contained in each A are also specified here. The next column gives an arbitrary 
splitting of the various degenerate levels nl contained in each A; this type of splitting could be 
produced, for example, by replacing the harmonic oscillator potential by a square-well poten- 
tial or some other more realistic central potential. The third column shows the shell-model 
levels with the spin-orbit splitting; beyond the nucleon number 40, the migration of the 
(j = / + i)-level for the highest / to the lower set of levels is very clear here. The next two 
columns list the count of the nucleons for filling up the various levels. The extreme right-hand 
column suitably adds up tjiese numbers aod demonstrates the reproduction of the magic 
numbers. The reader would do well to use this diagram in familiarizing himself with the sub- 
levels nlj contained in each major shell, i.e., between two subsequent magic numbers. Too much 
importance should not be attached to the ordering of the sublevels contained in a major shell, 
as illustrated in Fig. IU.l. The way Mayer did this ordering is explained when we deal, in 
Section 25, with the ground-state spins of nuclei predicted by the shell model. 

To increase the reader’s familiarity with some real nuclei, in the context of shell-ihodel 
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Fig. III.l Single-particle level scheme of nuclear shell model. (Following 
ltfayer, M. G., and Jensen, J. H. D., Elementary Theory of Nuclear Shell 
Structure, Wiley, New York, 1955, p 58.) 
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ideas, we add a few facts: 

(i) If we treat the semi-magic numbers 28 and 40 on an equal footing with the other 
magic numbers, then the nuclei in the first column of Table III. 2 occupy a very special position 


Table III.2 Closed-shell nuclei 


Nucleus 

Z, N 

Other Nuclei in Neighbourhood 

He 4 

2.2 

All Op-shell nuclei with A < 4 < 16; F, O, and 

o 16 

8, 8 

Ne isotopes up to A = 20 

Ca" 0 

Ca 48 

20, 20 

K, Sc, and Ca isotopes near A — 40 

20, 28 

Ni 56 

28, 28 

Ni isotopes above A = 56 

Zr 90 

40, 50 

Y, Zr, and Nb isotopes near A = 90 

Pb 208 

82, 126 

Tl, Pb, and Bi isotopes near A = 208 


in nuclear structure physics, in the sense that they are doubly magic, i.e., both have neutrons 
and protons in closed shells. Strictly speaking, only the first three and the last nuclei are 
doubly magic. The others involve the semi-magic numbers 28 and 40. Of the latter nuclei, Ca 48 
and Zr 90 conform very well to a doubly closed-shell picture. 

(ii) Up to Ca 40 , both neutrons and protons fill up the same shell-model levels. Beyond 
Ca 40 , stable nuclei mostly have a neutron excess, and hence the outermost neutrons in such 
nuclei correspond to single-particle levels which are usually well above the levels of the 
protons. 

(iii) Nuclei in which either the neutrons or protons correspond to a closed shell, leaving 
the other kind of nucleons to proceed to a partially filled shell, can be given the special name 
single closed-shell nuclei. Besides the isotopes of the nuclei shown in the first column of Table 
III.2, the stable Sn isotopes are very important members of this category (Z = 50, N > 50). 

(iv) In detailed shell-model calculations such as those described in this chapter, the 
closed shells are usually treated as an inert core; only the nucleons in the outermost partially 
filled sublevels are assumed to determine the various nuclear properties. The complexity of 
the calculation increases tremendously with a rise in the number of such nucleons. Therefore, 
detailed calculations have become practicable only for the very light nuclei, and for the nuclei 
near the closed-shell ones listed in the first column of Table III.2 The third column of the 
table will familiarize the reader with the names of such nuclei, which are very popular with 
workers engaged in detailed shell-model work. 

25. GROUND-STATE SPIN OF NUCLEI 

One of the physical properties of nuclei very lucidly explained by the shell model is the ground- 
state total angular momentum, sometimes called the ground-state spin at the risk of confusion 
with the intrinsic spin S. When we consider single-nucleon states specified by the quantum 
numbers nljm , the intrinsic spin of each nucleon is already coupled with its orbital angular 
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momentum / to form the individual particle total angular momentum /'. Thus, when all the /s 
of the individual nucleons are coupled, we automatically get the total angular momentum of 
the system. In this manner of coupling the angular momenta, the total intrinsic spin S does 
not appear anywhere. For obvious reasons, when we couple the individual particle /’-values to 
obtain the total /, the coupling scheme is referred to as jj-coupling. 

There is an alternative coupling scheme for the shell-model states which uses the single- 
particle states specified by the quantum numbers fl/m/n,, rather than nljm. In this scheme, all 
the orbital angular momenta / are coupled to arrive at the total orbital angular momentum L ; 
simultaneously, the intrinsic spins } of the particles are coupled to each other to form the 
total S; finally, L and S are coupled to each other to obtain the total J. This coupling scheme 
is called LS-coupling. 

In all our work on shell-model angular momenta, we shall confine our discussion to the 
//-coupling picture; only while doing certain calculations do we need to transform our //’-coupl- 
ed functions to LS-coupled ones. 

To be able to predict the ground-state spin, we shall have to make use of the energy 
levels in Fig. III. 1 and consider the possible assignment of the particles to the various levels 
so that the lowest state for the given number of nucleons can be obtained. In general, such an 
assignment involves a set of completely occupied levels nJJ c and a few nucleons distributed in 
some of the m-sublevels of a partially filled level nlj. Sometimes the last few nucleons may be 
distributed among more than one partially filled level nlj. A unique prediction of the ground- 
state spin is possible only in certain simple cases; in more complicated cases, additional 
physical assumptions are required. We shall start with the simple cases and then proceed to 
the more complicated ones, outlining at the same time the extra assumption that may be 
necessary in each case. 

A. SPIN OF A COMPLETELY FILLED LEVEL 

Let us first consider a level nlj with (2/ + 1) particles completely occupying its various m- 
sublevels. The level is filled up, and we wish to find out the total angular momentum of such a 
state. Since all the m-sublevels are occupied and m occurs in + pairs of equal magnitude 
(m = +$, ±|, . . . , ±j) 9 the total angular momentum projection M> which is the sum of the 
individual m-values, is equal to zero. The result M = Z m follows from the fact that 

J = 27 j(i), 

/ 

and hence 

J. = 2 Mi), 

t 

where J and j are the total and individual particle angular momentum operators , respectively, 
and the label i denotes the various nucleons. 

If (2y+ 1) nucleons are to be distributed amongst the (2 j -f 1} sublevels of nlj y there is 
only one way to do it; therefore, there is only one determinantal antisymmetric many-body 
state in such a case. Since the total angular momentum projection of the state is M = 0, it can 
have only the angular momentum / = 0. It should be observed that A# = 0 could have resulted 
from atfy higher value of J also, but in that case there should have been (2/ + 1) many-body 
states corresponding to the various projections of the non-zero J. The fact that there is only 
ne state in the present case is crucial in uniquely fixing the value of J = 0. 
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To clarify the counting of the many-body states, let us note the difference between a 
closed-shell case and a partially filled one. Suppose we are considering the case of 3 nucleons 
in a level nlj\ where j *= {. This level can accommodate 6 nucleons corresponding to the m-values 
±i> ±f> and ±f. The 3 nucleons at our disposal can be distributed amongst these 6 sublevels 
in ( 6 C 3 =) 20 ways; therefore, now there are 20 different many-body states. Each of the 20 
states corresponds to a particular allotment of the projection quantum numbers. For example, 
(+!, +i> +i), (+f> +!. -1), (+}. +f» -}), and (+f, + £, ~i)'are several such possible 
assignments. As is clear, each such assignment has a total projection quantum number which 
is obtained by adding the three numbers. In general, there may be several states with the same 
total projection; for example, each of the last two assignments just stated has M = +f. In 
Section 29, we shall consider this technique in detail to arrive at the various possible values of J 
in a partially filled level. 

B. ONE NUCLEON IN A LEVEL 

We next consider the case of a nucleus having several filled levels n c l c j c and one nucleon in an 
unfilled level nlj. According to our previous discussion, the total angular momentum of each of 
the completely occupied levels n c l c j c is zero. By coupling all these zero angular momenta, we 
still get a state of total angular momentum zero and projection zero. To this state, we have to 
finally couple the state of the last nucleon in the level nlj. If the projection quantum number to 
which the last particle belongs is m y then obviously the final total angular momentum J and 
its projection Af are respectively given by j and m, the corresponding quantities for -the last 
nucleon of the nucleus. 

C. ONE NUCLEON MISSING FROM A LEVEL 

An equally easy case is one where a nucleus has several filled levels n Q l c j c and an additional 
level nlj containing 2 j nucleons. The last level would then have only one nucleon missing from 
a completely filled status. Let the missing nucleon belong to the sublevel of projection — m, 
and let the projection of the many-body state under consideration be M. If the additional 
nucleon of projection —m were also present, then we would, once again, have a completely 
filled level nlj with, a total projection zero and angular momentum zero. Therefore, 

M — m 0, or M = m. 

Since the coupling of the many-body state with the angular momentum j of the missing nucleon 
produces a completely occupied state of total angular momentum zero, it follows from the 
angular momentum .coupling rule that the former has a unique value of J =* j. 

We may therefore conclude that a many-body state with a set of fully occupied levels and 
one particle of state ( / , — m) missing from the level nlj corresponds to a total angular 
momentum /, which is equal to that of the missing particle, but with a projection equal and 
opposite to that of the missing particle. 

We now introduce a new nomenclature. A many-body state of the type we are consider- 
ing w;il be called a on e-hole state of angular momentum j and projection m [associated with 
the absence of a particle in the state ( j , — m)]. It is shown in Section 30A that there is a simi- 
lar one-to-one correspondence between the states of A particles in a level nlj and those of A 
holes in the same level. 

The instances characterized by a completely filled level, and by one particle or one hole in 
a level, are simple cases where a unique prediction of the total angular momentum is possible. 
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Already, these results enable the prediction of the ground-state spins of several nuclei. For 
example, C 12 [filled (0si} 2 )- and (0/?3/2)-level] and O 16 [filled (Os t j 2 )- t (QP3/2K and (0pu 2 y\c\t\] 
have zero spin; C 13 [one particle in (0p l!2 )~ and filled (0/?3/2)-lc vc l] an< I N 15 [one hole 

in (Opi/2)- and filled (OSj/2)-, (0p3/ 2 )-lcvel] have a ground-state spin of \\ O 17 and F 17 [one 
particle in ((W 5 / 2 )- level, filled (0 j,/ 2 K and (Op, /2 )-level] have a ground-state spin of f. 

It is easy to find many heavier nuclei also where these simple results are applicable. 

Although we have stated the foregoing results in the context of ground-state spin, it is 
clear, from the way they have been arrived at, that they can be applied to the prediction of 
spins of excited states also, provided such states belong to the category of the simple cases just 
mentioned. The example of C 13 clarifies the situation. In this nucleus, the 6 protons and 6 
neutrons fill up the (0 s i}2 )- and (0p3 /2 )-level, whereas the last neutron occupies the next level 
0/>i/2 so that the lowest energy can be obtained. This is therefore the likely composition of 
the ground state of C 13 . If we intend to excite such a system, we have several options. 

(i) Excite a neutron from the filled (0/? 3 / 2 )-level to the (0/?i/ 2 )- level, thereby filling the 
(0/>|/2)-neutron level and creating a hole in the (0/? 3 r 2 )-level. 

(ii) Excite a proton in the way suggested in (i); this, however, does not close the (0p, /2 )- 
level because this level needs two neutrons, or two protons, to fill up, whereas in the present 
case we have only one neutron and one proton. 

(iii) Excite the neutron from the level 0 p lj2 - to the higher levels 0 d 5 j 2i \su 2 

It is clear that cases (i) and (iii) allow the application of the simple results. In case (i), we 
predict an excited state 3/2", i.e., spin 3/2 and odd parity (since the hole belongs to a p-state); the 
parity is the same as that of the ground state [1/2" because of the (0p I/2 )-particle]. The nota- 
tion we have just used is standard in nuclear structure; according to it, J n denotes the angular 
momentum / and parity n of the state. In case (iii), we have a set of closed levels and a particle 
in (0 d 5 j 2 y or (Ls,; 2 )-, . . . level. Thus, the spin and parity of such excited states will be 5/2 + , 
1/2*, .... Case (ii), however, is more complicated; it consists of one proton hole in 0p 3/ 2, and 
one neutron and one proton in 0 p 1/2 . The coupling of the three angular momenta present here 
can generally give rise to states of several possible angular momenta. 

D. ARBITRARY NUMBER OF PARTICLES IN A LEVEL-PAIRING ASSUMPTION 
Let us now deal with one of the ipore complicated cases, namely, that of an arbitrary number, 
k , of particles in a level nlj. The total number of antisymmetric states of such a system is equal 
to the total number of ways in which k different m-values can be picked out of the total set of 
(2 j -f 1) m-values. The number is given by 1J + l C k . The total projection M for each set of k 
projection quantum numbers is obtained by summing them. The method of determining the 
various permissible /-values with the help of these A/-values is discussed in Section 29. What 
we emphasize here is the fact that, for a general system (nljf, i.e., one where there are k 
nucleons in the level*!//, the total angular momentum / can have many possible values. There- 
fore, strictly speaking, a unique prediction of the ground-state spm cannot be made. The 
ordering of the various /-states of such a nucleus will depend on exactly what kind of residual 
interaction is present between the pairs of nucleons. If, however, there is a physical clue to the 
character of these residual interactions which is of a sufficiently general nature, then it can be 
utilized to predict which of the various permissible /-states is likely to be the lowest in energy 
(and hence 4 corresponds to the ground state of the nucleus). This is exactly what is done in 
making a shell-model prediction of ground-state spins in a complicated case. 

We first state the general characteristic of the residual interaction just referred to. A pair 
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of neutrons or protops in a particular y-level can couple their angular momenta to all possible 
even integers between 0 and (2 / — 1); but any reasonable residual short-range interaction pro- 
duces the maximum attractive energy for the ‘paired’ state of angular momentum zero. From 
now on, we shall use the expressions paired state and pairing in a very specialized sense: to 
denote a pair of nucleons of angular momentum zero. The fact that the residual interaction 
depresses the paired two-nucleon state to the maximum extent is explicitly demonstrated in 
Section 28D by working out the matrix elements of the two-body interaction for a 8-function 
type potential; the result, however, is true for a wide variety of short-range forces. We shall 
also consider in Section 41 D an idealized ‘pairing interaction’ which is effective only for the 
paired state, and zero for a two-nucleon state of non-zero angular momentum. 

Granted the pairing property of the two-nucleon residual interaction, we find it quite 
straightforward to predict which of the various 7-states of (nlj) k is lowermost in energy. In the 
case of an even number of nucleons, k, the minimum energy is obviously obtained when all the 
nucleons are paired, i.e., they form kjl pairs, each of angular momentum zero. The resultant 
angular momentum, which is a sum of the angular momenta of all the pairs, is evidently zero. 
This being true for both an even number of protons and an even number of neutrons, we 
always expect an even-even nucleus (frequently referred to as even nucleus for brevity) to have 
a ground-state angular momentum zero. No exception to this rule is known in the periodic 
table. 

In the same way as just described, for an odd value of k , the ground state will corres- 
pond to (k — l)/2 pairs, each of angular momentum zero, and a last odd nucleon of angular 
momentum j. By coupling all these angular momenta, we get a total / equal to /, the same as 
the angular momentum of a single nucleon in the state nlj. If therefore we consider an even-odd 
or an odd-even nucleus (each called odd-mass nucleus), the ground-state spin will be the same 
as that of the single-particle level to which the last odd particle belongs. Except in rare cases, 
this rule is also found to be true over the whole periodic table. 

The last observation needs clarification. We recall the fact that the observed magic 
numbers helped to finalize the group of single-particle levels that occur between two magic 
numbers, i.e., in a major shell. As far as the ordering of the various levels inside a shell is 
concerned, it could have been well-determined had we precisely known the shell-model potential. 
Since, however, this ‘potential is empirically determined, it i^i part of the empirical approach 
to fix the ordering of the levels inside a shell from experimental data. If we start distributing the 
nucleons in 4 given odd nucleus amongst the shell-model levels starting from the bottom, we 
shall obviously not be able to decide the precise level to which the last odd nucleon goes be- 
cause the ordering of the levels as we approach the end is not known in advance. Biit our pre- 

dieted ground-state spin according to the pairing hypothesis, together with the experimentally 
observed value, now enables us to determine the single-particle level to which the last odd 
nucleon goes. Once this has been ascertained with the help of experimental data on one odd- 
mass nucleus, then the ground-state spin of several successive odd-mass nuclei can be predicted 
to be the same; this is because a given n//-level will be filled with (2/ + 1) nucleons, and the 
spin of all the nuclei having 1, 3, 5, . . . , 2 j nucleons in this particular level will be equal to /, 
according to our pairing hypothesis. As the nucleon number counted from the point where the 
level nlj started filling up exceeds (2 j +,1), we should expect the next few odd nuclei to have a 
different spin. The observed value of the first one of them helps us identify the' succeeding 
single-particle level, and then the next few nuclei, having the new ground-state spin, corroborate 
our shell-model ideas. This was the method followed by Mayer in establishing the level sequence 
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inside the various major shells, as illustrated in Fig. III.l. 

At several points in the periodic table, there are departures from the scheme of level filling 
just outlined, and this, once again, can be explained in terms of the pairing ideas. This kind of 
departure usually occurs when a level of low spin occurs just below a level of much higher 
spin. If we denote the two spins by j and /, respectively, then, according to the foregoing rule, 
we expect nuclei having 1, 3, 5, . . . , 2 j nucleons in the /level to show a ground-state spin 
equal to y, and immediately following these nuclei there will be odd-mass nuclei with ground- 
state spin of/; the latter nuclei are expected to have a fully-occupied y-level and 1, 3, 5, , 2/ 
particles in the /-level. Very frequently, however, if / is much larger than y, these nuclei are 
also found to have a ground-state spin of j instead of the expected /. This apparently implies 
that the Pauli exclusion principle has broken down, and the level j is accommodating more than 
(2y + 1) nucleons. The pairing hypothesis satisfactorily explains this paradox without violating 
a basic concept like the Pauli principle. 

In Section 4 ID, we shall use a model pairing interaction to show that the attractive 
pairing energy is proportional to (2y 4- 1) [see (V1.94b) with j v = j[ = j]. For more realistic 
two-body potentials, the strict proportionality to (2/ + 1) may not be true, but it would be 
safe to say that the attractive matrix element for the state 7 = 0 gets larger as the single- 
particle j increases. This result therefore implies that, in the previous example, it may be 
energetically more advantageous to put nucleons in pairs in the /-orbit rather than the y-orbit 
because the attractive pairing energy is larger in the /-orbit. If the difference in the pairing 
energy is enough to swamp the difference in the single-particle energies of the pair [2 e(/) — 2 m(J)] 9 
then the pair would definitely prefer to go to the /-level than to the y-level. This situation 
could arise if the /-level is just above the /level in the single-particle level diagram, and / 
much larger than y. When this happens, the /-level tends to fill in pairs, at the cost of a 
few pairs in the lower /level; hence, the /level then remains unfilled for quite a large number 
of nuclei in the particular region of the periodic table. Since the last odd nucleon does not gain 
any pairing energy because it does not have a partner, it prefers to go to the /level, rather than 
the higher /-level, when vacancies are available in both levels. This completely explains the 
observed existence of many odd nuclei with the ground-state spin / in apparent violation of the 
Pauli principle. 

All the foregoing facts get clarified by the data on ground-state spins of several odd-mass 
nuclei given in Table III. 3. Here we have listed odd-proton nuclei, and hence by our pair- 
ing hypothesis the last odd proton determines the ground-state spin. Since the even number of 
neutrons always couple their angular momenta to zero, no detailed information on the neutrons 
is tabulated. The last four columns in the table contain the relevant information on the 

protons. The first entry is a nucleus with 21 protons, which is one* proton more than 
the magic number 20. At Z = 20, the major shell with the levels lr 1/2 , and 0 d J/2 has 
been filled up. The next set of levels is 0/ 7 ; 2 , 0/ 3 / 2 , l/> 3 ; } , and 0 g 9;2 . The nucleus with 21 
protons (Sc 45 ) has a ground-state spin of 7/2, showing that the level 0/ 7 / 2 is the lowest of this 
set of levels. Having found this, we can now predict the ground-stlte spins of nuclei having 
23, 25, and 27 protons, all of which should be 7/2. This agrees with the observed results, except 
in the case of Mn”. At Z = 28, the level 0/ 7(2 gets filled up, and hence we expect the nucleus 
with Z 29 to have a different spin, and indeed we find this to be 3/2, showing that the level 
immediately above 0/ 7 ; 2 is \pm- The nucleus with Z = 31 is then expected to have a spin 3/2, 
which is true; but then lpj, 2 fills up with 4 protons, and hence the nucleus with Z — 33 would be 
expected to have a different spin. This, however, is not true. 
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Table 111,3 Ground-state spin of odd-mass nuclei 


z 

Nucleus 

A 

Ground- 

State 

Spin 

Level of 
Last Odd 
Proton (/) 

Next 

L6vel (/) 

Number of 
Protons 

j 

/ 

21 

Sc 

45 

7/2 

0/7/2 

1^3/2 

1 

0 

23 

V 

51 

7/2 

Q/7/2 

i/» 3,2 

3 

0 

25 

Mn 

53 

7/2 

Q/7/2 

l/>3/2 

5 

0 

25 

Mn 

55 

5/2 

Q/7/2 

1P3/2 

5 

0 

27 

Co 

57 

7/2 

0/7,2 

l/» 3/2 

7 

0 

27 

Co 

59 

7/2 

0/7,2 

l/>3/2 

7 

0 

29 

Cu 

63 

3/2 

1^3,2 

1/3,2 

1 

0 

29 

Cu 

65 

3/2 

I/’S, 2 

1/3/2 

1 

0 

31 

Ga 

69 

3/2 

I/’S, 2 

1/3/2 

3 

0 

31 

Ga 

71 

3/2 

1^3/2 

1/3/2 

3 

0 

33 

As 

75 

3/2 

IPStt 

1/3,2 

3 

2 

35 

Br 

79 

3/2 

l/>3,2 

l/s/2 

3 

4 

35 

Br 

81 

3/2 

l/>3,2 

1/3,2 

3 

4 

37 

Rb 

81 

3/2 

l/» 3/2 

1/3/2 

3 

6 

39 

Y 

89 

1/2 

l/’ltt 

0*9,2 

1 

0 


We notice from Table III.3 that the same ground-state spin of 3/2 is observed for all the 
odd-proton nuclei up to Z = 37. This then is an example of the pairing effect. In order that 
the semi-magic number 40 can be reproduced, the two levels after \p 2 } 2 should be 0f 5!2 and 
lpil 2 f and next should come 0g 9!2 . Of the first two levels, we choose 0f 5[2 as lower in energy 
since this has a spin higher than 3/2. Then we interpret the observed ground-state spin 3/2 up 
to Z 37 by assuming that 0 f 5 j 2 is just above Ipw, and receives protons in pairs from Z = 33 
onwards, as shown in the last column of the table. The level 1 py 2 is thus left with 3 protons 
all the time/ and gives rise to the observed spin of 3/2 for all the odd nuclei in this region. At 
Z = 37, the level 0f 5 j 2 is completely filled with protons, and hence the peculiarity of the pairing 
effect cannot continue any further. When we add one more pair of protons, one of the pairs 
necessarily goes to 1 p 2j2 , filling it up, and the second one goes to l/> l/2 , 0 / 5,2 being already fully 
occupied. This explains the observed spin 1/2 of the last nucleus Y in the table. Similar con- 
siderations apply all over the periodic table, except in the regions of permanent deformation 
(discussed in Chapter IV). 

The case of Mn 55 , as shown in Table 111.3, is peculiar, and obviously it cannot be explained 
even with pairing ideas. There are a few more instances of such delinquent cases: Ne 21 and 
Na 23 1 ((W 5 / 2 )-lcvel, J « 3/2]; Ti 47 [( 0 / 7 ^)-level, J « 5/2]; and Se 79 [(0g 9 / 2 )-level, J - 7/2]. 

We now describe a very important consequence of a level of higher angular momentum 
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located just above a level of lower angular momentum filling in pairs. Although the ground 
state, which is the state of lowest energy, is obtained in this capricious way, we can still have a 
state with the normal way of filling the levels. The excited state of the odd nucleus obtained 
thereby will have the last odd nucleon located in the level of higher spin (/), and hence will 
have a resultant spin /. The ground-state spin j is much lower than the spin of this close-lying 
excited level, and the two states differ in the level-assignment of only one particle. We shall 
see in Section 27 that the decay of such an excited state to the ground state by the emission of 
a y-ray is given essentially by the transition matrix element of a single particle from the 
state / to the state y. It is explained in Section 27 that this decay probability is very much cut 
down due to the small energy of the y-ray and its large multipolarity (which is related to the 
difference in the angular momenta of the two states). A long-lived excited state of a nucleus, 
lying very close to the ground state, is called an isomeric state. We therefore expect to observe 
an isomeric state in all the odd-mass nuclei where pairing effects produce a ground-state spin 
which differs from that of the topmost single-particle level of very high spin. The abundance of 
isomerism in certain regions of the periodic table is a well-known fact, and these regions are 
usually called islands of isomerism. The location of these islands in the periodic table agrees very 
well with the regions where we expect to find a high-spin shell-model level close to a low-spin 
one. 

Finally, we apply our coupling ideas to the prediction of the spins of odd-odd nuclei. 
The neutrons will have a spin equal to that of the last odd neutron, and a similar observation 
applies to the protons that are also odd in number. Let these spins be y 0 and y p , respectively. 
The angular momentum J of the entire nucleus is obtained by coupling these two angular 
momenta, thereby producing all possible values between |y n — y' p | and (y'„ + y' p ). It is therefore 
not possible to uniquely predict the ground-state spin of an odd nucleus. From a study of the 
observed spins of odd-odd nuclei, Nordheim tried to establish two empirical rules: 

Weak rule (which does not predict an exact value of J) If y' p = /„ + i and y„ = /„ + j or y' p = /„ — J 
and j„ = /„ — i, then J < (j n + y'„). 

Strong rule If y p = /„ + J and y n = /„ - i or j p = / p - J and y„ = /„ + i then J = |y„ - y p |. 

Most of the odd-odd nuclei are unstable and the foregoing coupling rules are based on the 
assignments of spin and parity of such nuclei from jS-decay data. However, it must be remem- 
bered that there are many observed violations of Nordheim’s rules. de-Shalit 3 has tried to 
understand these coupling rules by introducing a model two-body interaction between the 
neutron and the proton, and then calculating the energy of all the states of different J. 

For odd-odd nuclei having a neutron (proton) hole and proton (neutron) particle, the rule 
/ = y n + y p — 1 holds fairly well. 

26. STATIC ELECTROMAGNETIC MOMENTS OF NUCLEI 
The two most important static electromagnetic moments that have been systematically measured 
for a large number of nuclei are the magnetic dipole and electrfc quadrupole moments. In 
recent years, new experimental techniques have been perfected to study these moments (espe- 
cially the magnetic dipole moment) for comparatively long-lived excited states also. A vast amount 
of data has been made available in this way. Although many detailed calculations remain to 
be done, the data have been fairly well-understood and systematized in qualitative terms. We 
shall presently see that very simple shell-model ideas, requiring the moments to be the property 
of the outermost nucleons, can explain the observed moments in a few cases; in other instances, 
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such ideas have to be supplemented with possible magnetic or electric polarization of the so- 
called core which is composed of the inner nucleons in closed levels. The details of these core- 
polarization effects are considered in Section 30B. In this section, we shall work out the 
predictions based on a simple model wavefunction, and point out the inadequacies of such a 
model. We shall first explain the basic assumptions behind the model wavefunction in the con- 
text of the so-called seniority wavefunction defined here. The details of the moment calculation 
follow the definition. 

Seniority Wavefunction 

The seniority wavefunction has its basis in the pairing ideas introduced in Section 25. We 
have argued there that the nucleon-nucleon forces energetically favour the formation of ‘pairs’ 
of identical nucleons of zero angular momentum. A many-nucleon wavefunction having this 
paired structure, and antisymmetric under the exchange of any two nucleons , can be classified by 
its seniority. This nomenclature precisely denotes the number of ‘unpaired’ nucleons in the 
wavefunction. We recall that, according to our terminology,. two identical nucleons coupled 
to a non-zero angular momentum are considered to be unpaired. Thus, the energetically most 
favoured ground-state wavefunction of an even number ( A ) of protons or neutrons which 
consists of A/2 pairs is a seniority-zero state. If a pair of nucleons is broken and coupled to a 
non-zero angular momentum, then the resultant wavefunction corresponds to a higher energy 
(according to pairing concepts), and has two nucleons that are unpaired. Therefore, such a 
wavefunction belongs to an excited state of the system and has seniority two. By breaking more 
and more pairs in this way, we get excited states of an even number of neutrons or protons 
having seniority four, six, .... Obviously, the highest seniority wavefunction is obtained by 
breaking all the A/2 pairs (which gives a wavefunction of seniority A) equal to the number of 
nucleons. So too, the lowest state of an odd number (A -f- 1) of neutrons or protons, which 
consists of A/2 pairs and one unpaired particle, is a seniority-one state. Higher excited states 
of the system are obtained by breaking one, two, three, . . . , A/2 pairs, which give rise to 
wavefunctions of seniority three, five, seven, . . . , (A -f- 1), respectively. 

The core nucleons belonging to a seniority wavefunction may be considered to be the 
paired ones, which have a resultant angular momentum zero; therefore, the core is inert as far 
as angular momentum goes. We should observe that this slightly extends our usual concept of 
the core of a nucleus having a shell structure. All the sublevels of a nucleus that are completely 

filled have a total angular momentum zero, and, in this sense, they form the inert core of the 

nucleus. In the seniority wavefunction, we have, over and above the nucleons in such inert 
closed levels, owe or more partially filled sublevels that have pairs of nucleons in paired (7 = 0)- 

state and a few unpaired nucleons (their number being equal to the seniority). In our extended 

definition of the core, we have included the paired nucleons of partially filled levels over and 
above those in the completely filled levels. The point we emphasize here is that the paired 
nucleons in partially filled levels, although inert as far as angular momentum is concerned, 
can, in some cases, play a role in the evaluation of the electromagnetic moments. This is be- 
cause they are required to be antisymmetric under exchange with the unpaired nucleons. 

Extreme Single-Particle Model of the Wavefunction 

The seniority wavefunction of the grouncf state of an odd nucleus has one particle outside the 
core, which is inert with respect to angular momentum. But, because of the antisymmetry of 
the paired nucleons with the last odd nucleon, the core can affect the value of the moments. 
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We now introduce a much more simplified model which predicts the same ground-state spin as 
the seniority wavefunction, but lacks any antisymmetrization between the paired particles and 
the last odd particle. In this model, we regard the core as an inert object and completely over- 
look its structure in terms of individual nucleons. The core is, so to say, a mass of inert nuclear 
matter of zero angular momentum to which a single nucleon is coupled to produce the odd- 
mass nucleus. The wavefunction of the entire nucleus is therefore a simple product of the 
single-nucleon wavefunction and the wavefunction of the core, regarded as a collective body of 
zero spin. The magnetic and the quadrupole moment of the nucleus, calculated with such a 
wavefunction, are obviously the same as the values obtained for the last odd nucleon. This 
model is therefore called the extreme single-particle model. The collective model of the nucleus, 
used for the deformed nuclei and described in Section 23, treats the odd-mass nuclei in exactly 
the same way. It is assumed in that model that the odd nucleon is coupled to a collective 
nuclear droplet (the core), which is describable in terms of a few collective coordinates. The 
present model is also the same in spirit, but has a spherical core instead of a deformed one; if 
we wish to talk in terms of the collective coordinates of the core, then there is only one such, 
namely, the radius of the spherical object. 

Until we give the details on the construction of antisymmetric shell-model wavefunctions 
(see Sections 29 and 30), we shall restrict our discussion to the extreme single-particle model 
while evaluating physical quantities such as the static moments in this section and the dynamic 
transition probabilities in Section 27. 


A. MAGNETIC MOMENT 

The intrinsic spins of the neutron and the proton, and the orbital angular momentum of the 
latter, are the most direct sources of the nuclear magnetic moment. The magnetic moment pro- 
duced by a certain angular momentum (orbital, intrinsic, or total) is usually written as the 
particular gyromagnetic ratio times the angular momentum itself. The gyromagnctic ratio for 
the orbital momentum is equal to e/(2Afc), where e is the charge of the proton, M the nucleon 
mass, and c the velocity of light. If Planck’s constant Ti, which is present in all angular 
momenta as the unit, is extracted from the angular momentum, and the gyromagnetic ratio is 

multiplied with it, then we obtain, in the case of orbital angular momentum It i, the correspond- 
ing magnetic moment given by 


eft . i 

|X ' = 2Mc “ g, ‘ 


The quantity preceding / (which is now dimensionless) is called the nuclear magneton (nM). 

All nuclear magnetic moments are expressed in this unit. In contemporary literature on nuclear 
structure, the gyromagnetic ratio (as just defined), times h, is somewhat inaccurately also called 

the gyromagnetic ratio; it is denoted by g and is usually quoted in units of nuclear magneton. 
Thus, the gyromagnetic ratio for orbital motion is given by 


gi 


1 nM (for a proton) 

0 (for a neutron) 


(HI. 4) 


In the same manner, the spin magnetic moment is given by 


where g s is the spin gyromagnetic ratio. In analogy with the spin gyromagnetic ratio of the 
electron, equal to e/(mc) (m is the electron mass), we would expect the proton g s to be eh/(Mc) f 
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i.e., 2 nM; and since the neutron does not possess any charge, its#, is expected to be zero. 
This, however, is not true because we know that these particles possess anomalous intrinsic 
magnetic moments equal to 2.7925 nM (proton) and —1.9128 nM (neutron). Since the spin is 
1/2, the spin gyromagnetic ratio of the nucleons is therefore given by 

J 5.5850 nM (for a proton) 

t— 3.8256 nM (for a neutron) (HI. 5) 

With these preliminary definitions, we now write the magnetic moment operator |x of a 
nucleon as 

I* = *// + ** (W.6) 

The operator for the whole nucleus is obtained by summing this expression over all the 
nucleons. 

The operators J(1 + t x ) and £(1 — r x ) are respectively the projection operators for a neutron 
( T , = 4-1)- and a proton (t x = — Instate, where t x is the z-component of isotopic spin. Hence, 
we could also combine the definitions (III.4)-(III.6) and write a single expression 

(A = i(l — r *)(l + 5.585s) - *(1 4- r,)3.8256s. (I1I.7) 

We could also define a gyromagnetic ratio g } for the total angular momentum j of the 
nucleon such that 


(III.8) 

g f will, of course, be related to#/ and #, through this equation and (III.6). In order to obtain 
this relationship, we make use of the following result for the expectation value of any vector 
operator A in terms of that for the angular momentum j: 

<A> = <^£<j>. 

Hence, as far as the expectation value is concerned, (III.6) is equivalent to the expression 

I 4 = Jq\ yfg<! • i> + *.< s • j»j- 

Comparing this result with (I1I.8), we obtain 


gj 


t 

. JU + 1 ) 


(g/</-j> + *.<*• j»- 


( 111 . 9 ) 


</* j) can be evaluated by making use of the operator identity 

* = J - /, 

i.e., 

s 2 j 1 + I 1 - 21 •'} 

or 

/• i == Kf* + / 2 - s 2 ). 

A similar identity can be used to evaluate <s • j). Finally, we obtain 

gj — i(gi + g.) + f )l ; (/ + 1) - Jl(g/ - g.) 
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+ 3 )«/ ~ £.1 for / = j + i 
jjLiV - l)g, + g.] for l~j-k 


(III.10) 


By definition , the magnetic moment is the expectation value of p x in a state \(l\)jm> with 
the maximum projection m = j. Therefore, according to (III. 8), the value of g Jt as given by 
(III. 10), should be multiplied by the expectation value of <j,> = j to obtain the observed single- 
nucleon magnetic moment p. Thus, for / = j — 

= ll(V - 1)£/ + g.] 


and, for / 


C 


k. 

— i + \g$ 


(for a neutron) 
(for a proton) 


j + i. 


(III. 11a) 




j 




(y-h i) 

0 + i) w+, -W 


(for a neutron) 
(for a proton) 


(IILllb) 


The values of the neutron and proton magnetic moments, as given by (III.ll), are called the 
Schmidt values. \g, occurring in these expressions is the intrinsic magnetic moment of the 
respective particles. 

Uefore discussing the agreement of the expressions (III.ll) with experimental data, we 
would like to point out that the Schmidt values are theoretically exact for a single particle out- 
side a set of closed levels, and also in the case of a single hole in an otherwise closed level. 
The requirement of antisymmetry, already mentioned, does not affect these simple results. We 
shall prove these statements by first considering the case of closed levels and then adding or 

removing one particle. 


Closed Levels 

Since there is only one way of assigning sublevels to the nucleons in the case of closed levels, 
the antisymmetric wavefunction $ is a unique determinant in which all the projection quantum 
numbers for the different j ' s are occupied. According to (11.23), we have 


(<P\ E **,(/) | <P) = L E (nljm\n,\nljm), (ffl.12) 

/-I nlj m 

where the summation nlj goes over all the occupied levels; the summation m proceeds over all 
the sublevels — / to +/; and the summation / in the operator on the left-hand side goes over all 
the A particles, as mentioned after (II 1.6). 

The matrix element in (III. 12) can be written as [see (BIII.l) in Appendix B] 


\ J ! y l<n/yiM \»lj>. 

L m 0 ml 


(x being a vector operator, its rank is unity, which explains the occurrence of 1 in the Clebsch- 
Gordon coefficient. The quantum number m now occurs in the Clebsch-Gordon coefficient only. 
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Since f * ^ ^ 1 is unity, the summation m yields 

Lm 0 mJ 

*[' 1 1 j v • '1 

m Lm 0 mJ w Lm 0 mJLm 0 ml 

-UL E V J Mp' J °l = o. 

VH1 m \m —m OJLm — m OJ 

Here we have used, from Appendix A, the third symmetry property (AIV.4) and the ortho- 
gonality property (AIV.3a) of the Clebsch-Gordon coefficients. This work therefore establishes 
that the magnetic moment of a state of several closed levels is zero. From the manner of this 
derivation, it is clear that the same vanishing result would have followed for any other physi- 
cal observable which is represented by an operator of rank K 0. This general result for a set 
of closed levels does not, however, really need the detailed proof given here; it simply follows 
from angular momentum conservation. Since a set of closed levels produces a state |<^> of 
angular momentum 7=0, the action on it of an operator of rank K produces a state of angular 
momentum K only. If K ^ 0, obviously its scalar product with <<P| vanishes because <Q > | has 
7 — 0. 

One-Particle or One-Hole State 

The antisymmetric state of a set of closed levels plus a single particle in the level (y p , m p ) is 

also a unique determinant. Hence, according to (11.23), the magnetic moment now is the sum 
(111.12) over all the occupied levels, which has been proved to be zero, plus the result for the 

last occupied level (y p , m p ), which is generally non-zero. Thus, the zero result for the closed 
levels immediately proves our assertion that the magnetic moment of closed levels plus one 

particle is given by the Schmidt value for the last particle. 

The one-hole state, the hole being in the state (j, — m), is also represented by a unique 

determinant. Had the state -m) been present in the set of occupied states of the deter- 
minant, we would have obtained a zero value for the magnetic moment (according to our 
discussion for the case of closed levels). Since the contribution of this state is absent, the result 

should be given by its negative, i.e., 

« 

- <rilj, -m\p, \nlj, — m> = -[ ^ ^ ^ ]<n(/| ||x| | »//> 

L — m u — mi 


= 1 ' 'UlMM> 

Lm 0 ml 

= (nljm\ fi, \nljm). (III. 13) 

Thus, the magnetic moment of a hole state of angular momentum j and projection m [recall, 
from Section 25, that the removal of a particle (y, — m) gives rise to a one-hole state of the 
same spin but opposite projection] is the same as that of a single particle in the state (/, m). 
This, incidentally, proves our earlier t assertion about the Schmidt value of the magnetic 
moment for a one-hole state. In arriving at the final step of (111.13), we have madd use of the 
second symmetry relation (A1V.4) from Appendix A to replace the Clebsch-Gordon coefficient 
with negative projections by the one with positive projections. 
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More General Case 

In a more general case, we may have more than one nucleon in one or more partially filled 
levels. We have already noted that the antisymmetry requirement between such nucleons 
usually gives rise to results different from the Schmidt value; such results are considered in 
Section 30. 

Comparison of experimental data and Schmidt values We now go back to the Schmidt expres- 
sions (III. 11) of the magnetic moment and compare the predictions with experimental data on 
odd-mass nuclei. The single-particle quantum numbers / and j of the last odd nucleon may be 
obtained from Section 25. 

If the Schmidt values are plotted as a function of y, they obviously give rise to two 
curves corresponding io j = / + \ and j = / — \ for both the neutron and the proton. These 
are shown in Figs. III. 2 (proton) and III. 3 (neutron) along with the experimental values for the 
odd-mass nuclei. We now trace the detailed comparison of experimental data with the Schmidt 



Fig. III.2 Schmidt values of magnetic moments of odd-proton nuclei (two solid 
lines). Scatter of experimental points is also shown. (Following Mayer, M. G., 
and Jensen, J. H. D., Elementary Theory of Nuclear Shell Structure, Wiley, 
New York, 1955, p 12.) 
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roughly estimated. They are: (a) the correction due to the meson exchange currents; (b) the 
departure of the intrinsic moments of the nucleons from their free values when they are 
embedded in nuclear medium (the anomalous intrinsic moments, being the effects of the meson 
cloud around the nucleons, can very reason^jly reflect the difference between the meson cloud 
inside a nucleus and that around a free nucleon); and (c) the correction due to the velocity- 
dependent spin-orbit term (III. 1) in the shell-model Hamiltonian, an explicit expression for 
which has been worked out in Section 6, where the spin-orbit potential is taken as 
K(r/fl)(r x p) • s. A comparison of this form with (III. 1) reveals that, in using (1.71) in the 
present case, — ti -1 (/(r) must be substituted for V^r/a); the factor tr l appears because 
r x p «= /h. Thus, the additional magnetic moment due to spin-orbit coupling is represented 
by the value of the z-component of the operator as 

^t/(r)[(r.s)r-r 2 s], 

i.e., 

ftU(r)r 2 [j(Y l -s)Jo - nM, (III.14) 

where Y‘ is the spherical harmonic of rank unity. (III. 14) is in units of nuclear magneton. 
The reader may satisfy himself that (A//h J )l/(r)r J is dimensionless; he is further asked to 
evaluate the expectation value of (III. 14) for a state \nljm = /> by using the tensor operator 
technique of Appendix B (Section III). A numerical estimate of this and the effects (a) and (b) 
just outlined gives a correction to the magnetic moment of the order of 0.1-0. 2 nM. We have 
already stated that many observed moments differ from the Schmidt values by much more 
than ;his order of magnitude, and hence error (ii) is very important. 

Analyzing error (ii), we observe that when the wavefunction of the nucleons outside the 

closed levels is suitably antisymraetrized, a correction to the Schmidt value, commonly referred 
to as the Pauli correction, is usually obtained. If all these nucleons are in one nlj- level, then 
the expectation value of p s for the antisymmetric state having seniority one happens to be the 

same as the Schmidt value. If, however, they are distributed among more than one unfilled 
level, the correct antisymmetrized state gives a result equal to a linear sum of the contribution 
from the various levels with appropriate coefficients. The most important aspect of the wave- 
function, as far as magnetic moment is concerned, is the admixture of small amounts of other 
states (a / 0) in the predominant state <£ 0 which obeys the lowest seniority shell-mode! 
ideas. From the composition of the magnetic moment operator (II 1. 6), it is obvious that it 
cannot connect two different single-particle states of different / quantum number; it can, 

however, connect two such states of the same / and different;'. If a state <P a (a + 0) be such 
that only one single-particle state in <P a is different from one in <f > 0 and these two single-particle 

states have the same / but different j, then we can have a fairly large nonvanishing matrix 
element of the magnetic moment operator between <P 0 and <J> a . Let the actual ground-state 

wavefunction be written as 

•Po = e o 0o + F C A» (III.I5) 

a 

where ' a it much smaller than c 0 . Then the magnetic moment for this state is given, to the 

first order, in c v by 

<Tel 2 MO l y 0 > - Co<$o! £ MO l*o> + 2 .f 0 c «‘X*«l | £, I ^ In- 


fill. 16) 
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The first term represents the magnetic moment of the predominant state # 0 » and the second 
term the corrections due to the impurity states <P a . We have noted that, for a particular class 
of 0 a , the second term can give a fairly significant contribution to the magnetic moment. 
Arima and Horie 4 and also Blinstoyle and Perk^ 4 discussed the corrections to the Schmidt 
values of the magnetic moment due to this kind of small admixture, and demonstrated that 
most of the observed values can be satisfactorily explained. They proved, in particular, that 
such a correction is very small for nuclei having the odd particle in a (/?| /2 )-level. This fact is 
in excellent agreement with the observed situation already mentioned. 

Arima and Horie 4 and Blinstoyle and Perks 4 calculated the coefficients c a by using a 
S-function type residual potential between nucleons. In more recent years, Mottelson proposed 
a ‘new look’ at the magnetic moments which is similar to the Arima-Horie work in principle, 
but differs in some details, and finally casts the results in a form that makes some of the physi- 
cal contents very transparent. In this new work, once again, an admixture of the type (111.15) 
is considered, but the coefficients c a are calculated by using a spin-dependent two-nucleon 
interaction. The states 0 O » an odd-mass nucleus having a total angular momentum J (= j) 
can be obtained by antisymmetrizing a core wavefunction of even nucleons coupled to a 
single-particle state of angular momentum /. For states of maximum projection M = j 9 we 
have 


|^a> = l^c» j : J ** j, M *=* y>A, 

where A denotes “antisymmetric” states, and the core states & c> are different. Such states 
are used to manipulate the second term in (111.16) along with the perturbation expression Tor 
c a , and this correction term is finally demonstrated to have the appearance of an expectation 
value for the single-particle state \j y m = y)> of the operator 

SgtSi — gp{ Y 2 , s)o- ( 1 1 1 . 1 7) 

The quantities Sg, and g p in this expression depend on the properties of the core wavefunctions 

d> c and <P' C . The second operator denotes a coupled tensor of rank 1 and component 0, obtained 
by coupling the spherical harmonic Y 2 with the spin operator s. Detailed work shows that the 

‘core state <P’ C contained in is obtained by causing a spin polarization in the core state <P C of 
$o- Hence, the correction to the magnetic moment operator, represented by (III. 17), is called 

the core-polarization correction. It should be observed that, in this ‘new look’ method, the 

correction to the magnetic moment due to errors in the wavefunction is finally transformed to 

a correction of the operator itself, The final expression of the magnetic moment operator is 

the result of adding (III .6) and (III. 17) and is given by 

V-t = Si'm + (g.+ Zg,)!* - g p {Y 2 , s)«- (HI. 1 8) 

The details of the derivation of the core-polarization effect are given in Section 30B. 

For the present, we consider (III. 18) to be a semiphenomenological expression for the mag- 
netic moment operator and check how far the magnetic moment data can befitted by manipulation 

with the parameters hg, and g„. We first observe the fact that the operator (T 2 , s)J, as far as the 
single-particle expectation value is conceVned, can be replaced by the operator s, multiplied by 
an expression dependent on the single-particle quantum numbers / and j. To demonstrate this, 
we evaluate the expectation values of this operator and s,. Using (Bill. 16) and (B1II.13) from 
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Appendix B, we obtain 

r . .,p i r. 

<lkjm=j\(.Y\ S )i|/i;m=)>=r J h 1 1 ^||K 2 ||/><ill*|li>. 

*■] v j. I , 


<l\jm = j\s,\ l\jm=j>: 


\J 1 f] 

L j o j\ 


U £ J. 
WUy’iXilN !£>• 


Comparing these two expressions, we get the desired result 
(Y 2 t s)J -> C(/, j)s z , 

where 


(III. 19a) 


r' i n 

C(i,j) = 1 2 1 1 1</| in IWi/1; ■/*)-'• 

L/ I ;'J 

Therefore, as far as the expectation value is concerned, we can rewrite (111.18) as 
N = Si^i + sf*i> 


(III. 19b) 


(III. 20) 


where 

gf = g. + s g. - C(/, /)?,. (III.21) 

Although (III. 20) appears very similar to the original magnetic moment operator (111.6). the 
main difference between the two is the (/, ;)-dependence of gf as against the constancy of g,. It 
is clear from (III. 19b) that the last term of (1 11.21) is zero for / = 0. Therefore, the quantity 
0 g t C an be empirically determined by reproducing the magnetic moments of odd nuclei with the 
la’t particle in ,r„ 2 -orbit. The value that produces a good average fit to most of the data is 
given by 8g s =-= —0.5. Thus, the core-polarization effect produces an intrinsic gyromagnetic 
ratio (?, + Sg,), which is quenched with respect to the actual intrinsic gyromagnetic ratio g, of 

the nucleons. 1 o arrive at a rough empirical value of the parameter g p> we may now exploit the 
fact that most odd nuclei having the last nucleon in the (p, /2 )-level has magnetic moments in 
fair agreement with the Schmidt value. That is, for /= 1. j = the extra terms Sg, and 
C(l, j)g. in (111.21) must very nearly cancel out each other. 

Figures 111.4 and 111.5 show the kind of trend that results from an empirical approach 
to (III. 20) and (III.21). The horizontal solid lines are the predicted values for each ;'-value 
shown at the base of the figures. The /-value is also indicated. The ordinates represent g s /g s > 

which would have been equal to 1 had the Schmidt values been correct. Most of the experi- 
mental points scatter below 1, and it is seen that their average trend for each (/,/) is fairly in 

agreement with the empirically predicted solid lines. We emphasize, however, that a more 
detailed calculation of 8g, and g p is possible by using detailed wavefunctions describing the 

core polarization. Unless such calculations are done, no comment can be made on the agree- 
ment of the core-polarization theory with the observed scatter of the experimental points. 


B. ELECTRIC QUADRUPOLE MOMENTS OF NUCLEI 

The neutrons, being uncharged, do not contribute anything to the electric quadruple moment 
operator of a nucleus. Each of the protons, on the other hand, contributes an amount 

q 0 — 3 z 2 — r 2 «=■ 2r 2 yl(d), 


(III. 22) 



284 THEORY OF NUCLEAR STRUCTURE 



o Odd proton 
• Odd neutron 

Fig. III. 4 Effective gyromagnetic ratio (III. 21) in case of ./ = / — £ calculated with 
rough model of core polarization. Scatter of experimental points is also shown. (Following 

Bodenstedt, E., and Rogers, J. D., in Perturbed Angular Correlations, ed. by E. Karlssbn, 

E. Matthias, and K. Siegbahn, North-Holland, Amsterdam, 1964, p 91.) 

where is the renormalized spherical harmonic of (AI.7a) from Appendix A. Summing this 
quantity over all the protons, we obtain the quadrupole moment operator of the entire nucleus 

as 

Go - z tfo(0«— 2 i rlM) ( IIL23a ) 

/-l /-I 

~ 2 2 *[1 - (III. 23b) 

/-I 

Here A is the total nucleon number, and Z the proton number in the nucleus. Since the factor 

j(l — Tj ) is equal to one for a proton and zero for a neutron, the summation over the Z pro- 
tons in (III. 23a) is completely equivalent to the summation over all the A nucleons in (III. 23b). 

We have proved, in connection with our discussion on the magnetic moment of a nucleus 

having a set of completely filled levels (see Section 26A), that the value of any operator of 
rank not equal to zero vanishes for such a system. Since the quadrupole moment is given by 
y$ 9 i.e., a tensor operator of second rank, we conclude that the quadrupole moment of a closed- 

level nucleus is zero. 

In analogy with the proof given for magnetic moment, it therefore follows that the quadru- 
pole moment of a nucleus having one proton outside a set of closed levels is given by the 
quadrupole moment of this last proton alone. If the state of the last proton be denoted by 
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o Odd proton 

• Odd neutron 

Fig III. 5 Effective gyromagnetic ratio (III. 21) in case of j = / + J calculated 

with rough model of core polarization. Scatter of experimental points is also 
shown. (Following Bodenstedt, E., and Rogers, J. D., in Perturbed Angular 

Correlations, ed. by E. Karlsson, E. Matthias, and K. Siegbahn, North-Holland, 
Amsterdam, 1964, p9l.) 


|n/i;m>, then it* quadrupole moment, by definition, is the expectation value of the operator 
(III.22) when the state has the maximum projection m = j. Thus, we have 

<nlijj\ go l 1^1 Kr* dr') 



Rif 2 dr 


!>*• (IIIM > 
The "alue of the reduced matrix element, appearing in this derivation, has been obtained from 
(Bill. 1 7) of Appendix B, and explicit expressions for the Clebsch-Gordon coefficients have been 

written down from Table AVII.4 (Appendix A) to arrive at the final step. It is clear that the 

expression is nonvanishing only if j > J. In contrast with the expression for the single-particle 
magnetic moment, we notice that the single-particle quadrupole moment depends on the exact 

nature of the radial function R nl . The definition of our radial functions, and their expressions 
for a harmonic oscillator shell-model potential have been given in Section 17C. Since the value 
of the radial integral in (III.24) is positive definite, and (2 j — 1) > 0 for j > J, it follows that 
the quadrupole moment of a one-particle state is negative. This has a very simple physical 
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interpretation. Angular momentum is, by definition, perpendicular to the plane of motion of 
the particle. Semiclassically speaking, in the present case, the angular momentum ‘points’ in 
the z-direction because it has the maximum possible projection m = j along that axis. Hence, 
the particle orbit for the state under our consideration is confined to a plane perpendicular to 
the z-axis, and the charge distribution of the particle will obviously be ‘flattened* (‘pancake’ 
shape) with respect to the z-direction. In our general discussion on the quadrupole moment of 
a charge distribution (see Section 6B), we have stated that such a charge distribution possesses 
a negative quadrupole moment. 

We can easily derive the relationship analogous to (III. 13) for the quadrupole moment of 
a proton one-hole state in terms of the quadrupole moment for the proton one-particle state. 
Following the same arguments as given for magnetic moment, we conclude that the value of 
quadrupole moment for the one-hole state jm is given by 


- <nlj - m\ q Q | nlj - m) = 


l—m 0 —m] 

\ J 2 „ J lo'0'l Vl\ \nlj> 

L m 0 m\ 


= — <^nljm\ q 0 \nljmy. (111.25) 

In this case, the reversal of the sign of the projection quantum numbers in the Clebsch- 

Gordon coefficient gives a factor of (— iy +2 “ 7 = -fl as against (— 1 ~ —1 which was 

obtained for the Clebsch-Gordon coefficient in (III. 13). This fact accounts for the difference in 

sign between the two expressions. We enunciate the result contained in (III. 25): the quadrupole 
moment of a proton hole state is equal and opposite to that of the corresponding particle state. 

In a more general case, where there is more than one proton in one or more partially 

filled levels, the evaluation is once again quite involved, due to the antisymmetry requirement 
in the wavefunction, and can be done with the help of (III. 119b) of Section 29A. 

As in the case of the magnetic moment, so too here we can predict a value for these com- 
plicated cases, provided we make the extreme single-particle assumption for the wavefunction 

of an odd-proton nucleus. With this assumption, if | nljniy denotes the state of the last odd 

proton, (III. 24) can be used to predict its quadrupole moment. 

An interesting fact about the observed quadrupole moments of odd-mass nuclei is that 

very often a nucleus having an odd neutron is found to have a significant quadrupole moment. 
This fact is clearly in disagreement with the prediction arrived at from the extreme single- 

particle model. Among the light nuclei, the case of O' 7 is almost a classic example and has 

always drawn a great deal of attention of theorists. The nuclei 0 17 and F 17 contain, respectively, 

one neutron and one proton outside the closed-shell nucleus O 16 . Therefore, in these cases, the 
theoretical predictions should be exact. Thus, O 17 should have a zero quadrupole moment, and 

F 17 a quadrupole moment equal to that of a single proton in the (0</ 3/2 )-level. To make a rough 

estimate of the latter, we use, for the radial integral in (III.24), an approximate value where 

the integral denotes the square of the radius of the last proton orbit. Hence, a rough value for 

it is the square of the nuclear radius, i.e., (r 0 A >13 ) 2 . Using a value of r 0 in the range 1.1 fm to 

1.4 fm, we get the estimated quadrupole moment of F 17 within the range -4.6 fm 2 to -7.5 fm 2 . 

No experimental data is available on F*\ but the observed quadrupole moment of 0 17 is close 
to —3 fm 2 . That is to say, not only does the odd-neutron nucleus O 17 have a quadrupole 
moment, but, in addition, the observed value is comparable with what is expected for the 
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corresponding odd-proton nucleus F 17 . 

The conclusion that an odd-neutron nucleus should have a zero quadrupole moment is 
valid also under more general circumstances, namely, even when we consider the antisymmetriz- 
ed seniority wavefunctions. Since the neutrons do not contribute any quadrupole moment under 
any circumstances, the quadrupole moment must arise entirely from the protons. But the 
lowest seniority antisymmetrized wavefunction for an even number of protons has an angular 
momentum zero, and hence has a zero quadrupole moment by virtue of the angular momentum 
selection rule. Therefore, the observed quadrupole moments of odd-neutron nuclei strongly 
suggest that the ‘core* wavefunction of such a nucleus does not strictly have an angular 
momentum zero; due to the interaction of the odd particle with the core, there must be small 
admixtures of states of higher angular momentum in the core. Even if such admixtures are 
small, they can cause a very significant core contribution to the quadrupole moment. 

In analogy with the nomenclature already used in the discussion of magnetic moment, 
we describe the core contribution to the quadrupole moment as the effect of core polarization. 
In the case of magnetic moment, the spin polarization of the core was the contributor to the 
core magnetic moment, whereas here it is the quadrupole-type polarization (as is obvious from 
the derivation that follows) of the proton charge distribution of the core that is responsible for 
the entire quadrupole moment of odd-neutron nuclei. 

Since the core-polarization effect is apparent from the nonvanishing quadrupole moment 
of many odd-neulron nuclei, there is no reason why such effects should not be present for the 

odd-proton nuclei as well. In the >dd-proton case, the core contribution adds up to the value 
of the quadrupole moment of the protons in the partially filled levels. We shall now give a 

general derivation of the core contribution which is applicable to all odd-mass (i.e.„ both odd- 
proton and odd-neutron) nuclei. 

The structure of the admixed ground-state wavefunction is still given by (III. 15), stated 
in o,ir discussion on similar effects on magnetic moment. The expression (III. 16) is now 
replaced by a new expression in which the quadrupole moment operator q Q substitutes for fx M 
everywhere. The correction to the quadrupole moment arising out of the admixed states <2> a 
will be given by matrix elements of the type <4> a | Q 0 |<£ 0 / , > where <P X and <P 0 are the same as 

those stated after (111.16). Using (Bill. 14) from Appendix B, and remembering that <P C has zero 
angular momentum, we obtain 


<*«leo|<fro>: 


7 2 / 

J o j. 




7 2 / 

■} o j. 




The values within the parentheses following <P C and <Pc denote the angular momenta of these 
states. The (/-function is equal to 1 when J' = 2, aDd zero otherwise. Since the Clebsch-Gordon 

< 

is unity, we can replace the reduced matrix element between the core 

states by the actual matrix element, and obtain 


coefficient 


0 2 2 
10 0 0 


<0,l0o|0o> = 


7 2 / 

■j 0 j 


<#(/' = 2 ,M' = 0)1 0oW' = 0, M' = 0)>. (111.26) 


Thus, the correction to the quadrupole moment is given in terms of the matrix elements of Q 0 
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between the predominant core state 0 C and the admixed core state 0c. In the case of odd- 
neutron nuclei having an even number of protons in their lowest seniority state, <0 O | Qo |0o> * 8 
zero, and hence the correction just derived is the entire quadrupole moment. For odd-proton 
nuclei, <(0 O | Qo |#o> is nonvanishing and may be evaluated by the application of the extreme 
single-particle model (an approximate method) or the exact seniority wavefunction [see 
(III. 119b) in Section 29A]. 

The foregoing derivation gives useful information on the nature of the excited core states 
<P' C . First, 0c has to have an angular momentum /' = 2. Second, since Q 0 is a single-particle 
type operator, (III.26) will be nonvanishing only if 0 C ' is obtained from 0 C by exciting one (and 
not more than one ) particle from an occupied state (nljm) to an unoccupied state ( riVj’m ') in 
which case the matrix element in (III. 26) is given by 

<*c| Qo 10 c > = </i7'/m'| q 0 | nljm>. (111.27) 


Therefore, a non-zero core contribution is obtained if the excitation (nljm) (n'l'j'm') be such 
that (») m — m'; (ii) /. /' have the same parity; (in) /, /', 2 satisfy the angular momentum 
coupling requirement; (iv) j t j, 2 satisfy the same requirement as in (iii); and (v) the radial 


integral j* R^R^r 2 dr is nonvanishing. 


If d> c stands for a closed-shell core, then is obviously a Ih-lp proton state. To satisfy 
the parity requirement (ii), the lowest energy excitation must be across two major shells. In the 
case of a nonclosed-shell core, 0 C has nucleons in the closed levels, and an even number of pro- 
tons and neutrons in one or more partially filled levels. The neutrons are of no consequence as far 
as the quadrupole moment is concerned; and hence <P C ' may be an excited state obtained by pro- 
moting one proton from either the fully occupied or the partially filled levels across two major 
shells. There is a further possibility in this case, namely, the even number of protons in the 
partially filled levels may now be excited from one such level to another of the same major 
shell by the g 0 -°per a tor. To consider this aspect of core excitation, we must make a distinction 


between the odd-neutron and the odd-proton case. In the former, we have an even number of 
protons in the partially filled levels, and their lowest antisymmetrized state is a seniority-zero 

state of angular momentum zero. The operator Q 0 can therefore cause an excitation to a state 
of angular momentum two, belonging to higher seniority. In the odd-proton case, the situation 

is obviously the same, provided we make the extreme single-particle assumption, i.e., if we do 
not demand antisymmetry between the last odd proton and the even number of protons in the 
so-called core. The effect of this antisymmetrization is to give somewhat modified results. 

Since the admixed core state < s found to have an angular momentum two, and it 

results from an excitation of a proton in $ c , it is clear that the core contribution to the quadru- 
pole moment is a result of quadrupole-type polarization of the proton charge distribution. 
This is what we have stated before starting the derivation. 


There is a fundamental difference, experimentally and theoretically, between the core- 

polarization effect for odd-mass nuclei, whose normal equilibrium shape is spherical, and the 
colt-deformation effect of these nuclei in the rotational region. Experimentally, the latter nuclei 

are found to have quadrupole moments that are one or two orders of magnitude larger than 
the single-particle value predicted by (IIL24). In the case of odd-mass nuclei in the spherical 

region, the experimental values differ appreciably from the single-particle estimate*but never by 
an order of magniulk. It is true that the odd-neutron nuclei in the spherical region possess a 
non-zero quadrupc®uoment, * n contradiction to their single-particle prediction of zero value, 
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but the observed number never drastically exceeds the single-particle estimate made by replacing 
the odd neutron by a proton; very often the observed value is indeed close to the estimate 
made by means of this artificial substitution. 

We can describe the situation in an alternative manner. Since the quadrupole moment 
arises from particles each with, a charge e, the correction due to the core-polarization effect 
modifies, so to say, the charge of the last odd particle to an effective charge e tff . When this odd 
particle is a neutron, e c( t is very close to the proton charge e , whereas in the case of an odd 
proton, e t ft is the actual charge e of the particle plus a charge of the same order of magnitude. 
An empirical way of interpreting the quadrupole moment data of the odd-mass nuclei in the 
spherical region is to make the estimate from the single-particle expression (III. 24) and then 
multiply it by a parameter x representing the ratio ( e C ([/e ) so that the observed value is repro- 
duced. This type of empirical interpretation therefore simply gives a value of one parameter x 
connected with the effective charge of the odd neutron or odd proton. The purpose of a more 
detailed theory would then be to evaluate the core-polarization matrix elements in detail and 

check whether or not the observed effective charge parameter is obtained. 

The trend in the values of the quadrupole moment Q of various nuclei in the periodic 

table is shown in Fig. III. 6. In this figure, Q has been expressed in units of ZR 2 , where Z is the 
nuclear charge and R the nuclear radius. Very useful tables giving the ground-state spins and 

static electromagnetic moments (magnetic dipole and electric quadrupole) for all odd-mass and 
odd odd nuclei, together with the same quantities measured for the excited states of nuclei, 

may be obtained from the reference cited in the captions to Figs. III. 4 and III. 5. 


27. ELECTROMAGNETIC TRANSITION PROBABILITY 

A. SUMMARY OF GENERAL RESULTS FROM GAMMA-DECAY THEORY 

The details of the gamma-decay theory are not covered in this book. The summary of the 
basic concepts and the expressions for the transition probability given in this section should be 

sufficient for ar. understanding of the description of electromagnetic transition probability. 

Shell-model wavefunctions are used in this chapter and other types of wavefunction in the 

subsequent chapters. 

The charge (p), current (j), and magnetization (M) densities inside a nucleus act as the 

sourceof an electromagnetic field, whicn emits radiation in the formof photonswhose wavelength 
is very much smaller than that of ordinary light and X-rays. These photons are the nuclear 

y-rays. The direction of emission of the photon is perpendicular to the plane of the electric and 
magnetic fields which are derivable from the vector potential A through the usual equations 


H = curl A, 



(III.28) 


The vector potential can in general be expanded in terms of the vector spherical harmonics 
T$ )L , defined by (BII.l 1) in Appendix B. The component Tm ^ of A defines a radiation field 

through (III.28), and the y-ray photon corresponding to that field is said to be of the magnet^ 

type and multipolarity 2 L . In the same manner, the components of A corresponding to T M • 
give rise to y-ray photons of the electric type and the same multipolarity 2 L . It is clear that the 

electric and magnetic types of radiation of the same multipolarity have opposite parity. It 
hardly needs to be emphasized that each type of radiation comprises both the electric and 
magnetic fields determined by (III. 28). 
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Number of odd nucleons _► 

Fig. III.6 Quadrupole moments of nuclei expressed in units of ZR 2 . (Following 
Frauenfelder, H., and Steffen, R. M., in Nuclear Spectroscopy, Part A, ed. by 
F. Ajzenberg-Selovc* Academic Press, New York, 1960, p 548.) 
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The y-ray energy hw is clearly equal to the energy difference AE of the two nuclear levels 
connected by the gamma-transition. Therefore, the wave number /c(=a >/c) of the photon is 
given by k = .005 AE fm -1 , where AE is in MeV. Thus, y-ray energy in the range 

1-10 MeV yields values of k in the range .005-. 05 fm” 1 . 

The transition probability per unit time (A) between the two nuclear states / \ and J ( for a 
given multipolarity L of the emitted y-ray is now quoted separately for the electric and 
magnetic types as 

A(EL) = i ft frrw h s + e'ki 2 . (iu.29a) 

A(MZ.) - * Z kSKfc + Ml 2 - (til. 29b) 

Here E L. and ML within the parentheses denote a 2^-poIe transition of the electric and the 
magnetic type, respectively. The summation symbol stands for an averaging over the projec- 
tion A/, of the initial state J t and a summation over the projection Af ( of the final state J t . The 
matrix elements Q t Q' , JM* M ’ are defined as 

Q\, = £ (rJ L YUe*. M I J.M&. (III.30a) 

a — I 

Cm 2 ^</,A# r| i MPr t n/)«-(r x o), (111.30b) 

~ 2 Wc a 4, (p r L Yj; t ) a .l ac (III. 31a) 

Mil = 2 Jf c £ f*«(P ' L Ym)* • «« (III. 31b) 

Here e is the charge of the proton; M is the mass of the nucleon; (r, d , <f>) are the nucleon co- 
ordinates; r = kr ; a refers to a nucleon inside the nucleus; Z is the total number of protons 
and A the total number of nucleons in the nucleus; p == — itiV is the momentum operator of a 
nucleon; / and a are the orbital angular momentum and spin operators, respectively, of the 

nucleon and /i is its magnetic moment (in units of nM). The averaging and summation over 

the projection quantum numbers are necessary because we are here quoting the probability of 

decay measured in an experiment in which no information on the polarization of the emitted 
y-ray is secured. Experiments that provide this additional information are also possible. 

We now explore the relative order of magnitudes of (111.30) and (111.31). The first rele- 
vant quantity for this purpose is the dimensionless radial coordinate r = kr, When the nuclear 

matrix elements are evaluated, we expect 7 to yield a quantity of the order of kR , R being the 

nuclear radius. Using /? = r 0 ^4 l/3 , with a maximum possible value of r 0 ssl.4fm, and the 

estimate of k already given, we obtain 

kR x ,005JEr 0 A‘ /3 « 0.21 

for A - 216 and d£ = 5 MeV. For lighter nuclei and softer y-rays , the estimate is much less. 
The second relevant quantity in judging the orders bf magnitude is p l(Mc) which occurs in 

(III.30b) and (III.31). The magnitude of this quantity, pl(Mc), is clearly equal to v/c, where v 
is the velocity of the nucleon inside the nucleus. A rough estimate of v/c can be obtained from 
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the average kinetic energy of about 25 MeV for the nucleons as 

l = (f^) U2 ~ (f&Y 12 = 10- V5 « 0.22. 

It should be noticed that, in contrast to kR t this estimate has no relation to the mass of the 
nucleus or the energy of the y-ray. For a very massive nucleus and y-cnergy of about 5 MeV, 
kR zz v/c . 

An estimate of (III. 30a) in units of e is therefore given by ( kR ) L , whereas that of (III. 30b) 

in the same units is (v/c)(kR) L + l . Since kR is most often smaller than 0.2, Q'm is expected to 
be smaller than Qm by at least a factor of 0.04, and hence it can be dropped from (III. 29a). 
We can further compare Qm for various values of L. Since it is proportional to ( kR ) L , its 
magnitude very rapidly decreases with increasing L. The ratio of Qm in two successive orders 
is at the most of the order of 1/5, and hence its square \Qm\ 2 decreases by a factor of 25 or 
more as the multipole order is increased by 1. Therefore, it is clear that, in (111.30a), the lowest 
value of L permitted by the two nuclear states is the most important contributor. An estimate 
of A(EZ.) made with only the QM-term of (III. 29a) and this lowest value of L. should be sufficient 
for the purpose of theoretical prediction of the transition probability between the two given 
nuclear states. This therefore explains the necessity and advantage of discussing the nuclear 

gamma-transitions in terms of the multipole components of the electromagnetic field. 

We next examine the orders of magnitude of the expressions (111.31). Both of them are 

clearly proportional to ( v/c)(kR) L . Thus, in (III. 29b), both the terms are equally important. 
They are clearly related to the magnetic moment of the proton orbital motion (JHm- term) and 

the intrinsic magnetic moment of both protons and neutrons G_5W'ji*-term). The observation 
about the decrease in the decay probability by a factor of at least 1/25 as the multipole order 

increases by one is obviously applicable to the magnetic transitions as well, and hence, for 

computational purposes, the lowest value of L permitted by the nuclear states in (III. 31) 
suffices. 

A comparison of the magnitudes of A(EL) with those of A(M L) is also interesting and 

useful. It is clear that, in the same order L, the magnetic-type transition which is proportional 

to ( v/c)(kR) L is less probable than the electric-type transition which is proportional to ( kR ) 1 -. 
Hence, (EL) will be* still larger than A(ML') with L = L -f 1. This fact is applied in the 

discussion that follow^. 

We are now in a position to answer the question: which is the lowest order multipole 

transition that can take place between two given nuclear states? The nuclear operators in 

Qm {Q’m has been dropped for the reasons already explained), and JM’m are each of 

rank L This is very ‘obvious in (111.30a), where we have just r% as the operator. It should be 

observed that, in (111.31), the scalar product in p •/ and p*o makes them zero-rank operators, 
and hence the rank of the entire operator is still determined by 7 l Ym. According to the result 

of Appendix B (Section III), we therefore conclude that \J\ {J t + J ( ). This there- 

fore explains that the allowed multipolarity will be either L min = \J { - J ( \ or I min -f 1 

(provided L min + 1 < /j + J ( ), depending on the parity of the two nuclear states wj and n t . 
The parity of the operator in Qm is obviously given by (— 1) L , whereas that of the operators 

in (III.31) is (-l/* 1 . This observation follows from the fact that p./or p*o has the addition- 

al parity — 1 (because p is a polar vector which changes sign under reflection, whereas the 
axial vectors / and o remain unchanged under the same operation). 

We now distinguish between two alternative cases which depend on the given parity 



NUCLEAR SHELL MODEL 293 


change ^TTf of the two nuclear states, namely, 

TTjTTf — (— l) Imlu , 

TTjTPf = ( — l)^mln+l # 

In the first case, the electric-type transition of multipolarity L min is obviously allowed, and 
the lowest magnetic multipole permitted by the parity change is L min 4- 1. But A(M, L min -f 1) 
is much smaller than A(EL min ), according to our earlier findings. Hence, this case, for which 
the transition is ‘pure* (EL min ), is very simple. On the other hand, in the second case, the 
parity requirement is satisfied by L mia 1 for the electric-type transition, and JL min for the 
magnetic-type transition. It is very difficult to say which of the two, A(M, L min ) and 
A(E, L min -f- 1), is larger. The type of sketchy estimate, made earlier, iipplics that the two 
quantities may be of the same order of magnitude. But if a detailed evaluation is made of the 
/- and spin-matrix elements, then A(M, L min ) may sometimes be larger than A(E, L mia -}- 1). 
There are cases where the electric transition may be much enhanced due to other effects. 
Thus, in the second case, the observed transition is generally a mixture of (E, Z. min -+- 1) and 
(M, L min ). The transition corresponding to the first case is called parity-favoured , and that 

for the second case is called parity-unfavoured. The mixed E2, Ml -transition, observed in many 
nuclear y-decays, is a good example of the parity-unfavoured situation. This, incidentally, is 
a case where the E2-matrix element is very much enhanced in many nuclei as a result of 
collective effects (see Chapter IV>. 

It* is pertinent to make a few observations before proceeding with the evaluation of the 

y-decay probabilities. The first point, which the reader may have already noticed, is that our 
estimate of the relative order of magnitude of the various matrix elements did not include the 

matrix dements of Ym, /, and o.While comparing A(EL) with A(E, L + 1), the ratio of the 
matrix elements of Ym and Ym +i should also have been a relevant quantity. The same obser- 

vation holds in a comparison of A(MZ.) with A(M, L + 1), in which case the matrix elements 
of / and o cancel out in the ratio. For our earlier estimate of these relative magnitudes to be 

valid, a tacit assumption is implied, namely, the ratio of the matrix elements of Ym and Ym +> 
is a quantity of the order of unity. For our earlier comparison of A(EL) with A(MI) to be 

valid, the same assumption is clearly implied for the matrix elements of /and a. It must be 
remembered that these order-of-magnitude ideas on the matrix elements of /, o, Yit\ . . . 

are essentially right, although an exact evaluation may sometimes add another numerical 

factor (smaller or greater than unity) to our previous order-of-magnitude estimates. This is 
precisely the reason (already mentioned) that makes A(M, L mm ) larger than A(E, L mm + 1) in 

some cases. 

The second point that should attract the reader’s attention is that the parities of the 

nuclear operators of the EL-transition [in (III. 30a)] and the M£-transition [in (III. 31a)] are 
given by (— 1) L and (— i) L+l , respectively. In our reference to the parity of the 2 L -pole compo- 

nent of the vector potential A, we have stated that the ML-componeat of A, which is given by 

the vector spherical harmonic Tm 1)L , has the parity (— 1) L and that of the EL-component, 
TJT with / = L ± 1, is given by (— l) i+l . It should be observed that these parities of the 
vector potential are just the opposite of the parities of the nuclear operators in (111.30a) and 

(III.31). The reader must not confuse the parities of these two different quantities, and would 

do well to memorize the results for the nuclear operators , which will frequently enter our 
discussions on structure theory. 

The quantities that directly concern us in nuclear theory are the square of the matrix 
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elements Qm and (31m + 31'm)> Accordingly, modified transition probabilities, called reduced 
transition probabilities and denoted by B(EL) and B(ML), are defined by omitting the extrane- 
ous factors containing 8 tt, L, . . . , and the energy of the y-ray, contained in k 2L+1 (we recall 
that an energy-dependent factor k 21 is concealed in the square of the matrix element of r L ). 

Before we write down the expressions for the reduced transition probabilities, we expli- 
citly carry out the summation and averaging over the projection quantum numbers, introducing 
the symbols 0 m(E) and £&(M) to denote the nuclear operators: 

i&(E) = e Z fa y M(0 a , 4>a) 1(1 - rX, (III.32a) 

a-1 

^ £ [Vr L Y L „(8, *)]« • - r,) + Ha- (III.32b) 

It should be noticed that, except for the factor k L contained in r L , these operators are the same 
as those appearing in Qm and {31m + 31'm). The factor J(1 — r,) restricts the corresponding 
sum over a in (III. 32) to the protons. In replacing p by — ztiV, we have omitted from (III. 32b) 
the factor — i since it gives rise to unity in the square of the modulus that appears in (III. 29b). 
The omission of k L from the definitions (III. 32) is motivated by the definition of the reduced 
transition probability which, as mentioned, does not contain the factor A: 2L+1 . 

In terms of the operator the nuclear matrix element is given by 

</ f M t |^|J r i A/ i >=[^ L m ^J</r| 1^11-0- (HI-33) 

Since Af* 4- M = M { is required by the Clebsch-Gordon coefficient, we conclude that the com- 
ponent M of the multipole operator Q 1, is determined to be (M { — M j) the moment specify 
the projections and M ( of the nuclear states. The reduced matrix element being independent 
of the projection quantum numbers, we can now very easily carry out the summation over M ( 
and the averaging over implied in the notation 27. Thus, 

* L z L J < 

Mi M t - Mi M f J (-M Mi M, LA/j M( - M, M t 

The factor = (2J l 4- l)" 1 , together with 27, takes care of the averaging. We have first 

* Mi 

carried out the summation over M it getting unity by the result (AIV.3a) from Appendix A; 
the subsequent summation of unity over M { thus yields [7 f ]. Using the results (III.33) and 
(III. 34) in {he definition of the reduced transition probability, we obtain 

B{L) = Z y) { M { \ &m |-W>| 2 

= W (III. 35) 

The application of the definitions (III. 32a) and (III.32b) in this expression would yield respec- 
tively B(EL) and B{ML). 

In nuclear structure theory, we shall very frequently be dealing with the E2-and the Ml- 
transition, and hence we give the explicit expressions of the operators flj#( E) and Gm(M) for 
future reference as 

flJ,(E) - e Z 1(1 - rXriYUO,. <t>a). 



Hf <-> 


(111.36a) 
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0m( M) = 2 WcJijit [i(1 - t ‘ )1m + (III 36b) 

(III. 36a) follows directly from (III.32a) by putting L = 2. (III. 36b), however, n eeds s ome 
simplifying procedure, starting with L = 1 in (III. 32b). We first notice that rY\i is >/3I(4tt)(t)m , 
according to (AI.9) from Appendix A. Since V operating on the cartesian components (x, y f z) 
of r gives the unit vectors (e*, e y , e,), respectively, it follows from the relationship between 
the cartesian components and the spherical components (r) M that 

V(r) w = e M . 

Hence, 

V(r) M • A = e M • A = A u 

for any vector A. This result has been utilized in expressing the simplified form (III. 36b). It 
should be noticed that, except for the factor V3/(47r), the expression for £?*(M) is identical to 
the static magnetic moment operator (III. 6). The factor eti/(2 Me) in (III. 36b) is the nuclear 
magneton, which served as the unit in expressing (III. 6). Since s = ^a, and \g a is, according to 
(III. 5), the intrinsic magnetic moment p of the nucleon, the spin terms in (III. 6) and (III. 36b) 
exactly agree. And g t being equal to unity for a proton and zero for a neutron, the term 
$(1 — r x )l of (III. 36b) is also equal to the term g t l of (III. 6). A similar comparison of (III. 36a) 
with (III. 23b) would convince the reader that the (A/ = 0)-component of the E2-transition 
operator is related to the static quadrupole moment operator Q 0 through a numerical factor 

VsKfi")- 

Finally, we mention a very important fact concerning gamma-decay, namely, that no 
monopole ( L = 0 ytransition is possible. According to (III. 32b), the MO-operator contains a V 
acting on the constant r°Y% (=1/V 4ir), and hence the operator is identically zero. This result 
also follows from the fact that the MO-component of the electromagnetic field is derivable 
from the vector potential T$ l)L with L = 0, but this particular vector spherical harmonic does 
not exist; the orbital angular momentum / = 0, after being coupled with spin unity, can give 
rise to only the resultant L = 1, and not L — 0. To prove the absence of the EO-transition, we 
examine the expression (III. 32a) for L = 0. Since r L YM is then a constant (=1/V 4 tt), the sum- 
mation over all the protons yields ^o(E) = (4 t T)~ lj2 Ze; the matrix element of this constant con- 
necting two different nuclear states is zero due to their orthogonality. In analogy with the case 
of the MO-transition, we can also show that the vector potential for the EO-component of the 
radiation field is identically zero. We have already stated that the vector potential for the EL- 
component is a suitable mixture of T ( ay )L with l — L ± 1. It can be shown that the particular 
mixture is obtained by taking the curl of Ta/ ,) z \ Since T$ I)L is zero for L = 0, its curl is also 
zero, and hence the absence of the EO-component of the radiation field follows. 

A consequence of the absence of the EO-transition is that an excited state 0 + of a nucleus 
cannot decay by gamma-emission to a lower 0+ state (usually the ground state). According to 
the angular momentum and parity selection rules, already stated, ’E0 is the only transition 
permissible between two such states; but since E0 does not exist, there is no gamma-decay. 
Usually, an excited state of this type decays by emitting internal conversion electrons or by 
electron-positron pair emission (provided the energy difference between the two states exceeds 
the minimum amount necessary for the creation of a pair). In the same way, no gamma-decay 
can take place between a 0“ and a 0 + state because M0 is then the only transition permitted 
by the selection rule. 
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B. SINGLE-PARTICLE TRANSITION PROBABILITY ACCORDING TO THE 
SHELL MODEL 

Here we shall first evaluate the expression (III. 35) for the reduced transition probability, using 
single-particle shell model wavefunctions as the initial and final states. Since we are consider- 
ing only one nucleon, the summation over all the particles in the expression for is omitted. 
We thus obtain 


LG, 


|!2 L | \nltis 


\|2 


(111.37) 


where the unprimed and primed quantum numbers refer respectively to the initial and final 
states of the single nucleon. Using (III. 32a) without the summation over a, we get the reduced 
matrix element for the electric-type transition as 

<n'l'ij\ !^(E)| \nl\f) = e<n'nr\ |r^| !„/*;> 


= + (-n ,+, ' +t ] 


V L j 1 

U 0 jJ’ 


(III. 38a) 


where (fy represents the radial integral 

<r L > = Rnu ^Rni dr. (III. 38b) 

The reduced matrix element of Y L has been written from (Bill. 17) in Appendix B. 

The evaluation of the reduced matrix element of ^(M) is somewhat more complicated. 
Each term in (III. 32b), without the summation over a, has the form 

(Vr^Yh ) . A, 

where A is either / or a. We explicitly write the scalar product between V and A in terms of 
spherical components [see (BII.10) in Appendix B] and obtain 

(Vr L Yh) • A = E (- 1 (III.39a) 

The quantity (VjXTat) can obviously be expanded in terms of spherical harmonics. Writing 
the spherical harmonic Ym as a ket | L, My and then introducing the complete set of states 
E |L'Af'><L'Af'l on tlie left, we get 

L'M' 

V^L, My = \L'M'y (L'M'\ Vf.r L | L, My 

~Z\L\M' = M + J L 1 L 1<L'| IVX-I |L>. (111.39b) 

t' LAi n M + ill 

The Clebsch-Gordon coefficient requires M' to be equal to ( M + f»), and hence the summation 
over M' has disappeared. The reduced matrix elements of V are nonvanishing for L' = L ± 1, 
and their values are given by (BIII.9) from Appendix B. We thus obtain 

<L' — L — 1| |Vr L | |L> - + L±ly 
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<L' = L + 1| |Vr^| |L> = (^3) ,,2 (| ~ 7K = 0. 

Therefore, the summation in (III.39b) reduces to one term, i.e., only L — L— 1. Rewriting 
the kets as spherical harmonics, we get 


V*Tm 


-[ 


l i i— r 

M n M fi 


(2L + rn [2L L _ 


(III.39c) 


which is the desired expression to be substituted in (III. 39a). 

The summation over the projection quantum number p can now be carried out. Collect- 
ing the /A-dependent quantities, we obtain 


E 




1 L - 

fi M — 


U 


Ym + \A_ 


r- 


r l — i i li 


X (JT+ yrirU., 


= - (2Xqpr )W2(yi "'’ A) "’ (111.40a) 

where 

(y L -‘, A)fe = 2? [ ^ 1 1 L J[rtr^A-r- (III.40b) 

\h L M -f /a —/a M J 

We have here used the notation of (BII.8) from Appendix B to denote the resultant tensor of 
rank L and component M, obtained by compounding the spherical harmonic Y L ~ l with the 
vector operator A ( = / or = o). In arriving at (III.40a), we have used the symmetry relations 
(AIV.4), from Appendix A, of the Clebsch-Gordon coefficient. In Section 27A, we have stated 
that the nuclear operators in 31m and 31'm are tensors of rank L and component M; we have 
now explicitly demonstrated in (III. 40a) the forms of these tensors. 

Collecting all these results and substituting in (III. 39a), we get 

(Vr^yjSi) • A = [L(2L + \)] ll2 r L -\Y L - 1 , A)*,. (III.40c) 

(111.32b) therefore yields, for a single particle, 

= ^- c [L(2 L + \)] ll2 r L ~ , [j~-^(Y L - 1 , 1% + p(Y L ~ > , °)U (III.41) 


where g, = 1 for a proton and g, = 0 for a neutron. In the special case of L = 1, this expres- 
sion is easily seen to agree with (III.36b) except for the summation over n. For this verifica- 
tion, we need the identity now given, which follows from the definition (ftl.40b), together with 
the values of yg and the Clebsch-Gordon coefficient (=1): 

The reduced matrix element of the operator (III.41) can be evaluated by the formulas in 
Appendix B (Section III). In terms of the radial integral, defined by (III.38b), we have 

<nT*/| |OHM)| W/*7> - + l)F<r t ’ 1 >[ I ^ L i </'i/l 1(1*“. 0*1 I47> 
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In the first reduced matrix element, we substitute (j — Ja) for / and obtain the expression with- 
in the square brackets equal to 

£^</'i/l Ki*" 1 . i) L \ 1 4;> + (»*- K^ 1 . «) t l W>- 

Remembering that j cannot change the state |/|/>, we obtain, from (Bill. 11) in Appendix B, 

</'i/l i) L | |/j;> = u(l - 1, i,/j; jyxrtni^lW/X/WUll^ 

- U(L - 1, l,/,y; LM1 - (-l)'+''+ t ](-l) i -- 1 

In the final step, the reduced matrix elements of Y L ~ l and j have been written by the applica- 
tion of (BIII.3) and (Bill. 7) from Appendix B. Similarly, by an application of (BIII.16) from 
Appendix B, we get 

-i i r 

L ~ l 1 L </'i i^-'i i/><*i m u> 

L I' 1 /_ 

‘ M^'io V > iii, - 43b) 

L r l / J 

Once again, the reduced matrix elements of Y L ~ l and o have been obtained respectively from 
(BIII.3) and (BIII.6) in Appendix B. 

For the special case of M 1-transition, the result is better derived by directly using the 
simplified form of the Ml-operator, given by (III. 36b), rather than specializing the general 
results (III.42) and (III. 43) with L— 1. By an application of (Bill. 13), (BIII.6), and (BIII.7) 
from Appendix B, we directly obtain 

<n'iy\ |fl'(M)| \nlijy = i/I 111 I + 0* - iftWI M 

= ^ C (ly i x^ig,vju+T)s jr + uiiifunwxn - tan. 

(III.44) 

Selection Rules 

The general selection rules on the total angular momentum and parity have been described in 
Section 27A. For single-particle wavefunctions, the initial and final parities are determined by 
(— iy and (—1)'', respectivSly. Therefore, for the EL-transition, (— 1) L = (— iy +, \ and for the 
ML-transition, (— iy- = (— 1)'+''+'. These requirements are obvious from the factor 
j[l + (_!)(+!'+£.] in (111.38a), i[l — (-1)'+''+*] in (III.43a), and the Clebsch-Gordon coefficient 
in (III.43b). According to the general angular momentum selection rule,/,/, and L must satisfy 
angular momentum coupling rules. In our special case of single-particle wavefunctions, this 
requirement is incorporated in the Clebsch-Gordon coefficient in (III.38a), in the first (/-func- 
tion in (III.43a), and in the 9/-symbol in (III.43b). From our earlier discussion, it is also clear 
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that if Lmin — ly — f\ and (~1) /+/ ' = (— l)^ 010 , then the most predominant transition is 

L m in)- On the other hand, if (— 1) /+/ ' = (— l)^“ ln+ ' *, then the predominant transition is a 
mixture of 2?(E, L m i n + 1) and £(M, L min ). These statements have to be modified if the single 
nucleon undergoing the transition is a neutron. This point is discussed later in this section. 

Some more selection rules can also be derived in the single-particle case. For example, 
due to the presence of Y L in (III. 38a), it is clear that, for the EL-transition, /, /', and L must 
satisfy the angular momentum coupling rule in addition to the parity rule. A little reflection 
would, however, show that if the requirements on parity and total angular momenta, already 
mentioned, are satisfied, then the equalities l ~ j ±\ and 1' = f ± \ automatically take care 
of the requirement |/ — I'\ ^ L ^ / -f- / • On the other hand, the operators in ^(M) for the 
magnetic transition [see (III.42)] contain a Y L ~ l t and hence we get an additional requirement 
|/ — /'| < (L — 1) < (/ + /'). In the special case of Ml-transition, i.e., 1 = 1, this requirement 
becomes identical to / = l' [the 5, r factor in (III. 44) should be noted]. This additional require- 
ment for magnetic transitions is quite nontrivial, as is apparent from the example that follows. 

Let us consider a transition between (0^ 3 / 2 ) and (1 j 1/2 ). In this case, (— iy+*' — 

L m in = 2 — i = 1, and hence ( — 1) /+// = ( — l) L »m-H. Thus, it is expected to be a case of parity- 
unfavoured transition comprising a mixture of Ml and E2. However, the additional selection 
rule on the orbital angular momentum for magnetic transitions, which we have just stated, 
forbids an Ml-transition between the state / = 2 and the state l' = 0. Thus, according to our 
single-particle picture , the transition under consideration is pure E2. This point is discussed 
later in- this section in the context of experimental data. 


Approximate Estimate and Weisskopf Units 

We know that if (EL) is allowed according to selection rules, then £[1 -f (— iy+/'+L] = 1 . Using 
(III. 37), together with (III. 38) in (III. 29a) for the transition probability A(EL), we derive the 
exact result for a single-particle type transition: 


A «*> - m 


Here 


S(jj'L) = 


MD\j' L 


[7] Li 


(III. 45) 


(III.46) 


£ y (=tio>) is the energy of the y-ray, and hence £ y /(tic) = a >/c == k. 

An approximate estimate, based only on the magnitudes of kR and v/c, can now be made 
for the single-particle transition probability, which is somewhat better than the very rough 
order of magnitude estimate made in Section 27A. The quantity S is called the statistical 
factor and is replaced by unity for our estimate. The radial integral of is estimated by 
replacing the wavefunctions <R n/ (=/?„//r) by a constant magnitude in a sphere of radius R, 
roughly equal to the nuclear radius. The constant magnitude N of the wavefunction is obtained 
by integrating its square over the entire sphere, and requiring the resultant probability to be 
unity. Thu$, 


= W 2 R 3 
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or 


»=(p 112 - 


The radial wavefunctions <R nt and have the aforestated magnitude between 0 and R f after 
which they drop sharply to zero. Thus, (III.38b) yields 

<' L > = {* rW dr = 2TT3« L - (HI-47) 

It should be observed that this procedure gives a gross overestimate of the radial integral be* 
cause a perfect overlap has been assumed between the two radial wavefunctions R nl and /? nT . 
In general, the overlap between them may be far from perfect. 

Substituting (III. 47) and S(jj'L) = 1 — together with he — 1.97 x 10“ 11 MeV cm, e 2 l(hc) 
= 1/137, and c = 3 x 10 10 cm/sec— in the exact equation (III. 45), we obtain the rough estimate 


A(EL) s 


4. 4(L 4- 1) . Ey. 2 l+ i / 

L[(2L + 1)!!] 2 M97' K L 4- 3 


O^OO 21 sec- 1 ), 


(III. 48) 


where E y is understood to be in MeV, and R in units of fm (=10“ 13 cm). The quantity 4.4 in 
the numerator must not be confused with 4x4. This rough value of A(EL) was first given by 
Weisskopf and is very often referred to as the Weisskopf unit for the probability of electric 
multipole transition. A similar rough estimate can be obtained for the MZ.-transition as well. 
In this case, we extract the factors eh/(Mc ), and (4 tt )~ 1/2 from (III. 42) and denote the 

rest of the expression by S{lVjjL). Then (III. 29b) yields 


A < Mt > - 


(III.49) 


The factor (4 tt )“ i/2 was actually contained in the two matrix elements occurring in (III. 42), 
as is evident from the expressions (III. 43). In the present case, Weisskopf argued that S(irjj'L) t 
which contains the square of the magnetic moment of the nucleons, may be much larger than 
unity, and he used a rough value 10 for making the estimate. If we take the ratio of (III.49) 
and (III.45) with the- aforementioned rough values of the quantities S occurring in them, then 

A(ML)/A(EL) == 10[h/(Mc*)] 2 . (III. 50) 


We recall that, according to our estimate in Section 27A where vjc and kR were used, the same 
quantity was found to be roughly equal to ( v/c)kR . The discrepancy between the two estimates 
arises because in Section 27A we have replaced the value of the momentum operator between 
the initial and final spates by its average value in the nuclear ground state; this procedure is 
obviously not strictly accurate. Going back to (III.49) with S(irjj'L) = 10 and substituting 
numbers, we obtain 


which is the Weisskopf unit for measuring the probability of magnetic multipole transition. 
As before, E y is in MeV, R in fm, and the number 1.9 must not be confused with l x 9. The 
substitution of L — 1 for L in (III. 47) yields (L 4- 2) in the denominator instead^of L -f 3, 
and R L ~ l in the numerator instead of R- this accounts for the difference between the last two 
factors in (III.48) and (III. 51). In making the numerical evaluation, we have used the nucleon 
Compton wavelength hftMc) *= 0.21 fm. 
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According to our previous observation, the Weisskopf unit is usually an overestimate 
of the single-particle transition probability due to the assumption of a complete overlap 
between the two radial functions. Therefore, most of the single-particle type transition data 
are expected to be a fraction of the Weisskopf unit. On the other hand, if a particular transition 
is not of the single-particle type, and many nucleons participate in it in a ‘collective’ manner, 
then the observed probability may be much larger than the Weisskopf unit. 

The reader must remember that the exact formulas derived in this section enable him to 
obtain the exact value of the single-particle transition probability, and it is this exact value 
that should be compared with the observed one to check the success or shortcoming of the 
single-particle shell model. The Weisskopf unit gives only a rough guide as to whether a 
particular transition is of the collective type or the single-particle type. 

Special Consideration of Singie-Particle Neutron Transition 

If the single particle undergoing the transition is a neutron, then the matrix elements 
Qm and 31m are identically zero because they are associated with the charge of the particle. 
The matrix elements Q'm and 3Cm, associated with the magnetic moment of the particle, will, 
however, be nonvanishing. The derivation of the matrix elements of these operators, using the 
techniques of Appendix B (Section III), is left as an exercise. The derivation is of academic 
interest only. In practice, the odd-neutron nuclei behave similar to the odd-proton ones, and 
their cases have to be treated by using Q L M and 31m with appropriate effective charges. The 
situation is comparable to that noticed for the static moments, and points out, once again, 
that the core of an odd-mass nucleus plays a role in electromagnetic transition as well. 

Application of Single-Particle Results 

The major uncertainty in trying to apply the single-particle results in a serious quantitative 
manner is in the radial integrals <> L >. A reliable quantitative estimate of this integral, which 
we shall call the L-th moment, presupposes a very detailed knowledge of the single-particle 
radial wavefunctions. In most shell-model work, the radial functions for an infinite harmonic 
oscillator well are used. A Woods-Saxon type well has also sometimes been applied to get the 
radial functions. Any error in the radial function manifests itself rather crucially in the 
determination of a moment of large order L. Since the square of the moment enters the 
transition probability, the error is still further magnified. 

Under the most ideal conditions, the single-particle results would apply only to the 
closed-shell-plus-one- nucleon or closed-shell-minus-one-nucleon case. The simplest wavefunc- 
tions for the closed-shell-pius-one-nucleon case are given by | <£ 0 » j • «/)>> where <P 0 is the closed- 
shell core state, and j is the single-particle state. The transition probability between any two 
states j and / of this type is given entirely by the single-particle result of this section. The 
same observation is true for one-hole states. In connection with the static moments, we have 
observed that considerable core polarization exists in these nuclei, which makes the wave- 
functions more complicated. For each single-particle state j\ the waWunction is a mixture of 
the type 

V'O) = Cp 1*0. j -j> + f j ’ : y>, (III.52a) 

where <t>j j» an excited core state of angular momentum /. Since the multipole operators are 
of the one-body type, the core states <Pj important for our purpose are those that can be 
obtained by exciting one particle out of <P 0 . The transition matrix element between *P(j) and 
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'F(j') is given, to the first order in the small numbers C\-]j and C\\j, by the expression 


(_/')! Qm I'f'O')) = C^CoX&o , / : j'\ Q m l*o. j ■ j> + Z Cj/’jCo ’<00, / : / 1 I*,/. / : /> 


+ r j ■ f | Om 1 * 0 . j •• />• (in.52b) 

J 

The first term is the usual matrix element between closed-shell-plus-one-nucleon states. The 
second and third terms represent the effects of core polarization. Each of these matrix 
elements can be trivially shown, by the results of Appendix B (Section III), to be equal to 
g (d> L \ Q l m |<p 0 > The reason that the single-particle states in the core-polarization terms have 
been put equal is that already contains one particle state different from that in 0 O - If the 
single-particle state h in <f> 0 is changed to p in then the core-matrix element is given by 
<p\ C& |A>. Since any of the single-particle states in 0 O could change to something else, the 
state <P t can, in general, be a superposition of many lh-lp type states; the core contribution 
to the transition matrix element is therefore a similar superposition of matrix elements of the 
type Ol Am I h\ In most cases, the core contribution can thus be quite significant, and this is 
the second reason why the single-particle results given earlier compare very poorly with the 
observed data. In particular, the core contribution to the E2- and Ml -transition (which are 
the most frequently observed ones) may have a very large vitiating effect from the single- 

particle values. .... r . A 

A discussion similar to the one just concluded can be given in the case of a nonclosed- 

shell odd-mass nucleus in terms of its seniority-zero core state 0 O . The transition between the 
states |0 O . j '■ J) and l*o. / : /> now gives essentially the single-particle result; the only 
modification is due to the antisymmetry requirement of the last nucleon with the seniority-zero 
nucleons of the partially filled levels. The argument on core-polarization effects is also similar. 

The experimental data on odd-mass nuclei is shown in Figs. III.7 and III.8. The horizon- 
tal lines in these diagrams correspond to the Weisskopf estimates of (III. 48) and (III. 51) with 
R = 1.2 4 ui fm. 

Finally, a few remarks on the trends displayed in Figs. III.7 and I1I.8 are i»rtinent. 
The ordinate here is the log of the reduced lifetime, defined as r(E L)(E y A ) and 
r(M £,)(£? t+l /4* Jt— *^) for the electric and magnetic transitions, respectively. The mean lifetime 
T is obtained from the probability A by r (L) = A-'(L). The multiplying quantities containing 
gamma-energy and the nucleon number erase the ^'-dependence and nucleon-number 
dependence through the factors R 21 and R^- 1 , respectively. It is clear from the two diagrams 
that the observed lifetimes are usually too long (i.e., the probability is too small) as compared 
with the Weisskopf estimate. This is in agreement with our earlier expectation. On the other 
hand, most E2-transitions are seen to have lifetimes that are too short (i.e., the probability is 
too large) as compared with the Weisskopf estimate. For spherical nuclei, this is due to the 
strong quadrupole-type core-polarization effect, whereas for deformed nuclei this is a direct 
consequence of the charge deformation. Both these effects may be referred to as ‘collective’ 
effects.^ 


28. EXACT TREATMENT OF TWO NUCLEONS BY SHELL MODEL 
We have so far confined our discussion. of the shell model to single-particle type states. In this 
section, we shall consider the case of two nucleons and do a complete shell-model calculation. 
The first step will be to write down all the antisymmetric wavefunctions in a convenient 
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Neutron numbenN 

Fig. III. 7 Reduced lifetimes for observed electric transitions. [Following Goldhaber, M., 
and Weneser, J., Ann. Rev. Nucl. Sci. % 5, 1 (1955), p 13; also Elliott, J. P., and Lane, A. M., 
Handbuch der Physik, Vol 39, ed. by S. Fliigge, Springer-Verlag, Berlin, 1957, p 285.] 
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Neutron number N 

Fig. III.8 Reduced lifetimes for observed magnetic transitions. [Following Goldbaber, M. 
and Weneser, J., Ann. Rev. Nucl. Sci. y 5, 1 (1955), p 12; also Elliott, J. P., and Lane, A. M. 
Handbuch der Physik, Vol 39, ed. by S. Fltigge, Springcr-Verlag, Berlin, 1957, p 286.] 
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manner, and the next step will be the evaluation of matrix elements of various physical 
observables using these wavefunctions. This prepares the groundwork for the treatment, in 
Section 29, of a general case of more than two nucleons. 

A. TWO-NUCLEON WAVEFUNCTIONS 

We start with the simplest case, namely, that of two identical nucleons (i.e., either protons or 
neutrons). If a set of single-particle states ( nljm ), (n'l\ fm ), («'/', j”m * ), ... is available to these 
two nucleons beyond the closed shell core, then the two nucleons may distribute themselves in 
several ways amongst the available levels. If the total number of states is N, then obviously 
N Cz = \N(N — 1) is the total number of two-particle states permitted by the Pauli exclusion 
principle. According to this principle, the two nucleons must occupy two different single-parti- 
cle states. By definition, the two single-particle states nljm and nljm are considered to be 
different if at least one of the quantum numbers in nljm differs from the corresponding quantum 
number in nljm. Thus, the total number of antisymmetric states is equal to the total number 
of ways of picking out two different states from a set N , and hence this is equal to S C 2 > as just 
stated. With two such single-particle states, for example, nljm and nljm\ we can construct a 
2x2 determinant 

V2 2) 2) 

which is obviously a normalized antisymmetric state of the two nucleons (see Section 15). 
Since an actual nuclear state always corresponds to a good total angular momentum /, it is 
more convenient for our shell-model work to use a set of wavefunctions (for the two- as well 
as the several-nucleon case) in which the coupling of the individual particle angular momenta 
has already been done in order to produce the given tot.il angular momenta. In so doing, each 
wavefunction has also to remain antisymmetric under the exchange of any two nucleons 
(guarantees the Pauli principle). One way to obtain antisymmetric wavefunctions with good 
total angular momentum is to use suitable linear combinations of determinantal wave- 
functions multiplied by appropriate Clebsch-Gordon coefficients so as to produce the requir- 
ed total angular momentum. Although this straightforward procedure using determinants 
is quite feasible in the two-nucleon case, it becomes extremely cumbersome as the number of 
nucleons increases. We shall therefore follow an alternative method which directly uses angu- 
lar momentum coupled states and guarantees antisymmetry by a suitable linear combination 
of such states. The angular momentum coupled states can be used in a straightforward manner 
in evaluating matrix elements of physical observables by the standard results of tensor operator 
algebra listed in Appendix B (Section III). At no stage do we then need to break up the angular 
momentum coupling with the explicit use of the Clebsch-Gordon coefficients. The deter- 
minantal method and the alternative method just described lead to identical states in the case 
of two nucleons; in the case of three or more nucleons, however, the two methods yield 
different sets of states. The set of states obtained by either method is complete but, as mention- 
ed before, the states of the determinantal method are exceedingly cumbrous to construct and 
use in aqtual calculations. 

In the two-nucleon case, we first distinguish between two situations: (i) The sets of quan- 
tum numblers nlj and nlf of the two nucleons are th b same; in this situation, the two nucleons 
are said to be equivalent . (ii) At least one quantum number of the set nlj is different from the 
corresponding quantum number in nlf; here the two nucleons are said to be inequixalent . It 
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should be noticed that the projection quantum numbers were not introduced in these definitions 
because when the angular momenta of the nucleons are coupled the reference to their individual 
projection quantum numbers is lost. 

In situation (i), the angular momentum coupling produces a two-nucleon state given by 

\{nlj), (n!j) : JM> = Z V J ‘ f.ll n//ro>,|n//m'>j. (III.53a) 

m,m' L m m Ml 

The subscripts 1 and 2 on the right-hand side refer to the two nucleons. As already mentioned, 
we shall never use the explicit forms of the coupled wavefunction given by the right-hand side 
of this definition ; the compact notation on the left-hand side, in which the coupling has been 
kept implicit , suffices for our work. 

In situation (ii), the coupling produces the state 

\(nlj), (n'l'f) : JM> = Z \ J \ J ]\nljm) t \n'l‘j'm'y 2 . (III.53b) 

m.m' L m m Ml 

We remind the reader that the general notation nlj and nVf for the quantum numbers does 
not imply that all the three quantum numbers in one set need necessarily be different from the 
corresponding ones in the other set; to agree with our definition of the inequivalent nucleons, 
it would suffice if only one of the quantum numbers in one set is different from the correspond- 
ing one in the other set. We draw the reader’s attention also to our convention that, in an 
angular momentum coupled state, the first state always goes with the first particle, and the 
second with the second particle. In the case of more than two nucleons also, the same con- 
vention will be followed; namely, the third state goes with the third nucleon, and so on. 

The wavefunctions (III.53) are characterized by a total angular momentum / and its pro- 
jection M. But we have also to ensure the antisymmetry of these wavefunctions under the 
exchange of the two nucleons. Let us first examine the equivalent case (III.53a). Exchanging 
the nucleon indices 1 and 2 on the right-hand side, we get 

Pi 2 \(nlj),(nlj):JMy= Z V \ ^\nljm'y l \nljm'} 2 
m.m' lm m Ml 

= Z <-l)' + '-'K 7 

m t m* L m m Ml 

= -(-1 Y Z V \ J \nljm) l \n!jm'> 2 
m % mf Lm m Ml 

= -(-i Y\(nljUnlj):JM>, (III.54) 

where P t2 is the exchange operator. In the second step, we have performed the first symmetry 
operation (AIV.4) from Appendix A on the Clebsch-Gordon coefficient; in the third step, we 
have us?d the fact that 2 / is always an odd integer, and hence (— 1) 2; « — 1; finally, the de- 
finition (III.53a) has been used to replace the m, m summations by the coupled state in the 
fourth step; since m , m are summation symbols , we have simply interchanged them in the third 
step so that the identification with (III. 53a) becomes clear. The result (III.54) tells us that the 
angular momentum coupled wavefunctions (III. 53a) for the equivalent case are antisymmetric 
if we chodse the total angular momentum to be even integers. According to the angular 
momentum coupling rule, / could be any integral quantity between 0(®/ — j) and 2y(«®/ + 7); 
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but the antisymmetry requirement rules out every alternate value (the odd integers), the per- 
missible values being 0, 2, 4, , (2 j — 1). This completes our discussion on the wavefunc- 
tions of two equivalent , identical (i.e., either protons or neutrons) nucleons. 

In the inequivalent case (III.53b), we perform the exchange operation Pn and obtain 

P\i\(nlj\ (n'l'f ) : JMy = 2 P J J \ rtT/m'>,|/i/ym> 2 
m.m'Lrn m AfJ 

= (-l V+r-* z\ J , J J x \*rjmW n tjm A 

m.m'Lm m M \ 




(III. 55) 


In this case also, we have used the first symmetry relation of (AIV.4) from Appendix A and, in 
the final step, the definition (III. 53b); since, however, the state | nTj'm'y now goes with the first 
particle, and \nljm') with the second particle, we have written, in the final step, nVf first and 
then nlj. It should be noticed that this reversed ordering of the states of 1 and 2 demands the 
first two columns of the Clebsch-Gordon coefficient in the reversed order, and we therefore 
used the symmetry relation (AIV.4) from Appendix A to get the Clebsch-Gordon coefficient to 
conform to the new order of coupling. It is clear from (III.55) that, since the sets ril'f and nlj 
are inequivalent, the right-hand side does not have a simple relationship with the state 
| (nlj), ( n'l'f ) : /A/>. Therefore, the antisymmetry of this state now has to be ensured by an 
explicit antisymmetrization procedure. Using the two-particle antisymmetrizer (l/v'2)(l — P l2 ) 
from Section 15 and the result (111.55), we obtain 


i ,(»//). (n’l'f ) : JM) = " **>1 ("to. (»'*'/) = 


= ~r 2 [\(nlj), {n'l'f) : JM) - (- \)>^\(n'l'f), (nlj ) : JM)}. (III.56) 

We draw tbe reader’s attention to another convention in our notation: the parenthesis at 
the end of the state on the left-hand side indicates an antisymmetrized \ normalized state, where- 
as the ket notation at the ends of the states on the right-hand side denotes states with only 
angular momentum coupling and no antisymmetrization. We once again remind the reader that, 
in the first state on the right-hand side, nlj goes with the first particle, and riV j' with the second 
particle, whereas in the second state the situation is just the opposite. 

Using the same parenthetic notation in the equivalent case too, we simply have 

\{nlj) t (nlj) : JM) = £[1 + (- W)\(nlj) t (nlj) : 7A/> 

= maj), {nlj ) : JM) - (- 1 )'+'->//), {nlj ) : JM)]. (III.57) 

The f etor j[l + (—1)-'] takes care of the requirement that J has to be an even integer. 
It should be observed that, except for the normalization constant, the right-hand side of 
(III.57) could be obtained from (III. 56) by using n = n', l = /', andy = /. The correct normal i-^ 
zation can be taken care of by writing the normalization constant as [2(1 -f S„^Su>8jj-)]~ li2 , and 
then the 'ingle general expression 

}{"!}), (n'l'f ) : JM) - 

X [| (nlj), (n'l'f) : JM) — (— 1 \(n’l'f), (nlj) : JM)) (III.58) 
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is sufficient for the equivalent as well as the inequivalent case. 

We have already answered the question: what are the permitted values of J in the equi- 
valent case ? The same question applies to the inequivalent case. It is clear from the way the 
states (III. 56) have been constructed that all possible values of J permitted by the angular 
momentum coupling rule, i.e., those lying between | j — j | and (j -f- /), are allowed in this case. 

Finally, we have to extend our discussion to the general case of nonidentical nucleons (i.e., 
neutron and proton). There are two ways of doing this. First, we can simply couple the angular 
momenta of a neutron and a proton and use all possible states of the type \(nlj\ t ( ril'j )„ : JM), 
where v and n refer to neutron and proton, respectively. The angular momentum J now ranges 
from | j — / 1 to (j -f /). Since the neutron-proton wavefunction does not have to be anti- 
symmetric under exchange, the angular momentum coupled states serve our purpose. We do 
not therefore have to distinguish between equivalent and inequivalent cases. 

The second method is to use the isospin as an additional quantum number and demand 
antisymmetry of the wavefunction under an exchange of any two nucleons. We then do not 
have to specify whether (nlj), ( n'l'f ) correspond to v or it. Neither do we have to discuss the 
cases of identical and nonidentical nucleons separately. All such information is contained in 
the two-nucleon isospin T and its projection M T . We have discussed (see Section 2C) that both 
these are good quantum numbers for a two-nucleon system; T is conserved due to the charge- 
independence of nuclear forces, and M T because of the charge conservation of the two-nucleon 
system. 

The antisymmetric wavefunctions specified by JM , TM t may be constructed by following 
a procedure similar to that already described for states of good JM. In this way, the general 
expression that covers the equivalent, as well as the inequivalent, cases is 

I (nlj). (n'l'f) : JM; *, * : TM t ) = [2( i + gJ^ pH( n/ »> ("'W : JM > i : TMt > 

- (-iy+>‘- J (-\yi 2 + tl2 - T \(n'lf), (nlj ) : JM; J, J : TM t} ]. 

(III. 58) 

This expression now replaces (III. 57), given for identical nucleons. The part of each two- 
nucleon wavefunction following JM shows the isospin coupling of the two particles. The 
second term on the right-hand side is the result of — P l2 operating on the first term. In the 
same way as that for (III.55), we study this effect of P l2 . Obviously, the interchange of the 
particles 1 and 2 in the angular momentum part would once again give the same result, i.e., 
(III. 55); but the same exchange in the isospin part of the wavefunction would give, according 
to (I.5b), the additional phase factor (— 1 )»/2+i/2-r xhis accounts for the structure of the second 
term in (III.58). TheVterm in the normalization factor takes care, as before, of the special case 
of equivalent particles n = n,l — /', j = /. For such particles, the two angular momentum 
coupled states are obviously identical, and (II 1.58) reduces to 

| inlj). (nlj) : JM; J? 1 : TM t ) - *[1 - (-l)'+'-' +, - r l| ( n//), (nlj) : JM; J. * : TM t ). 

Since (2j+ 1) is an even integer, it is necessary, in order that this expression be nonvanishing, 
that 

J + T = odd integer. 

Thu*, 

J = 0,2,4 (2/ - 1 ) for T = 1 , (III.59a) 
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y = I, 3, 5 2 j for 7 = 0. (III. 59b) 

In the case of inequivalent nucleons, however, there is no such restriction on the value of J. 
For each T t J can have any value between \j — j'\ and (J + /). Since two identical nucleons 
always correspond to T =* 1 ( M T = 1 for two neutrons, and M T = — 1 for two protons), the 
result (III. 59a) agrees with our earlier result, as it should. The states (III.59b), having M T = 0 
(since T = 0), are possible only in the neutron-proton system. 

B. MATRIX ELEMENTS OF ONE-BODY OPERATORS 

In shell-model calculations, we usually confront two types of operators: (i) the single-particle 
type operators, such as the static and transition electromagnetic moments, the kinetic energy 
operator, and the one-body average potential and (ii) the two-body type operators; the 
only operator of this type that concerns us is the two-nucleon interaction potential V. In this 
section, we shall derive the matrix elements of a general one-body type operator, 

£ m 

/-I 

using the two-nucleon wavefunctions from Section 28A. In Section 28C, the same work is 
accomplished for the two-body potential V. 

Before proceeding with the actual evaluation, we shall derive a very important result 
which is applicable to any symme tric operator, i.e., any operator that does not change under 
an exchange of particle coordinates. The operator F is one of this kind. Further, in the proof, 
we shall use general antisymmetric wavefunctions of any number of particles, say, n. Let the 
two states be denoted by ¥*(1, 2, n) and 2, n) and the operator 

by 


z m 

/-i 

where the numbers 1, 2, . . . , k n denote the particle coordinates. 

We have 

<V( 1,2 »)|/(l)|r(l, 2 , 

= 2 l,...,n)\ f(k) \r(k, 2 1 «)> 

* <!P(1, 2, .... k n)| f(k) |F'(1, 2, .... k, , «)>. (HI. 60a) 

In the first step, we have relabelled in the entire expression the particle coordinates 1 and k; 
the relabelling is legitimate because the particle coordinates are dummy integration variables in 
the entire expression. In the last step, we have interchanged the particles 1 and k in the wave- 
functions only. Each interchange gives only a minus sign to the wavefunction, due to its 
antisymmetry under exchange. The two minus signs resulting from the interchanges in the two 
wavefunctions cancel each other, and hence the final result follows. Since k could be any particle 

index from 1,2 n, the result, just proved, can be stated as follows: in the matrix element 

<y| F IIP'), each term of the symmetric operator F contributes an equal result, and hence 
(V\ F |*P'> = n<'P| /(it) (V , *>, where k can be any particle. In shell-model work, usually the 
last particle it => n is chosen in this expression. 

For the sake of completeness, we derive also the result for the two-body type symmetric 
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operator G = £ g(i,j). Proceeding in the same manner as in (111.60a), we obtain 
to 

<y(l, 2 k , »)| g(l, 2) 1^(1, 2 

- <V(*, /, . . . , 1, . . . , 2, . . . , n)\ g(k. /) | V'(k 9 / 1 , .... 2 «)> 

- <V(1 , 2, ... , n)| *(*, /) |!P # (1 , 2, , n)>. 

Once again, the first step follows by relabelling the dummy integration variables 1 «-♦&, 2 «-♦/ 
throughout the whole expression; the second step follows by making the same exchanges in 
the wavefunctions alone. Thus, we have proved that every term in G gives equal matrix 
elements, and hence 

<W\ G | r> = in(n - 1)<^| g(k, /) ',r>, (III.60b) 

where k y l is any pair. In shell-model work, the pair (n — 1, n) or the pair (1, 2) is usually 
chosen. 

We now return to the problem of evaluating F between shell-model two-body states. We 
first define an abbreviated notation for the rest of our shell-model work. The sets of quantum 
numbers nlj, ril'j ', ... of a single nucleon are, from now on, denoted by single letters 

0, a , . . . . The product of 8-functions in the normalization constant hrm&u&jy is therefore 
denoted by the notation 8 ao ^. Since the single-nucleon isospin is always the isospin coupling 

1, J : TM t is denoted simply by TM t for brevity. Whenever we need to show the quantum 
numbers «, /, j explicitly, we shall do so with the appropriate subscripts a y a \ .... Thus, 
«a» Lja denotes these quantum numbers for a single-particle state whose abbreviated nota- 
tion is a. In our new notation, we use two-nucleon wavefunctions of the type (III. 58), utilize 
the general result (III.60a), and obtain 

(ab : JMTM t \ F | a'b ’ : J'M'T'M't) 

= {(1 + 8*)(1 + W)}- <1,2) [06 : JMTM r \ + (-[)L+h-J-T ( b a : JMTM T \]f{2) 

X [\a'b' : J’M'T'M't > + ( — 1 +Jl >' ~ J ~ T \b'a : J'M'T'M't >] 

= {(1 + U(1 + W)}- (,i2) {l + P(abJT)){\ + P(a'b'J'T')} 

X [<ab : JMTM t \ /( 2) | a'b ' : J'M'T'M't >] 

- [ J M , K q + U(1 + + P{abJT)} 

X {1 + P(db'J'T')}lS aa ,U{a'b'JK-, J'byb\ \f k \ [*'>]. (III. 61) 

« 

In the first step, we have explicitly expressed the two terms in each antisymmetric wave- 
function. The four matrix elements of /( 2) contained in that expression have been denoted in 
the next step with the help of the two operators (1 + P) acting on the single matrix element. 
Each of the operators P n defined by 

P(abJT) = (_i yio+h-J-T Patf 

where P exchanges a and b. In the final step, we have extracted the isospin part of the 
operator /, and denoted its matrix element by f,(TM r , T'Mt). Since the isospin matrix 
element in all the four terms is the same, it has been written as a common factor to the left 
of the /’•operators. Given the explicit form of the isospin operator, this matrix element can 
be written down with the help of the formulas given in Appendix B (Section III). After the 
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extraction of the isospin part, we are left with the space-spin part of /. Assuming this to be 
of the form /*, i.e., a tensor of rank K and component q (the general form will obviously be a 
sum of such tensors), we have written down, in the final step, its matrix element with the 
help of (Bill. 13) from Appendix B. 

If the single-particle states a> b are equivalent ( a = b ), then 


(l + + P{abJT)}=~{ 1 - (-l)' +r } 



for J -f T = odd integer (i.e., the states allowed 
for equivalent nucleons) 


l L 0 otherwise 


A similar observation holds for the case a ' = b r . If both the states ab and a'b' correspond to 
equivalent nucleons, then the product of the (1 -f /^-operators gives a simple numerical factor 
with which the expression within the square brackets in the final step of (III. 61) has to be 
multiplied. If any one of the states ab and ab' corresponds to equivalent particles, then the 
corresponding (1 4- P)-operator reduces to a number, whereas the operator (1 + ?), for the 
inequivalent pair, operates on the expression within the square brackets. In the most general 
case of inequivalent nucleons in both ab and ab\ the product of the two (1 -f PJ-factors, 


1 + P(abJT) + P(a 9 b'JT) + P(abJT)P(ab l J , T , \ 


operates on the expression within the square brackets and gives rise to four different terms. 
However, some of these terms may turn out to be zero through the 6-factor in the expression 
within the square brackets. Since the 8-factor is also affected by the ^-operations, we should 
let the operators first act on the expression, as it appears in the final step of (. 7/7.67), and 
then put special values of o, b y a\ b\ 

The foregoing statements become clear if we consider an example: the special case of 
a' = a and b’ — b with a =£ b. In this case, the term P(abJT) gives rise to the 8-factor 8^ 
after the exchange a<r*b is done. But since a = a and a ^ b, this S-factor gives zero, and 
hence the P(abJT)- term vanishes. Similarly, the P(ab’ 7'r')-term produces the 8-factor 8„^ f 
and hence a zero result. The term thai goes with 1 contains 8 ai/ which is obviously non-zero, 
and so is the term produced by P(abJT)P(ab f J , T') t the latter containing a 8-factor 8&*'. 

Since F is a one-body type operator, we know that, acting on ab\ it can produce a state 
ab in which at the most one single-particle state has changed. Thus, the nonvanishing matrix 
elements in (III.61) are obtained by connecting the states ab with the states ab’ of five 
different types: 

(i) ( aa ) (< aa ), 

(ii) (<w) 4- (ab) or (aa) 4- (ba), 

(iii) (ab) 4- (ab\ 

(iv) (ab) 4- (ab’) or (ab) 4- (a’b) t 

(v) (ab) <- (aa) or (ab) 4- ( bb ). 

It should be noticed that (aa) 4> (ab) or (aa) 4- (ba) represents the same matrix element with a 
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possible difference in sign because 

\ba : JMTM t ) = 4,(1 ba : JMTM t ) + (~\)h+J*-J-T\ ab . jmTM t >] 

\ l 

= ~(-\)h+}'- J - T [\ab : JMTM T y + {-\) h+h ~ J - T \baJM, TM T y] 

= (-l)h+h-J-T la b : JMTM t ). (111.62) 

For the same reason, in (iv), if the case (ab) <*- (ab') is worked out with suitable relabelling and 
phase factors, the result for the case (ab) +- (a’b) will follow. Finally, the type (v) is already 
covered by (ii), the initial and final states being simply interchanged in the two cases. Thus, 
every conceivable result can be worked out if we specialize the expression (111.61) to the cases 

(i) (ad) ^ (ad), 

(ii) (ad) 4 - (ab), 

(iii) (ab) <- (ab), 

(iv) (ab)*-(ab'). 

We have already explained how the P-operators in (III. 61) should be handled in the equivalent 
and inequivalent cases. By following the instructions given there, specialization of the formula 
to the cases (i)— (iv) can easily be done. 

C, MATRIX ELEMENTS OF TWO-BODY POTENTIAL 

We shall consider the central and noncentral potentials discussed in Section 3, first with a well- 
behaved shape, say, any of the forms listed in (I.45b). The way to use the /-matrix elements in 
this method, in the case of a strong-core potential, is described in the course of our discussion 
in this section. 

Since the state | ab : JMTM t ) has a specified isospin, the result of the isospin exchange 
operator P t acting on it is very simply given by the multiplicative constant (~l) r+I , which is 
1 for T = 1 and —l.for T = 0. This means that the general Wigner and Heisenberg exchange- 
dependence of the noncentral and central forces immediately reduces to simple numbers. This 
is not true for the Majorana and Bartlett exchanges of the central force, and the noncentral 
operators 3*, /• S, andf/^S) 2 . The Majorana operator P M , being equal to —P 0 P r , gives (~l) 7 7 > <r . 
The P 9 occurring here, and also in the Bartlett exchange term, could be replaced by (— 1) 6>I if 
it acted on a state of specified two-body spin quantum number 5. Similarly, from our work 
in Section 4, we knotf that the evaluation of 3*, /• S, and (/ • S) 2 also requires the knowledge of 
the spin 5. They vanish for 5 = 0, and have nonvanishing values for S = 1. In the present 
case, our yy-coupled shell-model state | ab : JMTM t ) does not as such contain this information 
on spin. 

The term jj-coupling*used here has been explained at the beginning of Section 25, where 
we also described the alternative way of coupling the angular momenta, called LS-coupling. In 
the case of two nucleons, this alternative method entails (i) first coupling l a , l b to produce the 
total orbital angular momentum L, then (ii) coupling the individual spins, each equal to £, to 
produce the total spin S, and finally (iii) coupling L and S to produce the total J. The mathe- 
matical transformation between the two-nucleon //-coupled and LS-coupled states is presented 
in (AVL2) of Appendix A, The transformation coefficients are the 9/-symbols. 
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The information that we need for obtaining the values of P a and the noncentral operators 
is clearly contained in the LS-coupled state. Hence, for the purpose of calculating the matrix 
elements, a transformation of the state | ab : JMTM t ) into the LS-coupled states is desirable. It 
should be noticed, however, that (AVI.2) from Appendix A applies to each of the two non- 
antisymmetrized parts of | ab : JMTMt) separately. Thus, 


| ab : JMTMj) = 


X 

LS 


[>a i )a~ 

j K i jb 

U s j. 


I (nJ„nJ k )L, (J i)S:JM;TM T ), 


['b i h 1 

(-l)h+h- J - T \b a : JMTMt) = (-1 ))a+h-J-T E I /„ \ j a I 

“LL s jJ 

X \(n b I b , n a l a )L, (i l)S :JM- TM t ). 


(III.63a) 


(III.63b) 


According to the symmetry property of the 9/-symboIs, stated in Appendix A (Section VI), we 
can convert the 9y-symbol of (III.63b) into that of (III.63a) by multiplying it with the phase 
factor (- If, where X = l tt + 4 + 1 + j a + jb + J + L + S. Combining this phase factor with 
the phase (— 1)/« +Jb-J-T already present in (III. 63b), we obtain 


(_ \)i°+h-J-T\p a . JMTMt) = (-1 ) / « + , b+ i (- l) 1+s+r 


X 

LS 


''a 1 Ja 1 

lb I jb j 
l s yj 


x | («*/*, n a l a )L, (i i)S : JM; TM t ). 


(111.63c) 


Adding this to (III.63a) and multiplying by the normalization factor [2(1 + S ,*)]" 1 ' 2 , we obtain 


| ab 


: JMTMt) = [2(1 + S a4 )]' 1/2 £ 

LS 


'la i ja ' | 

lb i j k \[\(n a l a ,n b l b )L,(ll)S:JM-,TM T ') 
_ L S J J 


_ (_ ]) la+lb+L+S+ T\ (nb , bt nJa)L> (i - JM; TMt)]. (IH.64) 


If we use this type of expression for the wavefunctions, then all the exchange operators 
immediately reduce to numbers dependent on the quantum numbers S and T, as explained. 
Therefore, the entire problem of evaluating the matrix element of the central potential reduces 
to dealing with the shape function /(r/a) of the potential sandwiched between two states of the 
type (III. 64). For the noncentral potential, there is the extra complication of inserting the 
matrix elements of the noncentral operators, as given in Section 4. $ 

Since the two-nucleon potential depends on the relative coordinate r of the two nucleons, 
it is advantageous to introduce the Moshinsky transformation (11.85) while writing the spatial 
part of the wavefunction (III. 64), i.e., \{n a l a , nJJL) or | (n*/*, nJ a )L). The first term in (III.64) 
gives rise to the harmonic oscillator bracket <(! 71 Jj, nl : L\ \n a l a , nJh : IS), whereas the second 
term gives* <&£, nl : L\ |n*/», n a l a : L). These two brackets are related to each other (see 
Appendix F) through a phase factor equal to (-l) , * +/ ’> +t+/ . Together with the phase already 
present in the second term, we get a net phase factor equal to (— l) ,+s+r . Thus, 
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[l. i ja~\ 

\ab : JMTM t ) = [2(1 + S o6 )]-‘ /2 2 2 /* | j„ V jl-C, nl : L\ \nj a , n b t b : L> 

LS 31 £ i n/ [ ! 

Li 5 /J 

x[l - (-l) /+s+r ]| (3ZX w/)L, (i i)5 : JM; TA/ r >. (III.65) 

The quantum numbers 32X now refer to the harmonic oscillator state for the centre-of-mass 
motion, and nl to the harmonic oscillator state for the relative coordinate of the two nucleons. 
The reader is cautioned not to confuse the latter with the single-particle oscillator function. It 
is understood that the Moshinsky coordinates R and r, defined in (11.44), are being used in the 
spatial wavefunction \($l£> t\l)V) of (III. 65). Therefore, while evaluating the matrix element, 
the shape function /( r/a ) should be suitably transformed into the appropriate function of r. 
This is done later in this section. 

The factor 1 — (— l) /+s+r guarantees the antisymmetry of the nonvanishing terms on the 
right-hand side of (III.65). Since the centre-of-mass coordinate remains unchanged under an 
exchange of the two nucleons, the centre-of-mass wavefunction specified by ffljC) also remains 
unchanged under this operation. On the other hand, since the relative coordinate changes sign 
under an exchange of the nucleons, the part nl of the wavefunction gives a multiplicative 
factor (-1)' from the property of the spherical harmonic. The exchange on the spin and iso- 
spin parts of the wavefunction produces respectively (— l) 1 * 5 and (— l) ,+r . Putting all these 
phase factors together, we obtain (— l) /+5+r . Thus, 1 — ( — l) /+5+r is equivalent to the operator 
(| - p i2 ) t w hich is the antisymmetrizer for the two-body wavefunction. The occurrence of 
antisymmetrized states on the right-hand side of (111.65) is to be naturally expected because 
the state on the left-hand side, which has here been expanded, is antisymmetric under the 
exchange of nucleons. 

One final step remains to be incorporated in (111.65) before we can use the expression for 
the evaluation of matrix elements. The state on the right-hand side contains the couplings of 
three angular momenta in the order (i) JC -j- / = L and (ii) L -f S = J. A reference to Appen- 
dix A (Section V) will instruct the reader on an alternative scheme of coupling: (i) / + S = r <7, 
g being the total angular momentum of the relative two-nucleon state, and (ii) J! + g = J. 
The states corresponding to this second manner of coupling are more convenient to use be- 
cause here the relative state is completely specified by its total angular momentum g. We 
denote these states by the obvious notation | Jl~C, ("l> S)3 - JM; TAf r >, and use them together 
with the six /-coefficients of Appendix A (Section V) to replace the states appearing in (III. 65). 
We thus obtain 


| ab : JMTM t ) = [2(1 + W' 2 £ 


ru 

lb 

L 


i JV\ 

i h \CJl-C, nl : L\ I nJa, nj b : I> 
S J J 


x*[l - (-l) ,+s+r ] j U(11JS\ L$)\7l£, (nl, S)g:JM\ TM t ). (111.66) 


The wavefunction of the relative coordinate, specified by the quantum numbers /, S, and 
the isospin wavefunction described by TM r are exactly the same as those occurring in Chap- 
ter I. The only difference is in the radial function. In Chapter I, we have determined them by 
solving the exact SchrOdinger equation for the relative coordinate r, here the radial depen- 
dence is that of the harmonic oscillator, given by R„ t (see Section 17C) and expressed as a 
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function of 7 = r/\/2. The reader’s attention is drawn also to the distinction between the 
orbital angular momenta L and /. L denotes the total two-nucleon orbital angular momentum, 
whereas / denotes the same for the relative motion. 

Since V conserves JM , TM t , we shall evaluate its matrix element between the two states 
(a'b' : JMTM t \ and \ab : JMTM t ). For both these wavefunctions, we shall use expansions of 
the type (III. 66). V is a scalar operator for the relative wavefunction specified by (nl, g) and 
the isospin wavefunction given by TM t , and we know from our discussion in Section 4 that it 
keeps the quantum numbers S, g % T, M T unaltered. Further, being independent of the centre- 
of-mass coordinate, it does not affect the centre-of-mass wavefunction specified by 71-0- As far 
as the relative orbital angular momentum / is concerned, we know from Section 4 that the 
noncentral part of V causes an admixture of / = g ± 1 in the spin-triplet state, and keeps the 
(S = l)-state with / = g unmixed. The central part of V, on the other hand, conserves / in addi- 
tion to S, g, T, . . . . Therefore, in general, the potential V, acting on | (nl, S)g \JM\ TM T y , 

changes it to states of the type | JZX (nT, S)g : JM; TM T y. Conservation laws similar to 
those applicable to / hold for the total angular momentum L as well. The central potential, 
which is a scalar in the two-body space, requires L to remain unchanged, whereas the non- 
central potential, containing tensors of higher rank, can change L to L' having the same J, S, 
and parity. 

The foregoing conservation requirements enable us to write down the general result 
(ab' : JMTM t \ V | ab : Jfo TM t ) 



\ 


\ U 1 

l[(l + w+wr ,/2 z 2 £ 2" U 

1 

Z 

h 

\h- 

i jv j 

L,L',S Jix nl.n'r 3 

U 

s 

i 

jj 

L v 

S J J 


xOJJX nl : L\ \nj a , n b l b : nT : L'\ \n a >l a >, n b >l b > : L'> 

x[l — (-l) /+5 * r ][l - (— \) r+s + T ]U(£lJS; Lg)U(£l'JS ; L'g) 

X <3/X (nl\ S)g:JM ; TM r \ V\ Jl£, (nl, S)g:JM ; TM t >. (111.67) 

Since /, T have the same parity, we may write 

[1 _ (-ly+wp _ (-ij/'+s+rj = 2[1 - (-l) ,+5+r J. 

Further, since V is a scalar operator, the application of the Wigncr-Eckart theorem, and 
(Bill. 13) from Appendix B, yields 

<3L£ («7\ S)g:JM ; TM t \ V j (nl, S)g:JM; TM t > 

« S)g; T\ \V\ | (nl, S)g; T> 

= <(nl\ S)g3U TM t | V \ (nl, S)g3i; TM r >. (III.68a) 

Since the Clebsch-Gordon coefficient in the Wigner-Eckart theorenf is 1 for the present case, 
there is no difference between the full matrix element and the reduced matrix element. 31 
here is the projection of g. If the shape function of V is given by f(r/a) =f(y/2r/a) m =J(?), 
then the radial integral contained in (III. 68a) is given by 

J*lW(F)/(; : )/W' r )dr- (HI68b) 

The rest of the matrix element in (III. 68a) connecting < r J*Sg3T> TMt\ and | lSg3l\ TM T y is 
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the same matrix element of the central and noncentral potentials evaluated in Section 4. 
Therefore, (III.68a) and (III. 68b), together with (III. 67), give a complete evaluation of the 
shell-model matrix elements of the two-body potential. 

In view of the expression (11.81 b) of the harmonic oscillator radial function, it is clear 
that the radial integral (III.68b) is a linear sum of integrals of the type 

/, = I” exp (— r J /i> J )r 2(p+1) /(r) dr, (III.68c) 

where 6[=h/(Afa>)] ,/2 is the harmonic oscillator parameter, and the integer p takes values 
between $(/ + /') and $(/ + O + n + ri = J(A -f A'); A is defined by (11.78). Since the relative 
states must have the same parity, $(/ + /') is guaranteed to be an integer. The radial integrals 
(III.68c) are called Talmi integrals for the potential function /. If / represents a Gaussian 
shape function exp [— (1 /2)r 2 /o 2 ], then the Talmi integrals are very easy to evaluate. Intro- 
ducing c~ 2 ss aT 2 + b~ 2 , we then obtain 

I p = |* e’'< c ' r 2p+i dr = $ c 2 »+ 3 r(p + f ). 

For an exponential or a Yukawa shape function e‘' rla l(rja) t the Talmi integral is more 
difficult to evaluate. This is left as an exercise. The final results are expressed in terms of the 
error function 

erf (x) = e-* dy , 

which can be numerically evaluated. 

We now point out how the G-matrix elements of the actual two-nucleon potential with a 
strongly repulsive core (see Section 22C) could be used in the foregoing calculation. In the 
roughest approximation, discussed in Section 22, the relative /-matrix elements used in com- 
puting G do not at all depend on the centre-of-mass states. These matrix elements are actually 
of the type of those on the right-hand side of (III.68a), with V being replaced by /, and hence 
can be directly used in (111.67) in conjunction with (III. 68a). In a more refined calculation, 
the /-matrix elements are considered to be diagonal in , but dependent on these quantum 
numbers through the (g/e)-operator in the definition of /. These more refined matrix elements 
are of the type of those on the left-hand side of (III. 68a), with V being replaced by /. These 
(32 -O-depcndent matrix elements can be directly inserted in (III. 67). 

Alternative Method Using Slater Integrals 

The foregoing method usfog the harmonic oscillator brackets is almost universally used at 
present. In earlier shell-model work, a method originally used in atomic physics was very 
popular. We shall demonstrate this method for a central potential. 

When we use the (L3-y/)-transformation (111.63a), the values of the exchange operators 
can be immediately written down, as discussed earlier in this section, and then tjie problem 
reduces to treating only V 0 f(rla). We can expand the shape function f(r/a) in a complete set 
of Legendre polynomials of the angle 0 l2 between the vectors ri and r 2 , where r *■ ri — r* The 
expansion coefficients wilt obviously be functions of the magnitudes r ( , r% of the two vectors, 
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and we shall denote them by f K (r lt r 2 ). Thus, 
fir la) = £ M r t , r 2 )P K ( cos 0, 2 ) 

= £ /^i^Wl) *^(2). (III.69) 

X-0 

The Legendre polynomial has been substituted in terms of the spherical harmonics of the 
directions of t { and r 2 , according to the spherical harmonic addition theorem (BI.21) from 
Appendix B. The unknown quantities r 2 ) are given in terms of f{rja) by the integral 

2K j. ] r go 

Mr „ r 2 ) = 1 f(r/a)P K ( cos d l2 ) d( cos $ l2 ). (III.70) 

We have multiplied the first line of (111.69) by Pk> (cos 0 l2 ) and integrated over the angle; the 
right-hand side yields a nonvanishing result only for the term K — K\ by virtue of (AI.8) 
from Appendix A. The final result, which is true for all K\ has been rewritten in terms of K 
in (III. 70). Using the last line of the operator (III. 69) between the LS- coupled states of 
(III. 63a), we get 

<("a'la; n v l v )L , (i \)S : JM, TM r \ f(r/a ) \(nj„ n b l b )L, (J J)S : JM, TM r ) 

= j? F K (nJ a ,, rtb’lb l nj m n b l b )<l a d b ,L\ |y*(l) ./(2)| \l a l b U), (III.71) 

where the radial integral F K is called the Slater integral and is defined by 

FkM; n b d b n a l a , n b l b ) = j" dr, f d^R^r^R^^Mr,, r 2 )R„j a (r l )R„ blb (r 2 ). 

(111.72) 

In writing down (III. 71), we have made use of the standard result (Bill, 14) from Appendix B. 
To further simplify (HI. 71), we can express the reduced matrix element, by using (Bill. 15) 
from Appendix B, as 

<la’U I |y K (l)-y*(2)| \lJ b V) = (-1 LK) 

x</.-im/ a ></*'ii/ : i!/*>. (in.73) 

The reduced matrix elements in this final expression can finally be written down by using 
(BUI. 3) from Appendix B. 

It should be remembered that the antisymmetric state \ab : JM , TM t ) contains two LS - 
coupled terms, as shown in (III. 64). Thus, the matrix element between antisymmetric states is 
a linear combination of four matrix elements of the type (III. 71). The general expression 
(III. 77b) will enable the reader to reduce these four terms to two terms and evaluate them 
separately. 

In a slight variant of the method, we can avoid expressing the //-coupled states in terms 
of the LS-coupled states by suitably rewriting the operator. For a central potential, we have 
already noticed that the operator o^a 2i contained in the exchange operator P 09 is troublesome 
to handle between the //-coupled states. We shall show how this can be done by manipulating 
the operators. We have 

^/^i,r 2 )/(l)*A 2 )®i^ 2 = £ /*('!> r 2 ) 2 (-1)%*(1)>*(2) 

Jf-0 X-0 «— K 
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Using the definition (BII.8) from Appendix B, we can rewrite the operator (111.74) as 

oo r+i 

- 2 Mr u r 2 ) 2 (- 1)*-*' E (- 1)V(D, ®i )§W), a 2 )^ 

x-o r-|A-n o 

=■ - 2? A(r„ r 2 ) *2 l a^'-O^), a 2 )*'. (III.75) 

A-0 A'-IA-ll 

Thus, the matrix element of (III. 75) between the jy- coupled states is given directly, by using 
(Bill. 15) from Appendix B, as 

<a'6' : JM y TM t | /(r/n)o l *a 2 |ah : JMy TM t } 

= -(-iyV4A-Vura z E JK')F K {nJ a ., n b 'h\ nj a , n b l b ) 

A-0 A' 

X <M/*| |(A an |(A an |«7*>. (III.76a) 

Each of the reduced matrix elements in the final expression can be obtained by an application 
of (Bill. 16), followed by that of (Bill. 3) and (Bill. 6) — all from Appendix B. 

For the Wigner and Heisenberg exchange terms, we have to handle the simpler expression 
(III. 69) between the yy-coupled states and, using (Bill. 15) from Appendix B directly, we obtain 

a‘b ' : JM f TM T \f(rja) \ab : JMy TM r > 

= (— l )/.'+>»- ViTeiLM z W(ja’jb', jj b \ JK)F K (nyl a ■, n b 'l b -\ n a l a , n b l b ) 

K — 0 

x <JAu\ 1^1 \UJaXMM 1**1 Mi*)- (iii.76b) 

The reduced matrix elements in this expression are given by (Bill. 17) in Appendix B. 

Once again we draw the reader’s attention to the fact that the expressions (III. 76) 
represent matrix elements between simple angular momentum coupled states. There will 
therefore be four such matrix elements in the expression using the antisymmetric states 
(ah ' : JMy TM t \ and \ab : JMy TM t ). For the entire two-body potential V t these four terms are 
given, according to (III. 58), by 

(a'6' : JMy TM t \ V \ab : JMy TM t ) 

= i[(l+U0+ W)]- (,/2, [<^ # : JM. TM t I V \ab : JM y 7M r > 

+ (-1 )l*+h+i*'+h'<)ta' : JM t TM t \ V \ba : JM t TM t > 

+ (-1 y/o+h-J-T<a' b ’ : jm, TM t \ V \ba : JMy TM r } 

+ (^l)fa +t»-l-Tqf(t : JMy TMt\ v | ab : JMy TMt}] (III.77a) 

= [(1 + 1 + S«'*0r (l/2) [<>'*' : JMy TMr\ V I ab : JMy TM r > 

+ (- 1 )ja+h-J- T / a 'b ' : JMy TMt\ v I ba : JM , TMt)1 (III.77b) 

It needt? some detailed explanation to understand how the final step (III. 77b) follows from 
(III.77a). First, it should be noticed that, in the step (III. 77a), the first matrix element corres- 
ponds to a transition of the first nucleon (one in the first location in the two-body states, 
according to our convention) from a -> a\ and that of the second nucleon from b b\ Then it 
should be observed that, in the second matrix element, the second nucleon goes from q -+ d and 
the first from b-+b‘. Since the nucleon variables are dummy integration variables in the matrix 
element, we can relabel them by exchanging 1 +-» 2 throughout. V is not affected by the exchange 
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because it is a symmetric operator, whereas the states change to \b(2)a(\) : JM y TM T y and 
(b\2)a\\) : JM> TM t j, respectively. If we reverse the order of coupling in these two states, 
then we obtain the phase factors (_i)/o+.W+i-:r an( j (_iy«,+y 6 ,-./+l-r respectively, and 
the states become \a(\)b(2) : JM y TM r > and <a\\)b\2) : JM y TM t \. The phase factors cancel out 
with (— 1 )Jo+jb+Ja'+h' 9 already contained in the second term, and the matrix element between 
the new states is obviously the same as the matrix element in the first term. [It should be 
remembered that the nucleon coordinates (1) and (2) arc understood in the first term.] Therefore, 
the first two terms in (III.77a), which are equal, add up to cancel the factor $ at the beginning 
and give rise to the first term in (III. 77b). In an analogous manner, it can be shown that the 
third and fourth terms in (III. 77a) are equal, and hence add up to produce the second term in 
(III.77b). The first term in (III.77b) is usually called the direct term , and the second term the 
exchange term. The matrix element of the two-body potential between antisymmetric states is 
therefore a combination of the direct and exchange terms. The results already obtained will 
enable the reader to evaluate each of these terms separately, and thus obtain the matrix element 
between antisymmetric states. 

We now discuss the evaluation of the Slater integrals F K . In atomic physics, the inter- 
action between two electrons is given by the Coulomb potential e 2 /r 12 . In any textbook on analysis, 
the Legendre polynomial P*(cos d l2 ) is actually defined from l/r J2 by 

7 " = ('i + ~ I'i'i cos 0 12 )- (i,2) = £ cos 0 U ), 

r n x- o r> 

where r < and r> are respectively the smaller and the larger of the quantities r, and r 2 . Com- 
paring this expression with (III. 69), we obtain, for the Coulomb interaction, 

Mr t , r 2 ) = 

r > 

Thus,/* is a very simple function of r,, r 2 which can be directly used in the definition (III. 72) 
to obtain the Slater integrals. In the two-nucleon case, the function f K (r u r 2 ) is not at all a 

simple function for any of the familiar shape functions of finite range. In fact, a straightfor- 

ward integration of (III. 70) is not possible in terms of known analytic functions. Because of 
this, the Slater integral method does not have in the two-nucleon case any natural advantage 
similar to that in the two-electron case. 

To evaluate the Slater integrals in the two-nucleon case, the definition (III. 70) has to be 
inserted in (III. 72) and then a straightforward calculation of the resultant triple integral has 
to be accomplished. The expression we have to evaluate is given by 

2K 4- 1 f * f® f +l 

2 J 0 dr> j 0 ^ J_/ (C0S 9ll) d ^ R n 0 I a ( r i) R ni l t (’'l)- 

(III.78) 

The product of the radial functions of r ( occurring here can be written as 

, (r.) - b~' S C,(nJ a , n a ./ a .)/>?' +t+J exp (-/>?), (III.79a) 

* * (-0 

, • 

where N = n m + L ■» l a + p t = rjb. The coefficients C, are easily obtained with the 
help of (II.81b). A similar expression can be written for the radial functions of r 2 appearing in 
(III.78) as 
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N' 

= b ~ l ( ,f 0 CrM, n b 'l b >)pY +L ' +i exp (~pI) 


(III. 79b) 


with N’ = n b + n b >, L’ = l b + /*-, and p 2 — r 2 /b. The factors b~ l appearing in (III.79) convert 
dr, dr 2 into dp, dp 2 . The factors pj and p\ can also be extracted from (III. 79) to yield the ele- 
mentary integration volume p\ dp, p\ dp 2 d { cos 0 12 ). 

We shall next transform the dimensionless variables p„ p 2 , and cos d, 2 as follows: 


P = ^(Pi — P 2 )* P = ^(P* + Ps) 

so that 

Pi = ^2 (p + p) ’ P2 = ^2 (P “ p)- 
Therefore, 

pi*p 2 = PiPi COS 0, 2 = l(p 2 - p 2 ), (111.80a) 

P? + Pi = M(P + p) 2 + (P - P) 2 1 

= p 2 + p 2 (III.80b) 

and 

P 2 i =* i(P* + p 2 + 2pp COS a), (111.80c) 

p\ = Hp 2 4- P 2 — 2pp cos a). (III.80d) 

Here ol denotes the angle between the vectors p and p, which are respectively the relative and 
centre-of-mass coordinates in units of b (and hence dimensionless). As a result of these trans- 
formations. 

Pi dp i f >2 dp 2 d { cos 0 i2 ) p 2 dp p 2 dp d { cos a). 

The potential function f(rja) transforms into/(-v/2 r/a) =fW2 pb/a) The factor 

exp [— ‘(p? 4- P 2 )] * n the product of (III. 79a) and (III. 79b) transforms, by virtue of (III. 80b), 
into exp [— (p 2 4* P 2 )]* The factors involving the powers of p,, p 2 , and cos 0 l2 (contained in the 

Legendre polynomial) can be transformed by using (111.80a), (III.80c), and (III.80d). We first 
write the Legendre polynomial P*(z), where z = cos d i2 , in powers of z, as 

Pg{z)=* Z c t {K)f. (III.8 1 a) 

1*0 

(parity of K) 

The coefficients c,(K ) can be obtained from the definition of the Legendre polynomial given in 
Appendix A (Section I). The easiest way, however, is to make use of the recursion relation of 

the Legendre polynomials, i.e., 

, Px + ,(z) = k * jPx.,(z) - (III. 8 lb) 

together with the initial expressions for P 0 and P h namely, 


Po(z)=l, P,(z) = z. ' (111.81c) 

It is clear from (III.81b) that P 2 (z), given in terms of zP,(z) and P 0 {z), contains z° and z 1 . 
Similarly, P 2 (z), a linear combination of P,(z) and zP 2 {z), contains z and z J . In general, the 
recurrence relation (111.81b), together with (III.81c), guarantees that P^z) has a maximum 
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power of 2 equal to K t and that only even or odd powers of z appear in the sum, depending on 
whether K is even or odd. The latter fact is denoted in (III. 81a) by specifying that the summa- 
tion index t has the same parity as K. Further, since P K { cos 0i 2 ) = y*( 1)*^(2), and its matrix 
element was evaluated between the states / fl , l* of the first nucleon and l bt l* of the second 
nucleon, it is guaranteed that (i) both l n -f l a > + K and l b + l b > + K are equal to even integers; 
(ii) | l a — l a > | < K < l a + and \l b — l b >\ < K < l b + l b >. These facts ensure that, for any t in the 
expansion (III.81a), the quantities l a + l a > — t and l b + W — l are cither a positive even integer 
or zero. Using all these results in (III. 78), and denoting cos a by x, we get 

F/c(. n a'la'f nylb nJb) 

IK 4 - 1 (*• . f® f+t N N’ K 

= P 2 dp P 2 dp\ dx E 2 £ C,(n a l a , »,/,) 

L JO Jo J -1 1-0 I'-O (-0 

(parity of AT) 

X c r (n b l bt n b l b ')c t (K) exp [- (p 2 + p 2 )]/(p){pf + L ff+ U *}. (III.82) 

We next consider the transformation of the part of (III. 82) enclosed within the braces. The 
quantity (PiPzzY s (PiPi cos d l2 y can be rewritten with the help of (III. 80a), and then pf JtL ~ t 
and P 2 , +L ~ #can he transformed by (III. 80c) and (III.80d), respectively. From what we have 
discussed, we know L — t and V — t are positive even integers or zero, and hence both — t) 
and \(L' — t) are integers greater than or equal to 0. Thus, 

p 7 l+ L-, = ( p2y Ml i2XL-0 = 2 , +a7 L r _-(p 2 + P 2 + 2 pp X y^ML-n t 


_ (Pb 1 ••Mi/ixf— > = + P 1 — 2 pW+ow-'K 

We shall use these results in a typical term of (111.82) and evaluate the resultant triple integral 
as 

vwwm+m j” p 2 d ? j" p 2 d P £ dx ex P [-(p 2 + p 2 Mp 2 ~ p 2 yfW 

X (( P 2 + + 2ppx)'+<'i 2 X L - f '{(p 2 4- p 2 ) — 2ppxy+M* L '-K 

To abbreviate the notation, let us introduce 
P ass 2/ + I, v = 2 1 + L\ 

and denote the foregoing expression by £F(/*» v, t). To simplify £F(f*> v, f), we have to make 

binomial expansions of the three quantities enclosed within the braces. The first integration to be 

performed is that of x> which will give the noovanishiog result for the even powers of x only as 


r+» 


dx x 2 * 


j-i 2j + r 

The next integration to be done is that of p, which will have the general form 


dp p 2 * exp (— P 1 ) = tr{s + i). 

The last integration we have to do will be that of p, and clearly the integrals will have the 

general foim* 



pU»l) cxp (-p 2 )f(p). 
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which is, by the definition (III. 68 c), the Talmi integral I s . Therefore, we anticipate the final 
expression of &(n, v, f) to be a linear sum of Talmi integrals. Carrying out the binomial 
expansions, and the integrations in the indicated order, we easily obtain the result 


ffO*. V, t) = 2 1 




W + v) — 1 - 2r >\/ 1 


T(x + y + V + !)/, 


(,u ' 831 

where s = £(/* 4 - v) — x — y, ( + (' = 2y, and the maximum value of r 7 , namely, y mt is given by 
the condition of nonvanishing of the first binomial coefficient. The requirement for nonvanish- 
ing is that ±(ji + v) - t — 2-q must be greater than or equal to 0 , and hence, if + v) - t is 
an even integer, 2y m = Km + v) — on the other hand, if it is an odd integer, then 
2y m = -f- v) — t — 1. The limits of the summation of x and y are restricted, once again, by 

the appropriate binomial coefficient; the limits on £ and £ are determined by the binomial 

coefficients, as well as the condition £ + £' = 2y. 

In terms of (III. 83), the final expression for the Slater integral, (111.82), is given by 

N N' K 2K 4 - 1 

Fk rtata n bU) = £ 2 2 x C((n a l a% n a 'l a ') 

i-or-o t - o L 

(parity of K) 

X n b 'l b ')c,(K) 3^/*, v, t), (III. 84) 

where N = n a + n^, L — l a + If, N' = n b + n b ', L' = l b + If, n = 2/ + L, and v = 2/ + L . 
The expression (III.83) explicitly shows that £F(p, v. 0 is symmetric in y and v; further, since L, 
L', t have the same parity, we have to consider only the odd values of y, v for t — odd, and 
the even values for t = even. The quantities v, /) can be independently tabulated with the 
help of (111.83), and then used in (III.84) with appropriate values of K, n a l a , n b l b , . . . together 
with the coefficients C t and c,(Af). 


D. 8-FUNCTION POTENTIAL 

The Slater integral method is very easy to apply in the case of a zero range potential because 
the radial functions /*(!•,, r 2 ) are extremely simple and the Slater integrals can be evaluated in a 
trivial manner for such a potential. Further, the summation over K (the order of the Legendre 
polynomial) which appears in the matrix element can be carried out in a closed form, yielding 
very simple final expressions for the matrix elements. 

The spatial part of the potential is written as 

KoS(r) = KoS(r - r 2 ), (W.85) 

where the subscripts 1 and 2 refer to the two interacting nucleons. The three-dimensional 8- 
function is actually a product of three one-dimensional 8 -functions corresponding to the three 
coordinates. In terms of the cartesian coordinates, 

<>(r, — rj) = 8 (x, — ^(.Vi — J'xJSfa - zz). (III. 86 a) 

whereas in terms of the polar coordinates, 

8 (r, — r 2 ) = ^ r ‘ 7 — 8 (cos 0 | — cos 0 2 ) 8 (^, — fa). (II 1 . 86 b) 

r \ 

The correctness of these assertions can be verified by integrating (111.86a) over one set of co- 
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ordinates, say, dx { dy { dz u and integrating (II 1. 86b) over r\ dr { d ( cos 0|) dfa; the result in both 
the cases is clearly equal to unity. Incidentally, the occurrence of r\ in the elementary integra- 
tion volume in terms of polar coordinates demands that an r\ be put in the denominator of 
(III.86b). 

From now on, we shall work in terms of polar coordinates only. The two 5-functions in 
the angle space can be replaced by the closure relation for the complete set of eigenfunctions 
of orbital angular momentum, i.e., the spherical harmonics. We thus have 

S(r) - 2 2 *,)yf\0 2 . <h). (111.87) 

Since Y** = (~-l)*y5 fl , we can replace the ^-summation by our scalar product notation. 
Further, we switch over to the renormalized spherical harmonics of (AI.7a) from Appendix A, 
and obtain 


«(r) = 


$(/•, 


- 2 

A'-O 4 tt 


Comparing this expression with (111.69), we conclude 

[AT] 8(n — r 2 ) 

4tt 7V 


/x( r i» r 2 ) ■■ 


(III. 88) 


(III. 89) 


Thus, the /^dependence of the Slater integral of the 5-function potential will be through the 
factor [K] only. Using the definition (III. 72b), we have 


F K (na-U-, n b .ly, n tt l a , n b l b ) = [ ~ ] J“ dr, [" dr 2 R„ aU (r,)R„ h i b (r 2 ) 

- dr * 

" 47 J 0 " dr 2 2 ) 

= [K]J(n fl '/ a ', n h d b ’\ nj a , «*/*>, (III.90) 


where 3l n , is the full radial function, equal to RJr , and the quantity 3 has the obvious 
definition of (4 tt)“ 1 times the radial integral. 

A peculiar fact about the depth V 0 of the 5-function potential follows if we integrate 
(III.85) over the entire three-dimensional volume corresponding to r. Since J 5(r) d*r = 1, the 

result of the integration is V Q . And since the entire potential F 0 8(r) has the dimension of energy, 
the volume integration must yield a quantity having the dimension of energy multiplied by the 
volume. Thus, the depth of the 5-function potential cannot be specified in MeV only; it has to 
be specified in MeV cm 3 . Its difference from the depth V 0 of a finite-ranged potential V 0 f(r/a) 
should be noted. As f(r/a) is a dimensionless quantity (rja being dimensionless), V 0 has the 
dimension of energy, and hence it is quoted in MeV. To avoid the distinction between the 
depth of a 8-function potential and that of a finite-ranged potential, the former is sometimes 
written as K 0 /l 3 8(r), where R is a length of nuclear dimension (i.e., 10“ 13 cm). Since the 
dimension of volume has been explicitly put into R } , V 0 is now in MeV. 

A simplified feature of the 5-function potential is the treatment of its exchange-dependence. 
Since an antisymmetric spatial wavefunction of two nucleons vanishes when = r 2 , it is 
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automatically rejected by the 5-function potential which is nonvanishing only for r t = r 2 . Hence, 
after the 5-function potential has operated on a two-nucleon state, the value of the Majorana 
operator P M is very easy to write down. Since the operation of the 5-function has rejected the 
antisymmetric spatial wavefunctions, and picked up only the symmetric parts, the value of P M 
is equal to +1. For the same reason, the Bartlett exchange operator P 0 , which is identically 
equal to —P M P r , will have the value — P r = (— l) r for the 5-function potential. If we denote 
the general exchange-dependence by 

£w + SmPm. ~ £h Pt + £bF c , (III.9 la) 

then, for the 5-function potential, it is equivalent to 

(gw + £m) ~ (£h + gs)P t* 
and has the values 


gw + gM “ (gn + £b) (for T = 1), (III. 91b) 

gw + g\i + gn + gB (for T = 0). (111.91c) 

Since the nonvanishing contributions come from space-symmetric states, the combined spin 
isospin part of these states has to be antisymmetric, and hence (i) 7=1 will go with S — 0, 
and (ii) 7=0 will go with 5=1. Therefore, for the states 7=1, V 0 times (III. 91b) is the 
even, spin-singlet state depth. We shall use the symbol Vq % to denote this quantity. Similarly, 
for the states 7 = 0, V 0 times (III. 91c) will be denoted by Kq'S where e, t stand for an even, 
spin-triplet state. 

We now proceed to evaluate the direct and exchange terms of (III. 77b). The effect of the 

depth V 0 times the exchange operators will be introduced at the very end of our derivation in 
terms of the depth parameters Vl' x and VS’ \ For the present, we handle only 5(r), given by 
(III. 88). Putting the Slater integral of (III. 90) into (III. 76b), we get, for the direct term, 

<a'b' : JM , TM t \ S( r) | ab : JM , TM t > 

— <3(nJa', n k >lv\ n a l a , n b l b ) [K](— l) Ja '*h- J {[ja’][jv]y l2 W(j a jb’jJb> JK) 

x OVI \y K \ I ja> <M \y K \ L/»> 


n a l a , nM 2 [K](- 1 y«+h 


IT-0 


X UUa'jb'jJt,; JK) J[l + (-!)'«'+'«+*] 


ja' K ja 

■1 0 (JI 


\jb' & jb 

1 0 | 


(III.92) 


We have converted the ^-function into the ^-function by using (AV.3) from Appendix A, 
and have written the values of the two reduced matrix elements from (Bill. 17) in Appendix B. 
The parity factors |(1 +/— I /•+ *»»+*] and }[l + (-l) / * +, »' +Ar ] have to be simultaneously 
non-zero in order that the result is nonvanishing. This therefore requires the parity of l tt + l„, 
to be the^ same as the parity of l b + l b >, i. e .. /„ + + l b + l b , = even integer. It should be 

noticed that this requirement guarantees that the parity of the two two-body states on the left- 
and right-hand side of (1 11.92) is the same. Therefore, it is clearly enough to retain one of the 
parity factors, as done in (III.92). This expression contains two kinds of Af-summatidn, one with 
and the other without (—1)* from the parity factor. We shall show how these two kinds of 
^-summation can be carried out. First, consider 
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I 


E m' n V(uh'] a k, JK) 

K 


[ja- K ja 

\jf K j b 1 

U* o *. 

U 0 il 


(III. 93a) 


Then, by using symmetry relations, rewrite the product of the two Clebsch-Gordon coefficients, 
as 




ja 

-4 



ib 

-i 



(III. 93b) 


The product of the two Clebsch-Gordon coefficients in (III. 93b) is now replaced by (AV.10) 
from Appendix A, yielding 


( 


z uua-jjb’k, m 



(111.93c) 


We have to replace the two Clebsch-Gordon coefficients in (III. 93a) by this expression. The 
factor [K] 1 ' 2 is seen to cancel out, and the ^-dependence is now contained entirely in the two 
(/-functions. We use from Appendix A the symmetry relations (AV.6) of the (/-function to 
convert U(J a f jJb r h\ KJ ') int0 V(ja'jb'jM J’K), then; according to (AV.5), also from Appendix 
A, the AT-summation of the two (/-functions yields Sjj'. Thus, the summation over J' gets 
eliminated, and we finally simplify (III. 93a) to 

-It I -I <n,9M) 

We recall that this is the result of summing over A' the A'-dcpendent quantities in (III. 92) with- 
out (— 1)* from the parity factor. Therefore, substituting it in (III. 92), we obtain, after convert- 
ing the Clebsch-Gordon coefficients into more symmetric forms, the result 

the term of <( ab ' : JM , TMj | 5(r) \ab : JM> TM T y without (— l) /a+/ °' + * 

= \S{n a ’h’, n b 'Ib< nj a , n b l b )f(jJ t J)f(j t ?j b 'J), (III.94a) 

where 

/y^) = (-iy- +A i IJ ^ l ) l,1 ['‘ * I ( 111 . 94 b) 

The /^-summation of the ^-dependent quantities in (III. 92) with the phase factor 

(_ !)/«'+ /<>+* can be carried out in a similar manner. (III. 93a) is now replaced by another ex- 

pression which has the extra factor (-\) l ^ K . At step (111.93b), we cai dispense with this 

extra K in the phase factor by changing the sign of the projection quantum numbers of the second 
Clebsch-Gordon coefficient, which gives an extra phase (— 1 ) K+ h-h\ The product of these 
two phases gives (— l )V+<»+A— A*, which goes into (III. 93c). Further, since the second Clebsch- 
Gordon coefficient in (III.93b) got modified to * 

[* h jb \ 

lo i i J- 

the two Clehsch-Gordon coefficients appearing in (III.93c) also change to 
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The ^-summation of the product of the two {/-functions once again gives Sjj*, and the step 
(III.93d) gets replaced by 

V ' X Ur) ' l-i i 0JL| 0 

Once again, we bring the Clebsch-Gordon coefficients to a more symmetric form and substitute 
in (III.92), obtaining the final result 

the term of (ab' : JM, TM t \ 8(r) | ab : JM, TM t ) with (- i)<»+4*+* 

= -I*', »rh’\ nj a , n b U)gUJU)sijrjrJ), (III. 95a) 

where 

gUJJ) = ^ J 0 \ (111.95b) 

Combining (III.94a) and (III.95a), we have 
(ab’ : JM, TM t \ 8(r) | ab : JM, TM r > 

= \3(nJr, nrU'i n Ja* n i> l b)[f(jajbJ)f{jrjy J ) + g(jJU)gUrjrJ)]- (111.96a) 

The expression for the exchange term can be easily obtained from (111.96) with suitable relabel- 
ling. According to (III. 90), the radial integral J remains unchanged when a *-* b. Therefore, 
changes take place only in the factors f(j a jU) aR d g(ja]bJ )• From the definitions (III. 94b) and 
(III.95b), and the symmetry properties of the Clebsch-Gordon coefficients, we have • 

fUJJ) = (- \) i * +h -’gUahJ), 
g(jkJJ) = -»K-1 ) Ja+ib g(jJrf)- 

Here n denotes the parity of the two-body states, i.e., tt = (— l) l a+ , t’ =• (— ly.'+V Therefore, 
the exchange term is given by 

(-1 y*+h-J -\ a ’ b ' : jm, TM r \ S(r) \ba : JM, TM r > 

= i J(n,ls,n b .l b --,nJ a ,n b !M-\yfUaj*J)fU'. jrJ) ~ ’'(-I Y +T gUJ^)gUrj b J))- 

(111.96b) 



We put (III.96a) and (III.96b) in (111.77b), use explicit values of T, and now bring in the 

appropriate strengths and Vo’ 1 . We thus obtain 

(aV : JM, TM t \ V \ ab : JM, TM t ) 


> [(1 *4" «U)(1 *4* So'6')] fljaf ^Jb) 

f^ntl + (-1 )^]gUJkJ)g{U'jyJ) for r - 1 

* IFo '[f(jJiS)fUrjyJ) + 4U - (- iY*)gVJtJ)g(jyjy J )] for r =*= 0 


(III.97) 


where W* and V$' 1 are the depths of the potential in even, spin-sifaglet and even, spin-triplet 
states, respectively. 


E. SHELL-MODEL DIAGONALIZATION 

The formulas derived in this section will enable us to do a detailed shell-model* diagonaliza- 
tion of the Hamiltonian matrix for a special class of nuclei, namely, those that consist of two 
nucleons outside a set of completely filled levels. Examples are He 6 , Li 6 , O 18 , F 18 ; Ca 42 , Sc 42 
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(with the reservation that Ca 40 has been found to be not a very good closed-shell nucleus); 
Ni 38 , Co 58 (once again, for Ni 36 , there is the same reservation as for Ca 40 ); Zr 92 , Nb 92 ; and 
Po 210 , Bi 210 . We can pick out several other clear examples where the core of the two outer 
particles, instead of consisting of only closed shells, has also some closed sublevels in a major 
shell, the latter being fairly well-Separated in energy from the other partially filled sublevels 
(which receive the two outermost nucleons). 

If the picture of a core comprising completely filled levels is good, then the core has a 
very simple role to play in the process of diagonalization of the Hamiltonian matrix. This is 
true in the general case of any number of nucleons (i.e., not necessarily two, as in our present 
case) distributed in the partially filled levels. We shall first prove this statement. 

Let the single-particle states in the core be denoted by the symbols c, c', . . . , and those 
above the closed-shell core by p, p', . . . . We shall prove our statement for simple determi- 
nantal states of all the nucleons. Once the proof is completed, a little reflection will convince 
the reader that the same results would have been true had we considered states that are a 
superposition of several determinants coupling the states of the outer nucleons to a good total 
angular momentum 7. As discussed in Section 25, the core state is unique, has 7 = 0, and has 
no role to play in this angular momentum coupling. 

Let us denote the determinantal states by V 7 , V 7 ', . . . . Then, according to (11.23) and 
(11.25), any diagonal matrix element of the Hamiltonian (II. 3) is given by 

occ occ 

<y| H |y> - E <f| T If, + E (ft| V 1ft), (III. 98) 

t *<*> 

where the summations go over the occupied single-particle states in the determinant and 
the antisymmetrized matrix element of V contains ‘direct’ minus ‘exchange’ parts. Keeping in 
mind the meaning of the notation c, c\ . . . , p, p\ . . . , as just described, we split up the 
summations as 

<!P| <c| T |c> + E <p| T |p> + E (cc\ V \cc) + 2:2; (pc| V \ pc) 

c p C<c' p c 

+ 2 (pp\V\pp). (III. 99) 

P<P' 

Let us introduce 

E q = E <c| T |c> + E (cc'| V |cO, (III. 100) 

c c<c ' 

which is clearly the energy of the closed-shell core. We also use the definition (11.95) of the 
overall potential C]/ 9 set up by the closed-shell core on a single nucleon outside the core, and 

rewrite the fourth term of (111.99) as 

E (pc\V \pc) = {p\<V \p"y. (III.10J) 

c 

The shell-model single-particle energy c(p) is clearly the eigenvalue of T + QJ for the state p. 
So we write 

«(p) - <pl T |p> + <p| cv | p>. (1 1 1.1 02a) 

In general, if we consider two different single-particle states, p and p\ we have 

<p)Kf = (p\i. T + ( V) \p>- > ( IIU02b ) 

Using (I1U00), (III.101), and (III.102a), we get, from *(111.99). 

+ £€(/>)+ E (PP'\V\PP')‘ 

P P<P f 


(III. 103) 
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There are two classes of nondiagonal matrix elements: (i) when W and differ through 
one single-particle state; let these single-particle states in V' and be denoted by p t and p[; 
(ii) when and x P m differ through two single-particle states; let these be (p\ 9 pz) in V 7 and 
(PhPi) in V 7 '. In case (i), according to (11.24) and (11.26), we have 

<TI H |¥"> = <p,| T \p\) + 2 (fp.l V | £p\) 

t 

= <Pi I T I p\y + 2 v I cp\) + £ (p Pl I v I pp\) 

c P 

- <Pil (r + <V) |pl> + £ (ppi\ y \pp\) 

P 

= 2( P Pi\V\pp[). (III. 104) 

P 

In the second step, we have split up the summation over £, as before, and then replaced the 
summation over c, according to the definition (III. 101); finally, (III. 102b) has been used to 
drop the ( T + cy)-term. 

In case (ii), according to the discussion in Section 15, we have a zero matrix element for 
T \ and the result for the potential energy can be had from (11.27). We obtain, in this way, 

<lf , | H |¥ , *> = (pipi\ V \p\p'i). (III. 105) 

We now interpret the results contained in (III.103)-(II1.105). It is clear from these 
expressions that the Hamiltonian matrix has a potential energy part, which could be obtained 
by calculating with states for the outer nucleons only . The effect of the closed-shell core is entirely 
confined to the diagonal matrix elements (III. 103). Firstly, the core contributes its energy £ c 
to all the diagonal matrix elements. Secondly, it produces (III. 101), the shell-model single- 
particle energies in the diagonal matrix elements, and thus removes any explicit occurrence of 
the kinetic energy operator T. Since a constant quantity E c , occurring in all the diagonal 
matrix elements, can be removed from the matrix without altering the eigenvectors, we shall 
do so, and then remember that the eigenvalues of the modified matrix give the energies of the 

nucleus, with the zero of the scale fixed at the core energy E c . After the elimination of E c , we 

are left with a diagonalization problem which corresponds to the shell-model (SM) Hamiltonian 
for the outer nucleons only and is described as 

H m = Zh t + S V,j, (III. 106) 

/ Kl 

where the single-particle Hamiltonian h is equal to ( T + Q?) and has eigenvalues «(/>), defined 

according to (III. 102a). We finally emphasize that the single-particle energy, as defined by 

(IU.102a) and (I1I401), is the energy of a single nucleon in state p outside the closed-shell 

core. Thus, even though we may be doing the diagonalization for O 18 or F 18 , the single-particle 
energies that enter the diagonal matrix elements must be taken from O 17 or F 17 . Usually, the 
numbers are taken from experimental data on the appropriate closed shell plus a single-nucleon 
nucleus. 

F. example of shell-model diagonalization for two nucleons 

Wc shall describe the example of O 18 and F 18 in some detail. The single-particle levels above 
the closed shells of O 16 are ((W 5 /j), ()s,/ 2 ), and (0 dm). The single-particle energies of these 
levels, as determined from O 17 and F 17 spectra, are given by 

O n :0d sl2 (0), Is, ;2 (0.87 MeV), 0^, 2 (5.08 MeV), 



42 (45-122/ 1977) 
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F 17 : (W 3/2 (0), l^i/ 2 (0.5 MeV), 0d m (4. 7 Me V). 

In both cases, we have taken the lowest level to be the zero of the scale, which eventually fixes the 
reference point of the eigenvalues of the Hamiltonian matrix at [E c + N p € p {0d 5J2 ) + N n e n (0 d 5!2 )], 
where the subscripts n and p denote neutron and proton, and N is the number of nucleons out- 
side the O l6 -core. For any given nucleus, N p and N n are fixed numbers, and hence this fixed 
reference point of energy measurement need not be known while calculating the spectra , which 
consists of energies of the different eigenstates, as measured from the lowest (i.e., the ground 
state) of them. In the difference of the calculated energy of any state from that of the lowest 
one, the constant reference energy simply cancels out. A knowledge of this number is necessary 
only if we want to calculate the absolute binding energy of the ground state of a nucleus or 
determine the difference in binding energies of neighbouring nuclei. 

The possible two-nucleon configurations and the total 7- and 7- values of the correspond- 
ing two-nucleon states are listed in Table III. 4 in accordance with the considerations in 
Section 28A. 


Table III. 4 

Two-nucleon states in (Is, 0J)-shell 


(0 d m ) 2 

7= 1 

7=0 

J = 0. 2, 4 

7=1, 3 

(0^|/2) 2 

7= 1 

0 

II II 

— O 

( 0 ^ 3/ 2 ) 2 

T= 1 

r = 0 

7 = O, 2 

J = 1,3 

( 0 </ 5 / 2 , 0s 1 / 2 ) 

II 

0 

II 

1° 

(07 3 /2» 07 3 ; 2 ) 

r= 1, 0 

7 = 1 , 2 . 3, 4 

(0^3/2, OS 1 / 2 ) 

7= 1, 0 

7 = 1,2 


Since O 18 comprises two neutrons outside the closed shells, its states correspond to 7 = l 

only, whereas F“, having a neutron and a proton, has both the states r = 0and T= 1. 

According to the discussions on isotopic spin in Section 14, in the context of nuclear symmetry 
energy, we expect the ground state of F 18 to arise from 7 = 0 (because N = Z). 

The list in Table III. 4 shows that, for 7= 1, 7 = 0, there are three possible states: 
(i) |(0 d„ 2 ) 2 7 = 0, T = 1), (ii) |(05 i;j ) J 7 = 0, T = 1), and (iii ) |(07 3/2 y 7 = 0, T = 1). Therefore, 
for the calculation of the states 7 = 0 of O 18 , we have to set up the 3 x 3 matrix for the 
Hamiltonian (III. 106) with these three states as the basis, and then diagonalize. In a similar 
manner, the list gives five basis states corresponding to J = 2 and 7=1. The programme in- 
cludes setting up the matrices for the various (7, T)-values with the appropriate basis states 
picked up *from the list. The diagonalization of each matrix yields a set of eigenvalues and 
eigenstates with the appropriate 7 and 7 quantum numbers. The lowest energies for 7 = 1 and 
7=0 obtained in this way will give respectively the ground states of O 18 and F 18 . The sequence 
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of the excited levels in each nucleus can also be obtained in this manner. The eigenvector in 
each case is obtained as a string of numbers, c l9 c 2 , . . . , and the corresponding two-nucleon 

eigenstate is given by 2 c,|/)» where \i) is the Mh basis state of the particular energy matrix. 

/ 

The two-body effective potential V is usually assumed to be of the Yukawa form with a 
general type of exchange-dependence. The depths of the potential in the four possible spin (Sy 
isospin(T’) states are treated as parameters in the calculation. The range parameter is usually 
given a fixed value. The only other unknown constant, namely, the harmonic oscillator 
parameter b contained in the wavefunctions, is determined by fitting the experimental root- 
mean-square radius of the nucleus. The total number of energy levels of O 18 and F 18 fitted by 
this procedure is larger than the total number (the four depth constants) of adjustable 
parameters. The final values of these parameters, together with the calculated and experimental 
energy levels, are shown in Table III. 5. The same effective potential has been successfully used 


Table III.5 Energy states in (1$, 0<f)-shell with Yukawa potential 


State 

— Energy (MeV) 

Isospin T T ° tal aD 8 Ula , r 

momentum J 

Experimental 

Calculated 

0 

3.96 

4.02 

1 2 

1.98 

1.81 

4 

0.41 

0.52 

I 

5.00 

5.11 

0 3 

4.06 

3.97 

5 

3.87 

3.77 


Harmonic oscillator parameter — 1.72 fm. 

Parameters of Yukawa potential— range parameter — 1.42 fm; depth parameter V T s 
for the various two-nucleon isospin (I) and spin (5) states: 

V 0 0 - 40.86 MeV, 
y Q j - -46.91 MeV, 

F,’,- 19.36 MeV, 

V l(f = -34.43 MeV. 

in structural calculations on many other nuclei in the (0 d t l*)-shell. From our work in 

Section 28C it is clear that more general potentials, containing tensor and two-body spin-orbit 
terms, could also have been used in such calculations. The only restriction is on the shape of 

the potential, which has to be of a smooth well-behaved form. In particular, the realistic shape 
of the two-body potential having a strongly repulsive core cannot be directly used in such 

calculations. 

In Section 28C, we have mentioned what has to be done for the realistic hard-core 
potential. The effective G-matrix elements, including the core-polarization effect, 'have to be 
substituted for the matrix elements of V in (111.67), and then the corresponding two-body 
matrix elements can be used in the manner described for matrix diagonalization. A summary 
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of the G-matrix calculations for the nuclei F 18 and O 18 , indicating success and failure, has been 
given in Section 22C under “Finite nuclei”. 

29. MORE THAN TWO NUCLEONS IN UNFILLED SHELL 
In this section, we shall consider the case where more than two nucleons are distributed 
amongst a few partially filled levels, outside a set of completely filled shells. The case of three 
nucleons in the partially filled levels is first treated in detail to elucidate all the essential points; 
finally, a generalization is made to the case of n nucleons, where n is less than the number of 
available single-particle states. 

A. THREE NUCLEONS 

In analogy with the case of two nucleons, we have two types of problem to solve: (i) finding all 
the allowed J - and T-quantum numbers (and also additional quantum numbers, if necessary) 
of the antisymmetric three-nucleon states, and the detailed construction of such states in terms 
of angular momentum coupled states of the three nucleons; (ii) calculating the matrix elements 
of one- and two-body type operators, using the antisymmetric states obtained in (i). 

Construction of Antisymmetric States 

If several single-particle levels a t b, c, . . . are available to the nucleons, then we can distribute 
the three nucleons amongst the levels to form configurations of the distinctive types 

(i) a 3 ; 

(ii) a 2 , c ; 

(iii) <*, b t c. 

These different types are characterized by the fact that, in (i), all the three nucleons occupy a 
single level a (equivalent nucleons); in (ii), two of them are in the same level a , but the third 

one is in a different level c; and in (iii), all the three nucleons are in different single-particle 
levels a , i, c. 

Let us consider any antisymmetric wavefunction #(1, 2) of the first two nucleons, and 
multiply it by any single-particle wavefunction ^(3) of the third nucleon. The product wave- 

function 0(1, 2)4(3) is, by definition, antisymmetric under the exchange Pu of the first two 
nucleons, but it does not have any definite behaviour under the exchange operation /*„ and 

Let us now consider the operator 

J-(I-JWij) <*“•«">• 

and let it operate on 0(1, 2)4(3). The wavefunction obtained in thfs way will be called 

!F(1, 2, 3) and is given by 

V(l,2, 3) = (l-?«-M^O^M3)] 

= 0(1, 2)4(3) - 0(1, 3)^(2) - 0(3, 2)4(1). (Ill- 108) 

Operating in turn with P l2 , P 2i , and P 13 on the last step, we can very easily show that 

V(l, 2, 3) is indeed antisymmetric under all these exchanges. So !P(1, 2, 3) is an acceptable 

antisymmetric wavefunction of the three-nucleon system which has been obtained by means 

of a general prescription: take any antisymmetric state of nucleons 1 and 2, multiply it by any 
single-particle wavefunction for nucleon 3, and then antisymmetrize the product by the anti- 
symmetrizer (III. 107). We shall see later in this section that an antisymmetric wavefunction of 
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any number (n) of nucleons can be obtained from the product of an antisymmetric wave- 
function of the first (n — 1) nucleons and the single-particle wavefunction of the last nucleon by 
the application of a suitable antisymmetrizer. 

The technique just described can be directly applied while constructing antisymmetric 
states out of configurations of the type (a 3 ), (a 2 , c), and (a f b, c). We shall consider first the 
case of (a 2 , c), followed by (< a , b , c), and then the case of equivalent nucleons (a 3 ). We know, 
from Section 28A, all the antisymmetric states of a i 2 ; they are of the type \a 2 J 0 T 0 y with the 
allowed J 0 and To being given by J 0 -J- To = odd integer. To = 0 or To — 1* and 0 ^ Jo ^ 2a. 
Let us associate this type of antisymmetric state with the nucleons 1 and 2, i.e , it is equi- 
valent to 0(1, 2) of (III. 108). We put the third nucleon in the single-particle state c and couple 
j Qt T 0 with Jo and £, respectively, to produce a three-nucleon state of total angular momentum 
J and total isospin T. Thus, |tf 2 (l, 2)J 0 T 0 ; c( 3) : JTy is the analogue of 0(1, 2)^(3) of (III. 108). 
To produce a three-nucleon antisymmetric state, we therefore operate on this state by <_A and 
obtain 

^/f|o 2 (l, 2)J 0 T 0 ; c( 3) : JTy = (1 — P 23 — /> l3 )(« 2 (l, 2)J o T 0 ; c(3) : JTy 

= |a(l)a(2)/o7o, c(3) : JTy - \a(\)a(3)J 0 T 0 ; c{2) : JTy 

-\a( 3 )a( 2 )J 0 T 0 ; c( 1) : JTy. (III. 109) 

Following the convention described in Section 28, we shall use angular momentum coupled 
states in which the first, second, and third single-particle states from the left correspond to the 
first, second, and third nucleons, respectively. Whereas the sequence is already correct for the 
first state on the right-hand side of (III. 109), the other two states require appropriate 
rearrangements. In the second state, for example, the coupling order, according to the afore- 
mentioned convention, must be changed to |a(l), c( 2)^9*, fl(3) : JTy , where £T are the two- 
body angular momentum and isospin obtained by the coupling of n(l) and c(2). This new 
arrangement can be achieved in three steps: (i) interchange the coupling order of |tf(l), a(3)J 0 T 0 y 
and |o(3), a(\)J 0 T 0 y which gives rise to a phase factor according to the first relation of (AIV.4) 
in Appendix A; (ii) rearrange the angular momentum coupling with the 6>symbol of Appendix A 
(Section V), and get the state |a(3), a{\)c(2)S<J: JTy, and (iii) interchange the order of coupl- 
ing between fl(3) and {§1) and obtain \a(l)c(2)g% a(S):JT). The third step once again 

brings in a phase factor. At every stage we have to remember that there are two types of 

coupling involved: one between the angular momenta and the other between the isospins. 
Following the steps indicated, we obtain 

X UUJJU jrj; T 0 Z)\a(\)c{2)#Z, a(3) : JT>. 

(III. 110) 


In an exactly similar mantfer, the last term of (III. 109) can be rearranged as 

l«(3)fl(2)/or 0> c(l) : JT} = Z (-l)Ja+Je-S+i-Z(-l)Ja+S-J+il2+?-T 

J 

x mJii Wll in : MWMW; 0 ( 3 ) : IT). 

. (III. Ill) 

We recall that the allowed values of J 0 , T 0 satisfy (— \) J » +T * - -1, and since (2 f a + 1) is an 
even integer, the first phase factor in (111.110) yields -1. Thus, combining the last two terms 
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of (III.109), i.e., the expressions (III.110) and (III. Ill), we get 

(-\) J ° + J- J+ll2+rj - T V2U(j iJM; Jog)U(\ \T\, T 0 Z)\{ac(l, 2)S3 )a, a{3 ):JT>, 

(III. 112) 

where {ac( 1, 2)^£T)a stands for the normalized antisymmetric two-nucleon state defined in 
Section 28A. Substituting (HI. 11 2) for the last two terms of (III. 109), we obtain 

Jl\a\\ t 2)J 0 T 0t c( 3) : = \a 2 (\, 2)J 0 T 0 , c( 3) : 7J> -f ^ (- \)h + S-J+ 1/2+ 

x UUaJJU Jo3)lA\ T 0 En\{ac{U 2)^£T}a. a(3) : /7> 

(III. 113a) 

The first state on the right-hand side is orthogonal to any of the states appearing -in the 
summation for the simple reason that nucleon 3 belongs to the different states c and a . Any 
two different states inside the summation are also orthogonal to each other because they have 
different values of (^, ST) for the first two nucleons. Therefore, the normalization factor can 
be worked out from the sum of the squares of the coefficients of all these states: 

1 + £ 2 UHJJJU Jo$)U\k W: T 0 Z) = 3. 

S' x 

The square of each {/-function, when summed, produces unity, according to (AV.5) from 

Appendix A, and hence this result. The normalization factor is therefore 3“ 1/2 . We shall denote 

the normalized antisymmetrized state by \a 2 J Q T 0 , c : JT), where the parenthesis, as usual, 
denotes antisymmetry, and the particle labels 1, 2, 3 have been omitted because, in the anti- 
symmetrized state, these coordinates cannot be attached to specific single-particle states. Thus, 
(III. 113a) yields 

\e?J 0 T 0 ,c:JT)=-L\o i (\,2)J 0 T 0 ,c(3):JT> + yl * (-l)/a+^+l/2+rr-r 
V i 

X U(jJJj c ; \T\- r 0 3-)|{ac(l, 2 )#Z} A , a( 3) : JT>. (III.113b) 

Each state of this expansion has a notable characteristic: it has been obtained by the angular 

momentum coupling of a single-particle slate (either c or a) of the last nucleon (number 3) with 
an antisymmetric state of the remaining nucleons. Each such state is superposed in the formation 

of the antisymmetrized state with a definite numerical coefficient, which is called the coefficient 
of fractional parentage ( cfp ). Even though we started by coupling c(3) with a given two-body 

state |a\l, 2)/ 0 7o). on the right-hand side we not only obtained this state, but also a whole set 

of other states, the latter being the consequence of antisymmetrization. An expansion of this 
type for an antisymmetrized state is called a fractional parentage expansion. 

The same type of procedure as for (a 1 , c) can be easily repeated for states of the 
configuration (a, b, c). Here we have to start with an antisymmetric state of the first two 

nucleons given by 

«i, 2 WO « ^IWWW.) + W)l, 

then couple the single-particle state c(3) to produce the final J and T . The same antisymmetrizer 
Jl has then to be applied to this state. Following the same type of rearrangements, and finally 
carrying out the normalization of the state, we obtain the fractional parentage expansion in 
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this case as 

\(ab)J 0 T 0 , c : JT) = -^(1, 2)/ 0 r 0 } A , c(3) : JT} + ± £ (-1 y>+*-*-r 

x 1/(4 JTi; r 0 £T)[(- 1 y« + 1 /2 w 2)^2}A,a(3):7r> 

+ (-1) M' l2 UUJJti ^ol)WI, 2)^g-} A , 6(3) : yr>], (III.114) 

In both (III. 113b) and (III. 114), the first state, whose antisymmetrization gave rise to the 
entire expansion, is called the principal parent . It is clear from this procedure that all possible 
values of /, T consistent with the angular momentum coupling rules will be allowed in the 
expression (111.113b) of \a*J 0 T 0 , c : JT ) and the expression (III. I 14) of l(aft)y 0 T , 0 . c : JT). 

States of three equivalent nucleons The case of the configuration (a 3 ) of equivalent nucleons 
which we shall deal with now is very distinctive in several respects. It is possible to construct 

an antisymmetric state in the manner of (III.ll3b) by substituting the single-particle state b 
with <?, but we have to be careful with the normalization. Therefore, we first go back to the 

steps (III.110) and (I1I.I11) and notice that 

(— l)2y a 4-l-^o — To 1 (_i)2/« + l —Jf—U „ 

Hence, (III. 112), which was the sum of these two expressions, is now replaced by 

,£(-i - (-1 ys+*]UUJJti Jo S)V{\ m; r 0 £r) 

X |<i 2 (l, 2)S C J\ «(3) : JT>. 

Thus, (^+ 3*) is required to be an odd integer, and consequently the allowed ($ 3)-statesof 
the configuration a^l, 2) appearing in the foregoing expression are antisymmetric. The 
expression (III. 109) therefore yields 

| o>J 0 T 0 , a : JT) = N 2 [8*, ,8?. r. - (-\y° +l l 2 - J ~ T {l - (-1)'+*} 

x UUJJU JoSmi *74; T 0 <J)]\{aHl, a( 3) : JT>, (111.115a) 

where N is the normalization constant. N can be determined by equating to unity N 2 times the 
sum over {$, 3) of the square of the expression within the square brackets: 

1 = tf 2 2 [8 g.ifr.T, - 2S/,*%.r.(-iy- +1/2 - / - r {l - 

x Hfl; M) + M W)l 

= /v j (3 - 6(-l y°+ l l 2 - J - T UUJJja; VoMt m; ToTo)}. 

The tricky part of the foregoing summation is the handling of the phase factor (— iy +ar times 
the (^-functions. This tys been done by the application of (AV.13) from Appendix A to the 

summation over $of (— 1)/ U 2 (j a jjj a \ Jq$) and also to the summation over 3” of l/ 2 (J \T\', To 3”)- 
The symmetry relations (AV.6) from Appendix A of the IT-function, and the conversion 

equation from the (/-function to the ^-function, namely, (AV.3) from Appendix A, are also 
needed in this algebraic manipulation which is left as an exercise. The normalization constant 

N is then given by 

= 2(- l) ia+ll2 ~ J ~ T U(jJJj a \ JJo)U(i *7* ToTo)]-'*, 
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and the fractional parentage expansion (III. 11 5a) finally reduces to 

i«Wo), a-.jT) = -L[i - 2(— i y°+ ll2 - J - T uuaj a jja, JoJowa m-, T 0 T 0 )r ii2 

X r [h, jM.u - (- 1 )Ja+m- j - t 2uujju hg)V{\ ToZ)\ 
x |{fl 2 (l, 2)3, £T}a. «(3) : JT>. (III. 11 5b) 

The most important distinction of the equivalent configuration (a 3 ) is now stated. In the 
other two cases, (a 2 , c) and (a, b, c), wc found that any antisymmetric two-nucleon state 
(7 0 , T 0 ) of (a 2 ) or of ( a , b ), when coupled to c and antisymmetrized, yields a set of three-nucleon 
states specified by the quantum numbers J y T\ all the values of J, T consistent with angular 
momentum coupling rules are admissible. In the equivalent case, (a 3 ), this is not true. Beginning 

with a given (y 0 7o)“ sla l e of ( fl2 ) an d coupling the last single-particle state a to it, we may find 
that the moment the product is antisymmetrized, all the cfp’s turn out to be zero for many 

combinations of J, T which are otherwise permitted by the angular momentum coupling rules. 
That is to say, three-nucleon states in (< 2 3 ) having such ( J , 7^-quantum numbers are ruled out 

by the Pauli principle. The situation is analogous to that observed in the two-nucleon case for 

the equivalent configuration (a 2 ). 

There is a second important distinctive feature of the equivalent configuration (a 3 ). 

Suppose we use the foregoing procedure to construct an antisymmetric state for a given (/, T ) 

from a)l the different sets of (/ 0 , T 0 ) which are consistent with angular momentum coupling; 

for example, 

|(f) 2 01; }:*}). 1(f) 2 21; f : S f). 

We ask ourselves: are all these states independent of one another? The answer is, in general, 

“No”. In the foregoing example, the two states are actually identical to each other, and this 
can be verified by working out their cfp’s and checking that the numerical values of the two 

sets of cfp’s are the same. 

Instead of realizing all these unpleasant facts at the end of a detailed computing of the 
cfp’s, it is clearly desirable to have independent methods of reckoning the permissible independent 

states of the equivalent configuration (a 3 ). We now proceed to outline such methods. 

For simplicity, let us first consider the case of three neutrons or three protons. The iso- 

spin projection being +| in these cases, the three-nucleon states we are looking for must have 
T - f. As a matter of fact, using the isospin quantum number is now an unnecessary luxury. It 

is enough if wc merely omit the isospin part of the states and investigate the permissible J- 
quantum numbers occurring in completely antisymmetric states of (flfy The single-particle 

state j a has (2 j a + 1) projection quantum numbers. We have to find out in how many different 
ways these various projection quantum numbers can be assigned to the three nucleons; in any 

given assignment, all the three projection quantum numbers have ^to differ according to the 

Pauli principle. 

As a specific example, let us consider the case j = jj (we deliberately delete the subscript 

a to j) which has the projection quantum number m = +$, ±f, The assignment that 

makes the total projection M (sum of the three individual m-values) maximum is clearly given 

by (+f, +*, +{) with M =■ |. This state could arise from J > •}; but we can permit only J - ? 
because were J greater than $ , projection values M larger than | would have arisen; such 
values are however not permitted by the Pauli principle. The next lower value of Af, which is 
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J, can be had from only one assignment, viz., (+} , -f f, — 4). This projection is already con- 
tained in the state J = f , and hence this new assignment does not indicate the presence of any 
new /-state. Let us consider then the states M = f , which can arise from two and only two 
assignments, viz., (+f, +f, — f) and (— f, + 4*— 4)* Since there are two states of projection 
|, one of them has to arise from / = f , whereas the other is accountable by the state / « } 
Continuing in this manner with Mb} and M = J, we obtain the assignments 

M = | : (+}, +|, — f), (+}, +4* — £), (+}» + 4» — f)» 

A/- 4: (-ft, +*. -f), (+1 . +*,-!), ( + f, -i, -t). 

In the first case, the states /==} and / = f , found earlier, account for two of the states, and the 
third one then demands the presence of a (/ = f)-state. In the case of M = 4* the three possible 
assignments are accountable in terms of J = $, L I. already found, and hence no new ./-value 
is warranted. The same method can be applied with other y-values, and also for nucleon 
numbers exceeding 3. 

The allowed ./-values of completely antisymmetric states of identical nucleons (i.e., either 
neutrons or protons), prepared in the foregoing manner, are given in Table I II. 6; the allowed 

values of J for one nucleon and two nucleons are also included for the sake of completeness. 

For each j, the total number of nucleons n goes up to J(2 / 4- 1). The states of any n in this 
range are the same as those of the nucleon number (2 j 4-1 — n). This can be understood in 

terms of the equivalence between hole and particle states. The nucleon number (2 j + \ — n) 
can be interpreted as n holes in the level /, and hence the states are identical to those of n 

particles in the same level. The superscripts to many of the integer values of 7, and to the 
parentheses enclosing many of the half-integer values of /, denote the number of states with 

that value of J occurring in the corresponding /-configuration. Clearly, in such cases, addi- 
tional quantum numbers (to be discussed later in this section) are necessary for distinguishing 
the various states of the same J . 

For the present, however, we are interested in only the part n = 3 of Table III.6. We 
notice that in this case there is no repetition of the same J for j < ?•; repeated states of the 

same J start for j = f (only once for the state J = f), and continue to occur for j = V (and 
also for higher values of j not included in this table). 

In a shell where ( both neutrons and protons are present, the enumeration of states in 
Table III.6 is not adequate. In such instances, we have to bring in the T-quantum number 

also. The method we have given can now be repeated with the inclusion of the projection of 
isospin as well. To demonstrate the added complexity that we shall have to face, let us 

consider, in the case of j = f, the assignment (+f, +f, +f). As already noted, this is not 

allowed by the Pauli principle when isospin is not considered. Now the projection +| ofy 
can go with +$ and — J projections of isospin, and hence (+f + , +f - , +} + ) is an allowed 
assignment of projection quantum numbers having M «= and Afr = +\- (In our new 
notation, the superscripts, + and — denote respectively the two isospin projections +} and 

— J.) It obvious that the bookkeeping necessary for this kind of 'direct attack’ would be 
quite cumbersome. We therefore describe an alternative method which relies essentially on 

standard techniques of group theory; the basic rules can, however, be stated and understood 

in an intuitive manner. 

While explaining the alternative method, we shall consider isospin states and space-spin 
states separately and then suitably combine them such that the complete state is antisymmetric. 
Let ns denote the isospin or the state j, m of a single nucleon by a single box (a) in Fig. III.9. 
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Table III .6 List of total angular momentum J of antisymmetric states in configuration j n of 
identical nucleons (i.e., either neutrons or protons) 
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Clearly, this box corresponds to isospin | and angular momentum j. Then consider the product 
of two single nucleon wavefunctions which, as we know, can be split up into parts that are 
symmetric and antisymmetric under the exchange of the two nucleons. This split is represented 
by (b) in Fig. III.9. By our convention, the two boxes in the same row represent the symmetric 
state, and the two boxes in the same column represent the antisymmetric state. The symmetric 
diagram for the case of isospin represents T = 1, whereas for the space-spin function it stands 
for J = 1, 3, . . . , 2/. Similarly, the antisymmetric diagram corresponds to T = 0 for isospin 
and J = 0, 2, . . . , (2 j — 1) for space-spin. 

□ w 



Fig. I1I.9 Young’s tableau diagrams for two- and three-particle system. 


Now let 'us consider the process of multiplying the two-nucleon symmetric and anti- 
symmetric functions 'by the wavefunction of the third nucleon; these two cases are represented 
by (c) and (d) respectively in Fig. III. 9. When we multiply the symmetric two-nucleon function 
by the wavefunction of the third nucleon, it should be possible to symmetrize it with respect to 
all the three nucleons by multiplying with (1 + Pa 4- ^ 12 ), and this completely symmetric 

function fc represented by the three boxes in one row, labelled S in Fig. 111.9. It is impossible 

to produce a completely antisymmetric function of three nucleons from the aforementioned 

product by multiplying with {\-Pn~ P\j) because the first two nucleons are already present 

in a symmetric state and the operation of this antisymmetrizer produces a zero result. In a 
simitar way, if we consider multiplying the antisymmetric two-nucleon function By the wave- 
function of the third nucleon, it is possible, in general, to produce a completely antisymmetric 

function of three nucleons by an antisymmetrizer (already explicitly demonstrated earlier 
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in this section). However, it is impossible to produce a completely symmetric function 
from such a product because nucleons 1 and 2 in the product are already antisymmetric. In 
Fig. III.9, the completely antisymmetric function is represented by, the three boxes in the same 
column, labelled A. The extra pattern, labelled M, comprising two boxes in the first row and 
one box in the second row, which appears both in (c) and (d) of Fig. 1 1 1.9 cannot, however, be 
understood so intuitively. All we can deduce is that the product of a two-nucleon symmetric 
function with a wavefunction of the third nucleon cannot be identically equal to the completely 
symmetric function of the three nucleons; there must be some other type of function occurring 
along with it. Similar observations hold for the right-hand side of (d) in Fig. III. 9. The fact that 
the symmetry character of this extra function in (c) and (d) is the same cannot be established 
intuitively; neither can we assume that there will be no function of any other symmetry 
character in these results. These are precisely the points clarified by some knowledge of the 
theory of groups, namely, the group of all permutation operators acting on the nucleons. 
Without going into the group theoretical details, we now simply state the working rules. The 
rule for multiplying any pattern by a single box is to attach this extra box to that pattern in as 
many different ways as possible, keeping in mind that the number of boxes in any row should 
not exceed that in any of the preceding rows. Further, the total number of rows in the resultant 
patterns must not exceed (2/ + 1) in the case of space-spin functions, and 2 in the case of 
isospin. 

If we keep the working rules in mind, then, in the case of isospin states, the completely 
antisymmetric pattern A is ruled out because it consists of three rows. The other pattern, 

labelled M in (d) of Fig. III. 9, will be loosely called ‘mixed symmetry*. In the case of isospin, 
therefore, only the pattern M remains on the right-hand side of (d) in Fig. III. 9, and the three- 

nucleon isotopic spin T, corresponding to this diagram, must be obtainable from the isotopic 
spin content of the left-hand side. The latter corresponds to an isospin zero of the antisymmetric 
two-nucleon diagram and isospin £ of the single box; the product implies that all total isospins 
available from the coupling of the two must be present in the result. The coupling in this case 
produces a unique value T = £ for the left-hand side, and hence the same value of T is asso- 

ciated with the mixed symmetry pattern M. In a similar manner, we couple the isospin 1 of the 
symmetric two-nucleon diagram, and £ for a single box, and obtain T — \ and T = } as the 

isospins on the left-hand side of (c) in Fig. III.9. By this argument, the same isospins must 
occur on the right-hand side also. But the pattern M has already been shown to contain only 

T = }; therefore, the pattern S contains only T = f. 

In a manner analogous to reckoning the isospin T, we can try to find out the permitted 

/•values in the patterns M, S, and A of Fig. III.9 for various values of j. If j = j, the pattern 

A can be dropped as in the case of isospin, and we get the pattern M going with J=\, and the 

pattern S with / = f. If j = £, then the three nucleons in this level are equivalent to a single 

hole, and hence the permitted /-value for the completely antisymmetric case is, by the 
equivalence of a hole and a particle, given by / = = f . So the pattern A goes with / = ?. The 

total angular momenta on the left-hand side of (d) in Fig. III.9 are obtained from the coupling 
of 0 and 2 (which are contained in the antisymmetric two -nucleon pattern) with f (corresponds 

to the single box), i.e., / = f, J, f , }, \ . Since the pattern A contains 7=f, we take away this 

value from the /’ s just listed, and hence associate the pattern M with / = j, f, I, I. It should 

be noticed that in preparing the list of J we must be Careful to keep any repeated value of/ as 
many times as it is produced (in the present case, } occurred twice — once in the coupling of 0 

with I and once in the coupling of 2 with | — and we retained it twice). The same method for 
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the determination of the allowed /-values of mixed symmetry can be applied to higher values 
of j, in which case we shall have to use Table III. 6 (the n = 3 rows) to eliminate the ./-values 
of the completely antisymmetric pattern. Having obtained the J* s contained in the mixed 
symmetry pattern, we can now proceed to (c) in Fig. III. 9, find out the list of angular momentum 
J by angular momentum coupling on the left-hand side, and finally remove the J's of the 
pattern M from this list to obtain the allowed ./-values of the symmetric three-nucleon diagram 
S. The ./-structure of the symmetric pattern is, however, unnecessary for our purpose, as shown 
later in this section. 

Let us next consider the construction of antisymmetric states from the product of isospin 
and space-spin functions. We have specified the symmetry characteristic of these two types of 

function separately, and also found out the allowed T- and ./-values corresponding to each 
symmetry pattern. When we take their product, we can, however, admit only products that are 

completely antisymmetric under the combined exchange of space, spin, and isospin coordinates 
of any two nucleons. In the case of the completely antisymmetric space-spin function A, it is 
clear that it must be multiplied by the completely symmetric isospin function S, which has 

r= f, in order that the product is antisymmetric under the combined exchange of space-spin 

and isospin. It is, however, not intuitively clear what is to be done for the mixed symmetry 

functions M. Once again, group theory gives the answer, and the rule can be very simply 
stated: the space-spin function of any symmetry pattern must be multiplied by the isospin 

function of the conjugate symmetry pattern (which has to be obtained from the former by the 
interchange of the rows and columns). The mixed symmetry pattern is clearly the conjugate of 

itself. Thus, the mixed symmetry isospin state T *= £ must be multiplied by the mixed symmetry 
space-spin functions whose /-values have already been determined. It should be observed that 

the conjugate of the completely symmetric pattern is the completely antisymmetric pattern, 

and hence the general group-theoretical rule actually includes the statement made about the 
(T — |)-states. By the same rule, the completely symmetric space-spin state would have to be 

multiplied by the completely antisymmetric isospin state, but we have already found that this 
pattern does not exist for isospio. Hence, even though the 7-structure of the completely 

symmetric space-spin functions can be determined in principle, it is entirely unnecessary. 

Let us now~a$k‘why the completely antisymmetric isospin state of three nucleons is non- 

existent. The answer very simple. The single-particle isospin state has two possible projec- 
tions, ±\. If we have more than two particles, then more than one particle must necessarily be 

given the same isospin projection quantum number. An attempt to antisymmetrize such an 

isospin wavefunction with respect to the nucleons that have the same projection would clearly 

produce a zero result. Thus, it is impossible to produce a completely antisymmetric isospio 

state of more than twp nucleons. This explanation throws light also on the requirement that 
there cannot be more than two rows in an isospin symmetry pattern because the existence of 

more than two rows implies that at least one column has more than two boxes, and a completely 

antisymmetric isospin stale represented by that column is impossible. 

Arguments similar to the foregoing can be advanced for the space-spin functions as well. 

A single-particle state j has (2 j + 1) projection quantum numbers. As long as we are dealing 

with a nucleon number less than or equal to (2 / + 1), we can put all the nucleons in dijfmt 

projection states of j, and hence produce a completely antisymmetric function by a suitable 
antisymmetrizer. The moment we have bio re than (2j + 1) nucleons, more than one nucleon 
has to be put in the same projection state, and then an attempt at antisymmetrization necessarily 
produces zero. This explains why we cannot admit columns of more than (2 j + 1) boxes [i.e., 
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more than (2 / -f- 1) rows] in the symmetry pattern of space-spin functions. 

We have already listed (see Table IH. 6) the J-values of the completely antisymmetric 
states. For three nucleons, these states correspond to T = f (completely symmetric in isospin), 
and can be read from the (/i = 3) rows of the table. The preceding discussion enables us to 
find out, for three equivalent nucleons, the allowed y-values for mixed symmetry that have 
T = £. These states for several values of j are listed in Table III. 7. 

Table III. 7 y-values of mixed symmetry states (T — $) of three nucleons in level j 


j 


6 

a 

7 

2 


J 


i a » 7 

2» 2* 2* t 


I I (*\* ( 1\2 £ 11 IS 

z» a» \ 2 / * va/ * a» a 

1 » /®\2 /1_1\2 /1»\2 IS 17 

2» 2’ \2/ » V2/ » V2/ * \ 2 / * \ 2 / ’ 2 > 2 » 


1 9 
2 


I, !. (f) J . (*) 3 . (I) 3 . (¥) 3 . (¥) 3 . (¥) J . (¥) J . (¥) J . ¥. ¥. V 

1 8 /8\2 /7\3 / ®\3 /• 1 1 \4 / 1 >\4 /1®\3 /17\3 /I®\3 /1_I) 2 f— -i 2 f~) 2 — — — 

2> 2* \2 ) * V 2 V > \2 ) » V T" / > V 2 / » V 2 / > W / » V f / » V 2 / > V 2 / » V 2 / » 2 > 2 » 3 


Seniority and reduced isotopic spin of three-nucleon states The concept of seniority of shell- 
model states of equivalent nucleons is based on the addition of a specially defined ‘pair’ of 

nucleons. Such a pair is, by definition, coupled to the angular momentum state J f — 0; for the 

antisymmetry of this ‘paired’ state, its isotopic spin has necessarily to be 7V = 1. In the case 
of identical nucleons, the isotopic spin of a pair is automatically unity and may be altogether 

omitted from the discussion. 

In the case of two nucleons in the level j, the quantum numbers of the states are known. 

They are 

/== 0,2,4 (2j — 1) with T= 1, 

/a 1,3, 5,..., 2/ with r=0. 

In the first group, the state J •= 0 (T = 1) is identical to the special pair defined. This two- 

nucleon state can therefore be regarded as having been obtained by the addition of one specially 

defined pair to the state of zero nucleons. We shall call it a state of seniority zero (v = 0), where 

seniority stands for the number of ‘unpaired’ nucleons. All the other two-nucleon states are of 
seniority two (t> =* 2) because in these states there are two unpaired nucleons, a pair being 

reckoned in the special sense, as just mentioned. The two-nucleon states of seniority two have 

two different values of isotopic spin, namely, J = 1 and 7 = 0. 

In the case of three equivalent nucleons, we can (as with the two-nucleon states) consider 

obtaining a special set of states by adding one pair to the state (/=],( = ]) of a single 

nucleon, The resultant state clearly has a total angular momentum J = j because J f = 0; on 

the other hand, the total isotopic spin T of such a s(ate is the result of coupling r = J with 
r p = 1, i.e., T — i or r— }. Both these states are said to have a reduced isotopic spin t = J, 
which is, by definition, equal to the isotopic spin of the parent state (in this case, the one- 
nucleon state) to which a pair has been added to obtain the resultant state. The states obtained 
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in this manner have one unpaired nucleon and a pair, and their seniority, which is equal to the 
number of unpaired nucleons, is then equal to one ( v = 1). Instead of defining seniority as the 
number of unpaired nucleons in a state, we can alternatively define it as the number of nucleons 
in the parent state to which ( 7 P = 0) pairs have been added to obtain the final state. In the case 
of three identical nucleons (i.e., only neutrons or only protons), Thas the unique value f, and 
hence there is only one state 7 = j of seniority one. 

If we now consider the (n = 3) rows of the list in Table III.6, which refers to identical 
nucleons, we notice that up to j — } there is only one state with 7 = j. This single state can 
then be constructed in the manner already described. All the other three-nucleon states cannot 
be obtained by adding a pair to the single-nucleon state because they have 7 # j. In these states, 
therefore, all the three nucleons are unpaired and have, by definition, seniority v = 3. Now, 
examining the case of j ~ § in Table III. 6, we have two states with the same 7 = j. One of these 
states can clearly be obtained by adding a pair to a single nucleon j = f, which then has senio- 
rity v — 1. The other state with 7 = §, which can be made orthogonal to the state (t> = 1, J = f) 
(the process of orthogonalization is indicated presently), is then called a state of seniority v = 3. 
The other states with 7 =£ f in the list are also of seniority three, according to our earlier 
definition. They are automatically orthogonal to the state of seniority one because they have 
J j. 

The case of j = (in Table III. 6) is more complex. Here the two states of J — V are 
clearly of seniority one and three, and both* of them can be constructed in the manner indicated 
for the (j = !)-case. All the other states are of seniority three, but there are two values of 7, 
namely, f and y, for which there are two states with the same value of 7. In each of these 
cases then, seniority fails to distinguish between the two states of the same 7. This is the com- 
plexity just mentioned. 

Now, while describing the general procedure for constructing the three-nucleon state of 
good seniority, we shall show how two states of the same 7 and seniority can be explicitly 
constructed and used in calculations. The expression (III. 115b) has to be generally used for 
writing the states. When there is only one state with the given value of 7 (T = f in the case 
under consideration), this state can be constructed from any value of 7 0 (T 0 = 1) consistent with 
the angular momentum coupling rule. In such a case, it is automatically guaranteed that, if we 
use two different values of 7 0 in constructing the state, the resultant fractional parentage 
expansion (III. 11 5b) differs, at the most, through an overall phase factor. In the case of more 
than one state with the same 7, we have to use different values of 7 0 in setting up the fractional 
parentage expansion (III. 1 15b). If we deal with two states, then two different values of 7 0 
suffice. If we deal jvith two states of 7 = j, then we know that they are of seniority one and 
three, respectively. The states with seniority one can be obtained from (III. 11 5b) by using 
J 0 = 0 (recall the definition of a seniority-one state), and the other state obtained with a differ- 
ent Jo is not, in general, automatically orthogonal to this (seniority-one, 7 How- 

ever, it can be made ortftogonal by following a general procedure: take any two normalized 
states | P> and |g>, where |g> is not orthogonal to |P>; |g>, as now defined, can be easily 
checked to be orthogonal to !?>: 

IQ> = !<?>- IW 1 

| however, is not normalized to unity, but can be made so very easily. The same procedure 
can be used in dealing with the two states 7 = f and 7=* V arising from j Two states 
have to be constructed according to (III. 11 5b) by using two different values 7 0 » each of which 
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is not necessarily equal to zero. These two states can then be orthogonalized in the manner 
just described. 

The procedure for constructing the states of mixed symmetry, listed in Table 111.7, is 
now described. All these states have When we wish to construct a (7 = /', T = £)-state 

of seniority one and reduced isotopic spin J, we must choose 7 0 = 0, T 0 — 1 in (111.115b). In the 
case of 7 = f, the other ( 7 — £)-state is clearly of seniority three and can be constructed by 
choosing any J 0 ^0 and the commensurate value of To. In all the other cases in this table, 
where the same J occurs more than once, it is evident that the seniority quantum number by 
itself is not adequate to distinguish between the states. The reduced isotopic spin also does 
not help because, for the seniority-one state, it has the unique value / — Then the proce- 
dure for obtaining the different states is to use different values of J 0 and T 0 in (111.115b) and 
in the subsequent orthogonalization of the states. The orthogonalization procedure, described 
in the case of two states, can be very easily generalized to the case of more than two states. 

Calculation of Matrix Elements 

The advantage of the fractional parentage expansion of a state is now made explicit by work- 
ing out the expressions for the matrix elements of one- or two-particle type operators using 
these expansions. The earlier notation is made simpler before writing the desired expressions. 
We now denote the n-nucleon states by |*P 2 >, • • • . and the ( n — l)-nucleon states by 

|^ 2 ^» • • • • Thus, the fractional parentage expansion of an n-particle state, which is an 

expansion in terms of the states of the (n — 1) nucleons, coupled to the state of the last 
nucleoh, can be schematically written as 

1^0- 2 C t (y l9 jtWAU 2 ,..., h- 1), /,(*): (HI.116a) 

V1.J1 

I Vi)- 2 CW 2 Jd\Ytf 9 2 9 ...,n-\)J*n):Vd. (III.116b) 

v *. i% 

As usual, the parentheses on the left-hand side signify that these states are antisymmetric in 
all the n nucleons; Cj, C 2 are the cfp’s which depend on the quantum numbers of the states 
shown within the parentheses; j*!, I * * * * * * * * X F 1 are states of the nucleons 1,2 1, as shown; 
and the last nucleon n is in a single-particle state specified by j u j 2t . . . . The comma sepa- 
rating ¥*1 from j\ denotes coupling of angular momentum and isotopic spin. The angular brackets 
on the states on the right-hand side indicate that there is only angular momentum and isotopic 
spin coupling of the state of the last nucleon with that of (he first (n — 1) nucleons; that is to 
say, there is no antisymmetry in each basis state on the right-hand side under the exchange 

Pint where i = 1, 2, . . . , n — 1. In fact, the full expansion with the cfp’s, by definition, builds 

up this antisymmetry requirement and makes [If^) or 1^) completely antisymmetric. 

Let F and G denote a one-particle type and a two-particle type operator, respectively. 
According to the general results (111.60), we have 

(tP!| F |^ 2 ) = n(^i| ,P(/i) 1^ 2 ), (III. 117) 

Wil G \V 2 ) = \n{n - 1)(V,| G(\, 2) \V 2 ) (III.118a) 

= $*(* - l)(!F a | G(n - 1, n) \W 2 ). (III.118b) 

In the thrte*nucleon case, we shall make use of (III. 118a) for the matrix element of G. In the 
case of n > 3, it is more advantageous to use the alternative expression (III. 11 8b), although 
(III.118a) caaalso be applied. 
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We substitute the fractional parentage expansions (III. 116) in (III. 117), and note that the 
operator belongs to the particle and hence, in the resultant summations over and x ¥ 1 > 
which are states of the first (n — 1) nucleons, only the terms with = *F 2 contribute a non- 
zero result. In this way, 

(tf'il F \V 2 ) = n 2 CWJdCtfF, j 2 ) 

j v ) % 


x <!P(1. 2, . . . , a - 1), h(n ) : !P,| F(n) \V(U 2, . . . , /i - 1), j 2 (n ) : !F 2 >. 

(III. 119a) 

The matrix element is now in the form of the standard Racah result (Bill. 13) from 
Appendix B, and can therefore be expressed in terms of the single-particle matrix element 
Oil 1^1 |y* 2 >- To write out the final expression in detail, we now need the explicit symbols 
(7, 7), which denote the angular momentum and isotopic spin quantum numbers of the (h — 1)- 
nucleon state 7; (J l9 T t ) and ( J 2t T 2 ), which denote the angular momentum and isotopic spin 
quantum numbers for the n-nucleon states and respectively; and the detailed structure 
of the operator F. Let Fbea product of a tensor F* acting on the angular momentum states, 
and acting on the isotopic spin states. Introducing all the notation explicitly, and applying 
the standard results (Bill. 1) and (Bill. 13) from Appendix B, we finally obtain 


2 K Ji 
,M 2 q M { 

x u(jj 2 JiK-, Jijwnw, t 2 \Kj*\ if*i u.xii is*! u>. 


Wl F |V 2 ) - n Z C l (V,j l )C 2 ('i'J 2 )\'' j 
•r. l v J, LM 


r * if 7 * *; r 'i 

fiJlr 2 q TjJ 


(in. 119b) 


Here Af„ M 2 , r t , and r 2 are given projection quantum numbers corresponding to J 2 , T 2 , 

and T t , respectively. 

In the case of the two-body operator, we write the result for n = 3. We exactly follow 
the foregoing procedure, starting with the expression (III. 11 8a), and obtain 


(V t \ G \V 2 ) = 3 _ Z C t (V i, })C 2 (W 2 , j) 


X 2), 7(3) : y,| (7(1, 2) |^ 2 (1, 2),y(3) : «P 2 >. (III.120a) 

In this case, the operator is independent of the last particle, and hence the matrix element is 
diagonal with respect to j\ and j 2 , we have denoted the common value by j. Once again, the 
matrix element of (7(1, 2) in the final expression is clearly injthe standard Racah form (Bill. 14) 
from Appendix B, and can be easily evaluated in terms of <9',| |Gj |"P 2 >. The last quantity is a 
two-body matrix element, whose evaluation has been shown in detail in Section 28. The detailed 
expression, analogous \o (III. 119b), will be written only where G is the two-body potential V. 
In this case, the operator has a rank zero in both space-spin and isotopic spin space, and 
hence the Clebsch-Gordon coefficients, the (/-functions, and the phase factors in the standard 
Racah result all reduce tc* unity; there is no difference between the reduced matrix element 
<!P,| \V\ \^ 2 y and the full matrix element <VP,| V \V 2 >. In this way, 

OP.I VWi) = 3 Z C,(r„ j)C£p 2 ,jY¥x (1, 2)1 V(l, 2) I9M1, 2)>. (111.120b) 

*v *v > 

The cfp’s of all the three-nucleon stptes can be picked out of the expressions .(III. 113b), 
(III. 1 14), and (Ill.USb). Therefore, (III.U9b) with n - 3, and (III.120b) enable us to evaluate 
all the necessary matrix elements in the case of three nucleons for a shell-model calculation. 
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An evaluation of the two-body type matrix element for n > 3 is now detailed. When we 
use (III. 1 18b), it becomes clear that (III. 120a) gets replaced by 

Or v* ) 

- *"(« “!)__£ C.OTi, h)Ci(%, JO 

*V*V' rA 

^ O^iO* 2, .... n 0>ii( B ) • ^il — 1. #) |^2(1> 2, . . . , « — 1), _/2(fl) : 

(III. 121) 

The operator now belongs to thejast two nucleons, and hence we need another fractional 
parentage expansion of the states Ft, V 2 of (rt — 1) nucleons, which will separate the wave- 
function of the first (n — 2) nucleons from the (n — l)-th nucleon. Let these expansions be 
written as 


I**.)- Z d l ('Fl,ji)\y i (l, 2 _ 2),y;(/i - 1) : <P,>, (III. 122a) 

ViJi 

\V 2 ) = _Z d 2 (F 2 , j 2 ) 1^(1. 2 n - 2), j' 2 (n - 1) : (III.122b) 

n/; 

Substituting these expressions in (III.121), we obtain 

OPtl G 1^2) 1 

= ln(n-l)_ Z _ Z C,(y„ jt)C 2 {F 2 , j 2 )d x (¥' u jl)d 2 (F 2 , f 2 ) 

X <?!(!, 2 n- 2), j[(n - 1) : F iy ;,(«) : <P,| C(n - 1, n) 2, . . . , n - 2), 

j 2 (n - 1) : F 2 , j 2 (n ) : 'F 1 '). (III.123) 

To proceed, we need the information on the angular momentum and isotopic spin of the states 
F[ and F 2 , which we denote by J[, T[, and J 2 , T 2 . Using the U-function to change the order of 
coupling, we then write 


ini. 2 , .... n - 2), j\{n — 1) : 1P| >j t (n ) : ^.> 

X |!P,(1. 2 n - 2), {)\n - 1), Mn) : g x 3",} : V{>. 

Here the braces indicate_the coupling of the states of the last two nucleons to g { 3", and the 
subsequent coupling of F\ of the first (n — 2) nucleons to form the final state F t . An analogous 
expression can be written for the state on the right-hand side of G(n — 1, n) in (III. 123). 
Substituting these expressions in (III. 123) and then noting that the matrix element in the new 
expression is in the standard form (Bill. 13) of Appendix B, we obtaip 

(V'.l G \FJ = in(n - 1) Z Z Q?,, h)C/W 2 , j 2 )dt(V', j[)d 2 (V', f 2 ) 

rXr. 

X Z U(J'j',JJ x ; Jig)U(f\T\\ f { 3)U(J'jVj 2 ; J 2 g)V(f\T\-, T 2 3) 

x<ji(n - 1). Mn ) : $2\ G(n - 1, n) \ji(n - 1), Mn ) : gZ>. (III.124) 
This final expression has been written on the assumption that the operator G is a scalar, i.e.. 
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the result is applicable to the two-hody potential. All the equalities /, = J 2 = /, T x = T 2 = T , 
^ and £Ti = 9a = used in writing (III. 124), are acjtually _attributablc to this 

special assumption on the rank of the operator G. The equality ¥*! = Vi = and the equalities 
of the corresponding quantum numbers, namely, J[ = J'i = ./' and = t[ = 7', are however 
quite general and follow from the fact that the operator G(n — 1, n) belongs to the last two 
nucleons, whereas the wavefunctions !7i, 72 belong to the first (i n — 2) nucleons. 

Before closing this section, it may be worthwhile to draw attention to a particular fact: 
in the fractional parentage expansion of a state of n nucleons, we get the states 7 of the first 
(ai — 1) nucleons coupled to the state j of the last nucleon, and the summation is, in general , 
over both 7 and j; in the special case of equivalent nucleons (i.e., all in one shell-model 
orbital), the last nucleon in the fractional parentage break-up is necessarily in the same given 
orbital, and the summation is therefore only over all possible states 7 of the first (n — 1) 
nucleons. The points just mentioned will be appreciated if the reader refers to the expression 
(111.115b), valid for the configuration (a 3 ) of three equivalent nucleons, and the expressions 
(III. 113b) and (III. 114), which apply to the case of three non-equivalent nucleons distributed 
over mixed configurations of the type (a 2 , b) and (a, b , c). 

B. MORE THAN THREE NUCLEONS 

The detailed shell-model calculation for a given number of nucleons distributed in several 
orbitals entails setting up the matrix for the Hamiltonian by using the angular momentum 
coupled states as the basis; the resultant eigenvalues should be compared with the observed 
spectrum, and the eigenstates can be used in calculating other observed quantities, such as 
static electromagnetic moments and dynamic transition matrix elements. The general results 
already given in the calculation of the one- and two-body type matrix element are clearly 
sufficient for carrying out this part of the programme. 

It is clear then that the first step in a shell-model calculation for any number of nucleons 
distributed over several single-particle levels is to find out all the configurations and the 
possible states (their seniority, /, and 7, and other quantum numbers, if necessary) in the 
various configurations; the second task entails obtaining the fractional parentage expansion of 
each ^-particle state in terms of the states of ( n — 1) particles coupled to the state of the last 
particle. Once these two steps are executed, the actual shell-model diagonalization programme 
and the calculation of the other properties can be carried out in a straightforward manner. 
The complexity of the programme is contained entirely in the two steps just mentioned. We 
have shown (in Section 29A) the procedure for the entire programme in the case of three 
nucleons. That the complexity increases with an increase in the number of nucleons and in the 
number of available^single-particle orbitals (which is so in the big major shells) can be very 
easily appreciated. 

As a precursor to the problems, let us consider first the case of four nucleons*»distributed 
amongst four or more arbitals. We immediately notice that the configurations can be of five 
types, namely, a 4 , (a 3 , b), (a 2 , b y c), ( a 2 f b 2 ) t and (a f b 9 c f d), in contrast to only the three types 
possible for configurations of three nucleons. The quantum numbers J f 7 of the possible states 
in the last four configurations can be found out fairly easily from straightforward coupling 
rules; the information needed for this purpose consists of the possible angular momentum and 
isotopic quantum numbers in the configurations a? and a 3 . This is already known to us. The 
nontrivial problem of finding the states is faced in the case of the configuration a 4 of equivalent 
nucleons. Once again, fot r the completely antisymmetric states, the quantum numbers J f T 
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can be found by counting the various possible distributions of nucleons amongst the distinct 
combinations of the single-particle projection quantum numbers m, m,. In view of the large 
number of particles, it is clear that the counting will be quite tedious. Moreover, there will be 
states of other symmetry types, which may be obtained by adding a fourth box to the three- 
nucleon symmetry diagrams of Fig. III.9, following the rules described in Section 29A. For the 
reasons stated there, we have to consider, for the isotopic spin states, the symmetry patterns 
consisting of up to two rows and the conjugate symmetry patterns (which necessarily cannot 
have more than two coliynns) of up to (2a + 1) rows. Any such symmetry pattern for isotopic 
spin corresponds to a unique value of T equal to |(«i — ni), where n t and n 2 are the number of 
boxes in the two rows of the pattern. The possible seniority quantum numbers and /-quantum 
numbers in the conjugate symmetry patterns are not, however, trivial to find out. In the case 
of three nucleons, we indicated a fairly straightforward procedure, which depends on the 
coupling of the angular momenta of the two-nucleon patterns with the angular momentum of 
the last nucleon. In general, for four or more nucleons, this simple approach does not always 
give information on each individual symmetry pattern. To solve this problem, we need more 
sophisticated knowledge of the group of permutations. The representations of this group have a 
one-to-one correspondence with those of the group of unitary transformations. The latter 
contains the symplectic group and the rotation group as subgroups. The seniority quantum 
number corresponds to a reduction of the representations of the unitary group in terms of those 
of the symplectic group; similarly, the quantum number / corresponds to a reduction in terms 
of the representations of the three-dimensional rotation group. These details are outside the 
scope of our discussion. A pragmatic reader, who should be satisfied if he can do a calculation 
using standard tables, may take consolation in the fact that this group-theoretical problem of 
finding the quantum numbers of allowed states in the configuration of n equivalent nucleons 
has been solved by Jahn et al 5 , and that published lists with the required information exist in 
the literature on the subject; tables on the corresponding cfp’s are also available. 

The cfp’s for states belonging to mixed configurations (inequivalent nucleons are to be 
treated in these cases) can be calculated in the manner already described for three nucleons. 
Let us consider a state 5^1, 2 n - 1) of the (n - 1) nucleons belonging to a configura- 

tion labelled C. An antisymmetric state belonging to the configuration ( C,j ) of n nucleons can 
be written with the help of the antisymmetrizer Jl as 

I'F) = 2, .... n - 1), j(n) : V}, (III.125) 

where the comma before j denotes angular momentum and isotopic spin coupling, and the 
antisymmetrizer Jl is explicitly given in terms of the exchange operators P, n as 


(IIU26) 

/-I 

Let us first examine what P n . i,» does. We have 
iV M Fc(l, 2, .... n - 1), i(n) : !P> 

= \V C {\, 2 n - 2 , n), j(n - 1) : *P> ___ 

=, 2 C(V\ /)|¥*(1 , 2, . . . , n - 2), j'(ri) : T c , j{n - 1) : V> 

- 2 C{W, f) uu'f'Jj ; J$)U{\t'ty,T<3) 

X (_ 2, .... n - 2 ),;(» - 1) : <£ST,/(n) : (HI-127) 
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We have here first exchanged (n — _1) with n, then expanded }F(J, T) in terms of the cfp C{?F\ /); 
the (i n — 2)-particle state, W\J\ T% couples to / of the particle n in this break-up. Finally, we 
have used the ^-functions to so_rearrange the coupling that the particle jt is_coupled last. In 
doing so, the order of coupling V with f was firstj-eversed, giving \j\rt) 9 *P' : 'PcJ(n — 1 ) : 
the recoupled state was then in the order | /(h), {IP', j(n — 1) : 33 } : ¥*> in which the coupling 
of j'(n) with (33‘) was finally reversed to obtain the state in the last step. The two reversals of 
coupling account for the phase factor present in (III. 127). 

In the same manner as for P„_ lt „, the effect of P lat with / ^ n_— V, can be easily shown to 
produce the same coefficients and summations, but gives the state |!F'(1, 2, . . . , n — 1 , . . . ,/* — 2), 
j{i) : 33l : j\n) : with a minus sign , where n — 1 has taken the place of the i-th nucleon. To 

understand this result, we note that P in puts n in the position of i in the wavefunction and 
then n and n — 1 in W are interchanged so that the subsequent fractional parentage expansion 
separates the last particle n from this wavefunction. This additional interchange in the anti- 
symmetric wavefunction !P accounts for the extra minus sign, and also for the fact that (n — 1) 
occupies the position of i in !P' in the final result. Putting together the result of operating with 
P„-i, n and Pi„ for all / ^ — 1, we obtain, along with the coefficients in (III. 127), the state 

iJft’P'0 ,2 n — 2), j(n — 1) : 3D, j\n) : T), where = ( I — E P, t „_i), and ^ operates 

on the state enclosed within the braces. A comparison with (III. 126) tells us that Jl is the anti- 
symmetrizer for any wavefunction of (n — 1) nucleons written as a product of an antisymmetric 
wavefunction of the first (n — 2) nucleons and the wavefunction of the last nucleon. Let the 
normalization constant of this (n — l)-nucleon state be N~ l (^P\j : $%). Using the aforestated 
results along with the coefficients of (III. 127) and the first term unity of Jl of (III.126), we 
obtain, for the wavefunction (III. 125), the expression 

1^) = \Vc(U 2 * - 1), j(n) : *P> - Z Z (- 

x UifJ'Jj; jg)U{\TT\\ T2)N(V\ j : 3 ST) 

X mi, 2, ...» rj — 2), j(n - 1) : 32} Xi j\n) : ^>. (III. 128) 

This is the required fractional parentage expansion of the particular n-particle state; of course, 
we have first to find Out the normalization constant, and then the cfp’s have to be written with 
this constant suitably incorporated. 

The right procedure, it must be obvious to the reader, is to move step by step, starting 
with the waVfcfunctions n =* 2. That is to say, build up the wavefunctions n =» 3 from n = 2 in 
the manner of Section 29 A; then proceed to the wavefunctions n = 4, utilizing the knowledge 
of the wavefunctions U = 3, and so on. In this way, at the time of evaluating the cfp’s of the 
n-nucleon states from the expansion (III. 128), complete information on the antisymmetric states 
of the (n — 1) nucleons appearing therein is already at our disposal, and hence there will be no 
problem with the normalization constants N(7\ j : ^£T), and the permitted values of the sum- 
mation labels in (III. 128). The cfp’s of the n nucleons can thus be explicitly evaluated. 

30. USE OF SECOND-QUANTIZATION TECHNIQUE IN SHELL-MODEL PROBLEMS 
The second-quantization technique of dealing with the antisymmetrization problem in the 
many-body theory can be very profitably used in some shell-model calculations. We shall de- 
monstrate a few such applications in this section. The technique itself has been presented in 
Section 16. 
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A. RELATIONSHIP BETWEEN HOLE STATE AND PARTICLE STATE 
A particle state outside a closed shell <Pq) is described in the second-quantization technique by 
the creation operator Cl according to 

Cl \<Po>, 

where a stands for the set of quantum numbers defining the state of the particle. Since |# 0 )> is 
the closed-shell state, it already contains a set of single-particle states occupied in it and, 
according to the work in Section 16, any occupied state from |0 O )> can be destroyed by an 
annihilation operator C^, where 0 is one such state. The state 

describes a hole in the single-particle state of 

In the nuclear shell model, each of the labels a, /3, . . . stands for the set of quantum 
numbers n, /, y, m. While referring to any such state, we shall omit the quantum numbers n, / 
and use onlyy, m since only the latter are relevant to most of our discussions. Further, we 
shall establish a relationship between the particle and hole states corresponding to the same 
(«, /, y)-quantum numbers, and hence very frequently the creation and destruction operators 
will bear only the projection quantum number m as a label; whenever a knowledge of the 
angular momentum is explicitly required, the symbol j will be used to denote it. 

The antisymmetric state |0 O ; jrn) formed with one particle in the single-particle state y, m 
outside the closed-shell state |# 0 > is described by 

I ^o;y/w)-C ; >o). (III. 129) 

This is a state of angular momentum /' and projection m, and hence, under a rotation of the 
coordinate system, it transforms according to 

|<Po; jtn) -+ I Qo,jm) = Z S) ! mm '\<P a \ jm) = Z S>Lm’Cl-\<I>o)- 

m r m' 

Thus, Cl, transforms according to 

£ g)L-cl. 

m' 

The annihilation operator C m then transforms according to 

m' 

or, using (BI.16) from Appendix B, according to 
S (- -m'Cm’. 

Therefore, the operator (—1 transforms as 

z (_i y-'x-i)— = 2 

m' m' 

Thus, the quantity has the same transformation property as a state of angular 

momentum j and projection m. The state generated by this operator from a closed-shell state 
\V 0 y t which already has the single-particle state y, — m occupied, will therefore be called a 
hole state of angular momentum j and projection m. W^ use the notation |^ 0 ; U m )~ l ) to denote 
such a hole state, which in the second-quantized notation becomes 

i*o; “(-ir^in). 


(III. 130) 
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We have deliberately used two different closed-shell states & 0 and Wo in (III. 129) and (III. 130) 
while describing the panicle state jm t and the hole state of the same quantum numbers. This 
is because the single particle denoted by jm has to be created by starting with the closed 
shell just outside which the single-particle level jm occurs. When all the (2 j + l)-substates of 
this particular y-level are filled with nucleons, we reach another closed-shell nucleus, which 
has been denoted here by W 0 . Obviously, the hole state with the quantum numbers jm has to 
be defined by removing particles from the state W 0 in which the states jm with all m are 
occupied. The relationship between d> 0 and Wo is clearly 

i¥'o>= n c:i<p 0 ) (in. 131) 

wherein the creation operator corresponding to each m-quantum number belonging to the 
given j occurs. 

The antisymmetric states of more than one particle or hole in the level j can also be 
similarly described. As an example, consider the case of two particles ; such a state, normalized 
to unity, is given by 

Clcl |0o). 

The normalization of this state can be checked by working out (<J> 0 | C m C m 'C'„-C } m |<J> 0 ) with the 
help of the anticommutators (11.30) from Section 16. The clue is to take the destruction 
operators to the extreme right, past the creation operators, by using this anticommutator 
relation, and finally noting C M |0 O ) = Cm'\$o) = 0 because all the substates of this j are, by 
definition, unoccupied in <P 0 - We can equivalently use angular momentum coupled two-particle 
states \ j 2 JM) which are given by 

\j 2 JM) = Ai(j 2 JM)\<P Q ), (III. 132a) 

where 

; ']*«. (i «•■«*» 

Here the numerical factor 1/V2 has to be introduced so that the state (III. 132a) is normalized 
to unity; the normalization can be checked in the manner just described, together with the 
property of the Clebsch-Gordon coefficients. The angular momentum coupling of the creation 
operators has been achieved in (III. 131) with the Clebsch-Gordon coefficient because these 
operators do indeed transform as states of angular momenta jm and jm\ respectively. Accord- 
ing to our convention, the operators act on |0 O ) starting from the right, and hence the first 
angular momentum in the coupling (the first column of the Clebsch-Gordon coefficient) is jm 
and the second is jm\ although, while writing the operators in (III. 132b), Ch occurs first and 
Cm second. 

We now wish to construct the operator that produces from |!P 0 ) the two- hole states of 
angular momentum J and projection Af. Clearly, the Clebsch-Gordon coefficient of (HI. 132b) 
has now to be used with the operators (— iy~ w C_m and (— l)/-«'C_ m ' in view of the behaviour 
of these annihilation operators under rotation, as already described. Thus, the two-hole 
states are given by 

J, -MWo), 


(111.132c) 
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where the pair annihilation operator A(J 2 JM) is defined as the Hermitean conjugate of the 
pair creation operator A*(j 2 JM) of (III. 132b). 

The observant reader may have noted a flaw in the first step of (III.132c). According to 
this step, from l^o) is produced first the hole state ( jm)~ x and then the hole state O?)’ 1 , and 
hence, in the Clebsch-Gordon coefficient, we should have taken jm as the first column and jm 
as the second column. However, this discrepancy, as is clear, could have been corrected simply 
by interchanging the two destruction operators, which would have given rise to, by virtue of 
the anticommutator (II. 30a), an extra minus sign in the definition of the two-hole states. Since 
an overall phase of a state is irrelevant in computation, we adhere to the definition just given. 
This merely fixes our phase convention for the hole states. The convenience in choosing the phase 
convention in (III. 132c) is that it relates the operator for the two-hole state, namely, 
(— \) J ~ M A(j 2 J t —A/), to the corresponding two -particle state creation operator, A*(j 2 JM), in a 
manner that is exactly analogous to the relationship between a single-hole and a single-particle 
state. For the many-hole states also, we shall use the same phase convention, namely, the n- 
hole state of angular momentum J and M with other quantum numbers * (if necessary) will be 
obtained from l^o) through the operator (-1 —M), where SBHfaJM) creates 

the corresponding n-particle state from |0 O )- It is clear that <B\j n oJM) comprises a string of 
single-particle creation operators which are coupled with suitable Clebsch-Gordon coefficients 
starting from the right. To illustrate this statement, let us consider a three-particle state where 
the quantum number J Qy obtained after coupling the first two creation operators from the 
extreme right, plays the role of a. Thus, 


IAVA/) = ^(Ava/)W 


= s 

7 

j 

*1 


'1 

m,m', m" 

.m 

m 

M 0 \ 

lM 0 m 

Ml 


Cl-Cl^o). 


(III. 133) 


This antisymmetric three-nucleon state is, by definition, identical to the expression (III.115b). 
We have noted in Section 29 that all possible values of J are not permitted. In the second- 
quantized version (III. 133), this will automatically follow from the anticommuting property 
(II. 30a) of the creation operators. For the forbidden values of /, this expression will produce 
terms that are all zero due to either the occurrence of two creation operators in the anti- 
commutator combination or the presence of more than one creation operator having the same 
particle label. 

We now emphasize the fact that the foregoing relationship between the operators that 
generate the antisymmetric states of n holes and of n particles sets up a one-to-one correspon- 
dence between the two sets of states. That is to say, all the states in the »-particle system will 
have their counterparts, and only these, in the n-hole system. We shall prove that the matrix 
element of an operator connecting any two n-hole states is also very closely related to the 
matrix elements of the same operator taken between the two corresponding n-particle states. 
Once this is done, we can conclude that the shell-model calculations in the first half of a /-shell, 
i.e., j* with n up to (j + J), will enable us to reproduce, with very trivial modifications, the 
results in the second half, i.e., n ranging from ( j + f) to (2 / -f 1). It should be noted that j* is 
the configuration of the n particles, and j 2 ** 1 -" is the configuration of the n holes. If n lies in 
the first half of the shell, i.e., between 1 and (j -f i), the corresponding (2/ + 1 — n) lies in 
the second half of the shell. 

The relationship between the matrix elements will now be established. Let us first consider 
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a one-body type tensor operator 2 7?(/). Then, taking its second-quantized form (II.31a), we 
get 

(J-'ctJM\ V+ 2- n T*(I) | j-'a'J’M') 

/-! 

= 2 ^T^IvX-iy-W <W. cJ, -M)CtC,${j\ a'J\ —M') I'PoK-lV'-^. 

(III. 134) 

In the same manner, the corresponding particle state matrix element is given by 


U’<tJM\ 2 T * (/) = 2 Ol 

/-I C.v 


rf ivx<Poi mr^)cic^(rafM') i<p 0 ). 

(III. 135) 


Here /», veach corresponds to a set of single-particle quantum numbers. To simplify (111.134) 
and (III. 135), we must break up each of the operators 3,... into the products of n creation 
and annihilation operators, and then proceed as follows. A typical term in (III. 135) will be of 
the type 

2 <>| |vX*ol C1C2 . • • C n ClC,Cl . . . CyCy |4>o), (III. 136) 

M. V 

where we have abbreviated the labels (recall that these are the various m- values corresponding 

to the given j) on the creation and annihilation operators by the numbers (1,2 n) and 

(1', 2',..., ri). Writing 

c;c v - v - c v c;, (i ii. 137) 

we obtain, from (III. 136), 


2<ji\Tf ImX^oI C.Cj . . . C„d . . . Cl'C\. |<P 0 ) - 

* 


Z 

*■*<!'. 2\... 


2 <H T* |v> 

«') V7* (1. 2 nyv 


X («o| C,C 2 . , . CjC&ti, . . . del |0o). ( m - 1 3g ) 

The restrictions on p and v in the second term arise from the fact that the product of two 
creation operators or two destruction operators with the same label is zero by virtue of the 
anticommutation properties. We next notice that the matrix elements of the creation and des- 
truction operators occurring in the first term of (III. 138) are nonvanishing only if the quantum 
number on each destruction operator is identical to the corresponding quantum number on one 
of the creation operators to its right, that is to say, the destruction and creation operators must 
occur in pairs. The reason for this is evident. If any destruction operator does not find its 
counterpart amongst the creation operators, it can be easily permuted to the extreme right, 
the process of permuting gives, by virtue of the anticommutation property, ( — where N is 

the number of operators across which it has been shifted. When the particular destruction 
operate/ has been taken to the extreme right, it directly operates on |0<>) and produces zero 
because each of the state labels (1,2, . . . , n) on the destruction operators corresponds to a 
single-particle state unoccupied in |#o)* Therefore, we conclude that the first term of (III. 138) 
contributes only in the diagonal matrix element, i.e., when the set of states (1, 2, ... . , /i) is the 
same as the set (T, 2', . . . , n') f except of course for a permutation of these labels. If a permuta- 
tion P is needed to change the latter set into the former, then 
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cl . . . del - (-iycj . . . eld 

the sign (— 1)** having arisen from the anticommuting property. Therefore, 

all A . . 

first term of (III. 138) - (-1)' E <>| T% |^>o| C t C 2 . . . C„Cl . . . ClC\ |$ 0 ) 

¥• 

all 

= (-1) 7 * 27 Oi Tq |^>. (III. 139a) 

¥• 

The last step follows by noting that C n C\ = 1 — C\C n and the term C«C* produces zero in 
the manner described when C„ is taken to the extreme right, past the other creation operators, 
all of which have quantum number labels different from that of rt; so we replace C n Cl by 1 
and then tackle j, occurring next to each other, which can again be replaced by unity, 

and so on. 

We have now to treat the second term of (III. 138). Here we first note that Cl can be 
taken to the extreme right and C v to the extreme left, the two signs due to the permutation of 
operator cancelling each other. The second fact to observe is that C*|0 O > and (0 O |C, are 
nonvanishing if /la, v are both states unoccupied in <P 0 . Therefore, here too we conclude that the 
set of states (/a, 1', 2', . . . , n) and (v, 1, 2, . . . , n) must be identical, except for a permutation 
of labels in one set. If p = v, then of course this requirement implies that (1, 2, . . . , n) and 
(l\ 2', . . . , n) must be identical, except for a permutation P. So p = v in the second term 
once again corresponds to the case of a diagonal matrix element, and we obtain 

diagonal contribution of second term of (III. 138) 

unocc in ^ J 

= (- 1 ) p z <#*1 t; ImX^oI c,c,c 2 . . . C„el . . . del Cl |* 0 ) 

MO. 

unocc in 

= (-l) P 27 <#i) 7f | M >. (III. 1 39b) 

MO n) 

The matrix element of the creation and destruction operators has reduced to unity in the 
manner described after (III. 139a). Subtracting (III. 139b) from (III. 139a), according to (III. 138), 
we get 

n occ in <f> 0 

diagonal matrix element = (-l) p ( Z </*| + Z Tf |^». (III. 139c) 

f^-i t 

The second term of (III. 138) gives rise to a nondiagonal matrix element as well, i.e., it 
produces a nonvanishing result when the sets (1, 2, . . . , n) and (1', f \ . . . , n) differ. In our 
way of reckoning, this contribution will be picked up by admitting the possibility p ^ v and 
then requiring the set (/a, V, 2', . . . , n f ) to be identical to the set (v, 1,2,..., n ), except for a 
permutation. We have already considered the consequence of this requirement for the case 
n a» v. Now, if p =£ v, the two sets can clearly be identical only if p is equal to one of the 
labels (1, 2, . . . , n), and v is equal to one of the labels (1', 2', . . . , n ); the remaining labels 
in (1, 2, ... , n) and (f, 2\ . . . ,u') must of course be identical, except for a permutation. 
Thus, the only type of nondiagonal matrix element we obtain corresponds to the case where 
the sets (I, 2, . . . , n) and (1', 2', . . . , n) differ through only one single-particle state. Denot- 
ing the singfe-particle states different in the two sets* by m and m', we conclude p = m and 
v » m'. In this case, while permuting (!', 2', . . . ,/i'), we place m in the location where m 
occurs in the set (1, 2, ... , ft); then the remaining labels which are the same in the two sets 



354 THEORY OF NUCLEAR STRUCTURE 


are permuted to identical locations. Denoting this permutation by P\ we then have 
nondiagonal contribution of second term of (111.138) 

= -(-1 )''<«! T* b'Xtfol Cm’CiCi ...c m ... c.ci ...cl... cldc: |4>„) 

= (-l) p '<m| 7? I ro'>. (III. 1 39d) 

Here the first minus sign has been erased while switching C m > and C m ; after the switch over 
has been effected, the destruction and creation operators come in pairs one after another and 
are replaced by unity at each stage, as already described. 

Let us now examine the counterpart of the term (III. 136) contained in the hole matrix 
element (111.134). We recall that the break-up of the ^-operators for the hole states gives rise 
to the same Clebsch-Gordon coefficients as contained in the corresponding particle states; but 
a creation operator Cm is to be replaced by (— iy~ m C_ m , and the string of annihilation opera- 
tors has to be written in the reverse order, when compared with the string of creation opera- 
tors in because is the Hermitean conjugate of Thus, the counterpart of (III. 136) is, 
in the case of holes, given by 

Z s t s 2 . . . s/A T? IvX^ol Ci. . . . cl 2 cl,c;c v c_ r c_ 2 - . . . C_„. |¥\>)J|Mj' ... s„. 

(III. 140) 

Here we have used abbreviated notation: the minus sign in front of a label denotes that the 
corresponding m-quantum number be written with a minus; and the symbol s with a subscript 
stands for the phase factor (— \) J ~ m corresponding to the m-quantum number of that subscript. 
It should be noted that the closed-shell state in (III. 140) is ^ 0 , which is obtained from 0 O hy 
filling up all the (2 j -h 1) sublevels of the single-particle state j immediately outside <P Q . 
Therefore, in this case, any of the creation operators Ct\ $ Cl 2 , . . . , Cl n acting on |!Fo) gives 
zero because we then create a particle in a single-particle state which is already occupied. 
This fact is useful to us while simplifying (III. 140). 

As a beginning to the process of simplification, we first permute C\ to the extreme left 
and C v to the extreme right, and then note that C v |!Fo) and (tf'oiC* arc nonvanishing only if /a, 
v are states occupied in tf'o. Further, /a cannot be equal to any of the states in the set 
(— 1 , —2, . . . , — n), and v cannot be equal to any of the states in the set (—1', — 2', . . . , — n ') 
by virtue of the basic anticommutation property. The next fact we notice is that the set of 
states (— r, —2', . . . , — n\ v) and (—1, —2, . . . , y) must be identical, except for a per- 
mutation qf the labels in one set. As before, we consider two cases. First, the diagonal matrix 
element corresponding to the case when ( — 1, — 2, . . . , — w)is identical to (— 1', — 2', . . . , — n ), 
except for a permutation P; the labels n and v have to be equal. The phase factors s { s 2 . . . s n 
and . . . v cancel because each factor occurs in a pair. In this case, considering all the 
aforementioned facts, we obtain 

diagonal matrix tlement in (III. 140) 

= (-1)' oee i° y * <0*1 T* ImX^oI Clcl , . . . c: 2 ci,c_,c_ J . . . C_„C„ t!Po) 

#*#(“1, -2,..., — n) 

ecc In S'# 

= (-!)' „ , 2 

M(-l, , 

occ in Vo „ n _ 

- (-1V( Z <f| 7* |f> - 27 i-A T* \-A». 

i M-l 


(HI. 141a) 
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Each expression such as CliC_t and Cl 2 C_ 2 is replaceable by unity in this matrix element, and 
hence the result. 

The nondiagonal matrix element can also be treated in the manner described for the case 
of particle matrix elements. Defining the permutation P' as before, and denoting the single- 
particle states that arc different in the two sets (-1, -2, . . . , -n) and (-1', -2 # , . . . , -ri) 
by — m and — m', respectively, we now obtain ji = — m and v = — m; all but the phase 
factors s m s m > cancel out and we finally obtain 

nondiagonal matrix element in (III. 140) 

= (-i) p '<-m'l T k ' |- m >(ni ci m ,ci„ . . . cl M . . . cl 2 cl, 

X c_,c_ 2 . . . c . m , . . . c_„c_ m 

= -(-ir<-H (HI. 141b) 

The minus sign in the front arises from the interchange of Cl m < and Cl m . Noting that con- 

sists of <P o and all the occupied single-particle states m = — j to m = +j, we write 

occin<p 0 occintfo „ +i 

f <f I T* \0 = 2 <(\ T K q |0 + 2 <. jm\T*\jm \ > 

i f m — j 

or, by virtue of the proof given ir. Section 26A concerning the sum over all the sublevels of a 
closed shell, 


occ in ’fo OCC in 

S *o«,o 2 <fl7f|0-8»M 2 <f| T K q If) -i (y]<;| |T*| \j>]. (III. 142a) 

The Oebsch-Gordon coefficient in (jm\ T J | jm) is identically equal to unity, and hence the 
sum over m has yielded the factor (2 j +1). % 

To demonstrate the relationship between the other terms in (III. 139c) and (III. 141a), we 
recall that the labels jx, — /x, . . . describe the projection quantum numbers corresponding to 
the angular momentum j, and hence the application of the Wigner-Eckart theorem yields 

-<-H 7? |-M> = -[ J K J loi \T K \ \j>^ 

L-fi q — fij 

--P K y l(-i)' + *-W‘IU>s«o 

q ill 

= - S«o<H Tf l/*X- 1 )*■ (III. 142b) 

We ha\e used here the symmetry relation of the Clebsch-Gordon coefficient to change the — p 
to -h fA, and then the Wigner-Eckart theorem to recover the matrix f element in the final step. 
(III. 142) can now be summarized as follows: the diagonal matrix element of a single-particle 
operator T% between any two hole states can be obtained from the same matrix element be- 
tween the corresponding particle states by changing its sign and multiplying it with (—1)* [see 
(III. 142b)]; in the special case of the zero-rank tensor operator, the matrix elements have an 
extra contribution from the closed shells of # 0 » and the result for the hole states in the level j 
is obtained by subtracting the contribution of the corresponding particle states in the level j 
from the contribution (Ij + 1)<;| |7J| |;> of all the nucleons in the level j [see (III. 142a)]. 

In the case of the nondiagonal matrix elements, once again the result is nonvanishing only 
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if one single-particle state is different. As for (111.142b), so too here we can establish 

T* | -m> =-[ 1 f J 1(-1)>— (- ly-'OI 1 7*1 L/> 

L— m —m + m — ml 

= -5, J , K , y ](-i)*<ynn i/> 

Lro m — m ml 

- 7* |m'>. (III. 143) 

Therefore, we conclude that the relationship between the nondiagonal matrix elements is also 
given by a reversal of sign and the multiplicative factor (—1)*. 

We have now succeeded in relating the particle matrix element (III. 136) with the hole 
matrix element (III. 140). We, however, recall that these expressions are typical terms contained 
in (III.135) and (III.134), respectively, after angular momentum decoupling is effected in the 
jjt. and ^-operators. We further recall that the Clebsch-Gordon coefficients in this decoupling 
in the case of particles were the same as those in the case of holes. In view of this, the relation- 
ship between the particle and hole matrix elements (III. 136) and (III. 140) [i.e., through the 
phase factor —(—1)*, where K is the rank of the tensor operator of the single-particle type] 
remains unchanged even after the angular momentum coupling has been redone. 

We shall next derive the relationship between the particle and hole matrix elements for a 
two-body type operator; the two-body potential being the only such operator of concern to us, 
we shall restrict ourselves to this operator. 

The two-body potential energy operator is given by [see (11.3 lb)] 

V = \ Z <a/3| V |y8>cic;c,c r =}Z (<*j8| V |yS)ClcJC 4 C y , (III. 144) 

apyp apy« 

where the antisymmetrized matrix element of V is, as usual, the direct term minus the exchange 
tcfm, i.e., 

(*0I V |y5) = <a$ V |yS> — <a0| V |8y>. 

For treating the hple matrix element, the form (III.144) is desirable; on the other hand, the 
particle matrix element can be better tackled by using the alternative form 

ClClCfi y ** jSpy + &pyC 0 Ca — * SpCyC^ + S^CyC^ — & ay C 6 Cl + CjCyCaCp 

which follows from successive use of the anticommutation rule. Substituting this expression in 
(III. 144), and suitably relabelling the summation symbols, we can easily show that the first 
two terms give identical contribution in the sum, and so do the next four terms containing one 
destruction and one5:reation operator. In this way, 

V=iZ(*l 3\V \ap) - Z («fl V I Yp)C r Cl + J Z («fl V | yB)C t C y ClCl (III. 145) 

ap ctpy apyp 

la the c««e of particles, tins operator has to be inserted between the states (^ol^iCi . . . C„ and 
Cl> . . . Cj-Crl^o). whereas in the case of holes, the expression (III. 144) has to beioserted between 
the states CPo|Cl* . . . C!aCi,J,Sj . . . j, and s v sr . . . s*C-yC. v . . . The arguments 

and procedure for simplification of the resultant expressions are identical to that given in connec- 
tion with the single-particle operator T*. The reader may go through the necessary exercise, if 
he so desires. We quote the final results for the complete Hamiltonian T+ V. The definitions 
(III. 101) and (III. 102) have to be used in the derivation in order to obtain the single-nucleon 
energies «. In both the diagonal and nondiagonal matrix elements, the hole matrix elements of 
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the two-body potential are identical to those of the particles. For the diagonal matrix element, 
there is a constant additive part which is equal to the energy E c of the closed-shell core <P Q 
plus the sum of the single-particle energies c in the field of <P 0 in the case of the particle matrix 
element; the same constant additive part, in the case of the hole matrix element, consists of the 

energy E c of the closed-shell state ¥0 minus the sum of the energy c of the hole states, the 
latter being reckoned in the field of Wq. 

To properly understand # 0 and 1F 0 » let us give an illustration. The nuclei He 6 and Li 6 
consist of two particles in the 0/?-shell just outside the core He 4 , which here is the state # 0 ; on 
the other hand, O 14 and N 14 comprise two holes each in the 0/7-shell, the holes being reckoned 
with reference to the closed-shell state ’f'o of O 16 . 


B. STATES OF HOLE-PARTICLE EXCITATION AND CORE POLARIZATION 


The ground state V'o of a closed-shell nucleus comprises a set of completely occupied single- 
particle levels. The simplest type of excitation of such a nucleus is caused by promoting a 
nucleon from one of these occupied single-particle levels to an unoccupied level. The resultant 
state is thus of the lh-lp type. These states can be conveniently expressed in the second- 
quantized terminology. Let the vacancy be in the state (j hf —m h ); the corresponding hole state 
of angular momentum j h and projection m h is then given by the operator (— 1 V h ~ mh Cj h% -m h . 
The particle state ( j pt m p ) is created by Cj^ Hence, the lh-lp state of total angular 
momentum J c and projection M x is given by 


where 


UirVc^c) = VcA/c) in), 


A\jh l j?JcM c) 


E (_1 yJk-mP" jp 


J c 1„ t 

M j^> p C A, -m h - 


(III. 146a) 
(III. 146b) 


Here the operators occur in an order in which the hole state is created first and the particle 
state next; the two columns in the Clebsch-Gordon coefficients corresponding to these angular 
momenta have therefore been arranged in the same order. 

In view of (11.31) and (III. 146), typical terms in the matrix elements of Tand Fconnect- 
ing hole-particle states are of the form 

* (W cl |y„K*l T (III. 147a) 

a. 0 

i r CPol Ct - m Cj^ClC t C y Cl m C hi _ m , |y 0 )(^| K |y8). (III. 147b) 

apyd * 

These simplified results are to be multiplied by the appropriate Clebsch-Gordon coefficients and 
phase factors occurring in (III. 146b). The necessary summations over the projection quantum 
numbers are then to be carried out. The details of this derivation are given in Appendix G 
(Section III). Here we shall quote only the final result, namely, 

U'k~ l jpMJ,\ (T + V) l /rVcMc) = o + *(j P ) — «( jh )] + F U'iJpjkJ j>; <7*)» (III. 148) 

where the hole-particle matrix element F of the two-body potential V is given by (GIII.9b) and 
(GIII.7) in Appendix G, and the quantity E 0 is the energy of the state 5P 0 defined after (GUI. 3) 
in Appendix G. 

As a result of the diagonalization of the matrix defined by (III. 148), we obtain the eigen- 
values E, and the corresponding eigenvectors with the elements xl p . The eigenstate belonging 
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to E e can clearly be written as 

|!P e ) = 2 xlMT'JS'MO 
JhtJp 

= 2 x' hp A\fi'j p J c M c )\'I' 0 ). (III. 149) 

Jh * jp 

The matrix element for the transition of this state to the ground state through the multipole 
operator is given by (the summation I runs over all the nucleons in the nucleus) 

Wl 2 OfW W = 2 <«| flf IjSX^ol ClC e |F.). (III. 150a) 

7-1 a, 0 

Here we have simply used the second-quantized expression for the single-particle type operator. 
Explicitly writing from (III. 149) and (III. 146b) and then manipulating the creation and 
annihilation operators in the familiar way, we get the result 


transition matrix element = 


= 2 x\ p E (-iy»-™*| 
JhtJp nj ht m p 


r jh jp Jq 

Vm h m p M c . 


X Ok, -m k \ (2? \J P , m p y 

*K, J'K 2 xU m 0*1 1^-| I j p y. 

hJp v 


(III. 150b) 


We have here used the Wigner-Eckart theorem to write down the matrix element, and the 
Clebsch-Gordon coefficients have been summed in the usual way by using their symmetry and 
orthogonality properties. A more detailed derivation and discussion on the transition matrix 
element is given in Appendix G, which should be read while studying Chapter VI. For the 
present, a few brief remarks suffice. 

We notice that in (III. 150b) the contribution of the various hole-particle states occurs in 
a linear sum multiplied by their respective amplitudes x c hp in the eigenstate. In most cases 
(especially when — 2, and the hole and particle states are of the same parity; the multipole 
operator G** is then Of the E2-type), one of the eigenstates has the amplitudes ^occurring 
with suitable relative phases, such that the contributions of the various hole-particle states in 
(III. 130b) add up coherently. A state of this special type then has a large probability of 
transition to the ground state. The coherence in the phases of the amplitudes xl p for this 
special state also has a marked consequence on its eigenvalue £ e ; the particular eigenvalue E % 
is found to be sigmlicantly removed from the unperturbed energy (£ 0 + — c A ) of the group 

of hole-particle states. As already mentioned, more insight into all these features is given in 
Chapter VI and Appendix G. For the present, the reader may just accept the validity of the 
statements made. In this iection, we shall refer to this special and its energy E t as !P C and 
E Cf respectively, where the label c denotes “collective” (the large enhancement of the transition 
probability is a collective effect of the various hole-particle excitations). 

We next turn our attention to a single nucleon outside the closed shell If Ibis nucleon 
belongs to a single-particle level jm, then the resultant nuclear state, which has angular 
momentum j and projection m, is given'by 

\*, m ) - c/ m |F 0 ). 


(HI. 151a) 
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In such a nucleus, more complicated states may arise if the closed-shell core gets excited to 
the various possible eigenstates VV States with total angular momentum^ and projection m can 
then be produced by coupling the excited state !F C of the core with the last nucleon. Denoting 
the angular momentum of the. last nucleon in such a case by/m', we then have complicated 
states of the type 

|W:M= 2 \ J ‘ 1 , ; ]c;,|W)) 

Afo, nt IM C m mi 

= 2 \ Jc \ J ] £ xl t C' r «A\jr'jS'MWo). (III.151b) 

A/ c , LA/ C m ml hp 

fm is, by definition, a state above the occupied states in y 0 , i-e., it is a particle state, and 
hence the state (III. 151b) is of the two-particle one-hole type. These states per se are not very 
interesting. However, the effect of their admixture in the state (III. 151a), though small, has 
very important consequences, as now discussed. 

We expect that the ground state of the nucleus with one nucleon outside the closed shell 
is predominantly of the type (III. 151a). The residual interaction causes a slight admixture of the 
states (III. 151b) in the state (III. 151a). The detailed procedure for calculating the admixture 
entails diagonalizing the matrix of the Hamiltonian using as basis the state (III. 151a) and the 
states (corresponding to different values of e , / c , and /) given by (III. 151b). An evaluation of 
the typical matrix elements for this purpose is quite straightforward. However, in our work 
here we shall compute the admixture in the first-order perturbation theory. That is to say, we 
write the ground-state wavefunction as 

2 y eJ „y<t>(eJc] :jm), (111.152a) 

e.JcJ' 


where the admixture coefficient y e j c y is given by the first-order perturbation expression 


WeJj :jm)\ Hi lg/m) 
y ‘ Joi ' = (£o + «/) - (£. + *)’)' 


(III. 152b) 


The perturbation in this expression is given, as usual, by 


^+1 A + \ 

//, = - 27 (V, + £ V„ 

I - 1 !</ 

= - 2 <«| cy |)3>cic p + \ 2 (*p I V \y&)clclc,c y , (111.152c) 

<x.p 

where OJ l is the average shell- model potential on the nucleon /, and V l} is the two-body poten- 
tial acting between the nucleons i and j. 

Since Hi is a Hermitean operator, the matrix element occurring in (III. 152b) is equal to 
<4> Jm \ H { \<P(eJ c j’ : jm) y which we can evaluate by using (111.151) and (III. 152c) along with 
the usual artifices on the creation and destruction operators. Some 6f the relevant details are 
now stated. A typical expression contained in the matrix element arising from the Cl/-term of 
(Ilf. 151^ is given by 

- 2 <a| <V |0X!P o | C, m ClC^C) pm Cj k .^, h |5P 0 ) 

01,13 

— 2 S„ ; Us- U'm'I'V'"; — V l/C> 

«.0 

= \jht — OT*| \j m y&jm, IpMp 0*» \j I'm'- 


(III. 153a) 
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In this expression, stands for 8 and 8 Mrn0 is a notation that requires the 

angular momentum and projection quantum numbers contained in the symbol p to be equal 
to / and m\ respectively. In the same manner, the typical expression contained in the matrix 
element arising from the F-term of (III. 152c) is given by 


i e (afl v\ysmc, m clclc t c Y c]' m .c)^ c Jh ,- m jv 0 ) 

a 0y« 

OCC • 

— — E (jilt — m kt 0 V \j m i P)Sjm; Ipmp 

» 

+ °E ( j k , -m*; 0 V \j p m p ; ym - - (j /*, -m*; jm\ V \ j'm ; j^ p ). (111.153b) 

0 


When we add (III.153a) and (111.153b), the first and second terms of (III.153a) combine with 
the same terms of (III. 153b) and produce zero by virtue of the definition (111.102b) of C(/. 
Thus, we are left with only the last term of (III. 153b). This term has now obviously to be 
multiplied by the Clebsch-Gordon coefficients and the phase factor occurring in (III.151b) and 
(III.146b), and then summed over the magnetic quantum numbers; that will produce the final 
result for the matrix element of H { occurring in (III. 152b). In this way. 


y,j c r = — [(£o + ( i) — ( £ « + *r )] _1 2 x ‘i>p 

ftp 


x E 

M, 


E E (-1)'* mh \ Jh jp j ' 7 ] 

r c ,m’ m h ,m p L m h m p M C 11M C m ml 

x(Jh, —mk,jm\ V\j'm';j/n p ). (III. 154) 

The matrix element of V can be replaced by 

e\ Jk J J' lp' ^ /' IjjAVW), 

r l—m h m m — m h Km m p m + m p J 

where the magnetic quantum number of J' has been omitted in the matrix clement because the 
angular momentum coupled matrix element of V is actually independent of this quantum 
number. Substituting this expression in (III. 154), we find four Clebsch-Gordon coefficients to 
be summed over the projection quantum numbers M e , m , m h , m p . only two of which are inde- 
pendent, as per the property of the Clebsch-Gordon coefficients. A summation over the two 
independent quantum numbers then produces a [/-function in the manner of Appendix A 
(Section V). The final result is given by 


y,j c j> = [(£. + •)') ~ (£o + */)] -1 Z xl p J^~F(jJ p jj; J c )t 


(III. 155) 


where F is defined by (GIII.7) in Appendix G. 

We next evaluate the static moment of the state (III. 152a) due to the multipole operator 
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Up to the first order in the admixture coefficients, the expression is given by 

<*%l *S flf(/) in*> - (<P ,„ I A s q5(I) |4 >, m > 

/-l /—I 

+ [ r r‘ Aft/) |0(eJ c / :7HI» 

/-I 

+ complex conjugate], (HI. 156) 

Using the expressions (III.151a) and (III.150a), we simplify the first term of (111.156) to 

A-\ 1 occ in y/ 0 

<*7«l 2 OS(I) I *)m> = 2: <H flf | M > + </m| |» 

/“ * ** 

= |;m> = P * 7 ]oi|fl*| tf>. (III. 1 57a) 

Lm 0 mj 

Here the summation ^ over all the occupied states in the closed shell yields zero, according 
to the proof in Section 26A, except in the special case K = 0. The final result (111.157a) for 
non-zero multipoles is equal to the moment of the single nucleon outside the closed shell. We 
shall therefore refer to this part of (III. 1 56) as the single-particle contribution to the moment. 

The implication of the second term of (III. 156) is now explored. The expression derived 
for the OJ - part of (4 > Jnt | Hi \0(eJ c j ' : jm)y clearly suffices in dealing with the matrix element of 
Qq. We replace —QJ by in the expression (III. 153a), multiply by the necessary Clebsch- 
Gordon coefficients and the phase factor, and obtain 


(QieJj :jm)\ / ‘^(7) \<P Jm ) 


= 2 

Xhp 2 

S (- 

-1 )'»- 

'■ i 

jh 

ip 

*1 


h P 

M c , m‘ m k . m p 

LA/ C m mil 

•™h 

m p 

a/J 


X 

(-</*. 

~m h \ Qq |j 

f'm')8y OT ; + </*, -m*| Qo 


i'm') 

= 2 

**, Z ( 


Jc j 

7 ][ 7* .i,, 

'•f 

Jp 

K 

'*], 

hp 


.0 m 

milm,, —m h 

o JL- 

~m A 

0 

-m A J 



2 Xh* t fnt 


-md 

Jc / ./ 

i* 

/ 




h 


Lm 

+ '"* m 

Jim/, 

tit 

m + 


; i/p> 


r / k h - 

L-Wa 0 -m A 


k/.i 1^1 U> 


(111. 157^1 


In the second step, we have explicitly put in the requirements due to the Kronecker deltas and 
the relationship between the various projection quantum numbers required by the Clebsch- 
Gordon coefficients. The summation over m h in the first term is trivial to carry out. Using the 
symmetry and orthogonality property of the Clebsch-Gordon coefficients, we get 


2 


p‘ 

7; *^c 

7, * 

M 

Lm* 

-m* Oj 

.-m* 0 

-mj 


= (- 
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Therefore, 

first terra of (JH.157b) = S K j\ J J ' 1 L. 2 1^1 \J P > (111157c) 

* L m 0 ml h P v [J c l 

The close relationship of this expression with (III. 150b) is apparent. In fact, we can write 

first term of (III. 157b) = 8*- ,j J K 7 |(-l) y %<¥' 0 | J fl£(/) lyA (III.157d) 

* L m 0 ml /-i 

The Clebsch-Gordon coefficient in this expression merely confirms the validity of the Wigner- 
Eckart theorem, and is identical to that occurring in (111.157a) which gives the single-particle 
contribution to the moment. The remaining factor in (III. 1 57d) is the transition matrix element 
in the closed-shell nucleus from its state to the ground state <P 0 . We had discussed after 
(III. 150b) that this transition matrix element is large for one special state !F C , in which the 
coefficients x% p bear a suitable phase relationship and make the summation over (h t p) coherent. 
Even though the admixture coefficiently^ is small, the large transition matrix element from 
Y c to }F 0 makes the contribution of the corresponding term in (III. 156) comparable to, and 
sometimes even larger than, the single-particle contribution (III. 157a). 

The entire expression (III.157d), especially the occurrence of the phase factor (— 1/°, can 
be explained as follows. We first claim that if we had ignored the antisymmetrization of the 
last nucleon with the core particles and evaluated the contribution of the electromagnetic 
moment due to the core particles alone, then the result would have been identical to (III. 1 57d). 
To see this, let us write the angular momentum coupled states (without the antisymmetrization) 
as (Wo (0), y : jm\ and \^ c (J c )*f • jm}* where the quantities within the parentheses following W 0 
and denote the angular momenta of these states. Since the operator 

Z Q%{I) 

/-i 

acts on the core part of these states, we have to apply the standard result (Bill. 14) from 
Appendix B, which yields 


<n(0 2 Do (I) :jm> 

/-l 

= [ 7 * 1 }u(jJjK-, ;0)(-i)H,<n(0)i I Z fl«(/)l rw) 

l m 0 ml /-i 

-t ; n: : :i 

x <n(0)| l i Do(i)\ \v c (j c )y 

-P n 2QS(D\V t y. 

L m 0 ml /-i 


In the second step, the expression within the braces is the value of the (/-function. The Clebsch- 
Gordon coefficient and its inverse have.been introduced such that the former, along with the 
reduced matrix element, produces the matrix element in the last step. The inverse of the Clebsch- 
Gordon coefficient has the value (— this value has been used in obtaining the final 

expression, which incidentally checks our assertion about (III.157d). 
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We shall next investigate the effect of the second term of (III. 157b). The summation over 
m h can be carried out by using the standard result (AV.12) from Appendix A, leading to the 
expression 

-P K ; lr< y (-i)A+/+^+W|^j uum'-, J cKXhW^WO. (in. 158) 

im 0 ml h V IKJ 

We have already mentioned that the first term of (III. 157b), as given by (III. 157c) or 
(III. 1 57d), is large in the special case of the collective core state (e = c) due to the coherence 
in the sum over the hole-particle states. The expression (I II. 158) is usually much smaller, by 
comparison, for several reasons: (i) the summation does not proceed over the full set of hole- 
particle states, as in (III. 157c); (ii) the various terms in the summation may not coherently 
add up; and (iii) the transition matrix element of Q K is reduced by the presence of the (/-function. 
Although the effect of (III. 158) can be retained in any detailed numerical calculation, it is, for 
the reasons just stated, usually dropped in a discussion of the core-polarization effect (i e., 
hole-particle excitation from the core) on the electromagnetic moments of a single nucleon 
outside the closed shell. 

We reject the second term of (III. 157b) and get the final expression for the electromag- 
netic moment from the parent expression (III. 156) after substituting from (III. 157a), (III.157d), 
and (III. 155). We keep only the contribution of the collective state c, dropping the other terms 
in the summation over the various eigenstates e. The transition matrix element of the closed- 
shell nucleus for the collective state, occurring in (III. 1 57d), is denoted by m K for brevity; the 
moment of the state IF;,,, appearing on the left-hand side of (III. 156) is also replaced by the 
notation In this way, 

= [ ' * J 1(01 10*1 L/> + 2 (£ c - £o)-'(-iO% £ xlpMnhjpir, *)}• 

L m 0 wJ h P v l/J 

(III. 159) 

The factor of 2 here takes care of the ‘complex conjugate’ term in (111.156) in view of the 
reality of all the quantities appearing in the expression. The second term within the braces 
is the contribution of the collective state of core polarization to the single-particle electro- 
magnetic moment. 

The effect of the second term of (111.159) may be viewed in an alternative manner. If we 
can express this term as a number multiplying the matrix element of an operator connecting 
1 with |y>, then the whole expression (III. 159) becomes the single-particle matrix element of 
an effective electromagnetic operator of which the first term is the actual electromagnetic 
operator and the second term is a consequence of core polarization. With this programme 
in view, let us examine, from Appendix G, the expression (GUI. 7) of the F-matrix element. 
The two-body potential can, in general, be expanded in the form 

V(J, o,, o 2 ) = E F L {r„ r 2 )T L (? h c,) . T l ( r 2 , a 2 ), (111. 160) 

L 

where the unit vectors r lt r 2 stand for the (0, ^)-angles of rj and r 2 , respectively, and T L is a 
tensor of rank L constructed out of the spherical harmonics of these angles and the spin 
operator shown within the parentheses. If the isotopic spin has to be included, then the whole 
expression (III. 160) has to be multiplied by (a 0 + a T r i«t 2 ); the reader may do this generaliza- 
tion, if he so wishes. Using the foregoing general expression for the two-body potential, and 
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the standard result (BIII.15) from Appendix B, we obtain, for the direct term and the exchange 
term, respectively, of F[see (GUI. 7) in Appendix G], the expressions 

Fn(abcd; J c ) = Z J [ ^U(abdc; JJXebJ' \ V\adJ’> 

= (-ir^ 2 /fffWdc; JJ') Z (-0^ 

X U(LabJ'\ cd)(c\ \T L \ |<j><6| \T L \ \d>J L (abcd) (III. 161a) 

and 

F t (abcd; J c ) = Z (-1 l l ff.U(abdc; JJ')<cbJ'\ V \daJ'> 

r v [J c j 

= z J [ ^j\u(abdc- J C J') Z (- 1)— 711 

x U(LdbJ'; cd)<c\ \T L \ \d')(b\ \T L \ \d)dJ L {abcd). (III.I6lb) 

The quantity Jibbed) is the radial integral of F L (r it r 2 ). The summation over J' in the 
exchange matrix element (III. 161b) can be very easily carried out by using the standard 
symmetry and orthogonality relations of the [/-function given in Appendix A (Section V). 
This summation produces &u 0 , and hence the summation over L in (III. 161b) disappears, 
yielding 

F z {abcd; J c ) = (- l)‘ + ^~ ] <c| \T J ‘\ |</><6| |7*| | a>J Je (abcd). (HI.I61c) 

A similar attempt at carrying out the summation over J ' in (III. 161a) with the help of the 
result (AV.13) from Appendix A produces the [/-function U(abcd\ J c L) t and the summation 
over L remains. For simplicity, the entire direct term (III. 161a) is dropped in many discus- 
sions, and the F-matrix element is approximated by (III. 161b) or, equivalently, its simplified 
version (III. 161c). It is also usual to approximate the radial integral SjJfibcd) by a constant 
3 . Substituting the simplified version of F in the second term of (III. 159), we obtain 

-2<£c - Eo)-'{ T \Ym K S Z Vjf- I 7 *! U><7, 1 \T K \ U*>. 

Therefore, according to the scheme stated just before (III. 160), we introduce the effective 
multipole operator and write 

<<#>,„ = f J * J ]<j\\Q K «\\j>, 

L m 0 m\ 

where # 

<&“ & - [2 (£« - E 0 )-\-l) K m K J Z |7*l 1 Jk>\T*. (HI.161d) 

hp 

The iase of the magnetic moment is now specially discussed. Here 
0 1 =gd+gj>- 

The hole and particle states that contribute to through the matrix elements (j h \ | g,l + g,s| |; p > 
must therefore be of the same parity and. have the same orbital angular momentum, and 
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( jhtjpt 0 must satisfy angular momentum addition rules. The operator T l t by virtue of the 
matrix element 1 1^ 1 ! I Jh}* should then be able to connect hole and particle states with these 
characteristics. We recall that T K occurring in the two-body potential has the general structure 
(Y K f a) K , Thus, the simplest T l that conserves parity and orbital angular momentum is 
(y°, a) 1 , i.e., a itself (because Y° is a constant). According to angular momentum coupling rules, 
K can have two other possible values, namely, 1 and 2. The former is ruled out because it can 
connect only states of opposite parity. Thus, the only other term is of the type (Y 2 , a) 1 . With 
this discussion on the case of the magnetic moment, the reader should refer back to Section 
26 A, where the particular structure derived here was assumed. 

C. SENIORITY AND FRACTIONAL PARENTAGE BY 
SECOND-QUANTIZATION TECHNIQUE 


Seniority 

The concept of seniority has been introduced in Section 29A in terms of the addition of ‘pairs’ 
coupled to zero angular momentum. The same concept is now discussed in terms of creation 
and annihilation operators. The addition of a zero angular momentum pair to any state is 
achieved by operating on it with the operator A\jjJ 0, M = 0), defined according to 
(III. 132b). Since we shall consider, in this section, nucleons belonging to a single value of j 
only, this quantum number will be frequently omitted from all labels; the projection quantum 
number m will be explicitly used for the purpose of labelling the operators C f and C. The 
pair operator also will be denoted by A\ for brevity. Thus, 


Al 



i: 


j 

—m 



C f 


V2lJ ] » *■ (III. 162a) 

The Hermitean conjugate of the operator A 0 is then given by 

A ° = V 7 !/] m (_ (HI. 162b) 

We first evaluate the commutator of these two operators with the help of the known anti- 
commuting property of C\ C, . . . . Commencing with the expression we take 

the creation operators to the extreme right, repeatedly using the anticommutators. Thus, 

ci m c:c m ,c- M , = cl m c- m >8 mm . - c! m c OT 'C!c_ m ' 

** C-mC~m'8mm' ClmCm'Sm.-m' “1“ C- m C m ’C 
== + 8-m, — C m 'Cl w C- m 'Cj, 

= -f- m’CmC—m' — 

“f* — $-m', -m ”1“ C m 'C-. m fC- m Cm. 

Transferring the last term to the left-hand side, we obtain the desired commutator 

[Ci*c:, C m ’C- m '] = (8 mm , - 8 m - m ')(C*C„ + Cl m C.„ - 1 ). 


(III. 163) 
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Making use of this result, we easily obtain 

[4, ^o] - 4 tt s iv-"'[c. M ci, c m .c- m .] 

> <*17 J m, m' 

-^(CiC. + C i„c_-l) 

(III. 164a) 

where 

iV = 2 ? clc m = 2 Ci m C. m . (III. 164 b) 

m m 


The term produces 1 out of (— iy- w (— ly-^; on the other hand, these phase factors 
produce —1 with the term Therefore, (8 mm ' — of (III. 163) gives a factor of 2 in 

(III. 164a). 

We next evaluate the commutator of N with Aq and A 0 . Using the same procedure as just 
described, we get 


[Clc m , Cl m .C m ,] = - b mm ,clcl m ; 


and hence 


[n, /ij] = -7= z (v - s^clci^-iy-' 

V2 [y] *».«' 


= Jfacl.cU-iy~-2Al. 


(III. 165a) 

By taking the Hermitean conjugate ( N is Hermitean) of (III. 165a), we have 

[#, i4 0 ] = —2A(,. (III. 165b) 

The expressions (III.165) imply that if we multiply Ao and A 0 by any arbitrary constant C, then 
CAl] = CAl, (III. 166a) 

li#, CA 0 ) = -CA 0 . (III. 166b) 

By the same multiplication, (III. 164a), however, changes to 


[CAUCAd-CH^-i). 


(111.166c) 


Let us now compare (111.166a), (111.166b), and (III. 166c) with the standard commuta- 
tors of the components of any angular momentum operator J: 


J+] = J + , 

(III. 167a) 

[J„ J. 1 = -J., 

(III. 1 67b) 

*-T 

<N 

II 

(1II.167C) 

— A i t /r 



where 
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To make their similarity obvious, we first choose C 2 in such a way that the JVdependent term 
of (III. 166c) becomes equal to N , i.e., 

C 2 = ( -^ or C = J%. (III. 168) 

This choice is dictated by the fact that the right-hand side of (II 1. 167c) is 2 J t when the left- 
hand side of (III. 167a) and (III, 167b) contains J z ; since the left-hand side of (III. 166a) and 

(III. 166b) contains {N t we make the corresponding term on the right-hand side of (III. 166c) 
equal to twice \ The presence of the constant term — C 2 on the right-hand side of (III. 166c) 

presents no trouble. We simply include —\C 2 along with in (III. 166a) and (111.166b). It 
should be noticed that this inclusion does not invalidate (I II. 1 66a) and (III. 166b) because the 
commutator of the constant with a\ or A 0 is zero. 

We now introduce the new nomenclature S S z according to the relations 

5+ = CAl - i 2 (- lV-CUci, (III. 169a) 

m 

S. = CAo = i Z (-1 )<- m C m C. m , (III. 169b) 

m 

S, = \N - \C 2 = *(JV - [ ^). (111.169c) 

According to (III. 166) and the value of C given in (111.168), these operators satisfy 

[S S9 S ± ] » ±5 ± , [5 + , S„] = 25,. (III. 170) 

Now the identity of the commutators with (III. 167) is fully transparent. The operator S whose 
components are S ± and S x can therefore be identified as an angular momentum operator in a 
fictitious space. It has been called quasispin in the literature (see Kerman 6 ). The simultaneous 
eigenstates of S 2 and S x can then be investigated in accordance with the standard procedure 
of angular momentum algebra. 

The eigenvalues M s of S g are very easy to find. From (III. 1 69c), we have 

Ms = \{n - ^). (III. 171a) 

where n is the eigenvalue of the number operator N, i.e., n is the number of nucleons belong- 
ing to the level j. From the structure of (III. 169a) and (111.169b), we notice that S + and 
respectively add and remove two particles, i.e., they change n to n -f 2 and n — 2, respectively. 
From (III. 171), it is then clear that S+ and S_ respectively step up and step down M s by 
unity, as they should. According to the well-known property of the step-up and step-down 
operators, the quantum number S of a state does not change by thiir operation. S here gives 
the eigenvalue of S 2 , in the usual way, as S(S +1). We therefore notice that the (25 -t 1)- 
fold multiplet corresponding to the various A/^-quantum numbers of a given quasispin 5 
represents levels of different nuclei, each nucleus differing from the next in the number of 
nucleons n by 2. The minimum value of M s is —5 and the maximum is +5. The state 1 5, — 5> 
produces zero when acts on it and the state |S, +5> produces zero under the operation of 
5+. (III. 171) says that the minimum value M s in a multiplet corresponds to a minimum value of 
n\ let us denote this n by v. All the other states belonging to the same S, but with higher 
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values of the Af^quantum number, correspond to n ■= v + 2, v + 4 Clearly, the S- 

quantum number of a multiplet of levels, which are found starting with n = v, is given by 

_S=J(v- Ei!) or S = J(^-„). (III. 171b) 

The quantity v is the seniority quantum number of this set of levels. The state |S, — S> is then 
identical to the state and hence we have 

S-\fvJ> = 0. ' (III. 172) 

By the repeated application of S + , i.e., the repeated addition of zero-coupled pairs to the state 
\fvjy, we generate all the states of the multiplet. Thus, with n > v, we have 

| j'vjy = Np^S + Y\fvJy, (III. 173a) 

where N P is the normalization factor, and P denotes the number of zero-coupled pairs, i.e., 
P = $(n — r). The normalization constant N P can be worked out as follows. We have 

S_S + = Si + S 2 y - 5, = S 3 - S 2 , - 5, 

and, therefore, its matrix element connecting two normalized states of seniority v and number 
of particles v is given, according to (III. 171a) and (III. 171b), by 

</W| S_S + | fvJ> = S(S -f 1) - M s (Ms + 1) - M s 

= (S - Ms)(S + M s + 1) 

= VUl - v - ®)(v - V + 2). (III. 173b) 

At the stage of adding one pair to the state v = v, we have 

If+tvjy = JV,S + |Ay> (III. 174a) 

such that the normalization to unity demands 
1 - S_S+ \fvJ> 

or 

(Ni)~ 2 *= i(L/]’— 2e)*2 = (y — e) • 1. 

Wc have here substituted from the expression (III. 173b) with v * r. In the same manner, if we 
write 

I |/*W> = %SJlf* 2 vjy, (III. 1 74b) 

then 

(%r 2 = m - 2v - 2) .4 = (^ - e - 1) . 2. 

The normalization constant N 2 occurring in (III. 1 73a) for P «■ 2 is defined by 
\j^vjy - N*sj\j’vjy 

and is given, according to (III.174a) and (III.174b), by 
JVj - NtJli. 



47 ( 45 - 122 / 1 977 ) 
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Therefore, 

(Nj)-* = - t> - l)(!ii - V) . 2! 

The pattern for proceeding towards is now obvious. A step-by-step approach clearly 
produces 


M 


W 2 = P'Cf -«-(/>- 1)}. .. (U1 _ v) 


P!(y ] - »)! 

(U) -„-/>)! 


(111.174c) 


The correspondence (III. 171b) of the seniority quantum number v with the quasispin S is 
one-to-one. Thus, states of different seniority but of the same n and J belong to different values 
of the 5-quantum number; according to the general property of angular momentum eigen- 
functions, the states of different S must be orthogonal to each other. Thus, we have proved 

<A7|/V7>«= V- (III.175) 

Incidentally, the maximum M s (= +5) for a given S occurs for a maximum n given by 

•s = i(««u - y)- 

Using the value of S given by (111.171b), we then have 
"mu = y - « + y - L/l - V =» (2/ + 1 - v). 

Now a configuration of (2 j -f 1 — v) nucleons can be regarded as that of v holes in the y-level 
and, according to our discussion in Section 30A, the states of v holes are the same as those of 
v particles. Since the multiplet under discussion commences with n = v, and no level of this 
particular multiplet is to be found for a smaller number of particles , the aforementioned corres- 
pondence between the hole states and particle states, in fact, leads us to expect that no levels 
4 >f the same seniority will be found for a number of holes smaller than v. The derivation of 
merely verifies this fact. 

We shall next derive an interesting result on the pairing interaction (V P ) which is defined 
in a general manner by (VI. 93). Since we are concerned here with levels of a single j, we express 
the pairing interaction in this special case as * 

= 2 (III. 176a) 

«, m' 

# 

where the constant G denotes the strength of the interaction. Referring to the expressions 
(111.169a) and (III. 169b), we immediately obtain 

F P = GS + S_ = iG[j)AlA 0 . (I II. 176b) 

The operator identity 

S + S. - Si + Sj + S, - S 1 - Si + S, 

then clarifies that F P is diagonal with respect to states labelled by the quasispin S and its pro- 
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jection M s or, equivalently, those labelled by seniority and the particle number n. In fact, 
using the values of S and M s from (III. 171), we obtain 

<j n vJ\ V ? I j n vjy = G{S + Ms)(S - Ms +\) 

“ i G(n - v)(2 j -n-v + 3). (III. 177a) 

In particular, for an even value of n, and the state of lowest seniority (v = 0), (III. 177a) yields 
the value 


\Gn(lj n 3). (III. 177b) 

A somewhat more general two-body potential can also be exactly treated on the basis of 
seniority wavefunctions. Any two-body potential V l2 can be expanded in the manner of(III.160), 
where the sum L proceeds over all possible integer values. The special potential to be treated 
here contains only the odd values of L in this sum, and will be called the odd-tensor inter- 
action. It is given by 


odd 

V i2 = Z Fifj |, r 2 )T L { r,, o,) • T L ( t 2 , a 2 ). (III. 178) 

Wc begin with the second- quantized version of a completely general two-body potential, 
and then point out, at a suitable stage, that we need only the odd-tensor terras in the expan- 
sion in order to achieve a closed expression for the matrix element. At that stage, we fall back 
on the special potential (III. 178). The second quantized form of the potential will be written 
by using the angular momentum coupled pair operators (III. 132b) and their Hermitean conju- 
gate, Further, since we are concerned with a single j, the summation will be on the projection 
quantum numbers alone. Thus, keeping the ./-quantum number understood, we have 

V=i Z </w,m 2 | V K/w 4 >Ci 1 Cj,,C m< C„, 


* 1 Z M L, „ 2 X m4 j[< ljJ \ V \jJ J '> C mCln.Cm,C n 


■■ Z VjAjmAjm. 

J.M 


(III. 179) 


The operator A) u is the same as A\j 2 JM) of (III. 1 32b) The quantity F, is defined by 

Vj s <JjJ\ V |i/7> 

=* Z (-1 Y-U(LjjJ; JjXJ\ |7*| | j>\ (I1L180) 

Here we have used the^nultipole expansion (III. 178) of the two-body potential and the standard 
result (Bill. 15) from Appendix B. 

We next want to evaluate the commutator of S_ with V. With this aim in view, we first 
work out, m the usual way. 


['to. Ajm] = &J0&M0 ~ ^ 

where the operator N JM is defined by 




N 


JM ■ 


.z\ j J J 1 

**. L m m Mi 


CiC_ m .(- 1 )/-*'. 


(III. 181a) 


(III. 181b) 
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Using the expressions (III.l81a) and (III. 179) and the relation 
S - = / 2 Ao ' 


we get 


IS-, V) 


, lu . 

•J 2 j. 


Vj(hj 0 h M Q j==Nju)Ajm 

M V[J] 


= F 0 S_ - V2 Z VjNjmAjm- (III. 182) 

JM 

We subsequently see that the second terra of (III. 182) creates complications, and hence we now 
look for a special two-body potential for which this term is zero. This investigation leads us 

to the odd-tensor interaction (III. 178). We write N JM A JM explicitly and, after using the expres- 
sion (III. 180), obtain for the second term the result 

- V2 Z Z ( - 1 ) L U(LjjJ- jjYJ\ \T L \ yy Z Z f J { J ] 

JM L m x m\ m t m % \.m\ m x Mj 


XCi;C _„, ‘ ‘ J M }V< 


(111.182a) 


Here J occurs in the C/- function and the two Clebsch-Gordon coefficients. The summation over 
J of these factors, according to the standard result (AV.l 1) in Appendix A, will give rise to two 
new Clebsch-Gordon coefficients. In this way, we finally obtain, for the second term of (III. 182), 
the expression 


-V2 Z </| \T L \ \jy [ J .\ ff IM A L , . M . (111183b) 

L.M l L J 

Because of the anticommuting property of the single-particle destruction operators, the 
quantity L in (111.183b) labelling A,„-m can have only even values. Therefore, we conclude that 
the second term of (III. 182) is zero if the even-L tensor components of the potential are absent 
from the beginning. We have thus established our assertion following (III. 178). For the odd- 
tensor interaction, we then have the simple result 

[S_, V] = F 0 5_. (III. 184) 

We now use (III. 184) in evaluating the matrix element 0" V ' J \ v IA-0- According to 
(III. 173a), wc have 

</v/| v y n vjy = NpNpS i v 'v'j\ S-'vs + 1 j a vjy, 

where 

P - - t-), P' = \{n ~ O- 

Now we commute the factors S_ from the left of V to its right by using the anticommutator 
(III. 184'. After commuting the first 5_, we obtain, for example, 

<yV/| V | j'vjy = N P N P y fv'J\ (S.) F '-'([S_, V) + VS-)(S+) P \A'J> 

= VoNrNp/y'vJl (sy\s + f \fvjy 

+ N P N f /y'vJ\ (S_y-'VSSS+) F | pvjy. 
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In the first term, we get back V<£j n v J \ j"vjy [according to the definition (III. 173a)] which is 
V ( A*/. The second term can be handled by repeating the procedure of commuting another 
from the left to the right of V ', and so on. In this way, every time one is taken to the right 
of V, we pick up a term getting altogether PV 0 8 VV ' (notice that ti = r makes P = ?'). 

When all the SL-factors have shifted to the right of K, we are also left with the term 
NpNp^j v 'v'J\ V(S_) P '(S+) P | j v vJ)>. Therefore, the final expression is given by 

<A7| V \j"vjy - PV 0 8 + N P N P '<j«v'J\ V(S_) P '(S+) P \fvJ>. (111.185) 

We, however, know that the operators S+ and S_ cannot change the quasispin quantum number 
S or, equivalently, the quantum number v. The potential K, on the other hand, cannot change 
the number of nucleons in a state. Thus, the second term in (III. 185) can be written as 

NpN P ^vJ\ V |yW></*W| (Sy\S+) p |/t 7>. (III. 186) 

If the state \j v vjy exists, then of course v ^ v. However, it can be shown that the matrix ele- 
ment Vlfvjy is nonvanishing only if v = v. In that case, P' = P and the remaining 

factors of (III. 186) reduce to 

Nl<fvj\ (s_ns + r | fvjy = <yw \j n vj> = i. 

Therefore, from (III. 186) and (III. 185) for the odd-tensor interaction, we obtain the final result 
V \j n vjy = 8 m APV t o + <yW| V | (III. 187) 

Coefficient of Fractional Parentage (cfp) 

Our discussion on the cfp is based mainly on the work of Macfarlane 7 . Let us start with any 
antisymmetric state | j n vJM) of n equivalent particles. By definition, \j n ~ x vJ\f n : 7A/>is a state 
obtained by coupling the angular momentum of the /i-th nucleon with the antisymmetric state 
\j*~ l f v’J'M') of the first (n — 1) nucleons; in this state, there is no antisymmetry between the 
n-th nucleon and any of the first (n — 1) nucleons. The state \j n vJM) can be expanded in terms 
of the states | j n ~ l vJ\f H : the summation will be over the quantum numbers r The 

coefficients in this expansion are the cfp’s. We write the expansion as 

\j n vJ) = Z c(n — 1, v'J'; n , vJ)\j*- l vJ',j i : JM> (III.188a) 

xfj r 

such that the cfp c(n — 1, v'J'; n, vJ) is identically equal to the overlap of the two states 

c(n - 1, v'J'; n , vJ) = (j-W, j n : JM\j n vJM). (III. 188b) 

From the transformation property of the two states under rotation, it can be shown that this 
overlap is indeed independent of the quantum number M. 

In view of the antisymmetry of | we have 

(1 - Z X p im )\j n vJMt = n\j n vJM). 

i -i 

Therefore 

c(» - 1, v’J'- n, vJ) - I <J*-'v'J',j n : JM\ (1 - V P lfl ) \fvJM). 
n <- 1 

We now let the antisymmetrizer operator* 

O-z'p,*) 

i - 1 


(111.188c) 
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operate to its left in (III.188c). The result is a completely antisymmetric state in which the 
(n — 1) nucleons have a parent state ( v'J '); the state, however, is unnormalized, and requires a 
normalization factor to be normalized to unity. We introduce the parenthetical notation to 
denote the completely antisymmetric unnormalized state: 

<r l v f r 9 j n :JM\(\ - "z P ln ) = (III. 189) 

/-i 

From this point onwards, it is convenient for us to apply second-quantization algebra. 
In this terminology, the antisymmetric state (III. 189) is written as 

\r'v’J\j.JM) = y/ n Z [ y J ']cUr'vJ'M') (III. 190a) 

M’m IM m M\ 

or 

(r'v'f,j:JM\ = y/n Z \* J J \r'v'J'M'\C lm . (111.190b) 

A v.m L M m M J 


The numerical factor yjn in this expression originates from the basic definition of the effect of 
the C jm -operator on determinantal states. We note that 



n- 1 

E 


i-i 


Pin) 


operating on <f> fm {n)D , where D stands for a normalized determinantal state of (n — 1) nucleons, 
produces a normalized n-particle determinant of which the last row and last column are 
labelled by the particle coordinate n and the single-particle state jm y respectively. By defini- 
tion. C} m \D) is identical to this normalized n-particle determinant. If we identify the determi- 
nant \D) with any of the normalized (n — 1) particle determinantal states whose linear 
superposition builds up \j n ~ l v'J f M') t we find that the factor yjn follows. 

We now substitute (III. 190b) in the definition (III. 188c) and obtain 


c(n — 1, V 'J'\ nvJ) = - . - 

\n M’, t 


2 K 1 J ](r'vfM'\ C lm \j"vJM). 
\ m IM m M J 


(III. 191) 


The operator (— l) ; ‘' m Cy, ^ is a tensor of rank j and projection m with respect to the rotations 
in the ordinary three-dimensional space. We may also investigate its tensorial property with 
respect to the rotations in the quasispin space. For this purpose, we record the criterion in the 
case of any angular momentum. A tensor T* of rank K and component q in the space of J is 
defined by 

V., T*\ = qT*. 

[J±. 7f] = [(AT + q)(K ± q + l)] 1 ' 2 ^,. (HU92) 

To analyze the tensorial character of (-1 ) l+m C lm in the quasispin space, we therefore need its 
commutators with S ± and S,. In the usual way, we derive 


[s„ c^k— iy— = -i(-iy-"c m , 
[s+, c m ](-iy-" - ci m , 

[s_, c m ](-iy- - o. 
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Similarly, 

[S„ Cl m ] = +\Cl m , 

[S + , Ci m ] = 0, 

[S-, cl„] •= c m (-i 

These commutation relations are comparable with the general results (III. 192), provided we 
put in them K = J and q = + J. Thus, the operators ( — 1 y~ w C w and Cl m are respectively the 
(— i)- and (+i)-component of a tensor of rank \ in the quasispin space. 

We go back to (III. 191) and write the matrix element occurring there in terms of S and 
M s ; that is, we write 


Cj„ \fvJM) rn <S’M' s \ T'% \SM s ), 

where 

ri'f /2 = (- 1 )>- m C lm , S = J(y - r), Ms = - y). 

5' «= !( l J] _ „'), Ms — *(#i — 1 - f ^). 


(111.193a) 


(III. 193b) 


By the Wigner-Eckart theorem, we then obtain 

(- C im \j”vJM ) = | *,]<S'| |ri J | |S>. (111.194a) 

The Clebsch-Gordon coefficients require that this result be nonvanishing only if 

S' = S±4, i.e., v'=nl, (III. 194b) 

A/i = a/ 5 - j. (111.194c) 


(III. 194c) is already satisfied according to (III. 193b). The reduced matrix element occurring 
in (III. 194a) depends on 5 and S' only, i.e., on v and v only. Let us consider (III. 194a) in 
the two cases v =‘v + 1 . 


Case I(tf'ar-1 or S' = S -f- £) The smallest n that produces a state of seniority v is 
equal to v. So we consider the state \j*vJM). If C Jm operates on it, the number of particles is 
reduced by 1, and hence we reach a state j** 1 . This configuration can have v' =* v — 1. Hence, 
we evaluate 

t _ 

(_1 y-"(r \ „ - 1 , J'M'\ C, m I frJM) = (- 1 y-XS + b M's\ C j m |S, Ms), (IH.195a) 

where 

Ms = - 1^). M's = 1(* - 1 - y)- (III. 195b) 

Thus, the Wigner-Eckart theorem produces 

(_ iy- %r , » v _ u j' M ’ | C lm .\fvJM) 

rs i s+n 

-U -1 m f s+mT ^ iSX -' )l "- 


(111.195c) 
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Eliminating the reduced matrix element from (III. 194a) with the help of (III. 195c), we obtain 
(-1 V— V- 1 . • - «. J ' M '\ Cjm \j n vJM) 

= [f. * * S + , i l(-l) / - m () lr ' 1 , « - 1, J'M'\ C, m \fvJM). 

lM s -i M's \ L M s -1 M's J 

(III. 196) 

Making use of the basic definition (III. 191) of the cfp, we then have, from (III.196), 


-I S H;'l [ 


-'[5 i S + f 
[ a/ s -1 M's . 


vnlMs -1 M's J L M s -1 M s J 
x c(t> — 1, v — 1, J'; vi J) 

= l v . I s - Ms + l c(v — 1, V — 1 ,J'; wJ) 

slnsl s- M's + l 

= Al 2 / + 3 - " - ^ c(v J'; wJ). (III. 197) 

V n(lj + 3 — 2v) 

We have here made use of the explicit expression of the Clebsch-Gordon coefficient from 
Table AVII.l in Appendix A, and then substituted the values of S , Af' St and M’ s from (III. 193b) 
and (III.l 95b). The expression (III 197) is a recurrence relation for obtaining the cfp connect- 
ing/ with /" l from that connecting/ with/” 1 . 

Case 2 (v‘ » v -f 1 or S' = S — J) Here if we take the state \j u vJM) in (III. 194a), C fm 
takes us to /-*, which cannot have a state of seniority (t/ = v -f 1). To have (v = v 4* 1), we 
need /”* on the left-hand side of (III. 194a) to be at least /* l . We reach this/* 1 only if C Jm 
operates on \j^ 2 vJ\f). Therefore, in this case we evaluate 

(_ 1 )>-(/*+', e + I, J’M ' I C, m \j'* 1 vJM) = <S - i, M's, T% \S, M s >, 


M s =l(v+ 2 - l^- 1 ), M' s = i(v+ l- [ ^). 
Proceeding exactly as in the case of v = v — 1, we have 


c(n - I. * + 1. /; n, V, J) = J V -~ +Uv+ { ' J,; v + 2 ’ v ’ j) 

_ yfe- t 2) 2 ( ” — } c( t> + 1, v + 1. J v + 2, v, /). (III. 198) 

In this recurrence relation, the state |v + 2, «, 7Af) can be further reduced as follows. Using 
(III. 173a) and (III.174c), we have 


I/* 2 , t>, 7M) - Tn S+lfvJM), 

(lil _ v )'i 2 
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and hence 

c(v 4* 1, v 4" 1* J \ v "4" 2, v t J) 


- 7 =i L= r (f+Kv+x.M, 

V v + 2 


-rJ=( l i ] - .r* * 

Vl) + 2 ‘ M'.m 


r 

M' 


j J !(/+>, V + 1, J'M ' I C; m S + |yW). (III. 199) 
m A/J 


Since (y** 1 , e + 1, J'A/'|S + = 0, according to the Hermitean conjugate of (III. 172), the matrix 
element on the right-hand side of (111.199) is in fact equal to that of [C,„, S + ], which is equal 
to (— 1 y+"C] according to the results given after (III. 192). Considering all these facts, we 

get 

(/*>, V + 1, J'M’ I C, m S + \j°vJM) = ( - iy +m (y +l , Ml, J'M' I Cl - m | /, vJM). 

Since the matrix element on the right-hand side of this equation is real, we replace it by its 
complex conjugate and obtain 

(/*>, V + 1, J'M'\ C, m s+ \fvJM) = (—iy +m (j*vJM\ c,._ m I/* 1 , V+I, J'M') 

= -K j J Aj^j\\cj\\r',v+i,j'). 

LA/ m Ml 

(III. 200) 


In the last step, we have used the tensorial property of (— iy- m C;,_*, (a tensor of rank j and 
projection m ) under ordinary rotation and applied the Wigner-Eckart theorem with respect to 
the angular momenta JM and J'M' of the two states. We substitute (III. 200) in (III. 199) and 
carry out the sum of the product of the two Clebsch-Gordon coefficients over the magnetic 
quantum numbers in the usual way, thus obtaining 

c(v + 1, * + 1, j'; p + 2, v, J) = -y/2[{v + 2X2 / + 1 - 2 v)]" 1 ' 1 

x (/W| \Cj\ I/* 1 , v+\, J’). (HI-201 a) 

In the same manner, we handle the expression of the cfp c(v, v, J; v + 1 , v + 1 , J') and obtain 


c(v, V, J; v 4 l,o+l, J') 


Vv + I 


27 f * 1 J \j-vJM\ C, m \r*\v+ 1. J'M') 

u, m L M tn M • 




(III. 20 lb) 


* } ] 3-iy + wi \c t \ i^'.o+i,;') 

Vv 4 - 1 IM m m’SlM —m M 

- -(-• y tw J^wV 1] n lr '' • ■ + '• n 

Comparing (III.201a) and (III.201b), we finally obtain 

, I /'• „ . 7 „ A — I 2(t> -f- 1)(2J' + 1) ,1 q 

c(e + 1, v + 1, J , v + 2, v, J) - (- 1+ [ (t) + j + i _ 2v)(2 J + 1) J 

x c(cvJ; v + 1, v + 1, J'). (HI-202) 

This is the final recurrence relation of the cfp’s that we wish to derive. Together, the three 
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recurrence relations (III. 197), (III. 198), and (IIf.202) enable us to calculate all the cfp’s in the 
seniority scheme. 

The cfp’s are now explicitly calculated from the recurrence relations in two special cases: 
first, the (v = 0, J = 0)-state for an even value of n and, second, the (v = 1, J = 7)-state for 
an odd value of n. These two cases correspond to the lowest seniority state of even and odd n, 
respectively. In the first case, the value of v in the /^-configuration, which is normally equal 
to v + 1, can only be equal to v -f 1, i.e., 1. Here v — 1 happens to be —1, which is clearly 
not a permissible value for the seniority v'. We therefore take the recurrence relation (III. 198) 
and derive 

c(n — 1, l, J' = j\ n, 0, 0) = ygc(l, 1 J; 2, 0, 0). 


The value of J * corresponding to v = 1 is unique, and equal to j, as shown. The cfp on the 
right-hand side can be easily seen to be equal to unity, by following its definition and then 
constructing the state 7 = 0 of j 2 by coupling the j of the second nucleon to the angular 
momentum j of the first nucleon. Thus, the only nonvanishing cfp in the first case is unity, and 
we get 

| j"v = o, J - 0) = I r\ V = 1, r =jj n : J = 0>, 

which is a rather surprising result because the single angular momentum coupled state on the 
right-hand side is already completely antisymmetric in all the n nucleons. 

In the second case, both the values of v \ equal to 0 and 1, are permitted. When v = 0, 
the corresponding J' has the unique value 0, whereas for the case v = 2 the corresponding J ' 
are clearly the other permitted values of J ' in the two-nucleon system, i.e., J' = even integers 
(> 0). We use all the three recurrence relations and obtain, by virtue of c(0, 0, J' = 0; 1, 1, 
J « j) «■ 1 and c(l, 1 1 j; 2, 2, J') = 1, the results 

c(n - 1 , 0 , 0 ; n, 1 . j) = (111.203a) 

c(n - I. 2. J', n, 1 , ./) = for ■>' = even integers (>0). (III.203b) 


The cfp’s can be used to write out the expansion for the lowest seniority state of odd n as 
\j", v~\,J=j) = v' = o. r = o, j„:J= j> 


I (If 1 ! 

J'-even integers (>0) n \ l J ““ { )\ l J *T U 


(III. 204) 

The value of a single-particle operator I T*(i) using the foregoing expansion may be easily 

worked out. For some interesting results concerning these expectation values, see Problems 5 
and 6 at the end of this chapter. 


31. SUMMARY OF SHELL-MODEL CALCULATIONS AND RESULTS 
Without attempting to be comprehensive, we shall review a few typical shell-model calculations 
and their results. 
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A. 0/?-SHELL WORK 

The earliest calculations were for Op-shell nuclei. An even or odd number of nucleons in the 
Op-level give rise to nuclear states of even or odd parity, respectively. In some nuclei of this 
region of the periodic table (A = 5 to A = 16), states of the alternative parity (that is, odd 
parity for even nuclei and even parity for odd-mass nuclei) are located fairly close to the 
ground state. Obviously, to enable us to explain these states of ‘non-normal* parity, Op-nucleons 
need to be excited to higher shells. 

The calculations on ‘normal’ parity states, which belong to configurations of the type p", 
were done as follows. There is evidence in this shell that the single-particle spin-orbit coupling 
term of the shell-model Hamiltonian may be comparable with the residual two-body type 

n 

interaction amongst the nucleons. The particular single-particle term Z and the 

/-i 

residual two-body interaction Z V i} are taken together in setting up the matrix of the H&rail- 

/</ 

tonian connecting the different basis states with the same /- and T-quantum number. 

After the initial work by Inglis 8 , exhaustive calculations for all the nuclei in the Op-shell 
were done by Kurath 9 with a fair amount of success in respect of agreement with the observed 
spectra. The reader is referred to the original work for detailed numerical results. 

More recently, Cohen and Kurath 10 extensively reinvestigated the Op-nuclei. They 
considered only states of normal parity belonging to configurations of the type p". Their work 
lays more emphasis on determining the p-shell effective interaction. To do this, all the 
energy matrices for various values of n are expressed, in the manner of (III. 124), in terms 
of cfp’s and two-body matrix elements of the potential; the latter are then determined by a 
least-squares fit to a large number of energy levels belonging to nuclei spread over the entire 
shell. (They deliberately excluded the nuclei with the mass numbers 6 and 7 while picking up 
the data for a least-squares fit.) The two-body matrix elements used in the fitting procedure 
can be in either the LS-representation or the //'-representation; these matrix elements are related 
to each other through the basic relation (II 1.65) between the states. The number of independent 
matrix elements in the Op-shell, in the two representations, is necessarily equal (=15, in fact). 
However, if the LS-representation is used, four of the nondiagonal matrix elements connect 
the state L = 1 with a state of even L ; the orbital wavefunction of L = 1 is antisymmetric 
under the exchange of &pace coordinates of the two nucleons, whereas the orbital wavefunctions 
with even L are symmetric. Such nondiagonal matrix elements vanish for phenomenological 
potentials. Therefore, the number of independent matrix elements in the LS-representation 

reduces to 11, which are determined from the least-squares fit. They are then reproduced from 
a phenomenological t^p-body potential consisting of central, tensor, two-body type spin-orbit 
coupling, and quadratic spin-orbit coupling terms (all described in Section 3). In fact, by 
determining only the radial- reduced matrix elements with the help of the full two-body matrix 
elements, after inserting the assumed form of the phenomenological potential, Cohen and 
Kurath bypassed the specification of the radial shapes of the various terms in the potential. 
Once this information on the potential is derived, levels of any nucleus (including A «=* 6 and 
A - =7 which they had deliberately left out of the analysis) can be calculated. The energy levels 
and wavefunctions so determined have been extensively checked against experimental data. 
For checking the wavefunctions, the authors calculated the magnetic dipole moment, Mi- 
transition strength, and beta-decay probability in all relevant cases. Detailed results are 
available in the original paper. 
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B. (b, 0</)-SHELL NUCLEI 

One of the first sets of calculations was done up to the mass number 19 by Elliott and 
Flowers 11 . (The experimentally observed energies of the single-particle levels of this shell have 
been quoted in Section 28.) The splitting between the (0J 5/2 )- level and (O^Hevel enables an 
estimation of where the 0^-level should have been when there is no spin-orbit coupling. For 
the (tai/ 2 )-level, there is no energy due to the spin-orbit interaction, and hence the level b, in 
the absence of spin-orbit coupling, occurs exactly at its experimentally observed position. In 
the (1 j, Od)-shell calculation, the energies of the Is level and the OJ-level are required as input 
data. 

In the calculations by Elliott and Flowers, the Rosenfeld exchange mixture with a 
Yukawa-type radial shape was used for the central two-nucleon interaction. The range 
parameter of the potential was chosen to be 1.37 fm, whereas the harmonic oscillator parameter 
was taken as 1.64 fm. The strength of the spin-orbit coupling was fixed by the observed 0 d 5 j 2 - 
0 ^ 3/2 splitting in A = 17. Calculations were done by varying the strength parameter of the 
central potential which effectively plays the role of the intermediate coupling parameter. The 
exchange mixture was found to crucially determine the relative separation of the (T = l)-group 
of levels from the ( T = 0)-group of levels. However, the separation inside each of these groups 
was rather insensitive to the exchange mixture. The central force strength for which the spectra 
are well-reproduced was observed to be in the vicinity of 40-42 MeV. 

Elaborate shell-model calculations for A — 17 to A = 22 were done in very recent times 
by Halbert et al 12 . Several types of two-body interactions were used in their calculations, which 
take into account the complete configuration mixing effect amongst the (dy 2 K (^ 3 / 2 )% and (j,/ 2 )- 
orbital. The two-body matrix elements, renormalized with core-polarization effects, and 
estimated in the manner described in Sections 22B and 22C for the realistic Hamada-Johnston 
potential by both Kuo and Brown and by Kuo alone were used in the work of Halbert et al. 
The three single-particle energies were either taken from experimental data on A = 17 or 
treated as free parameters in making a least-squares fit to a large number of energy level data 
in the range A = 17 to A =22. These authors also attempted a parametrization of the two- 
body interaction in terms of independent combinations of Talmi integrals. For detailed results, 
the reader is referred to the original article. The main feature of the results is a prediction of 
levels that appear surprisingly close to a rotational spectrum (see Chapter IV). 

In fact, many nuclei in the mass range A = 19 to A = 25 have been treated by various 
authors from the point of view of the rotational model described in Chapter IV. In Chapter V, 
we shall describe the Hartree-Fock type theory for the same nuclei, which also predicts a 

rotational-type spectrum of many of these nuclei. The nuclei from Si^to the neighbourhood 
of A 36 belonging to the (s, d )- shell are still not very well-understood in terms of any of the 
theo.etical approaches. Direct shell-model diagonalization around Si 28 is also numerically 
prohibitive, and has not yet been done. 

C. (0/, 1/0-SHELL NUCLEI 

The earliest calculation was on Ca 43 by Levinson and Ford 13 . This work involved several 
simplifying assumptions on the spectra of Ca 41 and Ca 43 . The authors finally calculated the 
complete Spectra of Ca 43 by taking advantage of the assumed data on Ca 41 and Ca 43 . Talmi 
did an extensive shell-model analysis of all the Ca isotopes from A = 41 to A = 48, using pure 
(/^-configurations for the neutrons outside the closed-shell core Ca 40 . A review of this work 
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may be found in the book by de-Shalit and Talmi 14 . Configuration-mixing calculations were 
recently done by McGrory et al 15 for the nuclei Ca 42 -Ca 30 . 

D. Ni ISOTOPES 

Complete configuration-mixing calculations on the Ni isotopes A = 56 to A = 60 were done 
by Gambhir and Ram Raj 16 by using several different types of two-nucleon interaction. Similar 
calculations were worked out for all the Ni isotopes up to A = 64 by Auerbach 17 who treated 
the two-nucleon matrix elements as parameters in fitting the spectrari data of all the isotopes. 
Lawson et al 18 covered the same ground, treating the two-body matrix elements as parameters, 
and also with the matrix elements computed in Kuo’s work as described in Sections 22B and 
22C. 


E. Pb-REGION 

The earliest calculation on Pb 206 was by True and Ford 19 . The single-particle and single-hole 
levels in this region have been very extensively investigated experimentally. Of utmost interest 
in recent times is a set of seven close-lying levels (the septuplet) in Bi 209 , which is interpreted 
as resulting from coupling a (/^-proton (the single-particle state that gives the ground state 
of Bi 209 ) to the excited 3“ state of the Pb 208 core. 
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PROBLEMS 

1. Derive the expression (111.75) from (III. 74). 

2. Evaluate completely the Slater integrals (III.72) when all the single-particle radial functions 
belong to the Op-harmonic oscillator level, and the potential has a Gaussian shape. 

3. Derive (III. 183b) from (111.183a). 

4. Prove that (j e 'v'J \ V [f’v >jy = 0 unless v' = v for the odd-tensor interaction which satisfies 
the commutator relation (III. 184). [Hint: Write 

= N P .(s + r\rvjy 

with a suitable definition of P" and use the Hermitean conjugates of (III. 184) and (III. 172).] 

5. Use the fractional parentage expansion (III. 204) and the method described in Section 29 to 
write down the expectation value of the single-particle operator 


i T*V) 

/-i 

for the state \j", v = 1 , J = Express the result in terms of the reduced matrix element 

Ol 17*1 |/> by using the standard results from Appendix B (Section III). Explicitly carry out the 
summation over J' in the final expression and obtain the required expectation value in the form 




2(n - 1) 


+ 


n - 1 


{(-l)*+ l + 8 A ..o(2 !/+!)}]. 


(2j - l)(2j + 1) 1 2 J^V 

Note The expression within the square brackets is equal to (i) 1 for K = odd integer, (ii) n for 
K = o, and (iii) (2) 4- 1 — 2n)/(2j — 1) which is less than 1 for n > 1 in the case K = even integers 
greater than zero. Here <r*>j„ is the expectation value for the single-particle state | j, my. 

6. (a) Show that the second-quantized expression for the single-particle operator in Problem 5 


for a single /-shell is given by (~l) K <j\ |7*| \j>N Kq , where N is as defined by (III.181b). 

(b) Work out the commutator and prove that [S_, N Kq ] — (-l)Ml,. Use the property of 

the operator occurring on the right-hand side to show that the commutator is zero for K = odd 

integer. 

(c) Use the commutator in Problem 6b and the hint given in Problem 4 to work out 


£ T«(l) | 

;-i 

for (i) K = odd integer and (ii) K = 0. 

Note The result in both cases contains 8 ro . and the matrix element connecting the two states of 
the configuration f. The extra numerical factor is 1 in case (i) and n/t> in case (ii). In the case 
of = even integers (>0), the matrix element is nonvanishing for both v' = v and v' ^ v. 
Work out the case v « v and show that the numerical factor is (2 j + 1 — 2n)/(2j + 1 — 2v) for 
this matrix element. 



IV Phenomenological Collective 
and Unified Model 


32. COLLECTIVE MODEL AND ROTATION OF DEFORMED NUCLEI 

A. PARAMETRIZATION OF NUCLEAR SURFACE AND BASIC FACTS 
ABOUT THE ELLIPSOID 

The phenomenological collective model (see Bohr and Mottelson 1 ) is based on the concept of a 
nuclear surface defined by the surface coordinate R in the direction ( 6 , <f>) as 

R(6, +) = R„(l + 2 2 *)]. (IV.l) 

A — O n — > 

Here R 0 is the radius of a spherical nucleus, and the extra terms containing a?,. represent the 

expansion of any general function of the angles (0, <f>) in terms of the complete set of spherical 
harmonics Y*(0, <f>). With small nonvanishing values of the coefficients the angle-dependent 
terms represent a small departure of the nuclear surface from a spherical shape. If the 
quantities are time-dependent, then (IV.l) obviously represents the instantaneous orienta- 
tion of the surface. The motion of the surface with respect to time is then delineated through the 
exact nature of the time-dependence of If the equilibrium shape of the nucleus is spherical, 
then the equilibrium values of the deformation parameters a?,, are zero, and they develop 
nonvanishing values when the surface moves about the spherical equilibrium shape. If, on the 
other hand, the equilibrium shape is nonspherical, then the deformation parameters initially 
have a set of nonvanishing equilibrium values; as the nonspherical surface moves, the 
quantities undergo changes about their non-zero equilibrium values. 

Certain very general properties of the coefficients #»* can be immediately derived. Since 

R(0, <f>) has to be real, we must impose the condition 

R\e, +) _ R(d, +). (iv. 2 ) 

Taking the complex conjugate of (IV.l), we have 

TO t) - /toll + 2 2 a v y;*(M)] 

A-0 — J 

-JMiV- i M-O’i’i.Ml 

* 

- /toll + z lyr#. «]. (iv. 3) 

We have first used Y x * = (-lyyi,, a well-known property of the spherical harmonic, and then 
relabelled the summation index n as ~,ft. Comparing (IV.3) and (IV.l), we obtain, by virtue of 
the requirement (IV.2), 


(IV. 4) 
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For brevity, we shall very often write (IV. 1) as 

m <t>) = *o[l + *)], 


(IV. 5a) 


««. *) 


z 4) 

t* 


(IV. 5b) 


and is a small quantity if the coefficients are small. If the nucleus is deformed from the 
spherical equilibrium shape of the radius R 0 , then its volume prior to deformation must have 
been (4 tt/ 3)/?J. After the deformation has occurred, the volume changes to 


w: 


(lV.6a) 


where do) = sin 0 dO d<f> , and the limits of the ( 8 , ^-integration are, as usual, from 0 n and 
0-* 2 7T. Since the maximum value R of the radial coordinate r is dependent on (0, </>), it is 
absolutely essential, as is evident from (IV. 6a), that we first carry out the indicated integration 
of r and then obtain the final volume 


= i J” sin 6 dB J 3 ” d<j> [/?(0, ^)] J 

— sin e de j"’" d<j> (I h- £) J 

= Rl + f* sin o de d* (?£ + + f 3 ). 


(IV. 6b) 


In view of the smallness of f, we reject the £ 3 -term. The £-term contributes only through the 
(A = 0, n =s 0)-term of (IV. 5b); the higher order spherical harmonics produce zero when 
integrated over the angles. The £ 2 -term contributes from the spherical harmonics of all orders 
(A, n). The nuclear fluid is thought to be highly incompressible, which means that the total 
nuclear volume must not change as a result of deformation. The change in volume is represent- 
ed by the integral term of (IV. 6b). If we ignore the contribution of £ 3 in this term, then the 
condition of volume conservation is clearly given by 

o = | do> a + f 2 ). ( IV - 7 ) 

An interesting consequence of this condition is that ajo becomes a second-order quantity if the 

coefficients a*,, with higher values of A, n are of first-order smallness. The proof follows. 

We have, using (IV.Sb), 


f </a> = 

An J 


V 47raoo- 


(IV.8a) 


On the other hand, 

[du>e= z z «?, •&,•(** W 

J »,e »',(*' J 

. - 2? «?,«?. 


(IV.8b) 


In deriving this result, we have used the orthogonality integral of two spherical harmonics and 
the reality condition (IV.4). Using (IV.8a) and (IV.8b), in conjunction with the requirement 
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(IV. 7), we derive the result 

= - 2 Kl 2 - ( IV - 8c > 

A, M 

Another important and interesting property of the coefficients a follows from the 
physical requirement that the distance of a point R on the surface should not depend on the 
coordinate system chosen to specify the direction of R in terms of the polar and azimuthal 
angles (0, <j>). Let us choose another coordinate system, oriented with respect to the initial 
system, through the Eulerian angles (0,, 0 3 , 0 3 ). In this new coordinate system, the polar and 
azimuthal angles of R are (O', <j>), and hence 

R(6, <t>) of (IV. 1) = R(8', <f>') of the new coordinate system 

= r 0 [i+ J; h ait P YUtf,fy ]. (iv.9) 

where are the expansion parameters in the new coordinate frame. The spherical harmonics 
Y*(&, of the unrotated frame and of the rotated frame are related to each other 

by (BI.13) of Appendix B, i.e., 

Yl(0, *) — 27 0 2 > B^Yi(d\ *'). (IV. 10a) 

Using this expression in (IV. 1) and comparing the resultant expression with the right-hand side 
of (IV.9), we get 

27 <*?„ .2^(01, #2, 03) = a?v- (IV. 10b) 

Taking the complex conjugate of this expression, and then using, from Appendix B, the 
unitarity relation (BI.17) of the .3)' -matrix, we easily obtain 

= £ 3)U« i . 0S. ®3)«AV ( IV - 10c) 

V 

Comparing this relation with (IV. 10a), we conclude that, under a rotation of the coordinate 
frame, the expansion parameters a Xfl transform in the same way as the spherical harmonics 
Y\ for example, is the ^-component of a spherical tensor of rank A. Therefore, according 

to (BII.10) of Appendix B, 

In this scalar product form, the rotational invariance of the expression (IV.l) becomes 

completely transparent. 

We next want to examine the physical meaning of some of the lowest multipole terms 

(A = 1, 2) in the expreyion o(R(8, <f>). To understand the (A = l)-term, let us first consider the 
translation of a sphere of radius R 0 , as a whole, through a distance a', as depicted in Fig. IV.l. 

The displacement a' is taken to be infinitesimal. As a vector, it has three cartesian components, 
which are related to the spherical components a', according to (AI.9) of Appendix A. Under 

this displacement, the centre of the sphere moves from C to C\ and a point P on the sphere 

moves to P'. Both CC' and PP' are equal to a', by definition. With respect to tjhe new origin 
C, the point P' still has a radial coordinate Ro, whereas with respect to the old origin C its 
distance R is clearly a function of the polar and azimuthal angles (0, <j>) of the direction CP'- 
To find it as a function of (0, f), we use the fact that, vectorially, R in the direction CP' is the 
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Fig. IV. 1 Diagram showing correspondence 
of dipole term in radius R (a function of 
angles) of nuclear surface to a motion of 
nucleus as a whole without any accompanying 
deformation. 


sum of a vector R 0 along CP and the vector a' along PP\ i.e., 

R — Ro 4" ol . 

Multiplying this equation by the unit vector e R along R, we get the magnitude R of CP' on the 
left-hand side, whereas on the right-hand side we get R 0 times the cosine of the angle < between 

CP and CP', plus a' • e R . Thus, 

R(0, <f>) — R 0 cos < -f a'»e R . (IV. 11 a) 

According to (A1.9) in Appendix A, the unit vector e R has cartesian components e x > e Y , e z 
which are related to its spherical components as 

(®r) : i =• + -^ e x ± ie r) = T ^2 sin 0 e^* = <f>), 


(Cr)o == &Z B=B COS 8 — 



Therefore, according to the definition (BII.10) — in Appendix B— of the scalar product, we have 


« • e„ 


- Jj 2 (- 1K-, Y\{6, 4 ) = ]~ E rl(«. +). 


(IV. lib) 


Here we have used the fact that, for any vector A having real cartesian components, we have 
(-1)^ « A* according to (A1.9) in Appendix A. Thus, if we identify V (4ir/3)a* with a?„ 

the expression (IV. 11 b), which is the second term of R(9, as given in (IV. 11a), exactly agrees 
with the (A = l)-term of the general multipole expansion (IV.l) for R(6, The first term of 

(IV. 11a) is Ro + 0(« 2 ) because, for o' infinitesimal, the angle « is also infinitesimally small. This 

agrees with the fact that, in the general expression (IV.l), if we decide to terminate the series at 
A = l, we still have, in addition to the R 0 -ietm, a term afc/? 0 in which «&> is of second-order 
smallness. 
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To sum up, we have shown that the (A = l)-term of the multipole expansion (IV. 1) 
corresponds to a displacement of the nucleus as a whole, and hence it is of no interest what- 
soever in nuclear structure study. We shall omit this term in our subsequent work. 

We now investigate the (A = 2)-terms of (IV. 1). Let us consider a point P on the surface 
of an ellipsoid. The coordinates (x, y , z) of P, by the definition of the ellipsoid, satisfy the 
equation 


+ 



(IV. 12) 


where a 9 b 9 and c are the half lengths of the three principal axes of the ellipsoid. The section 
of the ellipsoid on each of the three principal planes xy % yz t and zx is, by definition, an ellipse 
with the semi-axis ( a , b ), ( b , c), and ( c , a), respectively. If the ellipsoid has a rotational 
symmetry about an axis for instance, the r-axis — that is to say, if the ellipsoid has been 
generated by rotating the ellipse in the >>z-plane (or the zjc-plane) around the z-axis, then such 
an ellipsoid of revolution has a special name; it is called a spheroid. The cross-section of this 
spheroid perpendicular to the symmetry axis, i.e., in the present case, the cross-section in the 
jcy-plane, is clearly a circle. Any two mutually perpendicular directions in this plane can 
therefore serve as the principal x- and y-axis of the spheroid. Further, in such a case, we have 
a =» b in (IV. 12). In the case of a spheroid, we can distinguish between two physically different 
shapes: one corresponds to c > a( = b) and the other to c < <z( = 6). In the former case, the 

semi-axis along the symmetry direction is longer than the semi-axes contained in the perpendi- 
cular plane; such a spheroid is called a prolate spheroid, whereas in the latter case it is called 

an oblate spheroid, which is shorter in the symmetry direction than in the other two directions. 

In the special case of the spheroid, let us put a = b in (IV. 12) and make the substitu- 

tions 


a — b — R 0 e 
c = Roe 2 ". 


(IV. 13a) 
(IV. 13b) 


It should be noticed that, for a positive S, these expressions define a prolate spheroid, whereas 
for a negative 8 they define an oblate one. The 8 is called the deformation parameter. If we 
restrict ourselves to the case of a small deformation, then 

o-i^b-'^Ro'e* cflo-'O+S), 

c-' = Ro'e- 2 " = Rq '(!*- 28), 


and hence (IV.12) reduces to 


X? I y2 2 2 

1 — sr<' + “> + sf - «> 

BP J ^ ^ . a. I 

~M~ Rp z ~ ^ ~ T^J 

Here we have used z =» R cos 0, and then replaced (3 cos 2 6 — 1) in terms of Y\(f) with the 

help of Table All io Appendix A. In view of the smallness of 8, the foregoing equation yields 


R{6, +) = Ko[l - 4 sJj-Yl^y 12 = Ko[l + 2t>J^Y 2 o (0)\ 


(IV. 13c) 
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A comparison of this expression with the (A = 2, ^ = 0)-term of (IV. 1) results in the identi- 
fication 

4 = a*o (IV. 13d) 

and the conclusion that this particular term leads to the surface equation of a spheroid. The 
spheroid is prolate or oblate, depending on the sign of a*o- 

In the more general case of the ellipsoid, let us substitute 

a~R 0 e- 8 '> b = R 0 e~^ t c = R 0 e\ (IV.Ua) 

The volume of this ellipsoid is 

4 yubc = 

If Ibis volume has to be the same as that of the original sphere of radius R 0 , which got 
deformed into the ellipsoidal shape, then we must have 

8} •= 5, + S 2 . (IV.I45) 

It should be noticed that, in the case of the spheroid, it is the volume-conservation require- 
ment that demanded 28 in (IV. 13b) when —8 was used in (IV. 13a). Let us now make the 
substitution (IV. 14a) and (IV. 14b) in (IV. 12) and follow steps similar to those already applied 

for a spheroid. In this way, we obtain 


Rl * R 2 - 4 - 2x 2 S t 4- 2y 2 S 2 — 2z\* l + S 2 ). 

We should now observe the algebraic identities 

(IV. 14c) 

( x + iy) 2 = x 2 — y 2 4- 2 ixy t 

(IV. 15a) 

{x — iy) 2 — x 2 — y 2 — 2ixy 9 

(IV. 15b) 

(x + i»(x - iy) = x J + y 2 . 

(IV. 15c) 


Since the cross term xy is absent in (IV. 14c), we conclude that (IV. 15a) and (IV. 15b) must 
always appear in a sum with equal weight in any alternative expression of (IV 14c). We have 

f[(x + iy) 2 + (x - i» 2 ] = X 2 - y\ (IV.15d) 

and hence, from (IV. 15c) and (lV.15d), 

x 1 = l(x + iy){x - iy) + J[(x + iy) 2 + (x - '» 2 ], 
y 1 = j(x + iy)(x - iy) - }[(x + iff + (* - oft 

Usin" these results in (IV. 14c), we obtain 

R 2 ti =R 2 - (8, + 5 2 )(3z 2 - R 2 ) + K*i “ h)[{* + '» 2 + (* ~ O') 2 ) 

- R*\l - 2 + s 2 )y 0 2 + VI y^(8. - s 2 )(y| + ria)]. 

To intioduce spherical harmonics in this expression, we have used the results of Table AI.l 

from Appendix A. Inverting this relation for small Sj* and $ 2 > obtain 

R = Ko[l + yf{(3. + wrt + JVI(8 2 - S,)(r| + yia)}]. 


(IV. 16) 
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A comparison of this expression and the (A = 2)-terms of(IV.l) yields 
0t*0 = J y($i + &i), oti. 2 = -2 *= Jy$( 8 2 — Si). 


(IV. 17a) 


The fact that aj, and a?. are zero and a} 2 =* a?, _ 2 in (IV. 16) is a consequence of not having 
any cross terms xy, yz, zx in the expression (IV. 12) for the ellipsoid. This, in turn, resulted 
from our choice of the coordinate axes, while writing (IV. 12), along the principal axes of the 
ellipsoid. It has been explicitly pointed out after (IV. 15) that the absence of the cross term xy 
demands the sum of (x -f* iy) 2 and (x — iy) 2 with equal weight. These are the terms that yielded 
Y\ and Ti 2 , respectively, in (IV. 16). Therefore, a 22 = a f, _ 2 is a consequence of the absence of 
the term xy in (IV.12). Table AI.l in Appendix A will convince the reader that is pro- 
portional to z(x + iy). Thus, the absence of the cross terms zx and yz in (IV.12) is responsible 
for at i ,d = <* 2 . - 1 = 0 . 

We shall now slightly change our notation. When the ellipsoid is referred to its principal 
axes as the coordinate axes, the corresponding surface parameters at?,, are simply denoted by 
a Thus, we have 

a, os a_i = 0, a 2 — a -2 =£ 0, flo ^ 0. (IV. 17b) 


In view of (IV. 4) and the equality a 2 = 
vanishing parameters arc real, and hence they 

parameters, 0 and y, defined as 

On wm p cos y, a 2 = a_ 2 *=* ~^2p sin y ' 


we conclude that the two independent non- 
can be rewritten in terms of two other real 


(IV. 18) 


We have already seen that, in the case of a spheroid having z as its symmetry axis, only a 0 # 0, 
and all the other ^-parameters ((i^0) vanish. From (IV.18), therefore, such a situation 
corresponds to y = 0. Positive and negative values of 0 for this y will then correspond respec- 
tively to a prolate and an oblate spheroid having z as its symmetry axis. 

In general, if we refer the ellipsoid to any arbitrary coordinate system, the equation of 

the surface contains cross terms in x, y, z, and hence all the five coefficients are nonvanishing. 
Thus, we usually require five parameters to specify the ellipsoidal surface; when we refer the 

body to its principal axes as the coordinate system, only two parameters, and y, are enough to 
specify its shape. But then we also have to define the orientation of the principal axes system 

with reference to an arbitrary coordinate system. This, as we know, requires the specification 
of the three Eulerian angles 0 b 0 2 , 0 3 , that is, the three independent rotations needed to move 

from the arbitrary coordinate system to the principal axes system. Thus, the five parameters 

a,, are now replaced «by the alternative set (j?, y) and ($ lt 9j, 0j). The arbitrary coordinate 

system, which is fixed with respect to an observer, is called the stationary frame, and the 

principal axes system, which is necessarily fixed in the ellipsoidal body but goes on changing 

its orientation as the body moves, is referred to as the body-fixed frame. For both these co- 
ordinate frames, we shall conventionally adhere to a right-handed system (i.e., a right-handed 
screw driven from x to y moves along the z-axis). 

As a part of the general discussion on the ellipsoidal surface, we shall now point out the 

arbitrariness we have in going from the stationary frame to the body-fixed frame. If we have a 
given eilipsoklal surface, and a given stationary frame, the values of the expansion’parameters 
<* 2 ^ are uniquely determined. This statement, however, is not true for the parameters a?, i.e., 
(/J, y) and (0 Jf tf* 0 3 ). Thii is because of the arbitrariness involved in choosing the body-fixed 



PHENOMENOLOGICAL COLLECTIVE AND UNIFIED MODEL 389 


frame along the principal axes. In fact, each principal axis goes in both directions through the 
origin, which is chosen to be the ‘centre’ of the ellipsoidal body; hence, each coordinate axis can 
be chosen in either ot these two directions. In the case of a spheroid, the arbitrariness in this 
choice is even infinitely many because, as already pointed out, the coordinate axes perpendi- 
cular to the symmetry axis could be chosen along any two mutually perpendicular directions; 
the only restriction in labelling these axes is that with the symmetry axis they should satisfy 
the right-handed convention of our coordinate system. 

In order to systematically study this arbitrariness in the case of an ellipsoid, let us first 
introduce three rotation operators: 

(i) % [this operator produces a right-handed rotation through n about the body-fixed 

J’-axis]; 

(n) ift 2 [this operator produces a right-handed rotation through tt /2 about the body- 
fixed z-axis]; 


(in) [this operator produces the Eulerian rotations (tt/2, t,/2, tt) starting with a given 
orientation of the body-fixed frame). 6 * 

The effect of these three rotations is shown in Eig. JV.2, where the solid lines x, y, z denote the 
initial situations. The position of the axes alter each subsequent rotation is shown by the 



(a) One rotation about (b) One rotation about (c) Three Eulerian rotations 

y-axis through angle - z-axis through * :/2 (~/2, r./2, r) 

Fig. IV.2 Three symmetry operations (rotations) of ellipsoidal body. 

corresponding subscripted letter. The subscripts 1, 2, and 3 refer to ttye situation after the first, 
second, and third rotations, respectively. Figures IV.2a and IV.2b relate to only one rotation, 

and hence only the subscript 1 occurs. The reader’s attention is drawn to the final situation 
(*3» ^3* Zj) in Fig, IV. 2 c, where the axes are coincident with the original axes x, y f z taken in a 

different cyclic order, namely, y, z, x. Thus, the rotation allows a convenient relabelling of 
the body-fixed axes while maintaining the cyclic order. A second operation with 31 ), commenc* 

ing with the situation (jt 3 , y^ 23), would clearly allow the relabelling (x, y f z) (z, x, y)> 

Now let us consider the degree of arbitrariness in the choice of the body-fixed frame. 
Because of the special symmetries of the ellipsoidal body, the eight octants into which the body 
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can be divided by the three principal planes are identical, and hence the body-fixed frame could 
be chosen along the three edges of each of these octants. Once this is done, the coordinate axes 
in each case may have three possible labels: (x, y, z), (y, z, x), or (z, x, y). Thus, the actual choice 
of the body-fixed frame can be done in (8x3=) 24 different ways. 

In terms of the operators SRi, ±R, 2 * ^. 3 , we can generate the 24 different choices as follows. 
First, let us start with the initial situation depicted in Fig. IV. 2b, where the z- axis is pointing 
4 up . There are four octants in the ‘upper’ half of the ellipsoid, which corresponds to the ‘up’ 
position of the z-axis. In passing from one such octant to the next, it is clear, from Fig. IV. 2b, 
that all we need is the rotation £ft 2 . Three such rotations, in succession, take us from one start- 
ing octant to the other three. In order to follow the same procedure in the ‘lower* half of the 
ellipsoid, we first need to reverse the direction of the z-axis from its ‘up’ position to the ‘down’ 
position, which can clearly be done by the rotation 1R ,, as depicted in Fig. IV. 2a. Once we have 
entered the lower half of the ellipsoid, the subsequent rotations with <R 2 again enable us to 
move into all the four ‘lower-half* octants. Finally, as already discussed, the three cyclic orders 
in which the coordinate axes can be labelled, for each of the eight orientations of the body-fixed 
frame in the eight octants, are generated by the successive applications of £R 3 . 

The foregoing discussion clarifies that it is not really necessary to study what happens to 
(ft, y) and (0,, 0 2 , 0 3 ) in all the 24 possible cases. It is sufficient if this effect is examined with 
respect to the three fundamental rotation operations £R,, <R 3 . The effects of these rotations 

on the values of or, equivalently, (/3, y) can be examined as follows. 

We have already seen that, when the coordinate system is rotated, the surface parameters 

undergo the transformation (IV. 10b). In the present case, since both frames are body-fixed we 
denote the unrotated and rotated coefficients by a & and a respectively. Since they are all real, 
(IV. 10b) reads 

o h = 2 $2, 0j)a,. (IV. 19) 

For we have (0„ $ 2 , 6,) = (0, it, 0) and, according to (BI.12a) and (BI.15) of Appendix B, 

gf*(0, it , 0) = 5 V> _„(- 1)". (IV.20a) 

Thus, under <R„ we have from (IV. 19) and (IV. 20a) 

«, =(- 

which, written explicitly, establishes 

P . .. B . 

ai ^ a - 1=z yji my ' = ^2 sin y, Q 0 = fl 0 = ft cos y. 

Thus, the new values (ft, y) corresponding to a , are the same as the old ones. In other words, 

5t| keeps (/?, y) unchanged. 

In a Similar manndr, corresponds to the Eulerian angles (ir/2, 0, 0) in which case 

0, 0) = = (-iys^, (IV.20b) 

and henfc, according to (IV. 19), 

Therefore, under <R 2 , we get 


(IV.20b) 


a 2 — = — 0 2 = — s ' n 0 O ** a Q =* p cos y. 
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These equations imply j3 = 0, y = -y. Thus, <R 2 transforms (£, y) into (J3, — y). 

Finally, in the case of jR 3 , we have to evaluate tt/2, it). According to (BI.12a)of 

Appendix B, 

<&/2, W2. *) = e-^VdlM 2) 

** c--#rc- ikV/ 2). (iv. 21) 

For the evaluation of the last factor, we need to consider (BI.12c) in Appendix B for the 
^/-function. The general result for any 0 is given in Table IV. 1. Using this table with 0 — tt/2. 

Table IV. 1 Matrix elements of d 2 {0) 


-f 2 COS 4 


— sin 0 cos 2 2 


V 6 i a 

„ sin~ 0 


u ■ 2 & 

-sin 0 siQ“ ^ 


0 0— 0 0 
-i 1 sin 0 cos 2 - cos 6 cos 2 ^ i sin 2 0 -V* sin 0 cos 0 cos 0 sin 2 ^ + \ sin 2 0 — sin 0 sin 2 — 


0 sin 2 6 V& sin 6 cos 6 

4 


I — 4 sin 2 ^ — \/} sin 0 cos i 


sin 2 0 


- 1 sin 0 sin 2 - cos 0 sin 2 ^ + 4 sin 2 0 vf sin 0 cos 0 cos 0 cos 2 ^ — 4 sin 2 0 —sin 0 cos 2 ^ 


v .^ sin 2 0 sin 0 cos 2 ^ 

4 2 


and the expressions (IV. 21) and (IV. 19), we obtain, in a straightforward manner, 
ai = a -2 = ~i( a t + a -i) ~ ^ °o. 

fli - <J_i = 0, 

do = ^(02 + a-2> - W 

Since cos 60° = \ and sin 60° = V 3/2, these relations can be rewritten as 

a 2 = a. 2 s -jj sin ^ = ~ J2^' n 7 C ° S 6 °° + C ° S y S ' n 60 °^ = _ y^2 Si ° ^ + 60 
y i * nv f 


a 0 = JL cos y = j3(sin y sin 60° - cos y cos 60°) = -jS cos (y + 60°). (IV.22b) 

V 2 , 

The overall minus sign in (lV.22a) has arisen from the factor (-if in the expression (1V.21). 

Since -sin (y + 60°) - sin (y - 120°) and -cos (y + 60°) = COS (y - 120°), we conclude 
from (1V.22) that, under <R } , the parameters (£, y) go to (0, y - 120°). 

W*j summarize all the foregoing results as 
'ffl.vl-Wfl.vl under 


(/5, r) (J3, v) 

(J S,y)->(P, -V) under 

(/3, y) -+(P.r- 120°) under iR 3 . 


(1V.23) 
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These results are very important and are used subsequently. 

To study what happens to the Eulerian angles 0,, 0 2 , 63 because of the rotations given by 
(IV.23), we first note that we are now considering two successive rotations. The first rotation 31 
through the Eulerian angles 6 h 6 2 , 0 3 brings us from the stationary frame to a particular orienta- 
tion of the body-fixed frame, let us say the (x, y , z)-frame of Fig. IV. 2. The second rotation 
31 then takes us from this particular body-fixed frame to any of the 23 other alternatives of 
the body-fixed frame. We shall refer to this frame as the second body-fixed frame. The rotation 
Sly as already defined, is through the Eulerian angles 0 b 0 2 , 0 3 . The values of these angles, when 
31 — 3hy 3li> «& 3 * have also been stated. We now want to find the Eulerian rotation R which 
takes us directly from the stationary frame to the second body-fixed frame. By definition, 

R - !R3ly (IV. 24) 

and let the Eulerian angles for R be denoted by 8 h 0 2 , 83. In (BI.6) and (BI.7b) of Appendix 
B, we see that the rotation operator 31(0 j, d 2 , 0 3 ) has two equivalent forms: 

a ^ jexp (-/0 3 Z. Z| ) exp (-/0 2 L n ) exp (-/0,L Z ) 

jrlyyi, 0 2 , 0 3 ) = < 

(exp ( — i6 { L z ) exp ( — id 2 L Y ) exp ( — /0 3 L Z ) 

In the first form, the subsequent Eulerian rotations about the Z-axis through about the Y r 
axis (i.e., the T-axis after the first rotation) through 0 2 , and the final rotation 6 3 about the Z 2 - 
axis (i.e., the Z-axis after the second rotation) appear from right to left as they should. In its 
second form, all the rotations are about the initial axes — first through 0 3 about Z, then through 
d 2 about Yy and finally through about Z. What is to be remembered as a lesson from this 
equivalence is that the Euler rotations d l9 0 2 , 03 get reversed to the order 0 3 , 0 2 , 0| when the station- 
ary axes Z, T, and Z are chosen as the subsequent axes of rotation. We must remember this 
while writing the operator for 3131. If w^ wish to use the stationary axes as the axes of rotation, 
then, instead of giving the rotations in the order 0,, 0 2 , 03 followed by 0,, 0 2 , 0 3 , we must reverse 
the entire order of the six rotations, that is, write 

]R(0|. 02* 03 ) 3 £( 0 |» 02* 03 ) = exp (-/0,L Z ) exp (-id 2 L Y ) exp (-/0 3 L Z ) exp (-i0\L z ) 

X exp ( — id 2 L Y ) exp ( — /0 3 L Z ). (IV. 25a) 

In terms of the single rotation /?, we have 

R(0 1 , 8 2t 6 3 ) ± exp (-i8 L L z ) exp (-/<9 2 L y ) exp (-/<9 3 L Z ). (lV.25b) 

Thus, taking the matrix elements of (IV. 25), and using the equality (IV. 24) and, from Appendix 
B, the basic. definition (BI.12a) of the ^-function, we get 


= £ 0 2 , *3 ) 4 /*v(e,. 0 2 , 03). 


(IV. 26) 


In obtaining the right-ha^d side from (IV. 25a), we have inserted the complete set of spherical 
harmonic states 

£ |AV><AV| 

*V' 

between exp (— /0 3 L Z ) and exp (—i0,L z ). The equation (IV. 26) gives us the required relation- 
ship between the set of Euler angles 8 U 8 2 , 83 and the sets (0 b 0 2 , 0j), (0 4 , 0 2 , 0j). For example, 
in the case of 31 1 , using (IV.20a) for 3) 2 *(6 0 2 , 0 3 ), we obtain from (IV.26) 

afafil. «2, 03) = (-1) v ^*-v(0„ 0 2 , 0j). 
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According to the definition (B1 . 1 2a) in Appendix B, this relation leads to the identification 

tt, @3 = — 0 3 . (IV. 27a) 

In a similar manner, the expression (IV. 20b) for jR 2 leads, with the help of the basic 
equation (IV.26), to the result 

<#*(0,, 0 2 , ©a) = (-O’iftPi. *J. A). 

Once again, this relation implies 

0, =0„ 02 = * 2 , e,= 0 3 + ![. (IV. 27b) 

For the rotation ^ 3 , (IV.21) and Table IV. 1 enable us to write down the basic equation 
(IV.26) explicitly. This equation does not lead to very simple solutions of (0,, & 2 , 0 3 ) in terms 
of (0i, 0 2 , 03 ). However, in our subsequent work, the equation connecting the ^-functions of 
these two sets of angles is adequate. 

B. DERIVATION OF COLLECTIVE MODEL HAMILTONIAN 

In this chapter, we shall consider the collective rotational and vibrational motions of the 
nuclear surface, restricting ourselves to the A = 2 (quadrupole)-terms in the expansion (IV. 1). 
However, for the present, let us keep the formulation general by considering the complete 
multipole expansion (IV. 1) and then deriving the kinetic and potential energies of a nuclear 
fluid of uniform density p 0 confined within this surface. Since we have already imposed the 
volume-conservation condition (1V.7), the density p 0 remains unchanged during the deformation. 

Calculation of Hamiltonian 

The first part of the calculation is classical. The second part entails taking the classical ex- 
pression, quantizing it, and writing the Schrodinger equation. The Hamiltonian consists of 
kinetic energy and potential energy. The latter has two classical types of contribution, one due 
to the Coulomb repulsion of the charge contained in the nuclear drop, and the other account- 
ing for the change in potential energy as a result of alteration in the nuclear surface area. In 
analogy with classical hydrodynamics, the latter effect is calculated in terms of an empirically 
defined surface tension S of the nuclear drop. By definition, S represents the surface energy 
per unit area. The value of this quantity may be estimated in the manner described in 
Section 14. 

Kinetic energy In deriving the kinetic energy, we shall assume an irrotational motion of 
the fluid, and take the velocity of the fluid at the nuclear surface to be in the radial direction. 

Denoting the velocity by v and the velocity potential by A, we n?te they are related to 
each other through 

? = grad A. , (IV. 28a) 

Due to the irrotational nature of the fluid motion, we have 
0 = div v = V 2 X, 

which has solutions for A of the type r x Y*{6, <j>). The general solution is a sum of all multi- 
polarities, and is given by 

X(r,M)-* * r'fiXtf**). 

X-0 M— x 


(IV.28b) 
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where the parameters are constants to be determined. The velocity at the nuclear surface 
r = R can therefore be written as 


(grad X) r _ R = E E fa[V{r^(8, m.R- 
x-o ,*--x 

As per our assumption, we take this velocity as pointing in the radial direction; hence, its 
magnitude is given by 

t- r .R= E E PUhr'YW, m.R 
x-o n--x Or 


= E E fax R>-'YX9,4>). 

X-o H--X 


(IV. 29a) 


An alternative expression for the same velocity is obtained by taking the time derivative of 
(IV. 1), which yields 

t’r-* = W<l>) = RoE E fa(t)YXe, *)■ (IV.29b) 

X-o M--X 

Replacing^" 1 in (IV. 29a) by the approximate expression Rq" 1 , and then equating (IV.29a) 
and (IV.29b), we easily obtain 

fa = A-'/?o 2 ~ (IV.30) 

We now have complete information on the velocity v at any point (r, 6 , </>) through (IV. 28) 
and (IV.30) in terms of the time derivatives of our old surface parameters The kinetic 
energy of the entire drop can then be written as 



where the quantity -rat the bottom of the integral sign denotes that the integration has to be 
carried over the nuclear volume r enclosed within the surface defined by (IV. 1). Substituting 
for v 2 , we have 

f fR(o. *) 

T m iP 0 Jo, r 2 dr Z E fafi J v [Vr* Yfa 4)] • [Vr*T^0, *)]. (IV.31) 

J Jo x , m y, 

In this expression, tlje Jr* integration must be carried out first, as indicated, because the upper 
limit of this integral depends on ( 6 , <f>). The radial part of the scalar product is given by 

4r ri)i Jr ry) Y ' = Y,', (IV.32a) 


and the 8- and si-part of the scalar product add to 


( r » 1 ®.y A )( r x' i ~yK) + (r* 
v r88 r88 h 


— ! — £. Y x )(r v — - — — y\') 
rsin0 0f r sin 8 8+ “ 


(IV. 32b) 


It is clear from (IV. 32a) land (IV. 32b) that the radial function in all the three terms is 
r *+v- 2 t which changes to r > + v when multiplied by the r 2 of the (r 2 dr). Thus, the radial inte- 
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gration in all the three terms gives 


+) /?A + A'+I 

dr r*+ y = — 

Jo A + A + I 

ijA + A' + f 

K<) 


A+A'+ l (, + £ 


&aV" * i 1 ') 


r>A-»-A' + I 


A — J— A 4- I A -j- A 4- 


A 4- A' — 1 „*+ '+i 

-K 0 


A'/*' 


(IV. 32c) 


We have neglected all higher terms in the expansion, and in fact use only the first term of 
(IV.32c). Using this term, along with (IV. 32a) and (IV. 32b), in (IV. 31), we get 


X J dm [AA'y* Y x ; + Y x ;.) + cosec 2 8(~ Yl)(^Yl'.)). (1V.33) 

The integration in the first term here is very easy to carry out with the orthogonality proper- 
ties of the spherical harmonics: 

j dw Y x Y x : = a u ,8„, _„.(- \y. . (IV. 34a) 

The integration of the other two terms requires a little more work. Using the identities 
(Al.lOb) from Appendix A, we write 

ft = i(V'* - L-e‘% 


i cot 8 ~ = }( L + e~'* + LJ*). 

Applying these relations, we get from the second and third terms of (IV. 33) 

= iK(4 + e-'* - Lj*)Y?M 4 r» - L_e'*)Y x ;.} 

- {(L + e-<* + L_e‘*)Y:,}{(L + e-‘* + LJ*)Y*.)} - w'Y'X' 


= + (LX)(L + Y* : )] - w’YX'- (iv.34b) 

The last term in this expression has arisen from ((t7<ty)y*][(0/<ty)y,4 in view of the e' m *-type 
dependence of Y„. Since there is a summation over (A, p) and (A', /»') in (IV. 33), the two terms 
enclosed within the square brackets yield equal results. So we omit the factor £ and, using one 
of the terms, we write the final expression, with the help of (IV. 34b) and (IV. 33), as 


T = i* r ^ A ^V + j d<o ((AA' - w ') Y: Y x ; - (L + Yl)(L_ Y^)}. (IV.34c) 

Using the result (AI.3) from Appendix A in the L+- and L_-term, and then the result (lV.34a), 
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we finally obtain 

n2A + 1 

7-=iPo D-H 

= i Po Ri 2 A-Va,! 2 . 

In getting the final line from its predecessor, we have used (IV. 30) and further taken cogni- 
zance of the fact that the /i-term within the square brackets vanishes because, in the sum, 
the contribution of each positive /z-terro is exactly cancelled by the corresponding negative 
/x-term. The change from to -p leaves |j3 Vl 2 unaffected. We rewrite this result in a more 
compact form as 

i 2 S.|<iA,| 2 . (IV. 35a) 

K M 

where 

B> = A-'p 0 /?o = ^-A r'MARl (IV.35b) 

477 

MA being equal to (4 tt/3)p 0 /?o» ie., the total mass of the nucleus. B x is called the inertial 
parameter . Since the expression for T y as given by (IV. 35a), is already of the second order in 
we do not work out the consequences of the second term of (IV. 32c) which already 
contains ope a*v However, if this higher-order term is desired, it can very easily be worked 
out by using the results (Bill. 1 ) and (Bill. 3) from Appendix B for the integral of the product 
of three spherical harmonics. This correction term in T is obviously of the type ololol. 


Surface energy In terms of the empirical surface tension parameter S , the surface energy is 
given by 

y s = S dA, 

where the integral has to be extended over the whole area of the nuclear surface defined by 
(IV. 1). To express the area element dA on the deformed surface in terms of the polar coordi- 
nates R , 0, ^ of a point on the surface is a little intricate. It is not simply R 2 du> y which 
is the area element on a spherical surface of radius R contained within the solid angle 
d<*> (=sin 0 dfi d<f>). To express dA y we proceed as follows. We first note that the normal to the 
surface, defined by (IV. 1), which relates the radial coordinate R to the other two coordinates 
0, is given by the gradient of the expression 


/(*, 0, 4) m R - R 0 [\ + Z Y*(6 t +)) - 0 

% A p 

in the usual way. The gradient, when resolved along the three coordinate axes, yields 


d 

/{-component = jof( R > e > ^ = ’> 

. . 1 d /VO A ^ 4>) 

0-component = 6, </>) ^ , 

= Tiial ^ “ ~*sin 6 


dR(0 , <f>) 
d<f> * 


^-component 



PHENOMENOLOGICAL COLLECTIVE AND UNIFIED MODEL 397 


The direction cosines /, m, n of the gradient, i.e., the normal to the surface, at R % 0 , ^ are 
clearly proportional to these quantities. If the constant of proportionality is k> then k can be 
determined from 

1 = I 2 + m 2 + n 2 = * 2 [1 + Ji(— e ) 2 + R i Sln 2 

That is, 

k =f\ + 4. I 

K 11 + R^dr + R 2 sin 1 ‘ ’ 

. _ , kdR k 8R 

l-k, m- Rde< n- Rsm0 ty' 

The projection of the area element dA (whose normal is defined by the direction cosines /, m t n) 
on the ( 8 , ^)-plane is clearly given by l dA and, by definition, this has to be equal to the 
elementary area R 2 sin 8 d8 d<j> in the ( 0 , ^)-plane. Thus, 

dA = r l R 2 sin 6 dd d<f> 

- " + + rw-M > 2,,,2r3 si " * * »■ 

We have here used / = k, and the expression of k as just given. It is advantageous now to 
write R in the form (IV.5a) and retain the terms up to the second order in £ in the expression 
dA. In this way, 

dA - Rl(\ + 2f + f»)[i + (I + fr 2 {(j|) 3 + 

= Jftl + U + AH + l(|* + 

It should be noticed that, although (1 + f) 2 =- (1 - 2f + 3f 2 + . . .), only the term 1 of this 
expansion contributes to our expression up to the second order in £ because the quantities 
(f£/88) 2 and (8( /(ty) 1 are already of the second order in £. 

From the foregoing expression of dA, we now obtain the surface energy 


= srI 

du>[ 1 + 2£ + f + Mg#) + 2 sjn 2 e ( dij ) 1 


-sail 

\d»[i+( + M(^) 2 + cosec2 0 (^) 2 })- 

(IV. 36) 


We have used here the volume-conservation condition (IV.7) to delete (f + ( 2 ) from the 
integrand. The first term of this integral gives 4 nRgS, which is the surface energy K s (sphere) 
of a sphere of radius R 0 ; the other terms represent the change in surface energy due to defor- 
mation. In our Hamiltonian, we shall omit K s (sphere) and keep only the extra surface energy 
due to deformation. Using (IV.5b) for (, we get a contribution to the second term of the 
integral from the (A = 0, f* = 0)-term for which Yg - (4tt)-'' 2 . The integration over the solid 
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angle gives 4 n y and hence 


Rls if do> = (47,yi 2 <xtoRlS = -Rls £ la.,1 2 , (IV.37a) 

J A. 

where we have used the result (IV. 8c). The terms within the braces in (IV. 36) yield, according 
to (IV.5b), 


iRlS £ Z **.<*?„• 

■V , 


+ cosec 2 

LV 86 ){ 86 ' ^ v 8<f> A 8<f> 


)]• 


(IV.37b) 


It should be observed that this integral has been encountered in (IV. 33) while evaluating the 
kinetic energy. This is the integral in (IV. 34c) with the omission of the AA'-term. Thus, the 
present integral is given by 

*xvK.-A- OV + (A - fi)(A + fi + 1 ) 1 , 

where the first term comes from the ^//-term of (IV. 34c) and the second term from the 
(£+, £_)-terms of (IV. 34c). We have 

\j? -f (A - /i)( A -f fi + 1) = A(A -f 1) — \i 

and, as before, the -ji-term here contributes nothing when summed over in (IV. 37b). 
Thus, (IV.37b) reduces to 

J/&S £ A(A + l)|a„| 2 . 

Kt- 


Using this expression and (IV. 37a) in (IV. 36), we finally obtain 

*s = i £ C?|«J 2 . (IV. 38a) 

A, ,* 

where 

Cf = /?fc(A - 1)(A + 2). (IV. 38b) 

We recall that there is K s (sphere) in the total surface energy, and the expressions (1V.38) give 
the surface energy due to deformation. For A = 1, the latter is seen to be zero, whereas for all 
A > 1, it is positive. Thus, the surface energy of a sphere increases in a volume-conserving 
deformation which is* understandable because, for a given volume, the sphere has the least 
surface area. 


Coulomb energy The Coulomb interaction energy between the charge located inside the 
volume elements of dr { =* r\ dr x dm { and dr 2 = r\ dr 2 dm 2 is given by 


Po 

1*1 ~ *2\ 


dr { dm i r\dr 2 dm 2 . 


The total Coulomb energy of the entire charge distribution can be calculated by carrying out 
the integration over </tj and dr 2 , where each integration proceeds over the entire volume of the 
charge distribution. However, we have to insert an extra factor of } to cancel the double 
counting of each pair of elements dr { and dr 2 when independent integrations are carried out 
over these elements. Thus, 


i pi jda>, | 


r*o<i+h) 


r \ dr i 


r*ou+£.> 


r l dr 2 


l*i - r 2 r 


(IV.39) 
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Here g, and g 2 arc the quantity g defined by (IV. 5), wherein the angles of the spherical har- 
monics should be put equal to (0 t , </>,) and (0 2 , <f> 2 ). 

In our earlier derivation of the kinetic and surface energies, we have evaluated every 
quantity to the second order in g. We adhere to the same order here. We first note the standard 
result 

1 « 

lr rl = ^ \ P a( cos “12) 

Fl ~ r 2 | A -0 r> 


v I<_ i”L 
Jf-o r* + ' iK+l 



Y q K \e „ MYfge 2 , * 2 ). 


(IV. 40) 


where w i2 is the angle between the vectors r, and r 2 , and r< and r > are respectively the smaller 
and the larger of the two radial coordinates r { and r 2 . 

In order to understand the complications involved through the occurrence of r< and r> 
in (IV.40), let us first evaluate (IV. 39) for a sphere, i.e., in the case where the upper limit of 
each radial integral is R 0 . Here we can first carry out the angle-integrations which lead to the 
requirement 8 K , o* since the single spherical harmonic Y ( f*(9 j, <£j) has to be integrated over dm i, 
and the single T*(0 2 , <t > 2 ) over dm 2 . After completing the angle-integration, we get 


V c (sphere) = \(4itPq) 2 f r}dr { [ r\dr 2 — 

Jo Jo r> 

= i(4irPo) 2 J o ” r } dr, ^ r\ dr 2 + J ° r 2 dr 2 ) 
= i(4*Po) J \(Rl-Y\) 


_ 1 6 7 T 2 R 5 0 2 — a (^ e ) 2 

- TV* *oPo - 6 


(IV. 41) 


where Ze = (4tt/3)/?oPo is the total charge in the sphere. Because of the occurrence of 1 jr > in 
the integrand, we have had to split the integral over r 2 into two parts: one between 
r 2 = 0 r 2 = r,, in which the range r, is r>, and the other defined by r 2 = r, -+ r 2 = R 0t 
where r 2 becomes r>. 

It may seem that we make a straightforward approach while evaluating (IV.39) for 
nonvanishing and We raa y like to split the ^-integration in 0 -* r { and r\ -* R 0 ( 1 + &)• 
But since the range of r, is 0-+ R 0 (\ -f f t ), there is no guarantee that, in the range r, -*/? 0 (t +6) 
of r 2 , the quantity r, is always smaller than r 2 . In fact, for any two given directions (0 lf 4>i) 
and (0 2 , fo), the precise values of and determine when r, is smaller or larger than r 2 . 
Because of this complicated interrelationship in the integration variables, we attempt an 
alternative method of working out (IV.39) to our desired degree of accuracy, i.e., to the second 
order in the quantities and f 2 . These quantities occur as integration'limits in (IV.39), and 
hence we make use of certain identities. If 


F(x) = J* dx' Ax'), 

then F(x -f d), by definition, is given by 

r*+j 

F(x + d) = I dx' Ax'). 
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If J is a small quantity, we can make a Taylor expansion of F(x + A) and keep terms up to, 
let us say, the second order. Then 

F(x + A) = F(x) + F\x) + i A 2 F\x). 

But 

F'ix) = ~ J* dx' Ax) = /(*), 

and hence 


F\x) = 


df 

dx 


Therefore, the final result for F(x + A) becomes 


i; 


f(x')dx' = F(x + A) 


= f Ax') dx' + J/(x) + \A 2 ' 


d l 

dx 


Using this key relation to express the integral over r 2t we have 
dr 1 r\~ rx — dr 2 r \~p^r { + ^o£2^o(^i)'*-*o + 


(IV. 42) 


We take the first term of (IV.42) and then move on to the reintegration. Making use of the key 
relation again, we obtain 


r* d, ‘ c *■ r *■ 


dr 2 r 2 


2rV<\ 

'F'L 


(IV.43) 


The first term of (IV.43), as is clear, taken with the other factors in (IV. 40) and integrated 
over dw if dw 2y leads \o the Coulomb energy of a sphere of radius R 0 , evaluated in (1V.41). For 
the Coulomb energy of deformation, we shall use only the part that represents the departure 
from the spherical value. Hence, the first term of (IV.43) is omitted from our consideration in 
the subsequent derivation. The second and third terms in (IV.43) are now quite straightforward 
to evaluate. Because r { — R 0 in these terms, and r r integration goes from 0->/? 0 » the role of 
r > is now taken by^ and that of r< is taken by r 2 . Using these facts, we get the results 


second term o$ (IV.43) = ( i9 

A -f* 3 


(IV.44a) 


third term of (IV.43) = 


(IV.44b) 


We have followed the consequence of the lowest-order term in (IV.42) right through our 
expressions (IV.43) and (I V.44). We* next wish to apply the same procedure fdr the first- and 
second-order term in l 2 appearing in (IV.42). Since only those terms up to the second order in 
( 2 and (2 are of interest to us in the subsequent integration over r { of the la-term in (IV.42), 
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we need to use terms up to the order similarly, in the next integration over r x of the f^-term 
in (IV.42), we need keep only the first term of the r r integration, which is independent of ( t . 
Keeping these facts in mind, we have, with the second term of (IV.42), the expression 


, f*o(i+h) , j r* i C R ° . 2 r < 

Roii I dr i r = Roii I dr ! r 
Jo r > jo r > 

R& 


r K 

)r,-/?o + Roil^oi 1 ^o( "TX1 ) f i“ r* ■ 


K+ 3 


(2 + Roiiii* 


(IV.44c) 


In a similar manner, the third term of (IV.42) yields up to the second order 


l( R o{z) 2 | o d r i - ^ Ri °K + 3 


K z\. 


(lV.44d) 


We note the fact that, in the subsequent integration over doty and dw 2i (IV.44a) and the first 
term of (IV.44c) lead to the same result; the same observation is true for (IV.44b) and (IV.44d). 
So, in the final expression of V Ct we keep (IV. 44a) and (lV.44b) multiplied by 2 and the second 
term of (IV.44c). With the help of (IV. 39) and (IV.40) and the fact just mentioned, we obtain 

Vc = 4npX f </«, f d^s 2K \ { [ R ^1 + 2(T^t/' + *fc). 

J j *’* (IV.45) 

In the integration of the first two terms, the ^-integration of Y%(d 2t <t> 2 ) demands K = q = 0. 
We thus get, from these two terms, 

e J “t“ £*) “ i j* dot i fi = — 6 £ (IV. 46a) 

where we have used the volume-conservation conditions ^1V.7) and (lV.8c). The last term in 
(IV.45) can be worked out as 

i £ j* doty J do> 2 (i(iYg*(fii* <h)(2K + 0" 1 

=3 \ £ f dot j £ a,fpYl(dy t </>i)Yq*(d lt <j>y) f dot 2 £ a*v^V(^2* < t > i)Y< J (#2> ^ 2 )( 2 AT 4* 0 

K. q J V ? j AV ' 

- i £ \ 0 hA 2 ( 2 W‘\r l - (IV. 46b) 

Using (IV.46) in (IV.45), we finally obtain 
Vq — AnpoRa E ^2A ^ 


3 (Zef ^ 
4?r Ro A/* 


A - 1 
2A +1 




(1V.47) 


We remind the reader, once again, that the actual V c also contains V c (sphere) of (IV.41); 
the expression (1V.47) gives the extra Coulomb energy due to deformation. For A = 1, the latter 
is zero whereas for all the higher multipoles it has a negative sign, signifying that the Coulomb 
energy decreases when the sphere gets deformed. This is in contrast to the behaviour of surface 
energy as stated after (IV.38). We rewrite (IV.47) in the.form 


V c - i 2 CF|« V | 2 , 

X, >» 


(IV. 48a) 
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where 


c c = -±( Ze)i A ~ 1 


2 it i?o 2A 1 

The total potential energy which is a sum of (IV. 38a) and (IV. 48a) is then given by 


v= Vs+ V c ~\2 C A |« 

A.H 




with 


C, - c: + Cf - *&» - 1XA + 2) - 1 ( -ff + • 


Collecting the kinetic energy T from (IV. 35a), we finally obtain the Hamiltonian as 


H = T + K i 2: + C\|a Aj J 2 ), 


ah 


(IV. 48b) 
by 

(lV.49a) 

(IV.49b) 

(IV. 50) 


where 




4tt 


x-'marI. 


Classically, this Hamiltonian corresponds to a vibrator for each (A, /x), the quantity being 
the vibrating coordinate; the classical frequency of vibration is given by = ( CJB X ) which is 
independent of /z. 


Transformation of Hamiltonian to Body-Fixed Frame 

We shall continue to work with all the values of (A, /a). Finally, we shall specialize to the case 
of quadrupole deformation only. The expansion coefficients in the body-fixed frame will be 
denoted by a Av , which is related to by (IV.lOb) and (IV. 10c). 

In general, we impose two kinds of symmetry on the body: (i) any point on the surface 
R(S , ^), when rotated through tt about the body-fixed z-axis, maintains its old value of R at the 
changed angles; (ii) the observation in (i) is true also when the rotation tt is given around the 
body-fixed j^-axis. It should be noticed that an ellipsoidal body has both these symmetries. We 
are here imposing them for the higher multipoles. Further, we note the fact that now we are 
rotating a point on .the surface, whereas in Section 32A we hayjp considered rotations of the 
coordinate system. However, we know from Appendix B that the rotation of a point is given 
by the Hermitean conjugate of the operator that generates the same rotation for the coordinate 
frame. Thus, the rotations (i) and (ii) of a point on the surface are generated by exp (hL g ) and 
exp (hL y ), respectively. We therefore require the equality 

*o[l + E alX(8, *)] = /foil + 2 at exp (iVL,)y, x (0, 0] 

A H 

' =*o[l + ZaU-iyrXd, *)], 

Ah 

which implies a*. = (— or h = even integers only; and the equality 
*o[l + 2 at Yfa <f>)] = * 0 [1 + 2 at exp (inL r )Y^9, <f,)] 

Ah Ah 

= *o[i + r<(-i) 4 + "yi,(*,*)]. 

Ah 

which implies a% = (— 1)" +m j* This relation, taken along with the previous requirement, 
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namely, \l = even integers, demands 

If we use this in conjunction with (IV.4), we obtain 

< = (~1)^a,. 

In the special case of even A, the last relation implies real coefficients It should be noticed 
that, in the case of an ellipsoidal body, these symmetry requirements become = real, and 

a 4 = = 0, a 2 = a _2 ^ 0, 0, 

a fact that has been derived in Section 32A in a more straightforward manner from the 
equation of the ellipsoid. 

Using the potential energy term of (IV. 50) along with (IV. 10c), we get 


V = i E CM v | 2 = *2, 

A>i A/x V V' 


= { 2 CxWxvl 1 , 

AV 


(IV. 51) 


where we have used the unitary property of the iZ) A -matrix in carrying out the summation over /x. 

The transformation of the kinetic energy term of (IV. 50) is a little more tedious. We first 
write from (IV. 10c) 


<*Au = <£ 02> 03)«AV *+* 

V 


3 

2J 

1 


aJ^4)Ud h e 2 , 0,)], 


(IV.52) 


where, in the second term, we have noted the fact that the Eulerian angles are dependent on 
time; they change as the body-fixed frame moves with the movement of the body. In the 
kinetic energy, we need 1' |<* v | 2 . The contribution to this from the first term of (IV.52) alone 


is quite easy to calculate. The work is similar to that involved in (IV. 51). We call this part of 
the kinetic energy r v)b , where “vib” stands for vibration. Thus, 

A n V, v' 

= i 2 fix|axv| 2 . (IV. 53) 

AV 


Due to the presence of tile second term in (IV.52), there are additional contributions to |a* M | 2 , 
one from the square of the second term and the other from the cross product of the first and 
second terms. We shall call the part of T that comes from the square of the second term T xot , 
where “rot” stands for rotation. The part of T from the cross product o^ the first and second 
terms can be proved to be zero. To do this and to derive the expression for T rot» we need a 
somewhat simplified form of the second term of (IV.52), which follows fp>m the definition of the 
<D-function given in Appendix B. We shall first derive that result. 

The definition given in Appendix B says 

1 , 0 2 , 0j) = \V| exp (-< 6iL z ) exp (—id 2 L r ) exp (- W 2 L 2 ) |Av> (lV.54a) 

or 

<DU(9 1, 02. e i) = <H exp (+% Lz) exp exp (+i0, L z ) |V>, (IV.54b) 

where X, Y, Z stand for the coordinate axes in the stationary frame. The results can be 
immediately established by a direct differentiation of (IV. 54a) and the insertion of the full set 
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of intermediate states at the appropriate point. Thus, 

*j) = -i z e a , e 3 YM l z |Av>, 

h, «j) = -i Z 0£(*|. « 2 . «jKVI Ly |Av>, 

« 2 . *a) = -i z e 2 , fcKVI |Av>, 

where 

= exp (i0 3 L z )JL y exp (-/0 3 L Z ) 

= Ly cos 6$ -f- sin 0 3 , 

L z = exp (/0 3 L Z ) exp (W 2 L Y )L Z exp (-id 2 L Y ) exp (-/0 3 L Z ) 

= exp ( /0 3 L z )(L z cos 0 2 — L x sin 0 2 ) exp (— /0 3 L Z ) 

= L z cos 0 2 — (L x cos 0 3 — L y sin 0 3 ) sin 0 2 . 

These final expressions for L Y and L z follow from a straightforward application of the general 
result for any unitary transformation, namely, 

A = e i0S *Ae~ ,9f2 

= A + "(ft A] + [Q, A]) + ..., 

and from the commutators of L x , L z amongst themselves. With the help of the foregoing 

expressions, we obtain 

z * 2 . h) =~iz g*U9 t , 0 2 . «»KV| JO |Av>, (IV.55a) 

where 

.£ = 0 3 L Z + 0 2 (I y cos 0 3 + L x sin 0 3 ) + 0,[I Z cos 0 2 — (L x cos 0 3 — L Y sin 0 3 ) sin 0 2 ] 

= ° } xL x -f~ u) y L Y + w z L z . (IV.55b) 

The components of the angular velocity u> appearing here are along the body-fixed axes and 
given by 

co x = $ 2 sin 0 3 — 0| cos 0 3 sin 0 2 , 

<o/*= 0’ 2 cos 0 3 + 0j sin 03 sin 0 2 , (IV. 55c) 

<o x = 0 3 -f- 0*1 COS 0 2 , 

and hence the validity of the last line of (IV. 55b) can be checked. As for the expressions 
(IV.55c) themselves, th^y follow from the fact that $ l9 0 2 , e 3 are angular velocities about the 
stationary Z-axis, the T r axis (i.e., the changed T-axis after the first Euler rotation), and the 
Zj-axis (the changed Z-axis after the second Euler rotation, which is the same as the final 
body-fixed z-axis), respectively. Therefore, 0 3 contributes entirely to w 2 , Since 0 2 is about 
the JVaxis, the connection between 0 2 and w x , w yt w 2 can be found by multiplying a vector 

% 
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by the third Euler rotation matrix, i.e., 

( cos sin #3 0\ 

— sin ^3 cos 0j 0 1. 

0 0 1 / 


This gives the part of a> x and of w y in (IV. 55c) dependent on The contribution of 61 (which 
is about the Z-axis) can be similarly found from 



) 


by multiplying with the product of the last two Eulerian matrices. The reader can verify that 
the tfj-dependent parts of w xt w yt obtained in this way, indeed agree with those shown in 
(IV. 55c). 

The expression (lV.55b) may at first sight appear a little misleading because the compo- 
nents of <o along the body-fixed axes occur in combination with the components of the rotation 
operator L along the stationary axes. However, we shall show how L x , L y , L z can be easily 
replaced by the corresponding body-fixed components. For this purpose, we make use of the 
geometrical fact mentioned in Appendix B, namely, that any number of rotations given in 
succession about coordinate axes at the successive stages of rotation is equivalent to the same 
rotations given in the reverse order about the corresponding stationary axes. In this way, we 
have the two alternative forms of the Eulerian rotations, namely, 


exp ( -id 2 L yi ) exp (- ie v L z ) 


{ exp (— idyL gl 
exp ( — /0,L Z ) exp (- id 2 L Y ) exp (-/0 3 L Z ) 

We now wish to consider a further rotation R k (Q), given about the body-fixed k-axis after the 
three Eulerian rotations. According to the geometry just stated, 


R k ( 6 ) exp (— iQ}L 2t ) exp (- id 2 L yi ) exp (-i'M*) = exp (-» { L Z ) exp {-id 2 L Y ) 

x exp (~/0 3 L z )/? a ( 0), 

where AT is the stationary axis corresponding to the body-fixed axis k , i.e., it is the Z-axis if 
k stands for the z-axis, and so on. In the special case of an infinitesimal rotation (i.e., $ = c), 
this relation leads to 


L k R(8 u 8 2 , 8 y ) = R(0 1 , 02, 8})L k . (IV.55d) 

We note that (lV.55a) is a matrix element of R( 6 t , d 2 , 6 3 )£ with respect to the spherical 
harmonic states <A ft | and |Av> in the stationary frame. So each term in (IV.55b) leads in 
(lV.55a) to 

— /o»*<A/*| R(8 lt 0 2 , 0 } )Lk I^v> = — Jw*<A/i| L k R(0 u 0 2 , 0 3 ) |Av>, (lV.55e) 

the equality following from (IV.55d). The state R{d lt d 2 , 0 3 )|Av> is, by definition, the spherical 
harmonic state in the body-fixed frame. Therefore, 

<A/*| L k R(0 lt 0 2 , Oi) |Av> - <Aft| L k |Av>, 

— S | A />, e<A/i'| L k |Av>,. 
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The overlap (X p | Xp % is, by definition, equal to (Xp\ R(6 lt d 2 , 03 ) |A//>, i.e., d 2t # 3 ). 

Hence, 


<VI i**(0., A. *s) l^> = 2 : 4C-(0„ e 2 , o,)(L*)i- v , 

k' 


(IV.55f) 


where (I*)2' V stan( ^ s f° r the matrix elements #(A/i'| L k |Av>* of the body-fixed operator I* with 
respect to the spherical harmonics *<(A/| and |Av> fi of the body-fixed frame . Using the results 
(IV.55d), (IV.55e), and (IV.55f) along with (IV. 55a) and (IV. 55b), we finally derive the 
important expression 

z tlir&lWt, h, h) = -iZ h, * 3 ) 2 u> k {L k )U 

j Wj m' k 


or, taking the complex conjugate, we get 


2 e,^S)\^ u 02. 03) = ' z £DlA*h 02. 03) z <o k (L k )^. 

i W) k 


(IV. 56) 


(in view of the hermiticity of the operators L k ). 

We now use (IV.56) in the second term of (IV. 52) and evaluate T rot from the square of 
the modulus of this term. We have 


second term of = 1 E n Av E u> k E 3)l^(L k )l^ t 

V 1 h' 


and hence 


(IV.57) 


T ml = \ 2 B, 2 a Av a? Vl 2 <o k u> kl 2 (i*)^!*,)^,,^^;. 

A/* w 1 kk\ p'n'i 

First, we carry out the summation over p in the product of the ^-functions, and obtain 
then we use this Kronecker delta to reduce the (p\ /^-summations to a single sum, which can be 
immediately worked out to yield (L k L kl )^ x , Thus, the expression for T rot reduces to 

T to i = ^ E Bi E E ^/k^ v ^Av^Avi( I) (£*4iW 

A wi kki 

The terms that correspond to k ^ k { contain (L y L x 4- L x L y ), (L X L X -f L X L X ), and ( L x L y -f L y L x \ 
where x, y, z now label the body-fixed axes. The first two cross terms obviously step up or 
step down the projection quantum number Vi by 1; hence, in a body-fixed system for a 
deformed nucleus having the two symmetries discussed in Section 32A, these terms reduce to 
zero by virtue of the fact that v, vj are even integers. The third cross term can be reduced to 
(L + L + — !_£,_); since the matrix element wj of L+I+ is exactly equal to the matrix element vjv 
of this cross te^rm also yields zero when the summations over v and vj are carried out. 
We are thus left with only the ( k = fc^-terms, and T roi finally assumes the simple form 

Trot = * 2 (IV.58a) 

k 


where 

S k = 2 B x 2 a Jv fl Av <(— 1) a <Av| L\ |Av'>. (IV.58b) 

A vV 

By similar arguments, it can be proved # with the help of (IV.57) that the contribution to the 
kinetic energy from the cross product of the two terms in (IV.52) vanishes. This is left as an 
exercise. 
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Putting (IV. 51), (IV.53), and (IV.58a) together, we obtain, for the transformed Hamil- 
tonian, the expression 

h = r ¥ib + r rot + v = i 2 + c,K,| 2 ) + i 2 S k <»l ( 1V - 59 ) 

.An k 

The terms enclosed within the parentheses once again represent a vibrator Hamiltonian, and 
the last term denotes a rotator with J k ( k = x, y f z) along the axes of the body-fixed frame. 
Thus, what was a pure vibrator Hamiltonian in the stationary frame has yielded place to a 
vibrator plus a rotator Hamiltonian in the body-fixed frame. 


Classical expression of angular momentum The angular momentum of the body can be 
classically expressed as 

M = p 0 | (r x >) dr, 

where the velocity v is completely determined through (IV. 28) and (IV. 30). Thus, 

M = p 0 2 A .-'jtf- 1 #,* (dm f *" { ' +i \ 2 dr (r x VXr'Yfa *)]. 

^ J Jo 

The rotation operator L is given by — z(r x V) and we know that it does not contain any d/dr. 
In other words, L operates only on y*(0, <j>) in the foregoing expression, and r x goes to its left 
where it can be immediately integrated on dr . In this way, 


M = ip 0 2 A-'(A + 3)-'R&t (dm (1 + 2 

X,l J 

We expand to the first order in a* and note that the first term of this expansion gives the 
integral Jdo> LT*, which is zero. This is because L operating on T* produces a spherical har- 
monic of the same order A, whose integral is zero if A 0. For A = 0, LF b itself is zero. The 
second term of the expansion, which is linear in &*?•, then produces the result 


M » / 2 BMs Z dm (1V.60) 

V J 

In getting this expression, we have used (IV. 35b) for we have also consistently replaced the 
summation label / by -p\ and thereby secured out of a*,.-y,/; finally, the sum- 

mation label A' has been put equal to A in view of the fact that the last integral, which stands 
for the matrix element <AVI L- IV>, demands 8,*. from the property ofrthe rotation operator 
L. We have to remember that this is an equation connecting the vector M with the vector L, 
and components can be taken with respect to either the body-fixed o/the stationary axes. We 
shall take components along the body-fixed axes. Hence, we shall first transform the quantities 
and«»,> into the body-fixed frame, according to (IV .52), (IV.57), and (IV.lOc). In this way, 


M k = 


2 B x 2 3)% a ^U - /«»* E 3)\* x 2 m kl (L k X* KVl L k |Af»>- 

a^' vv' n ** 


(IV. 61) 


In further simplifying this expression, we write <Afi'| L k |An> in terms of matrix elements by 
using states of the body-fixed frame. We also use the fact stated before (lV.55f), namely, 


<Afi | A ■= 3)1* ’• 
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In this way, 

<V| L k |Aja> - Z KVil L k |A^2>a 

M1MI 

= z (iv.62) 

>»1M* 

For the a iv -term of (IV.61), the summation over n and p can now be easily carried out, obtain- 
ing S„ lV - and according to the unitarity of the ip-functions. Therefore, the a^-term yields 

iZB y Z 

A w' 

Because both v, v' are even, this quantity vanishes. We shall not repeat the details of such 
proofs. We proceed with the simplification of the second term of (IV.61). In this term, we have 
3) x *> x instead of the Sf* of the first term. So the steps proceed in a similar manner, ultimatefy 
producing 


M k - Z B, Z Z {L k ) 

A W' Ml 


vVi HIV 

*1 


= z B x Z a»a„(-iy Z w kl (L k L kl )i v 

> vv' k x 


Once again, through already familiar arguments, we can guarantee that only the ( k = £,)- 
term contributes since both v, v' are even. Hence, 


M k = (lV.63a) 

where J k has been defined in (IV. 58b). This expression for angular momentum and the expres- 
sion (IV.58a) for T rot ensure that the quantities $ k are to be interpreted as the moment of 
inertia of the body along the three principal body-fixed axes. In terms of the angular momen- 
tum M k and the moment of inertia J k , the expression for T to , assumes the familiar form 



Ml 

23k 


(IV.63b) 


Specialization to the case of quadrapole (A = 2) motion In this case, we omit the label A 
from every quantity that has it. The mass parameter B x becomes 

B = iPoK (IV.64) 

The three nonvanishing deformation parameters a 0 , a 2 , and a_ 2 are given in terms of the 
two independent parameters p, y by the relations (IV. 18). The components of the moment of 
inertia are obtained from (IV.58b) by putting A = 2, and for both v and v' the values 2, -2, 0; 
the matrix elements of L\, L\, and L 2 , connecting the states <2v| with |2v'> can be obtained from 

L ± |Av> «= [(A +\)(A + v + 1)] I/2 |A, v + 1>, (IV.65a) 

I,(Av> = v|Av>. (IV.65b) 

Here ; 

L ± = L *± iL r (IV.65C) 

It should be noticed that (IV.65a) is different from the standard result (AI.3) of Appendix A 
for the step-up and step-down operators. The origin of this difference lies in the fact that, in 
the present case, we have taken the components of L along the axes of a coordinate system 
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that is moving with the body; on the other hand, in deriving the general result (AI.3) in 
Appendix A, we have chosen components of L along the axes of a fixed coordinate system. 
The relations (IV. 65) are discussed in Section 33A. Using (IV. 65) explicitly and substituting 
for the values of a 0 , a 2 > and a _ ? in terms of p and y from (IV. 18), we obtain 

<3u = 4Bf} 2 sin 2 (y - k j), (IV.66) 

where k on the right-hand side has to be put equal to 1, 2, 3 for the components x, y, z, 
respectively. This expression and (IV. 55c) enable us to write T rot as a function of ft y, and 
6 t (/ = 1, 2, 3). We first write (IV. 55c) as 

w k — E Qkftj* (IV.67a) 

7-1 

where the matrix q is given by 

( —sin 0 2 cos 0 3 sin 0 3 *0\ 

sin 0 2 sin 0 3 cos 0 3 0 1. (IV. 67b) 

cos 0 2 0 1/ 

We can then write 


^rot — \ E <$k <0 k — \ E eft 
k k 


2 qktfkrOjOr- 
)r 


(1V.68) 


The expressions for T vlb and K, given by (IV. 53) and (IV. 52), respectively, can be very 
easily specialized to the case of A = 2. In terms of the parameters ft y defined in (IV. 18), we 
obtain in a straightforward manner the expressions 

T yib - WP 2 + P 2 V 2 )> (IV .69a) 

V = iQI 2 . (IV. 69b) 


33. QUANTUM MECHANICAL TREATMENT OF COLLECTIVE MODEL 


A. SCHRODINGER EQUATION AND ITS GENERAL SOLUTION 
So far we have been treating the problem of the collective motion of a nuclear droplet classi- 
cally. We now wish to quantize the quadrupole-type motion and write down the Schrodinger 
equation for the problem. The independent coordinates in terms of which the equation has to 
be written are five in number: ft y and 0,, 0 2 , 0 3 . 

We first examine the expression for the kinetic energy T as a quadratic function of the 
time derivatives of these variables. The required expressions are given by (IV.68) and (IV.69a) 
which, when added, give the desired expressions of the kinetic energy T as a quadratic in the 
tifne derivatives of ft y, 0j, 0 2 , 03 For convenience, we denote these five coordinates in the 
order shown here by ft with p running from 1 to 5. In that case, the expression for T has the 
form 

2T= Z G^ft ft, (IV.70) 

H. V 

where the 'coefficients G^ are functions of the variables ft. It is clear from (IV.69a) and 
(IV.68) that the coefficient matrix G ^ actually consists of two submatrices, one in the space of 
p ,, ft (i.e., p and y) and the other in the space of ft, ft, ft (i.e., ft, ft, ft); moreover, there 
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being no cross term fry in (IV.69a), we conclude that the former submatrix is diagonal. Using 
the explicit expressions for q^j from (IV. 67b), we find it fairly straightforward to work out the 
elements occurring in (IV. 70), i.e., the coefficients E <%qk)<lky* In this way, we obtain 

r k 


G = 



(IV.71a) 


where the 2 x 2 diagonal matrix g is given by 



and the 3x3 matrix t?is symmetric and is. given by 

( sin 2 0 2 (J, cos 2 0i+ J y sin 2 6i)+J, cos 2 0 2 sin 0 2 sin 0 3 cos 0 3 ( J,- S») 

S x sin 2 0 } +J, cos 2 0 j 


(lV.71b) 



(IV. 71c) 

The blank spaces in <?can be filled up from its symmetry property. The implication of (IV. 70) 
is that, in terms of the differential changes d^ in the variables, we can write the quantity 
2T dt 2 as 


27V/ 2 = Z dp, dp w . 

r. v 

The left-hand side, by definition, describes the square of the length ds 2 of a line of infinitesimal 
length in the five-dimensional space of the coordinates p^. The fact that we have cross terms 
in dp? dpi, in this expression shows that the generalized coordinates P^ are nonorthogonal, and 
the fact that the coefficient matrix G ^ is a function of the coordinates P^ implies that the 
coordinate system defined by the five p ^ is curvilinear. 

The problem of setting up the Schrodinger equation in terms of generalized coordinates 
was tackled by Pauli. We merely quote the result. If the determinant of the matrix G is 
denoted by \G\, then the Schrbdinger equation becomes 

HV = EV, (IV.72a) 


where 

// = T+ £ |C7| _I/2 ~ + V. (IV.72b) 

Here (G~ l ) f1 is the fw-th^leinent of the inverse of the matrix G. The inverse matrix can be 
easily seen to have the structure 



where 


(IV.73a) 



g 


(IV.73b) 
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and the /iv-th element of is given by the usual formula 

(IV. 73c) 

M ^ is the minor of the v^-th element of the matrix Q. The determinant \G\ of the whole 
matrix and the determinant \Q\ of the submatrix are clearly related by 

\G\ » B 2 p 2 \G\. (lV.74a) 

The quantity \G\ has to be evaluated in a straightforward manner from (IV.71c) and then we 
obtain 

|Gj = B 2 p 2 S x 3y$z sin 2 9 2 = 4B 5 p 8 sin 2 9 2 sin 2 3 y. (IV.74b) 

We have here substituted S x * S y > S z from (IV. 66). 

It is clear from the structure (IV.73a) of G~ ] and the diagonal nature of g~ l that the 
derivatives of p x and p 2 of p and y) occur in the expression (IV. 72b) of H only as 
(d/dp . . . d/dp) and (d/dy . . . d/dy). In particular, there, is no cross term (d/dp . . . d/dy) t and no 
cross term multiplying d/dp or d/dy by d/dQj. The Gfl 1 - and G 22 -term of (IV. 72b) give rise in a 
straightforward manner to the expression 


h 2 i a a l a . „ a . 

~2B 8pP- 8p + I 32 sin 3V 8y S,n 3v 8y ’ 


(IV. 75) 


and clearly have arisen respectively from the j3 2 - and y 2 -term of r„ b . The terms of H that arise 
from (G~')p V with fi, v lying between 3 and 5 will contain derivatives of the type (d/ddj . . . 8/86,) 
and can obviously be traced to 7' rol . However, instead of writing the terms in H corresponding 
to T rot in this form, we recall the expression (IV. 63b), which is equivalent to (1V.68), and 
quantize the angular momentum operators M k occurring in this expression in the usual 
quantum mechanical way. This means we have to write M k in units of h as 

M k = m d v - 76 > 

and then require appropriate commutation relations amongst the three components of R k . In 
fact, the components R x , Ry, Rz along the axes of a fixed coordinate system must satisfy the 

usual commutation rules 

[K*, Rr] = ‘Rz (and cyclic permutations of X, Y, Z). (IV.77a) 

The components k, however, are along the x-, y -, z-axis of a coordinate system moving with 
the body. In such a coordinate system, the commutation relations acquire a minus sign on the 
right-hand side, that is, 

[Rx, K,] “ —iR’ (and cyclic permutations of x, y, z). (IV.77b) 

The proof of these unusual commutation properties is given after writing down the Schrddinger 
equation explicitly. 

We have r ¥ib given by (1V.75), and T ro „ according to the foregoing statements, by 
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Putting together these two expressions and (IV. 69b) for V, we obtain from (IV. 72) 

t- !s<? f^k + I si ” * l> + f 53^ + 1<W ' W * « 

= £!F(0,y,0 t ,0 2 ,0 3 ). (IV.79) 

Using the expression (IV.66) for $ k and multiplying the equation throughout by 0 2 , we note 
that the term containing d/dy and the rotational terms are then independent of 0. This means 
that the wavefunction is separable in the 0-coordinate, and we can write 

m y, 0i, 02, 0 3 ) =m 0i> 02, 03). (IV.80) 

Substituting this expression and (IV.66) for J* in (IV.79) and then multiplying from the left 
by 0 2 [*P(0, y, 0i, 0 2 , 03 )]” 1 . we easily obtain 

l 


2B l f{P) p 2 dp ^ dp f{ ® + 


+ 2*1. 

+ f 8B0 


. , sin 3y 0] + iCP* - Ep 2 
sin 3 y0 8y dy J - r r 


Rl 


sin 2 (y 


*y> 


0 = 0 


or 




- l 7 8 B0 


Rl 


2l T, 


sin 2 (y - fc-j) 


* I 1 d . , d 

* 2 B sin 3y 0 dy S1 “ 3y dy ^ 


(IV.8I) 


Here we have made use of the fact that the operators R\ act only on a function of 6„ 0 2 , 0 2 
and not on a function of 0. From the final step, by the usual arguments of the separation of 
variable method, we obtain each side of the equation as a constant. We write this constant 
as [— ti 2 /(2B)\A- Then the left-hand side yields, for 0-vibration, the equation 

<- Is + ** + TFfW> - W>- < lv ““> 

Similarly, the right-hand side of (IV.81) leads to the coupled equation for rotation and 
y-motion, namely. 




Rl 


sin 2 (y — fry) 


2 -]0(y, e lt 0 2 , d 3 ) = A0(y, e lt e 2 , e 2 ). (iv.82b) 


(IV.82a) is a second-oilier differential equation in one variable p, and hence could be solved by 
standard numerical methods even if the potential energy term were more complicated than \Cp 2 . 
This equation, as it stands, yields an analytic solution in terms of known functions and is treated 
in detail in Section 33B. The equation for y-motion and rotation is more difficult to tackle 
because of Jthe coupling of the y-variable with the 0-variables. This equation can be simply 
treated by assuming the nucleus to be rigid against y-vibration. This assumption is equivalent 
to dropping the first term of (lV.82b), and considering only the rotational part, namely, 




Rl 


* sin 2 (y - fry) 


2 ^ 0 ( 0 |, 0 ,) ™ #,)• 


(IV.82c) 
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The solution of this rotator equation is discussed later in this section. 

There is a special case when (IV. 82b) again becomes simple; this time it contains only 
the y-motion and the treatment is exact. The special case we have in mind corresponds to a 
state <S> of zero angular momentum. Here the angular momentum operators R k produce zero, 
operating on <P, and we have 

<5 ^ I sl ° »£ + '<>»■-•<>•> -0. (!V.82d) 

If <P(y) has to be a single-valued function of 3y, then in this equation we need 
A= 9A(A+1), A = 0,1,2,.... 

For these values of A, (IV.82d) becomes identical to the equation for the Legendre polynomial, 
and the solution <P/„o(y) is given by 

0i.o(y) = ^a(cos 3y). 

Substituting this expression of A in (IV. 82a), we obtain an oscillator equation for /(£) which 
can be solved by the method described in Section 17 for the solution of the three-dimensional 
isotropic oscillator problem. 

With this brief discussion of the simple cases, we now proceed to find the general 
solutions of (IV. 82c) and, with their help, the general solutions of (IV. 82b). An analysis of 
the properties of the /^-operators, though a digression, is necessary before we can write down 
the solutions explicitly. 

Let us first examine the operators R k , which are components of the angular momentum 
operator R along the three body-fixed axes x, y f z. Since the body-fixed axes move with respect 
to a set of axes fixed in the laboratory, the properties of the operator R k are somewhat 
different from those of the components of a general angular momentum operator J, discussed 
in Appendix A. The components of J, dealt with there, are along the axes of & fixed coordinate 
system. Let the unit vectors along the x-, >•-, "-direction be denoted by e k (k — 1,2,3). 
Denoting the components of R and e* along the fixed axes X, Y , Z by the subscripts /, J , . . . , 
we then write 

R*=e*.R = ££*/*/. (IV. 83) 

For the components R/ along the fixed axes, we have the usual commutation relations 

lR /f Rj]=if€ /JA R Kt (IV.84) 

where € lJK = +1 or —1 depending on whether (/, J, K) is an even or odd permutation of 
(X, Y , Z), and € UK = 0 if any two or more of the labels are identical. ) 

We use (IV.83) for R k and R k >, and obtain 

[R k9 J?*] - T [e kI R h eM 

= 2 {c k ,e k >j[R h + ?kr[Rh e k >j]Rj + e k 'j[e kh Rj]R t }. (IV.85) 

If k and k' were components along another fixed set of axes, then, of course, the quantities 
c k i t e k 'j would have been fixed quantities, and their commutators with R h Rj appearing in the 
last two terms of (IV.85) would have vanished. In the case under consideration, by virtue of 
the moving nature of the coordinate axes, the quantities e kft are the components of the 
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vector variables e* and e*'. A vector variable, by definition , satisfies the same commutation 
relations with the angular momentum as does the coordinate vector. Therefore, we have 

[£*/> Rj] = * 2 € IJK^kK> 

K 

[£*'/» R/] — i £ €jiK€k'K = —i 2 ^iJK^k'K- 

Substituting these expressions and (IV.84) in (IV.85), we obtain 

[R*, /?*'] = i Z *jjK(ekiek'jRK + ek'xOkiRj + ekKCk'jRi) 

I t J,K 

= —i % *iJKeki'ek'jRK 
I.J.K 

— —i Z (e* x e*)*R* 

K 

= — /(e* X e k ') • R = -* £ 'urrRkr- ( IV - 86 ) 

In reaching the second step from the first, we have used the properties of €, JK . In the next step, 
we have carried out the summation over /, J and expressed the result in terms of the cross 
product of the two vectors, which again follows from the property of </y*. Next, we have 
expressed the Af-summation as a scalar product, and finally noted that (e* x£*0 gives the unit 
vector along the third body-fixed axis k* with a plus or minus sign, depending on whether 
( i k , k\ k”) represents an even or odd permutation of ( x , y , z). Comparing (IV. 84) with (IV. 86), 
we notice that the components of an angular momentum in the moving coordinate frame 
satisfy commutation relations that have an extra minus sign on the right-hand side. 

The fact that R k is a scalar [see (IV. 83)] formed from two vector variables immediately 
tells us that it will commute with all the components Rj (/ = X , Y , Z) of the angular momen- 
tum, and hence with R 2 . The three components R x , R yt R x , however, do not commute with one 
another. It is thus possible to set up a representation in which, besides the usual commuting 
operators R 2 and R z , a third commuting operator, taken to be one of the components of R in 
the moving frame, is diagonal. To be explicit, we choose R x as the third commuting variable, 
and look for the simultaneous eigenfunctions of R 2 , R Zt and R, corresponding to given eigen- 
values of these operators. Let us consider an eigenfunction characterized by the eigenvalue 
/(/ + 1) of R 2 , the eigenvalue M of R z , and K of R x . In the present case, the eigenfunction is 
obviously a function of the angles 0,, 0 2 , The dependence of this function on 0, and 0 3 is 
very easy to oalculate. The angle d { denotes the rotation about the Z-axis; hence, the angular 
momentum operator R z (in units of h) is given, according to (Al.lOa) in Appendix A, by 



and the corresponding eigenfunction by 

exp (iMdi). (lV.87a) 

In the same manner, 0j being the rotation about the z-axis, we have 



and the corresponding eigenfunction is given by 


exp (iK6 % ). 


(IV.87b) 
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We draw the reader’s attention to the fact that (IV. 87a) and (IV.87b) are respectively the Al- 
and 03-part of the function 5)l/*(0i, #2, #3), discussed in Appendix B (Section I). In fact, the 
eigenfunctions we are looking for are precisely the functions 5 )a f K . In order to prove this 
assertion, we have obviously to demonstrate that the 0 2 -part of the eigenfunction is the same 
as d ! MK(0 2)» defined by (BI.12b) and (BI.12c) in Appendix B; this proof is somewhat complicated 
and is not given here. This part of the eigenfunction arises because it is required to be a 
simultaneous eigenfunction of R 2 belonging to the eigenvalue /(/ + 1). The reader interested in 
the details is referred to Landau and Lifshitz 2 . 

We now take it for granted that 5)lf*(0i, #2, #3) are the desired eigenfunctions. From the 
definition of the eigenfunction, we then have 

R'&mkWu h. 6j) = /(/ + 1 02, 0j). (IV. 88a) 

Rz$'mk{6„ 0j) = e 2 , e 3 ), (iv.ssb) 

R/J)m(? 1 , 02. 0j) = KS)’ mk {6 i, e b 0j). (IV.88C) 

The operators ( R x ± iR Y ) will produce the usual stepping up and stepping down of the 

quantum numbers M. From the general results (AII.2c) of Appendix A, we write 

(Rx ± IRyWhkOu 02. 03) - [(/ + M)(I ±M+ l)] l/2 ^i/ ±I , r (0„ 02, it). (IV.89) 

The corresponding results for ( R x + iR y ), however, are not completely analogous. The diffe- 

rence is actually attributable to the minus sign on the right-hand side of the commutator 
(IV. 86), as now shown. We have, according to this relation, 

[(R k j- iR,) % R z ] = iR y ± i(-i)R x 

= ±(K ± My)- 

The first ± on the right-hand side would have been + were the minus sign in (IV. 86) 
absent. With the help of (IV. 88c). we can easily establish that the foregoing equation implies 

R,l(R x ± iRyWm) = (K + 1 )[(*, ± iR y )< PU]. 

Thus, (R x ± iRy) are eigenfunctions of R z belonging to the eigenvalues K + 1. In other words, 
the role of stepping up and stepping down has now been interchanged between the two opera- 
tors. Accordingly, we write 

(R x ± iR,)3)( IK = N$[ { , Kyu (IV. 90) 

where the multiplying constant N has to be determined as follows. We multiply this equation 
by its Hermitean conjugate and integrate over dd x sin 0 2 dd 2 dd 3. In this way, 

f dd ] f sin 0 2 d0 2 f dd$ 5)1/a(0i> # 2» Oy)(R x + iRy){Rx ± iRyf^M/d,^ 1, h, ^3) 

Jo Jo Jo $ 

= \N\ 2 J dd { sin 0 2 dd 2 dd 3 5)1/, * T i(0|, # 2 » ^3) 5)1/, x? i(0|* d 2t 0 3 ). (IV.91) 

We have 

(R x + iRy){R x ± iRy) = Rl + R 2 y ± i[R x , R y ] # 

- R 2 - R] ± /?,. 

Using this expression in (IV.91) and the results (IV. 88a) and (IV.88c), and (BI.20b) from 
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Appendix B, we obtain 

/(/+ 1)~ K 1 ± A:=|Af 

or 

N - [(/ ± K)(l +K+ I)) 1 ' 1 . 

Substituting this value of N back in (IV.90), we get the final results 

(*, ± iRy)4)!uK(e „ 0i, e 3 ) = [(/ ± K)(i + k+ l)]'/^. 6 2 , e } ). (iv.92) 

The reader should note that the + signs on the right-hand side of this equation are the 
opposite of those occurring on the right-hand side of (IV. 89). 

We are now in a position to get back to the discussion of the solutions of (IV.82b) and 
(lV.82c). First, let us consider the case where the rotating body has a symmetry axis; we choose 
this axis to be the z-axis. The ellipsoidal body having this symmetry is a spheroid. In this case, 
any two mutually perpendicular directions in the plane perpendicular to the symmetry axis 
can be chosen as the x- and y-axis. The cross-section of the body perpendicular to the symmetry 
axis is a circle. By virtue of this symmetry, we have y = 0, and hence 

3 X = 3yi 3 X = 0, (IV. 93) 

which follow from (IV.66) by putting this special value of y. The second equation in (IV. 93) is 
a general property which holds for the moment of inertia of a body about a symmetry axis; 
quantum mechanically, it is a consequence of the fact that rotation about a symmetry axis 
of the body cannot be detected. Classically, this property holds for the irrotational motion of a 
fluid about an axis of symmetry; recall that the classical expression (IV.66) was derived for 
such a motion. By virtue of 3 Z — 0, the kinetic energy of rotation about the symmetry axis is 
also zero. Therefore, when the z-axis is an axis of symmetry, (IV. 82c) reduces to 

i(Rl + Rime,, e 2 , e } ) = A<p(e„ e 2 , e } ). (iv.94a) 

The last term on the left-hand side of (IV. 82b) is also similarly reduced. Writing 

Rl + R 2 ,= R 2 - R 2 , 

we therefore note that g)' M K (fi„ d 2 , 8 } ) is a solution for the wavefunction <P(B h $ 2 , 0}) appearing 
in (IV.94). With the help of (IV.88a) and (IV.88c), we have 

A = HA/ + 1) - K 1 ). (IV.94b) 

More details' on the rotation of a spheroidal nucleus are discussed later in this section. 

For the present, we consider the solutions of (IV.82b) and (IV. 82c) in the more general 
case of an ellipsoidal tody for which 3 x i 1 3 y i=- 3 t and all the three principal moments of 
inertia are nonvanishinfc. Here the coefficients of R 2 X and R 2 are not equal, and these operators 
have to be treated by th6 operator identities 

Rl * i (K + + R-) 2 , Rl = - i(* + - R-) 2 , (IV .95a) 

where 

R± = R*± iR,- (IV.95b) 

According to (IV.95a), we now have the operators R+R + , R_R_, and (R+R. + R1R+) to deal 
with. The last operator does not alter 3)' MK (0„ 0 2 , 6 } ). However, R+R+ and R.R. change S)'mk 
to respectively K_,and Sfu, r+ 2 ' (It should be noted that R x , R, commute with R z , and 
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hence R+R+ and R^R^ leave the quantum number M unaltered.) Thus, in the present case, 
H)mk(0i, # 2 » 0s) by itself cannot be an eigenfunction. The actual eigenfunction for a gi\en 1 and 
M is a mixture of all the with K differing by ±2; the maximum and minimum values of 
K in the admixture are, however, required to be + / and — /, respectively, because K is the 
projection quantum number corresponding to /. 

If we are considering the simplified expression (IV. 82c), then we have to set up the 
matrix of 


\ 2 *2/sin 2 (y - k%) 
k 3 

on the basis of the iDi/A-functions. This can be easily done with the help of the standard results 
(IV. 88c) and (IV. 92). The diagonalization of the matrix gives the eigenstates and the eigen- 
values. 

The complete expression (IV. 82b) in which the y-motion is coupled to the rotational 
motion, described by the j2)a/a - function, can also be solved in a manner similar to that for 
(IV. 82c). Once again, the eigenfunctions are an admixture of many ^a/a with K differing by 
+ 2. However, the y-dependence of the equation now manifests itself by demanding that the 
coefficients of the various <J)ifA -functions can be functions of y. We therefore write 


4>m(v, 0|, 0 2 , 0 3 ) = 2 8k{Y)<J)mk{0i> 0 2 , 03). (IV.96) 

We need to substitute this expression in (IV. 82b), multiply by gf* tK (0,, 0 2 , 0 3 ) from the left, and 
integrate over dd t sin 0 2 d0 2 dO 3 . As a result, we obtain the matrix elements of R 2 k connecting 
C2 )a//H with I^Pa/a), which can be evaluated in the manner described. On the right-hand side, 
we are left with only the term £*'(>') by virtue of the result (BI.20b) of Appendix B. On the 
left-hand side, the matrix elements of R 2 k , according to the selection rules described, lead to 
g[ M2 (y) and g l K ,_ 2 (v), in addition to the term g^/y). Thus, (IV. 82b), for a given K' t reduces to a 
coupled differential equation of these three functions, which describe the y-motion. We have, 
however, to consider the coupled equation for all possible values of K' and, as a result, we are 
faced with a chain of coupled differentia! equations of g'.(y), with A'differing by ±2 and rang- 
ing between —/and /. It is clear from this discussion that a solution of the y-motion in the 
general ellipsoidal case is quite complicated. 

We shall now discuss the consequences of the arbitrariness in labelling the x-, y-, z-axis. 
This arbitrariness has been discussed in detail in terms of the operators <R U iR 2 , 1&3, as shown 
in Fig. IV.2 and explicitly described before this diagram. The five variables 0, y, 0,, 0 2 » 03 define 
a definite shape and orientation of the body. As long as the shape and (j^ientation of the body 
remain the same, the value of the wavefunction mur.t also remain unchanged. The relabelling 
of the principal axes caused by the operators <R 2 , $3 Ganges the values of the variables 
P, y in accordance with (1V.23), and those of 0, in accordance with (IV. 27a) for <R, f (IV.27b) for 
<R 2 , and (1V.26) with (0|, 0 2 , 0y) = (W 2 , W 2 » *) f° r & 3 - However, assuming that the orientation 
and deformation of the body remain the same, we require that the value of the wavefunction, 
evaluated with the new values of the variables, be the same as that evaluated with the old 
values of these variables. We make this requirements basic criterion and then look for the 
consequences in each of the cases £R,, <R 2 , 

(i) Under ; y -► y, 0 [ -> 0 h 0 2 0 2 + 0y -0j. Hence, the aforementioned basic 
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requirement demands 

2 8k{Y)£Dmk(6ii ^2* ^ 3 ) = £ 02 + 7T, —^ 3 ) 

A' A' 

= z glcirH D m.-kV,. e 2 , e 3 )(-i) ,ik \ 

Here we have used the definition of the ^-function to reach the last step from the second. 
Now, equating the coefficients of a given <])m K on both sides of the foregoing equation, we 
obtain 

g'dY) = g'- K (Y)(- I)'"*- (IV. 97a) 

In the case of K = 0, this equation has the interesting consequence that I must be equal to 
even integers only in order that gb(y) remain nonvanishing. 

(ii) Under 3I2 '• Y — y» -> 0i» 02 -► 02 » 03 -> 03 + n /2 . Hence, in the manner indicated 

in (i), 


zgkr) 3 /M* 1. e 2> »j) = z d-i-YWltziO 1. flj. + 5) 

— ^ ^A'( — y)i2)A/A'(^l> 02* 03 )* A 

K' 

or 

*£(y) = i^A(-y). (IV. 97b) 

Applying (IV.97b) to express ^(~y), we get the interesting equation 

^(y) = (-l)%/), (IV. 97c) 

i.e. 9 the quantum number K must be even integers only. Combining this requirement with 
(IV. 97a), we then have 

8 k(y) = (-l)V_A(y), K = even integers. (lV.97d) 

(iii) Under iR 3 : y y - 120°, (0 b 0 2 , # 3 ) (0|, 0 2 , # 3 ) such that 

£Dmk(9 19 ®2, £3) = 2 iPi/A'^If O 2 » 03)iPA'A(7, 7r). 

Therefore, 

^^i(y)^MA(01, 02, 03) - ^*A'(y - IXnaAiKiBl, €>2> 03) 

A A' 

= 2 : My - miaWil l ^gf MK (e u e lt e 3 ) 

K, K' *• *• 

or 

My) = Z W' KK <1 *)Mv - 1 20°). (I V.97e) 

The requirement (IV.97e) thus establishes a relationship between g* K (y) and g*(y — 120°). 
Similarly, (IV.97b) establishes a very simple relationship between g^y) and g*(— y). These two 
relationships, taken together, determine £*(y) for all y between 0° and 360° if the, function is 
known only from 0° 60°. For example, y = 0° -> 60° enables us to go to y *» 0° -> —60° by 

virtue of (IV.97b). Then, starting with y in the interval — 60° -*60°, the relation (IV.97e) 



PHENOMENOLOGICAL COLLECTIVE AND UNIFIED MODEL 419 


takes us to values of y lying between 60° and 180°. Since we know the latter, (IV.97e), if 
applied again, takes us to y between 180° and 300°. The last angle is equivalent to —60°, and 
hence we have already covered the full range of y. 

Incorporating the property (IV.97d) in (IV. 96), we then have 

i(y, 0i» 02* 0 j) = £ 8K(y)[£D r MK(9i* 02* 03 ) 

A' 

+ (-1)'<Pa/.-a(0|, 6 2 , 0,)], K = even integers only. (IV.98) 

This general expression can be very easily specialized in two respects: (i) when the y-motion 
can be ignored, the quantities g*(y) become independent of y; (ii) if, in addition, the nucleus is 
spheroidal, then the summation over K is absent and the wavefunction requires the label K . 
Thus, the solution (with the incorporation of the proper symmetry) of the rotator equation 
(IV. 82c) in the special case of a spheroidal body is given by 

^a/a(0|» 02 » 03 ) = 2a[4W0., 02* 03 ) 

+ (-l)'i/4/.-*(0|, 02* 03 ) 1 , K = even integers only. (IV.99) 

The quantity g* in this expression plays the role of a normalization constant. If we demand 
the normalization 

1 = f I sin dS 2 f d9$ 0a/k(0|, 02* 03 ) < ^\/a( 0 i* 0 2 » 03 )* 

Jo Jo Jo 

then, with the help of (IV.99), and the standard result (BI.20b) in Appendix B, we easily 
establish that g* is independent of A" and has the value 


Sk 


1 21 +J 

s] Hll 2 * 


Thus, 

h , «») - o b $t) + -*•(«., e 2 , e 3 )]. 


(IV.lOOa) 


The expression for g r K needs modification in the case of A' = 0 because then both the terms in 
(IV.99) become <D l m , and we have already proved that / is needed to be an even integer. Thus, 
in this special case, 

^A/o(0l* 02, 03) *= #oi$Mo(01» 02, 03)» 
where gj can be evaluated with the standard result cited, making 

^i/o( 0 i» 02 * 03 ) = J ^2 i»U0i* 02, 03). (IV.IOOb) 

In fact, we now wish to show that the spheroidal symmetry demands only K = 0. 

Let us refer to the derivation of (IV.97b) from the transformation of the wavefunction 
under <R>, which denotes a rotation of tt/ 2 about the r-axis. In the special case of a spheroid, 
the operator <R 2 should be reinterpreted as a rotation through any arbitrary angle ^ about the 
z-axis because the principal axes system of a spheroid Having r as the symmetry axis remains a 
principal axes system under this operation. Proceeding in the manner of deriving (IV. 97b), we 
then prove 
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ir) = ett+gki—v) 

or, applying this relation again, 
g'dr) = e 2IK *gliv). 

Since this equation has to be valid for any arbitrary it proves that K must be zero. 

B. ROTATION AND VIBRATION OF EVEN NUCLEI 
Phenomenology 

The collective model described so far can be applied to even nuclei of several different catego- 
ries. For the description of odd-mass nuclei, we have to couple the last odd nucleon to the 
wavefunction of the even core, the latter being reckoned according to the work in Section 33C. 
The extension of the model to the case of odd-mass nuclei is dealt with in Section 33C. 

The large quadrupole moment of the odd-mass nuclei having ground-state spin larger 
than \ in certain regions of the periodic table is taken as direct evidence of an equilibrium 
deformation of nuclei belonging to these mass ranges. These nuclei are found in the middle of 
the (0 d, l$)-shell in the mass number range 145 < A < 185 (the two limits of this range are 
not very sharp though), the mass number A > 226. As a result of the equilibrium deformation, 
all the nuclei in these ranges exhibit spectra with the rotational /(/ -+- ^-characteristics. The 
even nuclei have a ground state spin 7=0, and hence they cannot exhibit a static quadrupole 
moment, but the effect of the deformation manifests itself in large E2-transition probability 
connecting the subsequent states of these nuclei. 

As we proceed from the deformed regions to the neighbouring regions of the periodic 
table, we reach a point on either side where the rotational spectrum characterized by the 
/(/-}- l)-rule gives way to a vibrational spectrum, i.e., levels separated by approximately the 
same energy interval. The first excited state in almost all even nuclei is 2 + , and the ground 
state is always 0+. In the rotational nuclei, the energy difference between these two levels is of 
the order of 100 keV, sometimes a little more and often a little less. When the vibrational 
regions of the periodic table are reached, this energy difference increases appreciably. 

The transition from the rotational to the vibrational nuclei is not very sharp. Corres- 
ponding to every deformed region of the periodic table, we have at both ends of the region a 
few nuclei whose loW-lying spectra and other properties are not characteristic of either pure 
rotation or pure vibration. These nuclei are called transitional. 

In the case of transitional nuclei, we conclude that in (IV. 82a) and (IV. 82b) a clean 
separation between the rotational and vibrational modes is not possible. These equations have 
to be tackled in their existing form, and complicated solutions result at the end of fairly 
detailed work. We, however, observe that the potential energy term \CfP occurs only in the 
/3-vibrational equation,^ i.e., (IV.82a), and there is no corresponding potential energy term in 
the y-equation, i.e., (IV.82b). This, we recall, is a consequence of using the hydrodynamical 
model in calculating the collective model Hamiltonian. In principle, it is possible to have a 
potential energy function <^7(/3, y) of a more general type in these equations. In dealing with 
transitional nuclei, this freedom may also have to be utilized. We shall not discuss these 
nuclei any further. Suffice it to say that Kumar and Baranger 3 have extensively covered them, 
deriving a general potential energy function CV(/3, y) from detailed microscopic structural 
calculations, and using the quantities B and J, which are also dependent on (/3, y). 

Before we discuss the application of the theory of the collective model to rotational and 
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vibrational nuclei, we shall describe a few systematics of their spectra, already mentioned 
in this section. Figure IV.3 shows the systematics of the spectra of nuclei as we move away 



7 «W'M ,«Os'« 7e Os'*> „p t l94 BO Hfl 200 #J pb 2 W M Pb»« 

Fig. 1V.3 Spectra of nuclei in range W l84 -Pb 206 . (From Bohr, A., and Mottelson, 

B. R., in Nuclear Spectroscopy, Part B, ed. by F. Ajzenberg-Selove, Academic 
Press, New York, 1960, p 1025.) 

from the closed-shell nucleus 82 Pb 208 . As we go still further, the energy of the first excited 2* 
level diminishes and, finally, at the extreme left we have nuclei with the typical 0 + , 2 + , 4 + 
level spectra satisfying approximately the /(/+ l)-rule of a rotator. The spectra of nuclei to 
the right of those exhibiting the /(/ -f l)-type levels are interpreted as vibrational. Figure IV.4 
shows the spectra of nuclei in the mass number range A = 152-192. At the two extremes are 
nuclei whose spectra are vibrational, the number of vibfational quanta (phonons) being shown 
by the value of n next to these levels. Between these two nuclei are a host of nuclei, all of 
which exhibit rotational spectra. Figure IV.5 shows the systematics of the first 2 + excited level 
in vibrational even nuclei. The plots are against the proton number (Z) and the neutron 
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Fig, IV. 4 Spectra of nuclei in range Gd'»-Pt«”. (From Bohr, A„ and Mottelson, B. R., in Nuclear Spectroscopy, 
Part B, ed. by F. Ajzenberg-Selove, Academic Press, New York, I960, p 1028.) 



PHENOMENOLOGICAL COLLECTIVE AND UNIFIED MODEL 



• 52 




424 


THEORY OF NUCLEAR STRUCTURE 


number ( N ). In the Z-plot, the figures against the solid circles denote the number of neutrons; 
in the Af-plot, the figures against the solid circles denote the number of protons. Let us illus- 
trate an important feature by referring to the points at Z = 56. When the neutrons belong to 
a closed shell (82), the 2 + energy of that particular nucleus is fairly large; then, as we open 
the neutron shell too by removing two neutrons each time, the 2 + energy at first drops very 
drastically, and then goes on diminishing very systematically. This means that the ‘softness’ of 
the nucleus towards deformation increases gradually as we proceed towards the middle of 
both the proton and neutron shells. In Fig. IV. 5, there are many examples of this general 
phenomenon. 

If we continue the foregoing process and create an appreciable neutron deficiency for nuclei 
whose Z lie around the middle of a shell so as to bring N also to the middle of the shell, then 
there is a possibility that such nuclei may show rotational spectra. This was first pointed out 
by Sheline et al 4 . Morinaga and Clark 5 very clearly demonstrated this transition from vibra- 
tional to rotational spectra by creating neutron-deficient isotopes of Xe. Similar results have 
been obtained for unstable nuclei in which there is a neutron excess. In addition to the deform- 
ed regions of the stable nuclei mentioned in this section, the type of work described here has re- 
vealed other deformed regions: (i) the neutron-deficient regions with both Z and N lying in the 
interval 28 to 50 or 50 to 82 and (ii) the neutron-rich nuclei with 28 < Z < 50 and 50 < N < 82. 

Deformed Nuclei 

In the case of deformed nuclei, the theoretical question to be settled first is whether or not the 
nucleus has an axis of symmetry. Historically, several applications of the theory were made, 
following Bohr and Mottelson 1 , on the assumption that the deformed nucleus does have such 
an axis of symmetry. Most of the work in the heavier nuclei is based on this assumption. 
Amongst the lighter nuclei, Ne 20 was treated as an axially symmetric nucleus. In fact, the 
answer to the question raised here can be theoretically given from first principles in a Hartrec- 
Fock type calculation on nuclei. Such work is described in Chapter V. The phenomenological 
collective model of this chapter cannot answer the question from first principles. On the other 
hand, we may hope to obtain, in the systematics of experimental data, some definite characte- 
ristic which may be reproducible only if axial symmetry is introduced in our foregoing theory. 
The fact of the situation is otherwise. Historically, much after the application of the axially 
symmetric rotator model, a systematic attempt was made by several authors, especially Davydov 
and his collaborators 6 , to check the consequences of the general rotator Hamiltonian that has 
no axis of symmetry (usually called an asymmetric rotator). For a time it was felt that the E2- 
transition data on the second excited 2+ state of several deformed nuclei perhaps favour an 
interpretation in terms of the asymmetric rotator Hamiltonian. In a review article by Davidson 7 , 
the results for the asymmetric and symmetric rotators were examined in detail and it was 
concluded that, as fafc as data fitting is concerned, there is no superiority of one model over the 
other. ' 

We therefore restrict our discussion to axially symmetric nuclei. Let the £-axis be the 
axis of symmetry. In this case, the equilibrium value of y is zero, whereas that of p is, say, p 0 . 
The axial symmetry makes S x = S y =* 3i?/J 3 and S» = 0, K = 0 under equilibrium conditions. 
However, as soon as small motions in p around p 0 , and y around zero are considered, the 
moment of inertia St acquires a nonvanishing value given by 4Bp 2 sin 3 y which is equal to 
4 BPfy 2 up to the second order in the small quantities y and (p — p 0 ). The components S x > $y 
also, strictly speaking, become different; however, this difference is usually ignored and we 
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continue to use their equilibrium values 3 Bfil. As a result of this assumption, the R 2 x - and J?/- 
term in (IV.82b) appear with the same coefficient, and the resultant combination Rl + R 2 y 
(=R 2 — R 2 z ) keeps K a good quantum number for the wavefunction. Therefore, the solution to 
(IV.82b), with this approximation, turns out to be of the type (IV.99), where £* is now required 
to be a function of y. The solution has thus separated into a pure rotational part 3)mk(Q i, 0 2 > S 3 ) 
and a pure y-vibrational part £jr(y). The equation for the latter is obtained by substituting in 
(IV.82b) the expressions 

U + i ^ - 4 ~ «/(/ + 1) - K 2 ] atm 

sin 2 (y — y) sin 2 (y - y) 
and 

*sTn 2 y & MK ~ 

Multiplying the resultant equation from the left by SfUtK and integrating over the full range of 
0„ 9 lt 0i, we easily obtain 

( -WTyTy sin lv Ty + $ )8ky) = lA ~ i{I(I +1) - K2 ^ {y) - (IV - 101) 

As it stands, this equation does not describe a vibrational motion because it lacks the potential 
energy term of an oscillator. We have already mentioned that this is a result of our use of the 
hydrodynamical expression for potential energy. In general, it is possible to have a potential 
energy term in y; in view of the small values of y about the equilibrium value zero, this potential 
energy term is assumed to have the form \C v y 2 . In (IV. 101), we insert this extra term and also 
replace sin 3y by its approximate value 3y for small y. In this way, the y-vibrational equation 
of a nucleus having a spheroidal equilibrium shape becomes 


[_ 1 £ y * + + {CyvYdr) = [A - «/(/ + 1) - * 2 }£kr). (IV. 102) 

y ay ay y * 

Let us refer to (IV. 79) and the subsequent step for the separation of the /3-equation. It becomes 
clear that the JC^-term in (IV. 102) arises if we take a potential energy term in (IV. 79) equal 
to JCyy 2 //? 2 and substitute C y = [h 2 /(2£t)]C y Further, the steps from (IV.79) to (IV.82b) will 
convince the reader that [h 2 /(2fij8 2 )]/l is equal to the sum of the rotational energy and the 
energy due to the y-motion. Strictly speaking, /3 is a variable, and hence A determines the 
rotational plus y-vibrational energy for each given value of /S, as /S oscillates around /V We 
shall, however, evaluate the rotational and y-vibrational energy by using only the equilibrium 
value /3 0 of /S. Thus, [tl 2 /(2fl$)]/l is the energy of rotation plus y-vibration. Of this total 
quantity, the contribution of the rotational energy in the case of axial^mmetry is clearly the 
value of [h 2 /(2 J)](«j + R 2 ,), where J = J x = J,. The value of J is equal to 3 Bfil for the 
hydrodynamical model in the equilibrium condition of the nucleus. The rotational energy for 
an axially symmetric nucleus is thus 


which, with* the hydrodynamical value of J, reduces to 


tl 2 


[ 1(1 + 1 ) - * 2 ]. 


(IV. 103a) 


(IV. 103b) 
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This value of £ ro , and the meaning of [ti 2 l{2Bpl)]A, just mentioned, then tell us that [h 2 /(22?ft>)] 
times the eigenvalue on the right-hand side of (IV. 102) is indeed the energy of the y-motion. 

(IV. 102) can be solved in a straightforward manner by following the procedure described 
in Section 17 for the solution of an isotropic harmonic oscillator equation. The details are left 
as an exercise. In terms of the dimensionless coordinate (y/by), where bl » h/(/fo> y ), we write 
the wavefunction g^y) as 

gicM = Y" exp (- \y 2 lbl)f(y 2 jb 1 y ), m = IK, (IV. 104a) 

where the function / satisfies the confluent hypergeometric equation in Appendix C (Section 
II) with the parameters a and c given as 

a = \{m + 1 - <? y ), c — \{2m + 1). (IV.104b) 

The variable in the confluent hypergeometric equation is x — y 2 /bl. The quantity £ y is the 
eigenvalue of y-vibrational energy, expressed in units of tiw y , where — C y /B. The condition 
of well behaviour at y oo of the solution (IV. 104a) determines the eigenvalue £ y in the usual 
way; we must reduce / to a polynomial by choosing a of (IV. 104b) as a negative integer (~n y ). 
Thus, 

C y - 2n y + m + 1 = 2n y + \K + 1 = N v -f 1. (IV.104c) 

The phonon quantum number N y is equal to 2 n y + |A'. For the two lowest values of N y , we have 
N y = 0, hence n y — 0, K — 0; 

N y = 1, hence n Y = 0, K = 2. 

The first state corresponds to no y-phonon, whereas the second state is the first excited 
y-vibrational state having one phonon. The important point to note here is that this single 
y-phonon state has a projection quantum number K = 2. 

We next consider (lV.82a) for /3-motion. Substituting 

jm - p 2 fm, 

<4 = C/B, 

b\ = bj(Btng), 

P P/bp, 

A = A(A + 3) 

in (lV.82a), we obtailyjn a straightforward manner, 

[-$- - ~P 2 + 2 CM) = 0, (IV.lOJa) 

dp 2 P 2 

where 


/ = A 4- 1, 

<?* = E f i(ruo,). 


(IV. 105b) 


(IV.105a) is identical to the isotropic oscillator equation of Section 1?, and hence we obtain 


2n„ + / + § = 2n } + A + * => Np + ®. 


(IV. 105c) 
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The function / is the same as the Laguerre polynomial defined in Section 17. 

The total energy E can thus be represented as 

E = + |) + tio, v (2 n Y + lK+\) + ^[I(I+l)- K 2 ]. (IV. 106) 

The lowest set of states is obtained for = 0 (no 0-phonon), n y = 0, K » 0 (no y-phonon). 
For K = 0, we can have only / = even states, and these states (/ = 0, 2, 4, . . .), all of even 
parity, satisfy the energy equation 

ti 2 

H + tiw y + 2 j/(/ + 1). (IV. 107) 

They are said to form the ground-state rotational band , with the band quantum number K = 0. 
The constant energy represented by the first two terras of (IV. 107) is the zero-point energy of 
0- and y-vibration. Initially, we had a five-dimensional oscillator corresponding to the five 
parameters, and the correct result should have been fhw for the zero-point energy. We recall 
that we introduced the y-vibrational potential energy externally, and hence the extra zero- 
point energy tiw y appears. 

Another set of rotational states will arise for = 0, but N y = 1 (one y-phonon), i.e., 
n y = 0 and K= 2. This set of states can have any integral / consistent with K =2, i.e., 
/ = 2, 3, 4, ... , and it forms the first y-vibrational tyjnd, with the band quantum number 2. The 
lowest state of this band is 2+, and its energy is called the energy of the band head , which is 
above the ground-state band head by an amount (tiaj y -f Ti 2 / 3). 

There is a rotational band of states built upon = 1 (one 0-phonon) and N y =■ 0 (no 
y-phonon). Since there is no y-vibration for this set of states, the coordinate y always has the 
equilibrium value zero. Hence, of the three surface expansion parameters in the body-fixed 
frame, we have a 2 - 2 = (0/\/2) sin y = 0; on the other hand, a 0 = 0 cos y = 0, and it is 

nonvanishing. Thus, the rotational band of 0-vibration, just considered, corresponds to 
oscillations in a 0 and has the projection quantum number zero. Thus, the excitation of one 0- 
phonon cannot change the projection quantum number K = 0 of the ground state. Therefore, 
we identify the band quantum number of the first band of 0-vibrationaI states as K = 0 and, 
once again, the rotational states have the spin sequence 0*, 2 + , 4 + , . . . . The band head is 
clearly at an energy above the ground-state band head. 

A typical rotational spectrum in the nucleus Er 166 is shown in Fig. IV.6. This figure 
gives the ground-state rotational band, a few levels of the y-vibrational band, and only the 
band head of the 0-vibrational band; the situation depicted for the 0- and y-band is somewhat 
typical. There are very few nuclei where many levels of these bands can be identified. The 
ground-state band is, however, very extensively and clearly observdi; in many cases, it has 
been found to extend up to /« 16 and above. According to (IV. R)6), the same moment of 
inertia parameter 3 characterizes the ground-state rotational band, and the 0- and y-band. 
In practice, however, they have to be chosen different in order that the observed levels in the 
various bands can be reproduced. The moment of inertia 3 can be calculated from the hydro- 
dynamical model formula 3 = 3£0o, with B determined from (IV.35b), and the deformation 
0o estimated from quadruple transition data (see Section 34B). However, the rotational 
spectrum predicted with this hydrodynamical estimate usually turns out to be wrong. The 
usual practice is therefore to treat it as a parameter and determine it from the spacing between 
the first two levels of the band. Values of the parameter (3ti 2 / 3) arrived at in this way are 



428 THEORY OF NUCLEAR STRUCTURE 


approximately equal to 95 keV for 150 < A < 200, and approximately equal to 43 keV for 
A > 220. The hydrodynamical model gives smaller values of J, whereas the rigid body 

K,t,* keV 

1800 

0,1- ~ 1690 


0 , 0 + 


- 1450 p vib 


2,5+ 1087 

2,4+ 957.9 

2,3+ 861.0 

2,2 + 787.4 y vib 


0 , 6 + 


546.1 


0 , 4 + 


265.1 


0 , 2 + 


80.85 



Er 1 ** 


0 


Fig. IV.6 Spectra of Er 16< showing rotational levels 
in ground-state band ( K *= 0 + ); several levels in y- 
vibrational band ( K = 2+); and band head of ^-vibra- 
tion (K = 0+). [From Sbeline, R. K., Revs. Mod. 

Phys., 32, 1 (1950).] . 

moment of inertia <5,^ of a spheroid of the same density and deformation turns out to be 
larger, as shown in Fig. IV.7. In this diagram, 6 has been plotted in units of The expcri- 
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mental values are given by the hollow circles, and the theoretical curve for irrotational fluid 
motion is shown by the dashed line. The rigid-body value is clearly given by the line parallel 





Fig. 1V.7 Moments of inertia of nuclei (in rare-earth region) as function of deformation 
parameter. (Following Kerman, A. K., in Nuclear Reactions, Vol 1, ed. by P. M. Endt 
and M. Demeur, North-Holland, Amsterdam, 1959, p 480.) 

to the abscissa corresponding to (J/J rig ) = 1. All the experimental points lie between this 
line and the curve for irrotational motion. For the ground-state band, where levels with very 
large I have been observed, we can then check the validity of the [f^(2J)]/(/ + l)-rule for 
higher levels of the band. Usually, the first few levels are in accordance with this rule, but the 
discrepancy increases as we reach higher members of the band. One approach that explains 
this discrepancy is based on an empirical expansion of rotational energy in powers of the 
operator 7 2 , i.e., in powers of /(/ -}- 1). Thus, 

E, - ^/(/ + 1) + b[l{[ + \)) 2 + c[I(l + 1)]« + . . . . (IV .108) 

The parameters b t c, . . . can be determined by fitting the observed spectrum, and then we may 
try to understand them in terms of some theoretical model. One such theoretical approach to 
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the understanding of the parameter b invokes the coupling between the rotation and the 0- 
vibration, which arises in the way now outlined. 

We recall that while writing the expression of rotational energy, we used the value of 3 
corresponding to the equilibrium deformation p 0 and remarked that this is an approximate 
procedure. To be exact, we should have used, for a given p (which spreads around p 0 during 
the vibration), the corresponding 3(P) in the rotational expression. However, we can at once 
make an expansion about p = p 0 and obtain 

3(P) = 3(Po) + {P — Po)(^)^ 0 + • • • > 

and hence 

53®*' + •> - 2M r>' (/ + ,) - akf - + 11 + " " (IVIW) 

The first term has already been considered. Since (P — p 0 ) is small, we may work out the 
correction to the lowest order in ( p — p Q ). The ground state, as discussed, corresponds to 
Ft# = 0. According to a well-known result of harmonic oscillator theory, the oscillating co- 
ordinate (P — Pq) can connect only the one-phonon state n$ = 1 with the state n = 0, and the 
corresponding matrix element is equal to [tu^/(2 C)] l/2 [see the discussion following (IV. 122)]. 
The correction in energy of the ground state, due to the term (p — p 0 ) in (IV. 109), can there- 
fore arise only in the second order. Inserting the energy denominator, which is the difference 
between the energy of the state = 0 and that of the state = 1, i.e., — tuop, we easily 
obtain the second-order correction 

iE - + 1)|! - < IV - 110 > 

The last but one factor comes from the square of the matrix element, and the first from the 
energy denominator just mentioned. Strictly speaking, we should have also considered the 
next higher term containing (P — p 0 ) 2 in the expansion (IV. 109). That term would have given 
a first-order correction to the energy proportional to /(/ 4- 1); this therefore has the effect of 
renormalizing 3(Po} which is, in any case, treated as a parameter in the data fitting. The 
correction (IV. 110) is in the form of the second term of (IV. 108) and thus gives a theoretical 
estimate of the parameter b. 

Several other approaches that explain the deviation of the higher members of a rotation- 
al band from the /(/ + l)-rule are available. We shall not go into any more details here. 
A good reference on this subject is Mariscotti et al* and a summary of their work is given in 
Section 43D. For morl details on the fitting of the p- and y-vibrational band, the reader may 
refer to two review artWles, one by Sheline <) and the other by Davidson 7 . 

Spherical Vibrational Nuclei 

In view of the absence of an equilibrium deformation of the spherical nuclei, all their moments 
of inertia under the equilibrium condition are zero, and hence the nuclei do not have any 
rotational energy. The vibrational energy due to p- and y-vibration can be worked out from 
the appropriate equations. However, ii is more convenient to treat the vibratioh in terms of 
the original Hamiltonian (IV.50). 

We introduce the momentum ir, canonically conjugate to the coordinate defined 
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according to 


ST 




(IV.lll) 


We then impose the usual quantum mechanical commutation rule between the coordinates 
and the momenta tt„, namely, 

[*,. »r„.] = /tiS,,-, (IV. 11 2a) 

and make the coordinate <*„ dimensionless by dividing it with b, where b 1 = h l(Bw) and 
= C/B. Thus, 


is dimensionless. We choose the dimensionless momentum w ^ in such a way that 

[*,. V] = i\,' 

is satisfied. Comparing with (IV. 112a), we then obtain 

v = . 

" k bJ “ 

Let us construct the operators 

<7 1 = ~ /(-l)"?..!, 

1 


(IV. 11 3a) 

(IV. 1 12b) 
(IV. 113b) 

(IV. 114a) 


<7, = — + '"-l- 


(IV. 1 1 4b) 

These operators satisfy the commutation rule [follows from the application of (IV. 112b)] 

[<7,. ql-] = (IV. 115) 

We have already proved [see (IV. 10c)] that transforms as the ^-component of a tensor of 
second rank. Hence, according to (IV.lll), ( — l)^7r_ <t must also transform similarly. (lV.114a) 
then guarantees a similar transformation property for the operator q\. In writing q we have 
made use of the property (IV. 4) of a. and the corresponding property of n tl derivable from 
(IV.lll). 

It can now be easily verified that the identity 

ihwi;( 9 ^ + < ? ,,()I) = iT.o,-(|^ + |?|*) 


-ifKP + lcjKP 

== H 

holds. But q^ql, according to (IV.115), is equal to (q\q, L + 1). Hence, we obtain 
H » tlu> 2,’ (qlq h + 1). 


(IV. 116) 


The commutator of H with q l and < 7 „ can be very easily evaluated from (IV.116) and 
(IV.115). Thus, 

[H, qll = h<oql 


(IV. 11 7a) 
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[//, qj\ » (IV. 1 17b) 

These equations tell us that if |£> is any eigenstate of H belonging to the eigenvalue E , then 
is a state of eigenvalue (E + ha>), and q h \i/j ) is one of eigenvalue (E — ho>). Thus, q\ 
creates a vibrational quantum of energy tiw, and q , destroys the same. In particular, if |^ 0 > is 
the ground state of H f then 

qM o> = ° (IV. 117c) 

must hold because this state, if it exists, necessarily has an energy less than that of the ground 
state by an amount ti o>. If is the true ground state, this is, by definition, impossible. 
Denoting the vibrational quantum number of projection /x by we can alternatively represent 
any eigenstate of H by | /i M > so that, in the same representation, |<// 0 > becomes |()>. Starting with 
this state, we can then generate the states |/i M )> by repeated application of the operator q\. 

We have already proved that q\\n^) is a state of energy larger than that of | n^> by the 
amount Tuo; that is to say, it is a state of (n u + \) quanta. In general, however, the state produced 
through ql\n^ may not be automatically normalized to unity. If \n h -f IN denotes the normaliz 
ed state, then it is possible to show 

fX> = VB, + 1 1 n, + 1>. (IV. 1 18) 

The proof of this statement can be given by constructing the states |1>, |2 , ... in a chain, 
starting with |0>. Thus, with the arbitrary constant A'i, to be presently determined, we have 

Multiplying from the left by the Hermitean conjugate, we obtain 

\N t \ 2 - <0| q t q\ |0> = <0| (1 + qlqj |0> = 1. 

Here we have used (IV.I15) and (IV. 117c). Thus, V, = 1 and we have 

*Ho>=vr|i,>. 

At the next step, we have 

*:n„> = n &> 

or 

I^jP = <U |i,> = <0| q r q\q„q\ |0> = 2 

or 


N 2 = V2, 
q V2J2> 

Here we have simplified the matrix element by the repeated application of (IV.115) and 
(IV.117c). This chain procedure can be continued and (IV.U8) established. 

According to (IV. 1 18), the only nonvanishing matrix element of qj, is of the type 

<k'l vl K> = (IV. 119a) 

Taking the complex conjugate of (IV. 119a), we prove that the only nonvanishing matrix ele- 
ment of is of the type 


q ? 1»K> &/»', /i^+i V/i,, + 1 = n’ -| Vn (J . 


(IV. 119b) 



55 ( 45 - 122 / 197 ?) 
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This matrix clement also establishes 

?„K> => Vnjn, - 1> (IV. 120) 

because (IV.119b) is the only notwanishing matrix element of q 

In the theory of vibrational nuclei, we confront the matrix elements of the coordinates 
which can be very easily obtained by first noting, with the help of (IV. 114), the result 

= ^ 2 , 1 ^ + (- 1 )"?-,] 

or 

«, » (2^ ),,2 [?I + flV.121) 

Using this expression of a, with (IV. 1 19), we then obtain the only two types of nonvanishing 
matrix elements of a,, namely, 

<«, + 1| |«„> = + *1 <fl IO = v/n 7+T. (IV. 122a) 

<»-„ - 1| <*, IO = (2^) U2 (-1) V«-,- (IV. 122b) 

In the special case of n. = 0, the matrix element (IV. 122a) reduces to [h/(2Bto)] l/2 or[h«/(2C)] ,/2 . 

We have already stated the tensorial property of the operator q\. In the case of even 
nuclei, the ground state, which contains no vibrational quantum, has angular momentum 0 and 
parity -f . Since q\ transforms as a tensor of second rank, the one-phonon state ql\oy must have 
angular momentum 2 and parity 4-. The parity of the quadrupole operator being even, our final 
statement follows. If we next consider states with two quadrupole phonons, the parity is still +, 
but the angular momentum of the two-phonon states is clearly the resultant of the coupling of 
two angular momenta, each of magnitude 2. Thus, the resultant states should normally have 
any integral angular momentum lying between 0 and 4. However, the odd values I and 3 are 
ruled out from the consideration that follows: each quadrupole phonon is a boson of integral 
spin, and hence, under an exchange of the two phonons, the two-phonon wavefunction must 
remain symmetric. From the property of the Clebsch-Gordon coefficient, we conclude that any 
state | jJiJMy of total angular momentum /, obtained by coupling two angular momenta each 
of magnitude y, gets multiplied by the phase factor (-\) J + J ~ J under the exchange P n . In the 
present case, j= 2, and hence this phase factor is 4-1 only if / = even integer. Since we 
require a wavefunction symmetric under P l2 , we are tied down to this choice of J. Thus, the 
two-phonon states comprise a triplet 0 + , 2 + , 4+. 

A typical vibrational spectrum for an even nucleus is shown in Fig. IV.8. The energy of 
the first 2+ state merely determines the parameter tiw. The two-pnonon triplet, whenever 
observed, is split up in energy. Very frequently, only one or two members of the triplet are 
seen and levels of other spin occur in the vicinity of one or more members of the triplet. There 
is no systematics in the order and magnitude of the energy splitting of the triplet. In Fig. 1V.8, 
the number of phonons is denoted by N t printed in the extreme left-hand column. The 
extreme rigbt-hand column gives the ratio R of the energy of a level to that of the first 2* level. 
Although the nucleus Cd l 14 very clearly shows the two-phonon triplet, there is considerable 
departure from an ideal quadrupole vibrator. In particular, the first excited 2+ state has been 
found to have a large static quadrupole moment. 
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Fig. IV. 8 Spectra of Cd 114 
phono^ vibrational levels. 


showing one-phonon and two- 


The electromagnetic properties of the first 2 + level, and the levels of the triplet, are 
described in Section 34. 


C. ODD-MASS NUCLEI: COUPLING OF PARTICLE TO EVEN-EVEN CORE 
In the model we are considering here, ,we shall treat an odd-mass nucleus as the last odd 
nucleon coupled to the even -even core. For simplicity, we omit the 0- and y-vibrational part 
of the Hamiltonian already given for the even-even nucleus. Keeping only the rotational part 
for the even-even core and then adding to it the Hamiltonian of the last odd nucleon (// p ) and 
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its coupling (// CO upi) with the core, we obtain 


H 


, *Rl 

2J* 


+ ff. + H 


'coup I* 


(IV. 123) 


fLw? t0 speci f ,ize t0 thc s P^roidal deformation of the core, then we have to drop the 
[*r/(2J,)]*term and put S x = S y « J. 

To find H t and H WfU we formulate a procedure: the equipotential surface* of a 
deformed nucleus are obtained by deforming those of the spherical nucleus to a shape identical 
to that of the deformed nucleus. Thus, the spherical equipotential surface of radius r 0 on which 
the value of the potential is q;(r 0 ) gets deformed to an ellipsoid of radius r(9, ft given 
according to (lV.5a), by 1 ’ v> B ’ 


r(0, ft = rdl + ((6, ft), {IV , 24) 

where ((9, ft is a quantity of first-order smallness and is given by (IV.5b). The potential 
Vfy at each P° int on the surface of this ellipsoid is, according to our hypothesis, equal to 
c v('o) of the undeformed nucleus. According to (IV. 102), we have 

r ° = 'I 1 + f<«. 0)1“ ' » r[l - f(0, ft] = r - r((6, ft, 
and hence, by the foregoing hypothesis, 


^(0 = q^(r 0 ) = C\?(r _ T () = QJ( r ) _ 
= ( V(r) - r~ s a*Y 2 .(e, ft. 


(IV. 125) 

In the final step, we have used the expression (IV.5b) for f(0, ft in the special case of 
quad.upole deformation. For c (/(r), we can take tie central average potential of the spherical 
shell model (usually the harmonic oscillator potential). To obtain the complete expression for 
the particle Hamiltonian, we need the kinetic energy 7 p , the spin-orbit coupling £(r)/. s of the 
shell model, and the potential energy as given by (IV. 125). The second term in (IV.125) 
consists of a scalar product of the surface parameters a with the second-order spherical 
harmonic of the angle coordinates 0, + of the particle. So this term can be interpretedas the 
surface-particle coupling term // coup , occurring in (IV. 123) and given by 


H. 


dCV 

coup) — r ot • Y\8, ft. 


(IV. 126a) 


According to thc foregoing statements, we then have 

H p =■ T v + ((r)l • s + <-(7(r). (IV. 1 26b) 

If CV(r) is roughly represented by a square-well of radius R 0 and^depth - V Q , then the 
strength — r(d ty/dr) of the coupling term is clearly given by 

dc\? 

~ r ~dT “ VoR ° S ( r ~ R ^- (IV. 126c) 


On the other hand, with the more usual form of cy(r), namely, the harmonic oscillator 
potential, r(</cy/</ r ) is also a harmonic oscillator potential. The strength of the coupling 
appearing in (IV. 126a) may be conveniently taken in either of these forms. 
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Spherical Vibrational Nuclei 

In the case of spherical vibrational nuclei, the rotational part of the Hamiltonian can be put 
equal to zero. The ground and vibrational states of the even core have been described in 
Section 33B. The surface variables a M are treated there as vibrating coordinates. When we add 
H p and //coupi to the Hamiltonian of the core, the method of solving the problem clearly 
becomes dependent on how the magnitude of //co Up i compares with that of the other terms of 
the Hamiltonian, i.e., H p and H core given by (IV. 126b) and (IV. 116), respectively. 

Since, by our hypothesis, the even core is spherical, the single-particle average potential 
created by it, and acting on the last odd nucleon, must be that of the spherical shell model. 
This is precisely what we have in (IV. 126a). The single-particle levels in this potential are, we 
know, characterized by the quantum numbers nljm ; the spin-orbit coupling term is known to 
be quite strong and is responsible in splitting the single-particle energy levels of the same 
/-value but different y-values (j — I ± h). 

The vibrating coordinates a u oscillate through small values about the equilibrium 
spherical shape for which all the — 0. The surface-particle coupling term // coupI of (iV.126a) 
may therefore be taken to be small compared with, for example, the spin-orbit coupling term 
in (IV. 126b). We therefore decide to work with the unperturbed Hamiltonian 

Ho = H cotq -f H p 

-H*27|«J 2 + \C E |a M | 2 ] + [r p -+- £(/*)/• s + q/( r )] (IV.127a) 

M H 

and the corresponding unperturbed states 

| (IV. 127b) 

where n with the five possible values of /x, specifies the number of vibrational quanta for each 
p present in the core; and J c denotes the resultant angular momentum of the core (for example, 
J c = 2 when = 1); we have coupled J c with the particle angular momentum j to produce the 

resultant J for the odd nucleus under consideration. With these unperturbed states, we now 
take into account the effect of // coup , through a perturbation treatment. The unperturbed 

ground state has — 0 and J c = 0, and hence J — j. When the perturbation // coup i is switched 
on, this state mixeswith other states of the type \n'^Jc, j :J — y, rriy. Since the resultant angular 

momentum is a good.quantum number, we have used for this state the same value J = j as 

that contained in the unperturbed state. We note that a is a tensor operator of second rank 
operating on the core state characterized by and Y 2 {d, ^) is a similar tensor acting on 

the single-particle state /,/ .... Thus, the matrix element 

(Me, j • J ~ jy //coupi \ftfi = 0, Jq = 0, j . / = ji M)y 
which occurs in the. first-order correction to the wavefunction of the ground state, can be 

easily evaluated by tffe standard Racah result (Bill. 15) from Appendix B. We obtain 

<n',Jc, j' : J = j, m\ {-r^~)a . . Y 2 \n, = 0, J c = 0, j:J= j, m> 

= [JJ r 2 dr R M -r d -^)R n ^~ |.| K « 0. 7. - 0></| \Y 2 \ | j). 

* • (IV. 128) 

The particle-reduced matrix element can be substituted from the standard result (Bill. 17) of 
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Appendix B. The quantity enclosed within the square brackets is the radial integral of the 
pure radial part of the operator, namely, [— ridcy/dr)], between the single-particle radial 
functions and R ni corresponding to the particle wavefunctions on the left- and right-hand 
side, respectively. To calculate the reduced matrix element of a between the core states, we 
first note that the only nonvanishing matrix elements of are of the type (IV. 122). Thus, in 
the present case, is uniquely determined to be 1. Using the projection quantum number of 
the core states explicitly, we then have, from (IV. 122a), 

<«; = l, r c = 2, A/cl «„ K = °. J c = o. = °> = (j£)' /2 - 

However, by the application of the Wigner-Eckart theorem, the same matrix element can be 
written as 

This Clebsch-Gordon coefficient happens to be unity, and hence we obtain 

<»: = 1, J'c = 2\ H K = 0, J c = o> = (iv. i29) 


We denote the value of the radial integral by — C. Substituting (IV. 1 29) and the particle- 
reduced matrix element explicitly, we then have 


<«;/', / : J = j, m\ //coup I K = 0, / c = 0, j : J = m) 


= r— 

k 2C’ 


Jr i[i + (-1 )‘* r ]J\Qc\' 2 

•J 4ir - l V [j] IS 0 


(IV. 130) 


In order to obtain the admixture coefficient in the wavefunction, we have to divide this 
matrix element, according to the first-order perturbation theory, by the energy difference of 

the right- and left-hand state, i.e., -tuo + t, — In this way, we obtain, for the perturbed 
ground state, the expression 


x[U + t/ - t) }-'K = \,Jc = lj':J = j,my. (IV. 13 1) 


The one-phonon admixture into the ground state has very important consequences on the 

electromagnetic properties of the states, which we shall discuss in Section 34. 

Complete diagonalization calculations with the particle vibration coupling model have 

been done by many authors 10 . The necessary formulas were first derived by Choudhury 10 . 
Later, Lande and Brown 10 , and then Sen et al 10 applied the mo^el, including both the 
quadruple and octupole phonons. Sen and his collaborators worked extensively on the odd- 
mass isotopes of Sb, In, Sr, Kr, Zr, Te, Rb, and V. Besides obtaining the energy levels, 
they computed the electromagnetic transition strengths and spectroscopic factors of various 

levels. 


Deformed Rotational Nuclei 

In deformed rotational nuclei, we have the core states described by the rotator part of 
(1V.123). Strictly speaking, we have also the 0- and y-vibrational part of the Hamiltonian, 
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which can be brought into the discussion if desired. For simplicity, we suppress these parts. 

The question now is: is the surface-particle coupling weak or strong in comparison with 
// p ? In the applications of the model, the coupling has always been taken to be strong. 

Since the nucleus has an equilibrium deformation, we express H co up , in the body-fixed 
frame and obtain 

{-T~-)<x- Y 2 = (~r d -^)(a 0 Yl + a 2 Y 2 2 + a_ 2 Yl 2 ) 

= (-r^r)lP cos y Y 0 2 (8, <f>) + sin y{Y 2 (8, 4>) + Yl 2 (8, (1V.132) 

The projection quantum numbers on Y 2 now refer to the body-fixed z-axis. 

If our assumption about strong coupling is correct, then we must consider the entire 
Hamiltonian at one time. In such a case, since // coup i contains both the surface variables /?, y 
of the core and the particle variables r, 0, it is almost impossible to solve the resultant 
coupled equations of the five surface variables and the three particle variables. In order to 
make the problem tractable, we make use of the adiabatic hypothesis which is as follows: 
assume that the motion of the surface variables 0, y, 9 U 0 2 , #3 is very slow compared with that 
of the particle. Further, since the even core has a fairly well-deformed equilibrium shape, and 
the motion of p, y about this shape is slow, assume that solving the particle motion for a 
given value of p t y is a good approximation; in other words, while solving the particle equa- 
tion, treat p, y in H c oup , as fixed parameters (and not variables) specifying a given shape of the 

nucleus. 

Because of the strong coupling and the adiabatic hypothesis, we are entitled to solve the 
particle motion corresponding to the Hamiltonian 

y) = //p + = r„ + £(r)/. s + ( U(r) - cos y y o 3 (0, «M 

+ ^sin y{Y}(6, 0) + Yl 2 (8, *)}], (IV.133) 

which is a sum of (lV.126b) and (IV. 132). In (IV.133), 0, y, as just mentioned, are to be 
treated as given parameters and not variables. The notation J( p (f}> y) on the left-hand side 
has been used to emphasize the fact that, even though the equation contains //coupi, the 
adiabatic hypothesis has transformed the whole expression as the Hamiltonian for particle 

motion for a* given j3, y; these quantities therefore legitimately occur within the parentheses 
following Jf p . When looked at in this way, M p defines a single-particle Hamiltonian with a 

nonspherical potential.. If the core always maintains axial symmetry about the z-axis, then 
y = 0, and the nonspherical part of the potential in (IV.133) reduces to 

(IV. 134) 

We shall consider the details of solving the single-particle wavefunctions for such a single- 

particle Hamiltonian in Section 33D where a minor modification is introduced in Jf p and 

brought to the reader’s attention at the appropriate point. 

In this section, we shall use very ‘general facts about the single-particle wavefunction 
just referred to. Let us denote it by X. If the y 2 2 - and yi 2 -term are absent in (IV.133), i.c., if 
y*0, then the deformed potential has axial symmetry, and hence the projection quantum 



phenomenological collective and unified model 439 


number Q of the single-particle angular momentum will be a good quantum number for the 
specification of X. The term (IV. 134) of the Hamiltonian will mix wavefunctions of different 
n-, /-, and /-value and, as a result, X^ will be of the form 

2 C nU «Knm (IV. 135a) 

the quantum numbers n , /,/, Q are the usual single-particle quantum numbers specifying the 
single-particle states of H p . 

The effect of considering the more general form (IV. 133), in which Yl - and Y-rtt rm are 
nonvanishing, is also fairly obvious. These terms of the potential clearly mix the wavefunc- 
tions <j>{nljQ) with values of Q differing by ±2. Thus, Q can no longer be used as a labelling 
quantum number on X, and we obtain 

X = £ C'U'MnljQ). (IV. 135b) 

nljil 

It is obvious that, with suitable coefficients d Q , the wavefunction (IV. 135b) can be expressed 
also in terms of X Q of (IV. 135a) with different values of Q t that is, 

X = £ d a X n . (IV. 135c) 

Si 

The rotational part of the Hamiltonian (IV. 123) has now to be written somewhat 

differently. This is because we would now like to characterize the states by the total angular 
momentum / and its projection M for the whole nucleus (i.e., even-even core plus the single 
nucleon) and not that of the core alone. Therefore, we introduce the corresponding total 
angular momentum operator 1, defined by 

I = R + j. (IV. 1 36) 

For an axially symmetric nucleus, the rotational part of the Hamiltonian is given by 
[h 2 /(2d7)](jR 2 — R 2 ), which can be written from (IV. 136) in terms of I and j as 

= Yjf 12 - 21 • j +j 2 - l] - j* + 2l,j,) 

= - (hi- + I-U) + J 1 - A (IV. 137) 

where / ■ =I X ± il, and j, = j„ ± ij r The terms j 2 and j] can be very easily transferred to the 

particle Hamiltonian ! P T he rest of the expression (IV. 137) is now treated. 

We first note that i operates only on the single-particle wavefunction and leaves a ^)- 
function unaffected. Hence, the result of operating on the IP-function^with the components of 

I is given, according to (IV.136), by the results for the same components of R. Thus, all the 
results (IV.88), (IV.89), and (IV.92) hold if R is replaced in each equation by 1. Thus, the 

rotational wavefunction 3)mk{0i* # 2 , # 3 ) remains an eigenfunction of the first two terms, namely, 
(/ 2 — occurring in (IV, 137). The same statement is not applicable to the next term 

~(IJ_ + /_y + ), which is called the Coriolis coupling [the reader should distinguish it from the 
iur/flie-panicle coupling of (IV. 126a)] or the rotaf/w-particlc coupling (RPC) because of the 
fact that it contains the product of the rotation operator I with the particle angular momentum 
J. In view of (IV.92), the (f + j_)-term of the RPC, operating on SD'mk, changes it to gf M> and 
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the (/_;' + )-term changes the same to 3)jn,K+t- The detailed effect of the RPC is treated later in 
this section. For the present, we take a rotator wavefunction Q* 0j), multiply it by the 

particle wavefunction ^(r p ), and then write our model wavefunction for the odd-mass nucleus 
with an axially symmetric core as 

V'J/A^l, 0 2 > 03; r p) = 3)mk(B 19 02, 03) X rt(r p )- 

This wavefunction has to be multiplied by f(p)g r K (y) if the effect of 0- and y-vibration has to be 
incorporated. 

We have now to include the symmetry requirements due to the transformations <R if 
i &3 of the principal axes of an ellipsoid, just as we have done for the even nucleus in Section 
33A [see (IV.97)]. All the discussions with respect to the functions of y and (0 |t d 2 > By) hold 
here. The extra consideration, which we have now to incorporate, arises from the transforma- 
tion of the particle wavefunction X fl (r p ) under the rotations jR 2 , iRj. We recall that X„( r P ) 
has been constructed with respect to a certain z-axis, along which the projection quantum 
number is Q. Since the three transformations introduce new z-axes, X^r p ) is certainly affected 

by each of these transformations. 

We now write the desired transformation equations for as 

— ► exp (-inj y )X Q = (-1 y+»X_ a (under iR t ), (IV. 138a) 

X a -► exp ( — / = exp ( — i^G)X a (under ^ 2 ), (IV. 138b) 

-> exp ( — inj x ) exp (—i?j y ) exp ( — i\j M )X n (under iR 3 ). (IV. 138c) 

In the case of axial symmetry of the core, we have to reinterpret £R 2 as mentioned after 

(IV.lOOb). In that case, the symmetry requirement applies to any arbitrary rotation <f> about 

the z-axis, which produces 

x a — exp = e~‘*“X a . (IV.138d) 

The meaning of the quantum number j occurring in (IV. 138a) has to be understood in the 

following sense: according to the work in Appendix B, exp ( — inj y ), operating on an eigenstate 
I jQy of angular momentum, produces 

exp (-inj,)\jQ) •= E \jQ')(jQ'\ exp (-hj,) \jQ) 

O' 

= Z d£r{n)\jQ’) = (- 1 ) l+n \j, - fi> (d> osy is real), 
o' 

The wavefunction X a occurring in (IV.138a) is not an eigenfunction of angular momentum; 

however, it can be wrkten as a superposition of these eigenfunctions, as shown in (IV. 135a). 

The right-hand side of (IV.138a) denotes that each term of (IV. 135a) gets the quantum number 

P occurring in the state (and not in the coefficients C„ij a ) reversed in sign and multiplied by 

the corresponding phase factor (— iy +0 . Thus, 

(-1 y +a X_ a = £ C nlJ1 A-iy+ a 4>(nIj, -O) (I V. I38e) 

Oil 

when X a is given by (IV. 135a). 

Combining (IV.138a) and (IV. 138b) with the transformed ^--functions [the transfor- 
mation of iD-functions under 31 j has been given when deriving (IV.97a) and (IV.97b)], we 
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obtain 



<>2, 0»)X a -* —A' 

(under <R,), 

(IV. 139a) 

3)'mk(0i, 01, 0iVn -* e‘W<- a %g)' MK 

(under iR 2 ). 

(IV. 1 39b) 


In the special case of axial symmetry, e l{7Tl2)(K ~ p) in (IV. 139b) changes to e****"**) with <j> 
completely arbitrary. 

Applying <R 2 twice and then requiring that the value of the wavefunction does not 
change, we conclude from (IV. 139b) that 

K — Q = even integer. (IV. 140a) 

In the special case of axial symmetry, in view of the arbitrariness of <£, we must require 
K- Q = 0 
or 

Q = K. (IV. 140b) 

(IV. 1 39a) similarly tells us that the value of the wavefunction remains unaltered under <R,, 

provided we consider the symmetrized wavefunction 

'/'ma-(«i. 02 . 02 . r p) = 02 . 0 3 )*A-(r P ) 4- c— I - k (, 0 „ 02 . 0,)*-*(r p )]. 

(IV.141) 

We have already used the value of Q , determined by the symmetry requirement and have 
incorporated the normalization factor preceding £2 [see (IV. 100a)]. The special case of A' = O 
docs not arise here because, for odd-mass nuclei, / = half-integer, and hence K is also 
necessarily a half-integral quantum number. 

As in the case of even nuclei, we now obtain bands of rotational levels of various angular 
momenta / belonging to a given band quantum number K. Permitted values of / in a band 

must necessarily be / ^ K. For all the levels of a rotational band, the particle wavefunction 
X K remains the same; only the rotational part S)[ f K acquires different values of /. The 

contribution from to the energy of a level therefore remains constant for all the levels of 
a band, and we denote this contribution by E 0 (K). The rotational energy gets added to it. In 

this way, the energy £(/) of a level / is given by 

£(/; K) = ~[l(I + 1) - A 2 ] + E 0 (K), (IV.142) 

where, in quoting the rotational energy, we have considered only the first two terms of (IV.137). 

The effect of; 1 - and ;?-term of that equation is already contained in our definition of E 0 (K). 

Hence, the only additional contribution to the energy comes from the R4*C term 

- £(/♦;.+ /.a), 

and we shall first consider its effect in the lowest-order perturbation theory. The first-order 

contributbn to the energy of a perturbation Hi is its diagonal matrix element for the 
unperturbed etate. Thus, the lowest-order change in energy due to the RPC is given by 

d£(/; £) = - ^OPirxl (IJ- + l -u) l^*>. 
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Since I ± change K to K + 1, we conclude that a non vanishing contribution to this matrix 
element can arise only from the cross terms between <Dm,k and {Dm.-k and that too only if 
K = J. For this special value of K , — K happens to be AT — 1; for any other value of K , this 
condition between K and —K does not hold. Therefore, the RPC contribution in the lowest 
order is given by 

' JE(I; K) = -S*. ,, 2 X 1 , 2 ! 1-h I -i/2X_„2>(- 1) ,_J 

= Sjc, 1,2 ^(— 1 ) i+>i \^D'm. 1/2I l- \G?m, -i, 2><X i;2 | y + |X_i /2 >(— 

= S*..,2(-1 ) ,+l ‘\I+i)a. (IV. 143) 

Here we have first noted that the other cross matrix element with — | on the left and +i on 
the right has the same value, and hence its effect has been taken into account by cancelling 
the 2 of 23 in the denominator. Secondly, in the matrix element used here, we have noted that 
only the term IJ + contributes a nonvanishing result; the other term / + y_ would change 
gf M _i /2 to -3/r Finally, the value of the matrix element of /_ has been written with the 
help of (IV.92), a relation that holds good [as per our observation following (IV. 137)] under the 
replacement of R by I. The quantity a can be evaluated with the help of the standard matrix 

element of from Appendix A, and the expressions (IV. 135a) and (IV.138e). Thus, 

a = ^<x i;2 |y + 

= K +il U \"‘j- — IX — l ) y-,/2 

ml/ 

= %S (-1 + h)\c„ mi) \ 2 . (IV. 144) 

S mi 

It is called the decoupling parameter in the literature on the collective model. The point to 

note about the expression (IV. 144) is that the decoupling parameter does not depend on l, and 
is determined entirely by the deformed single-particle potential through the single-particle 

wavefunction X, /2 . . 

Collecting (IV. 142) and (IV. 143), we then write the general expression of energy as 

£(/; K) = £ 0 (K) + ^/(/ + 1) + Sir, „2fl(-l)' +,,2 (/ + 1), ( IV - 145 > 

where 

In the next higher order, the RPC can cause very interesting effects on the moment of 

inertia. We have already remarked that the RPC can give rise to nondiagonal matrix elements 
connecting different JTs, i.e., different bands. The ^-quantum numbers mixed in this way can 

differ by ±1. The ground state of an odd-mass nucleus has 7 0 = K 0 , where K 0 is the band 
quantum number of the ground-state rotational band. There may be other excited bands in 

the same nucleus, and if the energy of the band head of an excited band is fairly close to the 

ground-state energy, there can be an appreciable mixing of the two bands through the RPC, 
provided, of course, the excited band has a band quantum number K *=* Ko ± 1. Usually , the 
close-lying excited bands have a band quantum number larger than Ko- As a result, we 
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consider only the mixing of the ground-state band with, a band. of K— K 0 + l. The angular 
momentum 7 0 (=Ko) is not contained in such an excited band because K is larger than 7 0 . Thus, 
the ground state of the nucleus remains unaffected by such band mixing. Each of the higher 
levels of the ground-state band having 7 = 7 0 + 1, 7 0 + 2, . . . finds a state of the same angular 
momentum in the excited band A' = AT 0 + 1, with which it therefore mixes through the RPC. 
The resultant states for a given 7 can clearly be obtained by diagonalizing a 2 x 2 matrix of 
the Hamiltonian, using the states |7, K 0 y and |7, K = K 0 + 1) as the basis. 

The diagonal matrix elements of our Hamiltonian, inclusive of the RPC term, are given 1 
by the general expression (IV. 145). We have then to calculate only the nondiagonal matrix 
elements, which arise from the RPC term alone. In a straightforward manner, 

-^</, K = K 0 + 1| (IJ_ + I_U) | /, K 0 > 

- + (-1 -ArX-jcl (/+;_ + I-U) MUM, 

+ (— i -/Co^-O- 

We have already taken K — K 0 + 1, and hence — K *= — K 0 — 1. If the RPC operator has to 
connect the iPA/Ao-term with EJ)m , _*■» then clearly we need K 0 = 0, which is impossible for the 
odd-mass nucleus. Thus, the only nonvanishing terms are those connecting sDma 0 with 
and £Dm, -a„ with $) M , -K* and these two terms happen to be equal. We therefore evaluate only 
one term, incorporating a factor of 2, which converts (27 -f 1)/(16 t 7 2 ) into (27 -f lV^rr 2 ), and 

the latter produces unity when taken with the integral of <DmkO)mk over all the angles. 

Further, let us recall that only 7_ can give a nonvanishing matrix element between 

\S)'stK a y and A' 0 +ii. and hence 

</, K - Ko + 1| RPC |/. K 0 y - /_ *- 0 ><.X/r. +1 |.; + IXO 

= A[(I - A' 0 )(/ + K 0 + I)] 1 ' 2 , (IV. 146a) 

where 


A = S <Xjf » +,iy+ |x *' o> - 


(IV. 146b) 


Once again, A K is determined entirely by the deformed single-particle wavefunction. 

After the foregoing procedure, the matrix to be diagonalized has the structure 

/ £(/,« ((/-«(/+*, + « 

W - AV|(/ + K a + l)) 1 ' 2 /) £(/. jr.+ l) !' 

The eigenvalues of this 2x2 matrix can be easily found from the secular determinant equa- 

tion, which yields 


(IV.147) 


<?(/) - \[E(I, Ko) + £(/. Ko + 1)1 

+ *[{£(/, Ko + 1) - £(/, *o)} 2 + 4 A\l - Ao)(/ + K 0 + (IV.148) 

In the limit of A -*■ 0, the minus sign separating the two terms leads to the energy E(I, Ko) of 
the ground-state band. For small A , we make an expansion of the second term in powers of 
A 2 , and collect only the lowest-order term; we also use the minus sign separating the two 
terms such that the resultant E(l) may give the shifted position of the state / originally 



444 THEORY OF NUCLEAR STRUCTURE 


belonging to the ground-state band. Thus, 


<?(/) ss E{I, K 0 ) - 


[ /(/ 4- 1) - K(K 4- l)] /f 2 
£(/, Ko+l)- £(/. A'o) ‘ 


(IV. 149) 


Up to the second order in .4, the RPC has, according to (IV.149), the effect of renormalizing 
the moment of inertia parameter [ti 2 /(2d7)] to a value [ti 2 /(2,J/ )] given by 


_ * _dl (IV. 150) 

2J “ 2 J £(/, + 1) - W> KqY 

It should be noted that the numerical fitting of the levels in the ground-state band determines 
the parameter [h 2 /(2dO] and not the ‘true’ moment of inertia [ti 2 /(2J)]. 

Rotational spectra, and more than one band, have been observed in many odd-mass 
nuclei in the deformed regions. The case of Al 25 is shown in Fig. 1V.9. Here the different 
bands are shown horizontally displaced one from the other so that a clear visual identification 
becomes possible. The ratio of the energies of the first two states / 0 + 1 and / 0 -f- 2 measured 
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Fig. IV.9 Rotational spectra, of Al 25 . Data to right of vertical line 4«otes 
various rotational bands in different columns. (Following Bohr, A., and 
Mottelson, B. R., in Nuclear Spectroscopy, Part B, ed. by F. Ajzenberg-Selove, 
Academic Press, New York, 1960, p 1029.) 
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from the ground state / 0 is given, according to the rotational formula (when K ^ |), by 
£(/ 0 + 2 ) 2 
£(/ 0 +l)“ + /o+r 

Therefore, this experimental ratio determines / 0 , and consequently the ground-state band 
quantum number K 0 (=/o). The excitation energy of the first state / 0 + 1 then determines the 
moment of inertia parameter. As stated, this parameter has to be identified with 3' and not 
$. Values of (3h 2 / 3') obtained in this way are consistently larger than the value of (3Ti 2 / 3) 
determined for the neighbouring even nuclei. For example, 64 Gd 155 has (3ti 2 I3’)~ 120 keV, 
whereas the neighbouring even nucleus yields (3ti 2 / 3) ~ 70 keV. This difference has to be 
understood in terms of the RPC, as just shown. The decoupling parameter a in the special case 
of K = i has also been determined by fitting the spectra of levels of the ground-state rotation- 
al band to the formula (IV. 145). A few such nuclei are 69 Tm 169 , 7 jTa 181 , and 94 PU 239 , all of 
which have a ground state 7 0 — 4 which belongs to a (K = $)-band. The values of a found for 
the three nuclei are respectively —0.77, 0.19, and —0.58. 

1>- NILSSON MODEL FOR DEFORMED SIN GLK-P ARTICLE WAVEFUNCTIONS 
We now discuss a generalization of the wavefunction (IV. 141) which is applicable to both even- 
and odd-mass nuclei. Instead of considering X K as the wavefunction in a deformed potential of 
a sing/e nucleon outside the even core, we take it as a normalized determinantal many-nucleon 
wavefunction for all the nucleons in the nucleus; the determinant is constructed out of single- 

particle wavefunctions generated ny a deformed potential. Clearly, according to this extended 
interpretation of X K , we can write a wavefunction with the structure of (IV. 141) for both the 
even- and the odd-mass nuclei. The determinantal wavefunction X* has reference to a set of 
principal axes moving with the rotating nucleus, and it describes the pure intrinsic motion of 

the nucleons. Therefore, it is usually termed the intrinsic wavefunction of the nucleus. We are 
still assuming the existence of axial symmetry, and this is why the intrinsic state X K carries the 
angular momentum projection quantum number AT as a label. However, X K being a many-body 

determinant, the quantum number K here is to be reinterpreted as the projection quantum 
number of the entire determinantal wavefunction; that is to say, it is a sum of the individual 

particle projection quantum numbers & which label the wavefunctions of the individual particles 
in the determinant. In an expansion of X K in terms of the good angular momentum states , 

the quantum number J specifies the total angular momentum of the state X J K of the many- 
nucleon system. Whenever an expansion is required, we shall write 

x k = SCjA (IV. 151) 

J 

We now replace the single-particle angular momentum j in (IV. 141) by the J just defined. Simi- 

larly, in the relation (IV. 136), we have to replace j by J. The extended model described with the 
reinterpreted intrinsic wavefunctions is usually referred to as the unified model. This nomen- 
clature relies on the fact that the model is a unification of the dcterminantal-type many-nucleon 

wavefunctions of the shell model (the only difference here is the deformation of the average 
single-particle potential in contradistinction to the spherical shell-model potential) and the 

collective rotational* type wavefunction (j)'siK of Bohr’s collective model. 

The calculation of the deformed single-particle wayefunctions with which an intrinsic wave- 

function X x has to be constructed occupies a position of importance in the theory of the unified 
model. The work of Nilsson and Mottelson 11 is the most elaborate in this respect; their 
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deformed single-particle potential and their calculation of the corresponding single-particle 
wavefunctions define what is popularly known as the Nilsson model. 

The single-particle potential used in the Nilsson model is very similar to that used in 
(IV.133) with the omission of the Y \ - and y3 2 -term. This omission is because of the authors’ 
use of a deformed potential having the r-axis as its symmetry axis. They were guided by the 
spherical harmonic oscillator potential used in the shell model. This potential is given by 

q/(r) = \Mw 2 r 2 = \Moi\x 1 + y 2 + z 2 ) 

and can be deformed by associating w xt w yi w x of different magnitudes with the x 2 -, y 2 -, z 2 -term, 
respectively. Thus, the general deformed potential is given by 

q;(r) = JA/(<oV + w 2 y y 2 + m\z 2 ). (IV. 152a) 

In the special case of axial symmetry, considered by Mottelson and Nilsson, we have to make 
the coefficients of y 2 and x 2 the same. This we do by requiring 

<o x = io y = w l9 

and hence 

c V(r) = \Mo> 2 ,z l + \Mw\p\ (IV. 1 52b) 

where 

p 2 = x 2 + y 2 - 

% The anharmonic oscillator has to be supplemented by other terms in order to become 
realistic enough for the average potential of a nucleus. Once again, we can take the clue from 
the shell model, where a spin-orbit coupling term £(/■)/• s is needed in addition to the spherically 
symmetric oscillator potential. A term of this type is indeed taken in the single-particle poten- 
tial of the Nilsson model. One more term is then added to the potential to simulate an 
important property of single-particle level energies. This term is now explained. The isotropic 
harmonic oscillator potential produces single-particle level energies having a high degree of 
degeneracy; in particular, all levels having n- and /-quantum number such that (2 n + /) is a 
given constant have the same energy. In the (0 d t l$)-shell, for example, the energies of Qd- and 
lj-level before the switching on of the spin-orbit coupling are the same. The experimental data 
on the levels of O 17 ,. however, tell us otherwise. The observed positions of the single-particle 
levels with respect to ( Od 5 j 2 ) are 

€(0 d m ) - €(Qd' 5l2 ) = 5.08 MeV, £(1j 1/2 ) - c(0 d 5l2 ) = 0.87 MeV. 

The spin-orbit splitting of a level / is equal to 
c(/ - i) - €(/ + » - — 4(2/ + l)<f(r)>, 

where is the radial integral of £( r ) connecting the single-particle radial wavefunction. 
£( r ) is attractive, and hence we shall denote — <f(r)> by a positive number C. Using 5.08 MeV 
as the observed splitting for / = 2, we obtain C = 2.03 MeV. The contribution of spin-orbit 
coupling to the energy of the (0</ 5 / 2 )-level is given by 

<«0>iL/C/+l)-/(/+l)-a 

where j « 5/2, and / = 2. This amount, with our estimate of C, is equal to —2.03 MeV. Thus, 
the Orf-level before the switching on pf the spin-orbit coupling must have been above the 
observed (0</ 3 / 2 )-level by 2.03 MeV. The (1^/^-level has no spin-orbit energy, and hence the same 
position of the 1 j-level is only 0.87 MeV above the level 0 d^. Thus, we are led to the conclu- 
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sion that a term in the single-particle Hamiltonian is needed to supplement the isotropic 
oscillator potential, which splits up the 0 d- and lj-level by the observed amount 
(2.03 — 0.87=) 1.16 MeV. In the Nilsson model, this role is played by a term in the Hamiltonian 
taken in the form Dl 2 , where D is a parameter to be determined from experimental data. In our 
example, Dl 2 for the level 0 d is 6D, whereas the same for the level 1$ is zero. Thus, 6 D is 
required to be equal to 1.16 MeV, which determines D = 0.193 MeV. We shall return to a 
discussion of the terms £(r)/*s and Dl 2 in the Nilsson Hamiltonian later in this section. For the 
present, we go back to our treatment of CV(r). 

The Schrodinger equation for the anharmonic oscillator potential easily splits into three 
separate equations for the x-, y -, z-direction. We shall use a subscript / (= x, y t z) to denote 
the wavefunction and energy c for any of these coordinates. In the usual way, a dimensionless 
coordinate f, is introduced, which is obtained from the corresponding coordinate x , y , or z by 
multiplying with the constant (A/o^/h) 1 ' 2 . The energy «, is also taken in units of ha>,. The 
separated equation for any of the three coordinates is then given by 

(~£i + &», = 2*4,. (IV. 153a) 

The total energy Q of the level is given by 

<£7 = 27 1 iwfy, (IV. 153b) 

and the single-particle wavefunction </> by 

<!> = n h- (IV. 153c) 

/ 

The one-dimensional oscillator equation (IV. 153a) can be solved in the usual way, leading to 
the eigenvalues €, = «,+ The single-particle wavefunction is a product labelled by 

the quantum numbers n x , n y , n x . 

A more convenient representation for the present problem is obtained by treating the x- 
and ^-equation together [in view of the symmetry about the z-axis of the Nilsson potential 
(IV. 152b)] and the z-equation alone. The z-equation then produces the eigenvalues € x = n x -f A 
and the eigenfunction ^ (£*). The combined equation for the x-, ^-direction is solved in terms 
of the variable p (=V* 2 4* y 2 ) and the angle <f> between p and the x-axis. Thus, 

x = p cos <j>y y = P sin <j>. 

The combined (x, ^-equation, given by 

[- + Jp) + + >' 2 )]^ x (x, y ) = ej L (x, y), 

easily transforms into 

[- (^ + ^) + tfi + £,) = « (iv- I54a ) 

or 

i ~ <IV - I!4l,) 

Here «j_ is the energy G± in units of and p is the dimensionless variable ( Af<*>x/ft) I/2 ? . This 
equation easily separates into two equations: one for the variable p and the other for the 
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variable <f>. The latter produces a solution in which A can be 0, ±1, ±2, . . . in 

order that the function is single-valued in 4>. The equation for p can then be obtained from 
(IV. 154b) by substituting 


4>J.p> t) = 

such that 


(IV. 155) 

(IV. 156) 


We have dealt with this equation earlier [see (IV. 102)] and found that «j has the eigenvalues 
given by 

e± = (2 n L + A + 1) with = 0, 1, 2, . . . ; A = 0, ± 1, ±2, . . . . (IV. 157a) 

The corresponding radial wavcfunction R(p) is labelled by the quantum numbers and Ay 
and is given by [see (IV. 104a) and (IV. 104b)] 

R n ^ A (P) = p- 1 exp (— \P 2 )F(— n ly 1(2 A + 1); P 2 ), (IV. 157b) 

where the confluent hypergeometric series F reduces to a polynomial by the choice (IV. 157a). 

The solutions of the nonisotropic oscillator problem can now be summarized. The eigen- 
states are of the type \n 2y n ly /1> and the eigenvalue corresponding to this eigenstate is given by 

£(n xy n ly A) = ti cj x (n 2 + I) + Tia> i (2/i , + A + 1). (IV. 158) 

We now write down the full Nilsson model Hamiltonian of the particle and try to solve 
the eigenvalues and eigenfunctions with the help of our knowledge of the solutions of the 
deformed oscillator problem. The particle Hamiltonian is taken in the form 


= r p + \Mw]z 2 + \Ma> l(x 2 + /1+C/.S + Dl 2 y (IV. 159) 

where the quantities C and D are treated as parameters. In terms of we rcexpress (IV. 159) as 


= [M- Si + & + + & - sh + £)1 + CI-S + Dl\ (IV. 160) 


?,2 


d 2 


e $ 2 






Introducing the spinwavefunction |727>, where U denotes, the projection +7, or — 7 of the 
single-particle spin, we can characterize the eigenstates of the part of enclosed within the 
square brackets by \n xy n l9 A , 27)>. It is possible to use these eigenstates as the basis, calculate 
the matrix elements of Cl* s- and Z)/ 2 -term in that basis, and then diagonalize the matrix for 
«5f p . In his original paper, Nilsson did not do the diagonalization in this basis. He replaced / by 
the operator / t , where l t is the orbital angular momentum operator constructed with the 
coordinates and the corresponding momenta — *(0/df/) in perfect analogy with the expression 
of / in terms of x y y y z and the momenta —i(d/dx). For example, he used 


<»- --<+<• 

Thespin-orbit coupling and /Menus were thus replaced by C/ t • s and Z)/ t 2 . The diagonal matrix 
elements of these two operators are easy to calculate in the deformed oscillator basis \n xt 
Ay Ey* and have been done in an appendix to Nilsson’s paper. In the case of a very strong 
deformation, the terms Cl t • s and Dl 2 may be treated as small compared with the anisotropic 
oscillator Hamiltonian, enclosed within the square brackets in (IV. 160). Thus, the first-order 
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perturbation treatment of these two terms, which require only the diagonal matrix elements, is 
sufficient. Nilsson refers to the states ( n z , n lt Ay £>, and the corresponding energies calculated 
in a first-order perturbation treatment of C/ t *s -f Dl 2 , as asymptotic solutions for large defor- 
mation. We shall not enter into any more details on this subject. 

For small and moderate deformations, the nondiagonal matrix elements of C/ t * s and Z)/? 
should be kept, and we have also to take into account the effect of C(l — l t ) #s and D(l 2 — l 2 ) 
because the original Hamiltonian contained (Cl • s -f Dl 1 ) and not the terms with l t in place of I. 
Nilsson used a different set of basis states for a complete calculation. To introduce these states, 
we first use a deformation parameter c, and define it in terms of m xt o>* as 

<*>x =* ^o(«)(l — §«)» (lV.161a) 

0) x = O), = 0) 1 = w 0 (€)(l + Jc). (1V.161H) 

The equipotential surfaces of the deformed potential 

+ y 1 ) 

are clearly spheroidal surfaces whose volume is equal to abc , where a, b t c are the lengths of the 
three semi-axes. If we are to consider an equipotential surface on which the potential is equal 
to N 2 everywhere, then we have 


or 


with 


N 2 = i Mu> 2 ,z 2 + \Mw\{x 2 + v 2 ) 


a 2+ b* + c* 


a => No) 



2_ 

M 


by 


c 



Thus, the volume enclosed by the equipotential surface is 

N'atlWijj)' 11 = A^) J, V(«X1 + i‘)' 2 (l - to"'- 


If we require a constant volume for this surface as the deformation changes, we need 
<i>J(«)(I -f l«) 2 (l — J«) = constant = (2> 0 ) 3 , 

where (5 0 ) J is the notation used for the deformation-independent constant. Therefore, 

“>o(«) - So[(l + W J U - wr 1 ' 3 

= So(l - i« 2 - rr* 3 )- 1 ' 3 . (IV. 161c) 

We now go back to (IV.160) and make the substitutions (IV. 161a) and (lV.161b). The 
first terms of <u x , u>,. w, then combine to produce an isotropic oscillator Hamiltonian for the 
coordinates ( ,, which we denote by H 0 . The second terms of u> x , u> y , <o. combine to produce an 
expression that will be denoted by H\t). Thus, 

= H 0 (<) + //'(«) + C(.s + Dl? + C(l - /,) • s + D(l 2 - /?), (IV. 1 62a) 

where 

Ho(4 - iti<i>o(«)(— V 2 + p 2 ), . (IV. 162b) 

H\*) ■■ J*h«»o(«)[— 2(— + f5) + (— + (l) + (“ + fy)l- (IV. 162c) 
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The solution of the isotropic harmonic oscillator Hamiltonian (IV. 162b) is already known from 
the work in Section 17. The quantum numbers Im occurring in that solution have now to be 
interpreted in terms of the operator / t , i.e., /(/ + 1) is the eigenvalue of if and m is the eigenvalue 
of (l t ) g . Thus, the eigenstates of // 0 (e), including the spin projection E y are | nlmEy, and the corres- 
ponding eigenvalues are hwo(c)(2n + / 4- ?)• A treatment of the terms // # («), C/ t *s, and Dlf 
occurring in (IV.162a) in this basis is now described. The last two terms of this expression, 
arising from the difference between / and /„ have been proved by Nilsson to have very small 
effects and are therefore not considered any further. 

The operator if is clearly diagonal in the representation that has the matrix element 
/(/ -f 1). The spin-orbit coupling l t • s has both diagonal and nondiagonal (with respect to w, E) 
matrix elements, which can be written down with the help of the standard results given in 
Appendix A. We have 

(nlm’E' | l x . s \nlmZy 

= &mm'§EZ'ME + $m', w+i$r,r-iK w ^ m + 1 » % — 1| (/ t ) + $_ \nlm^y 
+ \%L',Z+\\\ n U m — E + 1| (/*)_J+ I nlmSy 

= Smm'&zrmZ -f 8 m ' t m+iSr'.r-iiUi + £)(i — £ + 1)(/ — m)(l 4- m + l)] l/2 

+ 8«\m-i8jp,r+ri[(| — £)(i + E + D(/ + nt)(I — m + 1)] 1/2 . (IV. 163) 

Clearly, the second term requires £ to be -f j, and the last one requires £ to be — J. 

To complete the derivation, we now have to evaluate the necessary matrix element of 
//'(c), as given by (IV. 162c). We first notice that the total number of oscillator quanta N in an 
eigenstate of (IV. 162b) is given in two ways: by (In + /) and by (n x + n y + n z ). Thus, 

2/i -j- / = n x 4- n y 4- n g = N. (IV. 164a) 

Now, in any one term of (IV. 162c), we have 

iha>o(«)(“^2 + f?) s 7la>0 ( € )( n i + (IV. 164b) 

which is diagonal with respect to the particular n f . The operator is diagonal with respect to 
the other two ^/-quantum numbers too because the coordinates and derivatives occurring in it 
do not operate on the wavefunction of the other two coordinates. Thus, the entire operator 
(IV.162c) keeps each of n Xf n yi n g unaltered, and hence it is diagonal with respect to 
(n x + n y + n g ) or (In 4- /), i.e., the number of oscillator quanta N. Further, we know that the 
diagonal matrix element of the kinetic energy operator and that of the potential energy 
operator of a harmonic oscillator are equal. Hence, the nonvanishing matrix elements of 
(IV. 162c) can be written as 

<n'l'mT\ H'(t) \nImZ> =* (£ + (* - 2(1) \nlmZ> 

= WSrr'jtiw 0 («)2y^ <n'l'm'Z'\ p 2 Yl(8 f , <j> f ) \nlmZ> 
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In the first step, we have taken into account the kinetic energy terms [i.e., the derivatives 
occurring in (IV. 162c)] by the inclusion of a factor of 2. In the second step, we have replaced 
(fx 4- t 2 y — 2f 2 ) in terms of the spherical harmonic of the angles 0 py <j> p of the vector p, whose 
components are ( xt ( yy ( g . In the last step, we have written down the matrix element by using 
the standard Racah results from Appendix B. 

We notice from (IV. 163) and (IV. 165) that Q = m -f E is a conserved quantity in the 
matrix elements, i.e., m -f E = m -f E\ (IV. 165) conserves m and E independently, but (IV. 163) 
does not. 

The diagonalization programme then entails choosing a value of the oscillator quantum 
number N y and considering all the states in it with the various quantum numbers n y /, m. Let 
us take a given total projection quantum number Q y and check in how many ways Q can be 
formed from m and E. Taking all the basic states with these values of m and E and the permit- 
ted values of n , / consistent with m y we set up the matrix elements in the basis of all these 
states and diagonalize. The procedure has to be repeated for each N for all possible values of 
Q. Nilsson obtained the single-particle eigenvalues and eigenfunctions in this way and exten- 
sively tabulated them. The level diagrams are reproduced in Fig. IV. 10. 

It is also possible to consider the angular momentum coupled states \nljU y as the basis 
for the Nilsson diagonalization. Here the resultant angular momentum j is the vector sum of / t 
and s. The operator / t «s is diagonal in this representation and has the matrix element ±[j(j + 1) 
— /(/ -f* 1) — }]. The matrix element of //'(«) in this new basis can also be easily written down 
with the help of the standard Racah result (BUI. 17) from Appendix B as 


<nl'fU'\ H'(f) | nljSiy = WS,^§«W<)[' * ' ][' 

X jo R "' rP * R " 1 dp ' 


2 j 
4 0 i 


4(1 +(-i)' + '] 


(IV. 166) 


The level diagrams in Fig. IV. 10 show the single-particle level energies as a function of a 
deformation parameter 8 which is different from the deformation parameter c and will shortly 
be defined. Each energy level is labelled on its right and left by the quantum number Q and 
its parity. It is also marked by a serial number 2, 3, 4, . . . on the extreme left; these serial 
numbers were used by Nilsson for the identification of the various levels. The abscissa point 
^ = 0 corresponds to zero deformation of the potential, and at that point the positions of the 
energy levels are the same as those of the spherical shell-model. In fact, the parameters C and 
D were chosen by satisfying this condition as best as possible. 

The deformation parameter 8 occurs in Nilsson's original programme of diagonalization, 
and the parameter c is in the programme described in an appendix to his paper. We have here 
followed the latter programme of diagonalization. In the original programme, 8 is defined by 
the relations 


w t = w 0 (8)(l — i8) ]12 y 

<*>x = = <*>± = «>o(S)(l + 3^) ,/2 - 

The condition of the constant volume equipotential surfaces then gives 
o>i(5)(l + }3)(l - 1 8) = constant = (£ 0 ) 3 

°r 

«o(8) = So[(l + i$) 2 (i ~ iS)r ,/6 


(IV. 167) 


(IV. 168) 
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Fig. IV. 10 Nilsson levels calculated as function of deformation parameter. [Following 
Nilsson, S. G., Kgl. Datuke Videnskab. Selskab, Mat. Fvs. Medd., 29, No. 16, 68 (1955).] 
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It is left to the reader to establish that « and S are related by 

« = 5 + J8 J + 0(S 3 ). (IV. 169) 

The Nilsson results have been applied in computing many interesting physical properties 
of nuclei. We first note that each Nilsson level is doubly degenerate. This is because a level 
of projection Q and that of — A result from the diagonalization of the same matrix. This can 
be checked from (IV. 166) by comparing it with the matrix element 

-si /*'(«) m -fix-iy-®. 

The Clebsch-Gordon coefficient 



2 

0 



in this matrix element can be easily converted into 


p 2 / l 

IQ 0 Q\ 

by including a phase factor (— l) 7 + 2 ~ ; ' which cancels the phase factors (— iy~ fl by 
virtue of the S^-factor in (IV. 166). Thus, we have demonstrated 

</i7'/0'| //'(c) | nlJQy = (-l)/'-*<*T/, -0'| //'(«) \nlj, -OX-1)^. (IV. 170) 


The other terms of the Hamiltonian give matrix elements which are actually independent of Q. 
For a negative projection — Q , we shall use (— \y~ a \nlj 9 —Qy as the basis states. In this basis, 
the Hamiltonian matrix is identical to that obtained for positive Q in the basis | nljQy. Thus, 
the eigenvalues and eigenvectors for the two cases are identical. Each eigenvector gives the 
expansion coefficients C„// in the expression of an eigenstate in terms of the basis states. Thus, 
if 


<!> a - z c„,,\nijay (iv.nia) 

nlj 

is an eigenstate for positive Q , then the state degenerates with it and, having the projection 
~Q, is given by 

+-<1 - z C ml j(- \)>- a \nlj, -ay (IV.17lb) 

n\) 

with the same expansion coefficients. 

With the foregoing knowledge, let us now consider the intrinsic wavefunction in the 
ground state of a nucleus. We have to fill up the Nilsson levels at the appropriate deformation 
from the bottom of the level diagram, putting two neutrons (corresponding to +Q and — Q) and 
two protons in each level. Thus, when a Nilsson level has its full quota of neutrons or protons, 
the sum of the projection quantum numbers of the nucleons in that level is zero. If both the 
neutron number and the proton number of the nucleus are even, then clearly the band 
quantum number K of the determinantal wavefunction X Kt using the Nilsson orbitals in the 
manner described, must be zero. It stfould be noted that this is a definite prediction drawn 
from the Nilsson model. We repeat: according to this model, the band quantum number of the 
ground-state band of an even-even nucleus is zero. In an e*c ited intrinsic state, we m*y 
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promote one or more nucleons from its level (the hole level) in X K to another excited Nilsson 
level (particle level). Therefore, for such an excited intrinsic state, the band quantum number 
is O' — ft, where ft and ft' are the projection quantum numbers of the hole and particle 
levels, respectively. If more than one particle has been excited, then all the corresponding 
( ft ' — ft) have to be summed to obtain the band quantum number of the excited intrinsic 
state. 

In an odd-mass nucleus, if we are interested in the ground-state band , all the nucleons in 
the even-even core contribute zero to the band quantum number, and then the quantum 
number ft of the last Nilsson level to which the last odd nucleon goes gives the band quantum 
number K of the ground-state band. The ground-state spin I of the odd-mass nucleus is also 
necessarily equal to this K. [For K = \ % this may not always be true due to the decoupling 
term in (IV. 145).] Thus, the Nilsson model can be, and has been, used in predicting the 
ground-state spins of odd-mass nuclei. 

In order to get the sequence in which the Nilsson levels are to be occupied by nucleons, 
it is essential to know in advance the correct deformation of the nucleus. This is because the 
Nilsson levels do cross over one another when there are changes in the deformation parameter. 
The equilibrium deformation of a nucleus can be experimentally determined from its electro- 
magnetic properties (see Section 34B) and used for the purpose just mentioned. However, an 
independent theoretical method can be tried with the Nilsson model itself. We know from 
(II. 9T) that the ground-state energy of a many-nucleon system described by a determinantal 
wavefunction is given by the sum of the kinetic energies of all the occupied single-nucleon 
states and the sum of the potential energies of all the occupied pairs of single-particle states 
(which interact through the two-nucleon interaction). In terms of the two-nucleon interactions, 
we can introduce an average one-body potential; then the total potential energy due to the 
two-body interaction becomes equal to half of the potential energy due to the average one- 
body potential. Thus, in the case of the Nilsson model, which is a model based on an average 
one-body potential, the total energy of the ground-state determinant is given by 

£ = r(r a + *cy a ), 

a 

where the sum is over all the occupied Nilsson levels, and C[? is the one-body potential in the 
Nilsson Hamiltonian. This quantity can be computed as a function of the deformation para- 
meter using the Nilsson values of the energy levels for each deformation. When E is plotted as 
a function of the deformation parameter, it exhibits a minimum point, and the deformation 
corresponding to that point is then to be interpreted as the theoretically predicted equilibrium 
deformation. Figure IV. II depicts the calculated equilibrium deformation for a large number 
of deformed nuclei and the comparison with experimental values derived from electromagnetic 
properties (see Section 34B). The hollow circles and the crosses represent the observed defor- 
mations for even-even and odd-mass nuclei, respectively. The solid line gives the calculated 
values. 

The Nilsson model has also been applied to compute several intrinsic quantities which 
have alicady occurred in our calculations. For example, the decoupling parameter a, occurring 
in the expression of energy of a (£= i)-band, and defined by (IV. 144), can be very easily 
computed toy taking the coefficients C*// from the Nilsson results. In Section 34, we shall 
encounter several such intrinsic quantities, which can be computed with the Nilsson wave- 
functions. We shall draw the reader’s attention to them at the appropriate stage. 
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Fig. IV. 11 Comparison of equilibrium deformations of rare-earth nuclei (calculated 
from Nilsson model) with experimental values. [Following Mottelson, B. R., and 
Nilsson, S. G., Kgl. Danske Videnskab. Selskab , Mat. Fys. Skrifter , 1, No. 8, 76 (1959).] 


34. ELECTROMAGNETIC PROPERTIES IN UNIFIED MODEL 
A. SPHERICAL VIBRATIONAL NUCLEI 

We shall consider for spherical vibrational nuclei the magnetic dipole operator and the electric 
quadrupole operator. If the even-even nucleus has the rotation operator R, then, associated 
with this angular momentum operator, we expect to get a magnetic dipole moment due to the 
rotational motion of the nuclear droplet as a whole. Let g& be the gyromagnetic ratio for this 
magnetic moment. In the case of an odd-mass nucleus, there can be an additional magnetic 
moment arising from the angular momentum j of the last odd nucleon. Thus, 

P =* Sr* + gjl (IV. 172) 

♦ 

The ground state of the even nucleus has / «= 0, and hence the expectation value of 
g K R in this state is zero. Therefore, this state does not have a static magnetic dipole momeot. 
An excited state of the same nucleus having / # 0 can, however, have a nonvanishing static 
magnetic moment, provided g M ^ 0. The value of the magnetic moment is given by 

<I,M = I\g K R z \I, M = I>-g K I. 


(IV. 173) 
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In the case of the odd-mass nucleus, 

I - R + j- 

Therefore, for any state of total angular momentum /, obtained by coupling the core state J c 
with the particle state J, we have the magnetic moment given by 

(J c , j : I, M = I\ SrRz + gjjz I Jc, j '• A M *■ J) 



27nrr ) te*{ / ( / + 0+^c+ D-JU+ V+JU+ 0— W + I)}]- 

( (IV. 174) 


We have used here the operator identity for the diagonal matrix element of any vector operator 
A, which asserts 


< A > " ' 

where J is the angular momentum operator. (IV. 174) easily simplifies to 

/* - i (g K + g)V + HgR ~ + 1) —JU + 01 - (IV. 175) 

The gyromagnctic ratio gn is usually treated as a parameter in data fitting; it can be roughly 
approximated by (Z/A) nuclear magnetons, where Z and A are respectively the charge and the 
mass number of the even core. This value is obtained frou a particular consideration: when a 
proton of charge e and mass M rotates, it gives a magnetic moment [eti/(2Mc)], i.e., 1 nM, there- 
fore, the nuclear core of charge Ze and mass MA gives rise to Ac)] or ZJ A nM. 

We next discuss the possibility of an Ml-transition in the nuclei just mentione d. Th e 
M 1-transition operator is equal to the operator p multiplied by a numerical factor V 3/(4w). 
For an even nucleus, the different excited states are, as per our assumption, different states of 
vibration, which are necessarily orthogonal to each other. The operator p = g/(R cannot 
connect two such orthogonal states because the angular momentum operator R connects its 
eigenstate of angular momentum I and projection M with itself or other Af-members of the 
same multiple!; it cannot connect two orthogonal states of the same /. Thus, even though the 
ordinary selection rules for an Ml-transition (/„ J ( , 1 satisfy the angular momentum coupling 
rule, and the parity of the initial and final states is the same) are satisfied between the two- 
phonon 2 + level and the one-phonon 2+ level, this transition is forbidden m our vibrational 

model. , t t . n „ 

The forbiddenness of the Ml-transition holds good for the odd-mass nuclei as well. Here 

the initial and final states are of the type \J e ,j • IiM£> and \J c ,j : The operator g K o 

(IV. 172), as argued, demands the same core state J c = Jc for a nonvanishing matrix element; 
it also requires the same particle state; -/ because this operator does not act on the particle 
coordinates. In the same manner, g , j of (IV.172) also demands the same core and the same 
particle statei. In other words, we have proved that it is possible to have only a nonvanishing 
diagonal matrixelement of p (which gives the static magnetic dipole moment), but it is impossible 
to have a nondiagonal matrix element, which alone gives rise to the Ml-transition. 
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We next consider the electric quadrupole moment which is given by , 

fl m (E2) = £ P(r)r 2 Y 2 m (8, ft d\ (IV. 176) 

where the integration is over the nuclear volume r. Our model of the core (with the quadrupole- 
type deformation only) contains a nuclear fluid of density p 0 confined within a surface defined 


by 


m +) - ^o[i + +)] 

(IV. 177a) 

with 


m<t>)=z*:Y}{8, $). 

(IV. 177b) 


In the case of spherical vibrational nuclei, the surface has an equilibrium spherical shape of 

radius Ro , and the deformation represented by f(0, $) is acquired by the nucleus while it 

oscillates. Using this expression as the upper limit of the r-integration, we obtain, from (IV. 176), 

C 2w f* „ r/fod+o 

S3 m (E2) - ft, I d<f> I ^ sin 8 dd Yl(8, J>) I r 4 dr 

= Poy | o d<!> sin 9 de Y 2 (6, + ((8, ^)] 5 . (IV.178) 

This expression can be evaluated to various orders in (, i.e., in the parameters a We expand 

[i + m w 5 = i + sm *)+... 

and notice that the first term unity of this expansion produces zero in the integration over the 
angles contained in (IV.178). The second term of the expansion, together with (IV.177b), 
yields the lowest-order expression of f2„(E2), which is 

fl«(E2) = p 0 Ko Z a, f d<f> f sin 8 dd Y 2 (8, <f>)Y 2 *(8, <f>) 

* Jo Jo 

= PoR&m, (IV. 179) 

here the orthogonality integral of spherical harmonics has been used. The quantity p 0 in this 
expression can be eliminated by requiring the total charge in the nucleus to be Ze. Thus, 

Ze = p 0 1 <Pr 

f 2ir f* fJMl+f) 

-ft, d+\ sin 8d8 r 1 dr 

Jo Jo Jo 

= Poy J o * d$ j” sin 8 dd [1 + ((8, *)] J . 

Proceeding as before, we get the lowest-order contribution to this integral from the term unity 
in the expansion 

(1 + f) 3 - 1 + 3f + . . . 

and we obtain 

Ze = jP 0 Rl or ft, - ^ZeR^. 
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Going back to (IV. 179), we then obtain 

17- 

£*(E2) — -~Rlat m 

» 3 -^^[<?l + (-ir9-«]. (iv.180) 

where we have substituted for ot m from (IV. 121) and have replaced [ti/(jBa*)] I/2 by the oscillator 
parameter b. 

The operators q]„ and q m respectively create and destroy a phonon. Therefore, the electric 
quadrupole operator (IV. 180) cannot give a nonvanishing diagonal matrix element for a 
vibrational state, i.e., the static quadrupole moment of any vibrational state is predicted to be 
zero . The transition matrix element connecting a vibrational state of /i-phonons with another 
of n'-phonons demands the selection rule n — n *= ±1. Thus, the two-phonon 2 t level decays 
to the first 2+, and is strictly forbidden to make an E2-transition to the ground state 0*, which 
has no phonon. Without the phonon selection rule, which arises from the vibrational nature 
of the levels, the transition 2 } would, from energetic considerations, have been faster 
than the transition it -> 2*. Here the subscripts to 2 + denote the number of phonons. 

For an odd-mass nucleus in the vibrational region, we have already computed an expres- 
sion, namely (IV. 131), of the ground-state wavefunction with an admixture of one-phonon 
states of the core brought in by the core-particle coupling. The structure (IV.180) of the 
quadrupole operator tells us that the static quadrupole moment ($o\ G 0 (E2) |^o> is nonvanishing 
and has the value 

X<«i « 1, J't = 2, / : J = j, m\ fl 0 (E2) |», = 0, J c -> 0, ; : / =* /, m>. (IV.181a) 

The matrix element m occurring in this expression can be evaluated by using the standard 
Racah result (BIH.14) from Appendix B and (IV. 129). Then 

(iv.isib) 

We have thus obtained the Contribution of core excitation to the static quadrupole moment of 
the odd-mass nucleus. There can be ^n additional particle contribution to the quadrupole 
moment from the diagonal matrix element of the particle operator for the first term of 
(IV. 13!'. This is left as an exercise. The reader should note the similarity of these calculations 
and results with those derived in Section 30B from the shell model where the hole-particle 
excitations of the core were used. 

The predictions made so far about the electromagnetic properties of the vibrational levels 
in even nuotei are seldom found to be exactly true in real nuclei. In recent years, some of the 
so-called vibrational nuclei, which exhibit a reasonably good vibrational-type spectra (show- 
ing even the Jwo-phonon triplet), have been found to possess a large quadrupole moment in the 
first excited 2 + state; yet, at the same time, the second 2 * state decays predominantly to the 
first 2+ (Cd m of Fig. 1V.8 is itself a good example). That is to say, the cross-over E2-transition 
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from the second 2+ to the ground state 0+ is still found to be extremely weak. These two 
features make the theoretical explanation of such vibrational nuclei very difficult. Suppose a 
mixture of the one-phonon and two-phonon states is admitted through a residual interaction 
between the phonons. Then the one-phonon component of the first 2 + can give a nonvanishing 
matrix element of the quadrupole moment operator with its two-phonon component. The 
experimentally observed large quadrupole moment of the 2+ state requires the admixture 
coefficients of a one- and two-phonon state to be comparable with each other. The second 2+ 
state being orthogonal to the first 2+ then consists of an orthogonal combination of the one- 
phonon and two-phonon state. The one-phonon component of the second 2+ state then causes 
a significant E2-transition to the ground state. Thus, an observed large quadrupole moment in 
the first 2+ state and a weak cross-over E2-transition from the second 2+ to the ground state 
are very difficult to understand from the phonon mixing model. For an idealized harmonic 
vibration, we obtain all the results derived in this section; when we switch on the interaction 
between phonons, the implication is that we are deviating from the situation of independent 
harmonic vibrational modes. Thus, the observed experimental data do point to the presence of 
anharmonicity in the vibration, and a detailed quantitative understanding of these effects has 
been obtained by various authors in some specific cases. 

The electromagnetic data on the vibrational nuclei in most cases deviate from those of a 
pure harmonic vibrator. The energy-level data, especially on the two-phonon triplet, also show 
a somewhat whimsical trend. In view of all these facts, the general conclusion emerging in 
recent years is that there are very few ‘good’ vibrational nuclei in nature. Most of the so-called 
vibrational nuclei require an extremely elaborate theory for a proper understanding. This field 
is an active branch of present-day structure physics. Some trends in the new developments are 
given in Sections 42 and 43. 

B. DEFORMED ROTATIONAL NUCLEI 

For deformed rotational nuclei, we shall first discuss the static magnetic dipole moment and 
electric quadrupole moment. Then we shall consider the case of electromagnetic transition of 
a general multipole order. The wavefunctions used for the entire calculation are those given by 
the unified model, i.e., (IV.141) with the determinantal X*, and with the j replaced every where 
by /. 

Any operator used for a dynamical variable is originally in the coordinate frame S fixed 
in the laboratory. However, the evaluation of the matrix elements becomes easier if we trans-' 
form it into the body-fixed coordinate frame S'. The Euler angles specify the orientation 
of S' with respect to S; we then write 

oi,(S) - z e 2 , softs'). (iv.i 82 ) 

The matrix element of this expression connecting | with I i® given by 

Qm(S) 

■* 2 f dO i f sin 02 d &2 f d0j Sfn’KiPu 0a, 03 )Wm^( 0 i t 0 29 Oj)£)m g($ lt $ 2 * 0j) 
m J o Jo Jo 

, (1V.183) 

We recall that x K , x r , ... are determinantal wavefunctions in which the single-particle states 
have been calculated in the nuclear body-fixed frame S’. Thus, the matrix element of 0^(S') 
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occurring in (IV.183) can be evaluated in a straightforward manner, using the standard result 
(11.23). For the present, we simply denote it by 

<M |X,> = <#>£', T' c . (iv. 184 ) 

The integral of the ^-functions occurring in (IV.183) can be written down from the standard 
result (BI.20c) of Appendix B. We thus obtain 

L m '][' J (iv.185 ) 

The summation over ft has been omitted because the Clebsch-Gordon coefficient determines it 

to be K ' — K. (IV.185) has frequent use in this section. 

We now consider the magnetic dipole operator 

f* — + H ,ntruu,c = g R I + (p. ,mr,ns, c - g R J), (IV. 186) 

where the contribution of the rotational motion R of the nucleus is written in the manner of 
Section 34A; and the contribution of the intrinsic motion of the nucleons to the magnetic 
moment is represented by the second term, which, for the present, is just a notation. In the final 
expression, R is substituted from the relation I = R + J. The static magnetic moment is the 
expectation value of the Z-component of this vector operator in the state of the highest projec- 
tion quantum number. Thus, while using (IV.185), we must put L = 1, m = 0, /' = /, M = M* 
= /. In this way, 

C2)/. x-'XjH f4(S) |i2)/* x /r> 

; ;][; K ,'_ K ^ 

Here we have directly written the value of the I-term by noting the fact that is an eigen- 
function of belonging to the eigenvalue M. The result (IV.185) has been applied to work out 
the remainder of (IV. 186); the value of ft has been explicitly put equal to K' — K. 

Let us now use the expression (IV. 141) for the wavefunction and evaluate its magnetic 
moment. Four terms of the type (IV. 187) arise; of these, the terms K , K and —AT, — K are 
equal, and so are the two cross terms K, —K and — K y K. For the first two terms, 
fi - K’ - K = 0, whereas for the cross terms, ft = K' - K = ± 2K. However, the rank of the 
operator being unity, \ft\ can never exceed 1, and thus the only case where the cross terms 
contribute is K = J. Taking all these facts into consideration, we write the final result 

<s'!.i«ia>-^+[' ; j' ‘ ']«<*“ ; J] 

x [[ 1 l _ l(-I)'-W“ ,ruaic -«i.J)-«>-i; 2 . + i/ 2 . (IV. 188) 

In view of our ignorance about (x inlrin,ic ) we define a gyromagnetic ratio g x such that 

<#***>*. a = **<J>*. a. (IV. 1 89a) 

where gx may indeed depend on K . From this relation, we obtain 

<jti ltitaic >K, K - gK<Jo>K, r - 8K<*k\ I x x> - ZkK. 


(IV. 189b) 
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In the same way, we write 

<CM-i nnS,C Xl/2. +1 12 = $» kKJ — 1 )— I /2 . +1/2 = J-\ (IV. 189C) 

Using the definitions of (IV. 189) in (IV. 188) and substituting the Clebsch-Gordon coefficients 
by their explicit expressions from Table AVII.2 of Appendix A, we finally obtain the static 
magnetic moment of a deformed rotational nucleus: 

<y«l W> |!Pk> = g K I + (gK - SR)[j~y + 8a-. i/2(— l) ,+,u i*o], (IV. 190a) 

where 

= (— l) J - ,/2 <X_ r2 | |X +1/2 >. (IV.190b) 

The parameter b 0 can be calculated once X 1/2 and X_ i;2 have been explicitly built from the 
Nilsson model. 

The final expressions (IV. 190) tell us that the magnetic moment of deformed rotational 
nuclei can be reproduced by exploiting the three parameters g Ry g Ki and b 0 (in the case of 
K a | only). For a discussion on the detailed fit to data, the reader is referred to the article by 
Bodenstedt and Rogers 12 . 

The derivation of the static quadrupole moment can now be done by following steps 
similar to those applied to the static magnetic moment. The static quadrupole moment operator 
is given by 


where the summation is over all the protons in the nucleus. In this case, while using (IV. 185), 
we must put L = 2, m = 0, / = /', M = M' = /. The final result is given by 


<V,'a| 00 1 V'/'a) 


17 2 

nr i 

2 1 

1 . r/ 2 71 

L o 

ih 

0 K 


r / 

2 

I ' 


*L 

-2K 

-K. 


(IV. 191) 


The second term arises from the cross matrix elements connecting the term S) 1 m.-k x -k with the 
term Wm,k x k of the wavefunction. From the fact that the (^ = — 2£)-component of the quadru- 
pole moment occurs in this expression, we conclude that the second term of (IV. 191) is non- 
vanishing Only for K — \ and K = 1. If we are careless, it may appear that it occurs for K = 0 
as well; but it should be recalled that for K = 0 there is only one term in and hence the 
cross terms of the type described do not arise at all. In view of the frequent occurrence of the 
intrinsic quadrupole moment contained in the first term of (IV. 191), we shall denote it by the 
simpler notation Q 0 (even at the risk of confusion). Using an explicit expression of the Clebsch- 
Gordon coefficient, this term reduces to 


[3^ - 1(1 + 1)][3/ 2 — /(/ + \J] n 
(21- !)/(/ + I)(2/ + 3) 5/01 


(IV. 192a) 


which, in the special case of the ground state K — /, gives 

1 ( 21 - 1) 


(7 + 0(2/ + 3) 


Co. 


(IV. 192b) 



PHENOMENOLOGICAL COLLECTIVE AND UNIFIED MODEL 463 


This expression is zero for / ~ 0 and /= J, a well-known result for the quadrupole moment 
of ground states. 

The intrinsic quadrupole moment Q 0 occurring in (IV. 192) is usually estimated as follows. 
Denoting an occupied Nilsson orbital in X K by <f > a , we obtain 

Co - <*a-i er ms,c i**> = 2: <^ a | <70 

a 

where q 0 is the single-particle quadrupole moment operator, i.e., 

<7o = J~T r2Y °( e ’ ft’ (IV. 193) 

(0, </>) being the angles of r in the intrinsic frame. The summation a is over all the single- 
particle states of the proton occupied in X K . We replace £ <£j(r)^ a (r) by the proton density p(r) 
such that a 


J d 3 r p(t) = Ze. 

With this notation, Q 0 becomes 



d 3 r P{t)q 0 (r, 6, ^). 


(IV. 194a) 


(IV. 194b) 


The integration is over the nuclear volume t. We here adopt the same model as described after 
(IV. 176): the charge density p(r) is equal to a constant p 0 everywhere within the deformed 
nuclear surface of radius given by (IV. 177). We thus obtain from (IV. 194a) 

Po = -^ZeRo i . (IV. 195) 


We substitute from (IV. 193) in (IV. 194b) and carry out the integrations. Then 

Qo = Jf-** d* J* sin 6 d8 K,?(0)(l + f) 5 . 

We shall use the expression of f from (IV. 77b) and specialize it to the axially symmetric case 
by keeping only the (^ = 0)-term in the body-fixed frame, that is, 

m <t>) = aX(0) = PYhO). 

From the expansion of (1 + I) 5 , we shall keep terms up to the second order in In this way. 



1 6rr 3 
$ 4 tt 


Ze\Rl 


dj, f” sin e dO y„ 2 (0)[l + 5pYl(d) + \Op 2 Yt(6)YZ{0)]. 
0 Jo 


The first term in the expansion produces zero after integration. The jS- and |8 2 -term contribute 
nonvamshing results. The integral in the 0 2 -term is actually the matrix element of TqW 
between two spherical harmonic states, and hence the result can be written down from the 
standard Racah expression (Bill. 3) of Appendix B. Thus, we finally obtain 



(IV. 196) 


Let us now get back to the expression (IV. 192b). This gives us the value of the ground 
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state quadrupole moment in all odd-mass nuclei. We recall that in odd-mass nuclei the second 
term of (IV. 191) has to be used only if K = but in this band the ground state has /= |, 
which cannot have any quadrupole moment. The observed quadrupole moment of the odd- 
mass nucleus then determines its intrinsic quadrupole moment Q 0t which in its turn determines 
through (IV. 196) the deformation parameter p of the spheroidal nucleus. The intrinsic quadru- 
pole moment of the neighbouring even nucleus differs only very slightly from this Q 0t and 
hence the same value of p may be used in that even nucleus. Another method of determining 
P is mentioned in this section after our discussion on the electric quadrupole transition. 

The derivation of the matrix elements of an electromagnetic transition operator Q„ t 
(precise expressions occur in Section 27) can also be given by using (IV. 185) and the expres- 
sion (IV. 141) for the wavefunctions. We here denote all quantum numbers of the initial state 
by the subscript i and those for the final state by the subscript f. Once again, the matrix 
element connecting (K it A» is equal to the matrix element connecting ( — A*,, — A», and the 
cross element connecting (K it — A>) is equal to the cross element connecting ( — A». We 
keep one of each of these terms, and incorporate a factor of 2. In this way, 


<^ (f rt(S) 


MiK,' 


= {[AHA]} 1 ' 2 8** 

16^ [/ f ] 


,['* L A Iff 

A l A'J 

La/, m A/fJU 

Ki K ( — Kj A'J 


+ <- i)w 'U -kIk, 4k-*-****}- 


(IV. 197) 


The equality of the pairs of terms just mentioned, and also used in our derivation of the static 
moments earlier in this section, can be proved by using the definition 

exp (- UrJ,)X K = (-1 )'-**_* 

and the transformation of the tensor operator under a rotation n about the j-axis, namely, 
exp ( irrJ y )Q f exp (—inJ y ) =* (— 1 ) L ~^. 

The Clebsch-Gordon coefficient f ' f 1 has also to be changed to [ ^ ^ ^ f ] by 

l-Ki -Kfl L K t n K ( J 

multiplying with (— similar changes have to be made in the Clebsch-Gordon coeffi- 
cient | | of one of the cross terms to change it to [ ^ ^ ^ 1. 

L-^i A'j -f A'f AT,] L A', — K x — — AjJ 

The details of this proof are left as an exercise. 

The computation of the reduced transition strength from (IV. 197) is straightforward: we 
have to take the square of the modulus of the matrix element, sum over M (t and average over 
M v Since 

-e A 1, L 

(A] M x Mi \.M[ m M(\ l A]’ 

we obtain the reduced transition strength B(L) as 

S(1)_ ([*, K,-K, 
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In the special case of levels belonging to the same band, K x = K ( = K t and we have 

*«-(['; l ^flS>r«“+c-i)''-''['; _ L 2K uv.™, 

For an M 1-transition, the g/*I part of the operator cannot connect different states, and 
hence the effective part of the Mt-operator, in units of nuclear magneton, is given by 


Thus, within the same band, 

, 4 * \ ^ <lv - 20O> 

where b 0 is defined by (IV. 190b). 

For an E2-transition within the same band, the cross term contributes for only K = \ and 
K = 1. Since K — 1 is seldom encountered, we exclude this case and write B( E2) as 

2 „ i]+ _ 2 , 4l) ! - ( ' v - 20,a) 

where 

Qi «= Q - 1 i x i/2>- (IV.201b) 

The quantity Go is the intrinsic quadrupole moment defined by (IV. 196). The operator G-i 
occurring on the right-hand side of (IV. 201b) is the component —1 of the quadrupole moment 
operator, i.e., 


f- 


s rfrUe,, <!>,), 

•> / 


the summation being over the protons. The factor 5/ (1 677) occurs in (IV. 201a) through the 

definition of the operator G 2 ,(E2), which is V5/0M times Q r The parameter Q u as defined by 
(IV.201b), can also be computed once the Nilsson wavefunctions are known. 

In even-even nuclei, the ground-state band has K = 0, and hence the measured B( E2)- 
value connecting any two consecutive states, i.e., (2+ 0+), (4* 2+), ...» determines (Go) 2 * 

according to (IV.201a). The corresponding deformation parameter p can then be determined, 
except for its sign. It has already been mentioned in this section that Go the odd-mass 
nuclei and the corresponding 0 can be determined from static quadrupole moment measure- 
ments. 

In the odd-mass nuclei, subsequent rotational levels differ in their angular momenta by ± 1 . 
Thus, the E2- as well as the Ml-transition are permitted between two such levels. The Coulomb 
excitation flrom the ground state to the first excited state (/, / f ) is predominantly of the E2- 

type because the Coulomb excitation takes place primarily through the electrostatic interaction 
of the projectile with the charge of the target nudeus. The fl(E2)-value of / ( -+ h in the 
Coulomb excitation process indirectly determines the fl(E2)-value of they- e ^ay t a 
from the excited state U to the lower state /,. According to the first ter “®J (lV - 201 .® ) 
ing that the band does not correspond to K = 1), the ratio of the two B ( E )-va ues i 
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of the square of the two Clebsch-Gordon coefficients 

Mi 


['■ 2 

'-r..dp 

r r 2 

'1‘ 

Ik o i 

KrJ U 

tr o i 

w 


which is 


[/.]• 


This proves our assertion. Knowing the Z?(E2)-value of the y-decay indirectly from the 


Coulomb excitation 2?(E2), and subtracting it from the observed reduced transition strength of* 
the y-decay, we determine the value of 2?(M1) for the y-decay. According to the first term of 
(IV.200) (once again K = J is excluded), this 2I(M1)- value determines the parameter ( g K — g R ) 2 . 
If, in addition, we use the value of the static magnetic moment, which is linear in g R and 
(g K — gR )» we obtain alternative choices for the values of g K and g Rt corresponding to the two 
alternative signs of (g K — g R ). To remove this ambiguity, one more measurement is necessary to 
directly give the sign of (g K — g R ). The angular distribution of the y-ray following the Coulomb 
excitation is such an experiment; it actually determines (g K — g R )Qo l . Since the magnitude and 
sign of Q 0 are known from the static quadrupole moment measurement, the measurement just 
mentioned indeed determines the sign of (g* — g R ). 

An important selection rule (called the K-selection rule) follows from (IV. 198) for y- 
transition between the two different bands and K x . The quantity — A',) occurring as the 
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Fig. IV. 12 Spectra of W !82 . (From Kerman, 
A. K., in Nuclear Reactions, Vol 1, ed. by 
P. M. Endt and M. Demeur, North-Holland, 
Amsterdam, 1959 f p 450.) 
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component of Q L in the first term must necessarily be smaller than or equal to L. It should be 
noted that — K { — K { is larger in magnitude than \K { — K\. Thus, if \K { — L is not satis- 
fied, the second term of (IV. 198) also vanishes. Therefore, this inequality gives the desired 
K-selection rule. 

Another important rule on the branching ratio of the transitions to different final levels 
of the same band from the same initial level follows from (IV.198). Once again, confining 
ourselves to the first term, we expect 


B(L\ /j-wp r/i l ir i 2 r/, L // 1~ 2 

B(L; /, /f) - K x K { J U, K { - K x K ( . 


(IV. 202) 


This ratio is simply that of the square of two Clebsch-Gordon coefficients. Amongst the 
spectra of deformed nuclei there are many interesting examples of the /^-selection rule and 
the rule on the branching ratio. We show a typical case in Fig. IV.12 (see Kerman 13 ). 
The spectrum is that of 74 W 182 . The numbers to the right of the levels denote their energies in 
keV, whereas those to the left denote the quantum numbers K, I, and ± denote parity. The 
first three levels form the ground-state rotational band, whereas the two upper ones form an 
excited band with K = 2. The (22+) level decays by the E2 y-emission to two final states in 
the ground-state band— the ground state (00+) and the first excited state (02+). The branch- 
ing ratio of the two Z?(E2)-values is found to be 0.62, whereas the simple intensity ratio 
(!V.2o2) predicts a value 0.70. In the same nucleus, we find the K-selection rule in operation 
in the case of the decay of the (2} f )-level, which branches to the (02+)-level and the (04+)- 
level by E2-emission. From normal y- decay selection rules on spin and parity, both these decays 
could have been Ml. However, in this case, K { — K x = —2, and hence the ^-selection rule 
is not satisfied for the Ml-decay with L = 1, whereas it is indeed satisfied for the E2-transition, 
whic^ is observed. The ratio of the two 2?(E2)-values also agrees well with (IV.202): the 
observed value is 2.1, and the predicted value is 2.5. 


REFERENCES 

1. Bohr, A. # Kgl. Danske Videnskab. Selskab , Mat. Fys. Medd. y 26, No. 14 (1952); Bohr, A , 

and Mottelson, B. R., KgL Danske Videnskab. Selskab , Mat. Fys . Medd. t 27, No. 16 
(1953). 

2. Landau, L. D., and Lifshitz, E. M., Quantum Mechanics, Pergamon Press, Oxford, 1958, 

p 279. 

3. Kumar, K., and Baranger, M., Nucl. Phys. y A110, 529 (1968); ibid , A122, 273 (1968); 

ibid , A92, 608 (1967); Kumar, K., Nucl . Phys. y A92, 653 (1967). 

4- Sheline, R. K., Sikkeland, T. S., and Chadda, R. N., Phys. Rev. Letters , 7, 446 (1961). 

5. Morinaga, H., and Clark, N. L., Nucl. Phys., 67, 315 (1965). 

6. Davydov, A. S., and Filipov, G. F., Nucl. Phys., 8, 237 (1958); Davydov, A. S., Nucl. 

Phys., 16, 597 (1960); ibid , 24 , 682 (1961); Davydov, A. S., and Chaban, A. A., 
Nucl. Phys., 20 , 499 (1960); Davydov, A. S., Rostovsky, V. S., and Chaban, A. A., 
Nucl. Phys., 27 , 134 (1961). 

7. Davidspn, J. P., Rev. Mod. Phys., 37, 105 (1965). . 

8. Mariscotti, M. A. J., Scharff-Goldhaber, G., and Buck, B., Phys. Rev., 178, 1864 (1959). 

9. Sheline, R. K., Revs. Mod. Phys., 32, 1 (1950). 



468 THEORY OF NUCLEAR STRUCTURE 


10. Choudhury, D. C., Kgl. Danske Videnskab . Selskab , Mat. Fys. Medd ., 28, No. 4 (1954); 

Me/. P/u*., A93, 300 (1967); Phys . P*v„ C3, 1619 (1971); Ford, K. W., and 
Levinson, C., Phys. Rev., 100, 1 (1955); Lande, A., and Brown, G. E., Nucl. Phys., 
75, 344 (1966); Sen, S., et al, Nucl. Phys., A157, 497 (1970); ibid , A191, 29 (1972); 
ibid, A220, 580(1974); Sen, S., et al, Phys. Rev., C13, 2055 (1976); ibid , C14, 758 
(1976); Sen, S., et al, J. Phys. G: Nucl. Phys., 1, 286 (1975). 

11. Nilsson, S. G., Kgl. Danske Videnskab. Selskab , Mat. Fys. Medd., 29, No. 16 (1955); 

Mottelson, B. R., and Nilsson, S. G., Kgl. Danske Videnskab. Selskab , Mat. Fys. 
Skrifter, 1, 8 (1959); Nucl Phys., 13, 281 (1959). 

12. Bodenstedt, E., and Rogers, J. D., in Perturbed Angular Correlations, ed. by E. Karlsson, 

E. Matthias, and K. Siegbahn, North-Holland, Amsterdam, 1964, p 91. 

13. Kerman, A. K., in Nuclear Reactions, Vol 1, ed. by P. M. Endt and M. Demeur, North- 

Holland, Amsterdam, 1959, p 427. 

PROBLEMS 

1. Prove that the part of r vib from the product of the two terms in (IV.52) vanishes. 

2. The Pauli recipe for T given in (IV.72b) corresponds to V 2 in a set of generalized coordi- 
nates. Derive it. 

3. Solve (IV.82a) for /9-vibration. 

4. Prove that the solutions of (IV.82d) are single-valued functions of 3y if A = 9A(A -f 1), 
A = 0, 1,2,..., and that the equation then reduces to the equation of the Legendre polyno- 
mial (to be obtained from Appendix A). 

5. Show that (IV.104a) and (lV.104b) represent the solution of (IV, 102). 

6. Work out the solution (IV.155)-(IV.157b) of (IV.154b). 

7. Prove (IV. 169). 

8. Derive (IV. 191). 



V Microscopic Theory of Nuclear 
Structure 


35. HARTREE-FOCK THEORY OF NUCLEAR SHAPE 
A. DERIVATION OF HARTREE-FOCK EQUATIONS 

The aim of microscopic theory of nuclear structure is to understand the various observed 
properties of nuclei, starting from a realistic many-body Hamiltonian, i.e., a Hamiltonian 
consisting of the kinetic energies of all the nucleons, and the sum of the actual two-nucleon 
interaction (as observed in the two-body problem) over all the pairs of nucleons. We have 
discussed in Chapter II that the strong repulsion in the core region of the realistic two-nucleon 
interaction has to be suitably treated and an effective two-body potential derived as a first 
step in this procedure. Here we assume that this has already been done and we have the 
Hamiltonian 

//= £ T t + Z K„, (V.l) 

/-i t<j v ' 

wh re V is the effective two-nucleon potential. In practice, we calculate a set of matrix 
elements of the effective potential in a suitable basis, e.g., the harmonic oscillator basis. 
Although we have used a configuration space representation of Kin (V.l), in our subsequent 
work the matrix elements of V in a convenient basis (e.g., harmonic oscillator) suffice. 

In the phenomenological shell model, we assumed a form for the average potential field 
in which the nucleons move. This was taken to be the harmonic oscillator potential with the 
oscillator parameter chosen to fit the experimentally observed root-mean-square radius of the 
nucleus, and a spin-orbit coupling whose strength was so determined as to produce a fairly 
good fit to the observed spin-orbit splitting of the single-particle levels. In microscopic theory, 
this average potential field is derived by commencing with the Hamiltonian (V.l). The method 
for doing this is the well-known Hartree-Fock (HF) method of atomic physics. 

There are many different ways of presenting the HF formalism. We shall give a deriva- 
tion that is best suited for the purpose of nuclear calculations. Let us use the symbols 
10. U>» ... to denote the correct single-particle states corresponding to the best average 
potential QJ which is to be determined by the HF method. We shall also use a set of known 
basic single-particle states, |a>, |jS>, , . . . These basic states may, for example, be taken to be 
the harmonic oscillator states (in the presence of spin-orbit coupling) used in ordinary shell- 
mode* calculations. The states |/> can, in general, be expanded in terms of the basic states |a> 
as 


a 


(V.2) 
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where the coefficients x i are to be determined, subject to the normalization requirement 

£ I*i| 2 = 1. (V.3) 

a 

The principle, followed for the determination of the coefficients is the well-known 
quantum mechanical variational principle. We allow the set of A single-particle states 
|i>, \j } 9 ... to be occupied in a normalized determinantal many-body state <P for A nucleons. 
The parameters x occurring in <P through the single-particle states, are then treated as varia- 
tional parameters in the minimization of the expectation value of the Hamiltonian. That is, we 
require 

< [<P\ H | <py = minimum (V.4) 

under arbitrary variations of x i and x «*, subject to the constraint (V.3). To carry out this 
programme, we first work out the left-hand side of (V.4), with H given by (V.l), by the 
application of the standard results of Section 15. Thus, 

occ occ 

<<*>| H \<P> = £ </| T |/> + S (ij\ V |(/). (V.5a) 

i i<l 

Next, we substitute the expansion (V.2) for each single-particle state on the right-hand side 
and obtain 

OCC OCC | f 

<0| H |*> = £ £ T\P) + \Z £ xi*x£*xj.xfta/3| V |yS). (V.5b) 

/-I cl. 0 t.J 

The equation of constraint (V.3) for all i can be taken into account by the usual method 
of Lagrange multipliers. Calling the Lagrange multipliers € h we are then required to minimize 
(V.5b) minus Z € t Z |x5,| 2 ; that is, we require the variations of 

t a 

F(x>, X 1 *) m - 7 €, £ x‘*x' a + 7 £ x'*x^\a\ T\ft> + \ 7 £ x'fx'fx'yxkafl V jyS). 

i a I a. d I, J <xpv3 

(V.5c) 

to be zero when xi or x‘* (all / and all a) are arbitrarily varied. Let us consider the variation 
of F through a particular x-coefficient, for instance, x**, and equate the coefficient of bx k * 
to zero to obtain the general condition of minimum. In this way, 

0 = -«*xj + £ xVA T |/9> + £ £ 4*xW*{rf\ v |yS) 

^ / Pvt 

or 


= z A<f\ T |y> + <m|CV I y». (V.6a) 

y 

where 


<m| C[?\yy ss £ (pp\ v \yS)pw (V.6b) 

with 

= 7 xW*. (v.«c) 

The factor \ appearing in (V,5c) has disappeared in (V.6a) because we have picked up two 
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equal terms corresponding to the two possibilities for the summation labels, namely, 
i = k, a = p and j = k, = p. 

By letting p proceed over all the basis states, we obtain, from (V.6a), a system of linear 
equations for the unknown coefficients x*. The solution of this system of equations clearly 
corresponds to diagonalizing the matrix of ( T -f- C[ /) in the representation spanned by our 
basis states |a>, |j3>, .... The eigenvalues of the matrix are the quantities c*. For each c fc , the 
corresponding eigenvector determines the coefficients x*, p running over all the basis states. 
The operator (T 4 * ^V) can be clearly interpreted as a single-particle Hamiltonian, of which 
T and OJ are kinetic and potential energies, respectively. The one-body potential OJ , as is 
apparent from (V.6b), has been derived by averaging the given two-body potential V in a 
certain manner. 

The potential is called the Hartree-Fock potential, and the quantities € k are the HF 
single-particle energies. The states | />, | />, which are known as soon as the coefficients x * are 
determined, are the HF single-particle states. 

It is clear from (V.6b) and (V.6c) that there is a very serious complication involved in 
the solution of the system of equations (V.6a). The potential C[ ? is not completely known to 
start with. The matrix elements of V appearing in (V.6b) are known, but the matrix elements 
P6t given by (V.6c) are not known because they involve the coefficients x[ y x'* t which are 
avai ! able only after the diagonalization of the matrix for ( T + CV). For this reason, the solu- 
tion of the HF equations (V.6d) can be achieved only by an iterative procedure. To start 
with, we have to guess a set of values for the x -coefficients, and calculate the matrix elements 
of CJ 7 with these values. Then we need to diagonalize (T + Q/) in the chosen representation, 
and obtain a new set of ^-coefficients, and a set of HF energies. The new set of x-coefficients 
will, in genera^ not agree with the starting set. Therefr-e, we repeat the entire procedure with 
the new set, and once again compare the last available set of x-coefficients with those belong- 
ing to the previous set. This iteration procedure is ended when the x-coefficients in two 
successive iterations agree within the desired degree of accuracy. The check can be equivalently 
applied to the set of HF energies in successive iterations. When the final goal has been achiev- 
ed, we say that the HF equations have been self consistently solved; this is because in our 
procedure we have used a set of single-particle states (determined with the x-coefficients) that 
determined an average potential OJ y which in its turn regenerated the same set of single- 
particle states. In this sense, the procedure achieved self-consistency between the single-particle 
states and the average potential. 

The expression (V.6b), which defines the HF potential in conjunction with (V.6c), can be 
rewritten as follows. Since 


2 xi|8> = U>, 

6 

<V.7a) 

2 Ol*?* - O'l. 

(V.7b) 

we have 


occ 

<ri Cl> |y> - r W V\yj). 

(V.8) 

The quantity p 6fi , defined by (V.6c), is a matrix element of the single-particle density 
operator p connecting the single-particle states <^ 5 ( and The reason for calling p the single- 

particle density operator is now explained. 
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From (V.7), we have 

**-<«! A 4* = <J\P>. 

and hence (V.6c) reduces to 

occ 

Pa* * <«| <*!«>- 2? <* | /></!«>. 

Therefore, 


9=f L/XA (V.9a) 

In this form, p easily lends itself to an evaluation of its matrix element in the coordinate 
representation. We have 

OCC 

<r|Hr'> = £ <r|;><y|r'> 
i 

occ 

= 2 M r W(r'), (V.9b) 

where ^/r) is the single-particle wavefunction corresponding to the single-particle state |j>. In 
particular, the diagonal matrix element of /> in the coordinate space, to be denoted by p(r), is 
given by 


< r l 9 |r> s P (r) = 2 ]^(r)| J . (V.9c) 

The quantity |^( r )| 2 ' s > according to elementary quantum mechanics, the probability density 
at the point. r, corresponding to the single-particle state </>,. The single-partiele probability 
density corresponding to the many-body determinantal state <t> can be clearly obtained by 
summing the contribution of each single -particle state occupied in This expected result is 
embodied in (V.9c). Thus, the nomenclature chosen for the operator p is correct. 

It is relevant here to give some algebraic details for the computation of the two-body 
matrix elements occurring in (V.6b) for the HF potential. Writing out in detail the quantum 
numbers nljmt contained in the abbreviated notation of each Greek letter, we have 

0*01 V |yS) s n^j^t„\ V \n Y l Y jjn y t v ; n a / a y a m 3 r a ), (V.9d) 

where n is the radial quantum number, / and j are the orbital and total angular momenta of a 
single nucle'on, m is the projection of j, and t is the isospin projection (+| for neutron and — \ 
for proton). In Section 28 C, we have given detailed calculations of the matrix elements of V 
between two-nucleon states coupled to the appropriate total angular momentum J, its projection 
M, and the total isospin T with its projection M r . We shall therefore assume that such results 
are known, and rewrite (V.9d) in terms of the results. Using the Clebsch-Gordon coefficients 
for the coupling of angular momenta, we obtain 


0*01 K|yS)= 2 

J. T 



h 

J ][/, 1 . 

J If 1 

i 

T 1 


rrtfi 

+ i»Jl m Y m t 

m Y + 

u 

0 + 0-* 


X 



T 

ty + t> 


Vs/s • JT\ V \n J Y j Y , nj t j t : JT). 


(V.9e) 


The Clebsch-Gordon coefficients require m Y + /w„ = m Y + m t and + /,,“■ t Y + t t . The two- 
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body matrix elements on the right-hand side of (V.9e) are diagonal in the quantum numbers of 
J and T f and independent of the projection quantum numbers. These facts have been utilized in 
writing (V.9e). 

B. HARTREE-FOCK CALCULATION AND VARIOUS OBSERVED QUANTITIES 

The physical quantities that can be calculated immediately after a self-consistent calculation 
are now described. 

Energy for the State <P 

The energy for the state 0 is given by (V.5a) which can be written in alternative ways, using 
the definitions (V.6) together with the fact that €, is the energy of the self-consistent state |i)>, 
i.e., 

«/ = 01 ( T+ q/) ||> 

occ 

“ </| T\iy+ Z (ij\ V \ij). (V.10) 

We have, according to (V.5a), 

occ OCC 

<0| H [<py - Z </| T |/> + 1 1' (ij\ V I ij) 

* U 

ccc occ 

= *£ <i|(r+ W> + *£ <i| no 

/ l 


= i £ + 1 £ < a l T |/3> Z XuXp 

i a. 0 l 

(V.lla) 

occ 

= «, + * r<a| riff** 

i a, 0 

(V.llb) 

occ 

- J £ «, + i Tr ( Tp ), 

(V.llc) 


where Tr denotes the trace of the matrix following it. Alternatively, we could write 

occ occ 

iz (ij\V\ij) = lZ(i\CV\i>, 
and hence 


<*| H |*> - 2 <i| (T+\C[/) |i> 

/ 

= s <«|(r+*cy)|/3>r xLV, 

a, 0 / 

- Z Ol (f + i CV) Iffyppt = Tr [(T + J q/)p]. (V. i id) 

The total energy calculated in this way does not, in general , correspond to the energy of an 
observed statp of the nucleus because, in general , 0 does not have a fixed angular momentum, 
whereas any physically observed state always has a conserved value of total angular momentum. 
The method of obtaining states of good angular momentum from the HF state 0 is described 
in Section 36A. The energy calculation for the observed states is also described in that context. 
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The reader should note that the HF state 0, in this sense, plays the role of the intrinsic state 
described in Section 33D. 

Deformation of the State <P 

The expectation value of any single-particle operator 
Z 0(7) 

7-1 

in the determinantal state 0 is given by 

<0! Z fl(7) |0> = Z <i| n |i> (V.12a) 

7-1 / 

In the special case of the /x-component of the quadrupole operator, we have 

occ 

<0,> = 2 </| Q, !'> = Tr {Qs), (V. 1 2b) 

/ 

where the symbol < > on the left-hand side is an abbreviated notation for the expectation value. 
If (V.12b) turns out to be zero for all /x, then we infer that the state 0 does not have a 
quadrupole deformation. If, on the other hand, <£? 0 > turns out to be non-zero and (Q h y = 0 
for /x^O, then the state 0 has a quadrupole deformation with symmetry about the z-axis. In 
such a case, the value of <(0 O )>, calculated from (V.12b), can be used in conjunction with the 
expression (IV. 196) to define a phenomenological deformation parameter p corresponding to 
the HF solution 0. In the more general case when (V.12b) yields non-zero values for all <@ M >, 
we can, by a suitable rotation of the coordinate frame (the method for guaranteeing such a 
frame, to start with, is described in Section 35C), make <(?t> = = 0 and <(@ 2 > = <fi_ 2 >- 

The nonvanishing values of <(? 0 > and <0 2 > or, equivalently, <0_ 2 > can then be used along with 
(IV. 1 8) and (IV.196) to define two quadrupole deformation parameters p and y for the HF 
state 0. 

As already mentioned, when the HF state 0 has a deformation it does not correspond to 
any physically observed state of the nucleus because 0 does not have a given angular 
momentum. It then plays the role of an intrinsic state, with its deformation observable only to 
an observer in the intrinsic coordinate frame. The values of the quadrupole moments <({?(£>» 
<&>. ... are intrinsic quantities, and not observable moments of the ground state or any other 
physical state. 

Single-Particle Energies 

The self-consistent single-particle energies €, corresponding to the determinantal state 0 are the 
observable energies of single nucleons in the nucleus, provided the state 0 has been very 
carefully determined. The question of careful determination arises because the solutions of 
the HF equations, as discussed in detail in Section 35C, are not unique. We may obtain 
different sets of solutions for the single-particle energies and wavefunctions, which will lead to 
different HF determinants 0. Corresponding to each determinant, we have a value of <0| H |0>. 
If enough care is exercised to explore all the different solutions, then the particular 0 that 
leads to the lowest value of <0| H |0> is the best HF solution for the ground state of the 
nucleus. The corresponding single-particle energies of the states occupied in th i determinant 
should, in principle, be the observable energies of single-particle states measured in a nucleon 
pick-up or a (p, 2p>type experiment conducted on the nucleus. 
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Several attempts have been made to give a more extended meaning and interpretation v 
to the HF single-particle energies. Such attempts are based on the arguments that follow. 
Suppose the HF calculation has been carried out for an even nucleus having A nucleons and 
has yielded a determinant 0 with a set of occupied single-particle states (to be denoted by h) 
and also a set of unoccupied single-particle states (to be denoted by p) lying above the occupied 
ones. Consider now a determinant for (^4 — 1) nucleons which has been obtained from 0 by 
omitting the row (column) corresponding to the /1-th nucleon, and the column (row) corres- 
ponding to one of the occupied states, say, h. The expectation value of the Hamiltonian for 
the new determinant 0 , is obviously related to the old determinant 0 as 

<0| H |0> = r </| T |/> + <h\ T \h> + r (,j\ V I ij) + r (iA| V \ih) 

i /<; i 

- <0,1 H 1 0„> -f </i| T | /*> -F r (ih\ V \ih) 

= < 4 > a | H | 0 ,> + 

Here the summations with prime on them go over all the occupied states, with the exception 
of h. The first and third terms in the first line therefore add up to <0,1 H |0,> in the second 
line. The other two terms in the first and second lines add up to €,, according to (V.10). It 
may appear at first sight that it is not so in view of the prime on the last summation. But the 
term missing from this summation, and apparently present in (V.10), is (/i/i| V \hh), which is 
identically zero. The foregoing equation therefore reduces to 

<0| H |0> - <0/,l H )0,> = e* (V.13a) 

This is a perfectly valid mathematical relation. The determinant 0, is clearly not the self- 
consistent solution for the nucleus having ( A — 1) nucleons. However, if h is the uppermost 
occup ed state in 0 and it is assumed that 0 , is very close ‘o the ground state of the nucleus 
(A — 1 j, then the left-hand side of (V.13a) represents the difference in the binding energies of 
the two nuclei having (,4 — 1) and A nucleons, respectively. This difference in the two binding 
energies, according to the derivation (V. 13a), is equal to the calculated HF energy €, of the 
single-particle state h. For the simple reason just mentioned, this interpretation of c, may, 
however, be grossly wrong. 

In the same manner as for 0 ,, by comparing a determinant <t> p for (A -F 1) nucleons, 
having an extra row and column, with 0, which is labelled by the coordinate of the (A -F l)-th 
nucleon and the single-particle state p (which is unoccupied in 0), we can establish the 
identity 

<4>,| H - <<P| H \d>y = V (V.13b) 

Once again, this is a valid mathematical relation and, in order to give any physical meaning 
to its le r t-hand side, we have to introduce assumptions about the interpretation of 0p. When/? is 
the lowest unoccupied state, we may assume that <P p is a good approximation to the ground 
state of the nucleus having ( A + 1) nucleons, and the difference in the binding energies of the 
nuclei A and ( A + 1) is, according to (V.13b), equal to the HF energy t p . In the same manner, 
we may also identify p with any single-particle state above the lowest unoccupied one, and 
use, on the excited state of the nucleus ( A + 1), the same sort of approximation as that just 
mentioned. T^e left-hand side will then be the observed .difference in the binding energies plus 
the excitation energy of the particular excited state. The equality of this number with the 
calculated value of the respective HF single-particle energy can be checked. Once again, this 
kind of interpretation of the HF particle energies may be grossly violated in practice. 
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C. PRACTICAL ASPECTS OF HARTREE-FOCK CALCULATION 

We have mentioned in Section 35B that the self-consistent solution of the HF equations is not 
unique. In fact, the nonuniqueness has its origin in the quantum mechanical variation princi- 
ple on which the derivation of the HF equations is based. It is well-known that the minimiza- 
tion of the expectation value of the Hamiltonian with respect to a variational wavefunction 
gives the best wavefunction of the particular class of functions used in the variation process. 
It may be possible to obtain another variational wavefunction 0 of a different class which, 
at the end of the minimization programme, yields a lower value of <0| H |0>. If it does, then 
the second wavefunction is better than the first. In practice, we therefore have to use some 
intuition, try several classes of variational wavefunctions, and choose the solution for which 
<0| H |0> has the lowest value. 

In a practical HF calculation, the possibility of different classes of solution arises in three 
different ways. It is obvious that, in order to make the computations practicable, we cannot 
take an unlimited number of basis states |a)>, |/2>, ... for setting up the HF matrix of 
(T-f Ctf). If we decide to truncate the number of basis states to a reasonable size, then 
different classes of solution result from the various sets of basis states that may be chosen. Let 
us write the quantum numbers contained in any basis state |a> as nljm , where / is the orbital 
angular momentum, / the total angular momentum, m the projection of the latter, and n the 
number of nodes in the radial wavefunction. Even if we restrict ourselves to the same set of 
basis states | nljmy, we have an alternative way of confronting various classes of HF solution. 
This arises from the arbitrary choice of the radial wavefunctions. For example, we may choose 
the basis states corresponding to the solutions of a harmonic oscillator potential or of a Saxon- 
Woods type potential. The basis states in the two cases, although labelled by the same set of 
quantum numbers n//m, produce different classes of HF wavefunction because the radial wave- 
functions are different in the two cases. 

Even after we have resolved the arbitrariness due to the foregoing two reasons and have 
limited ourselves to a given number of basis states corresponding to a given potential, there is 
a third possibility of producing different classes of HF solution. One possible class is obtained 
as follows. From the given set of states we make several subsets, each labelled by a given 
projection quantum number m. The states within each subset differ one from the other through 
one or more of the quantum numbers n> /, /. Now let us consider an HF state defined by a 
superposition of the type (V.2), where the sum proceeds over the basis states in a subset. Each 
state |i> then carries a given quantum number m , but is a superposition of the states having 
different /i-,/-, /-value. The set of all variational wavefunctions |/>, defined in this manner, 
forms one class of HF functions. We shall call this class axially symmetric . If we lift the 
restriction of ensuring m as a good quantum number for the states |/>, the summation (V.2) can 
go over all the states of our chosen set. This new set of functions |/> comprises a more general 
class of HF functions. We shall describe this class as triaxial . On the other hand, a third class 
of functions, more restricted than the axially symmetric ones, can be obtained by requiring 
/, /, m to be good quantum numbers. In that case, our set of basis states divides itself into 
subsets, each having a given /, /, m quantum number, and the functions within each subset 
differ one from the other through the n-quantum number. By restricting the superposition (V.2) 
within these subsets, we generate a new class of | /)>, each of which is a superposition of several 
states with different /i-quantum numbers but with the same quantum numbers /; /, m. We shall 
call this restricted class of functions spherically symmetric . 

In the case of the axially symmetric class of functions, the reason for the choice of 
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nomenclature is obvious. Single-particle wavefunctions having a good projection quantum 
number do correspond to a potential that has rotational symmetry about the z-axis. From the 
general expression of the density matrix, it is obvious that in this case p^ is nonvanishing only 
if the projection quantum numbers m u and are equal. Thus, the matrix p splits up into 
several smaller submatrices, each contained within the subset of basis states of a given projec- 
tion quantum number, as 

t 

m, 

* 

t 

m 2 

| (V.14) 

my 


Nonvanishing matrix elements occur only inside the dashed boxes along the leading diagonal. 
It is also clear from the definition (V.8) that the matrix for QJ has the same kind of structure; 
this fe llows from the fact that the total projection quantum number in the matrix element of 
the two-body potential V must be conserved, i.e., = m y -f mj or = m y . Thus, the 

symmetry about the z-axis is a self-consistent symmetry; put into the single-particle wave- 
function (or, equivalently, into the density matrix), it generates itself in the HF potential C[?. 
The solution of the HF equations, that is, the diagonalization of (T -f <V) with cy, of such a 
form then regenerates wavefunctions of the initial type /: .e., conserved m-quantum number). 
The axially symmetric class of trial functions in the HF calculation cannot therefore lead, 
during the process of iteration, to the more general class of triaxial functions. The reverse, 
however, is not true. If we start with the triaxial type of functions, then p has nonvanishing 
matrix elements everywhere, inside as well as outside the dashed boxes in (V.14). The corres- 
ponding cy also has a general structure of this kind. However, as the iteration proceeds, the 
self-consistency may be achieved finally for single-particle states of the same general structure 
or for special values of the x-coefficients pertinent to the axially symmetric case. 

Let us examine the spherically symmetric class of functions in some detail. Writing out 
the quantum numbers explicitly, we are here concerned with single-particle functions of the type 



« £ xH m <Knljm)t 

n 

where . is a basis wavefunction. Since the states on both sides have the same angular momentum 
j, it can be proved, by a well-known procedure (see Pioblem 4 of Append.x A), that the expansion 
coefficients , are necessarily independent of m. The density matrix generated by such coefficient* 
splits into submatrices, each corresponding to a given /,/. m; but, what is more tmportant, the 
submatriccs for a given IJ , m are independent of the value of m. Now let us refer to (V.6b) The 
property of p tB , already mentioned, ensures — m 8 , 1^ = and j e y ( . rom e proper yo 
the matrix elements of V, we immediately conclude that m^ = m r In or er to prove = j y , we 
need to couple the angular momenta in the matrix elements of V and then carry out the 
summation over occurring through the Clebsch-Gordon coefficents. Because ft, is 
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independent of this quantum number, the summation can be carried out. The details of the 
proof are left to the reader. Once — j Y has been proved, the equality of and / y follows 
from the parity conservation in the matrix elements of V . Thus, the matrix for C[? also 
subdivides into the same structure as that of p. But there is a very important point involved in 
this derivation, namely, the possibility of carrying out a complete summation over This 
summation in (V.6b) appears through p d$ . The foregoing complete summation is justified only 
if all the magnetic substates for a given are occupied in the determinant 0. Therefore, a 
starting spherical density matrix generates a similar HF potential only if the number of 
nucleons is such that all the magnetic substates of each energy level are occupied with particles. 
If the number of nucleons falls short of this criterion, then, even if we start with a spherical 
class of functions, the resultant HF potential QJ acquires matrix elements dependent on the 
projection quantum numbers and connects states of different angular momentum. Such a 
potential is obviously not spherically symmetric. During the course of further iteration, the 
nonspherical C[? generates a nonspherical set of single-particle functions, and eventually the 
iteration, in general, achieves self-consistency for a nonspherical solution. 

One advantage of doing an HF calculation with a class of functions restricted by axial 
or spherical symmetry is immediately obvious. Because the matrix for (T-f OJ) splits into a 
set of smaller submatrices, the work involved in calculating the matrix elements appreciably 
reduces in comparison with what is involved in setting up the matrix for the general triaxial 
case. Moreover, iterative diagonalization of the smaller submatrices takes much less machine 
time than the time needed for one large matrix. The main disadvantage of such restricted 
calculations is that the best solution may be overlooked when it happens to be of a genuine 
triaxial type. 

In view of the saving in time that can be achieved by a symmetry requirement, it is 
worthwhile to look for some other fairly general types of symmetry. A symmetry that is very 
generally imposed is that due to good parity of the single-particle states. The most general 
single-particle wavefunction does not necessarily need good parity, but there is some evidence 
from calculations using mixed parity functions that iteration with such functions and reasonable 
two-body potentials ultimately leads to self-consistent solutions having good parity. If the good 
parity requirement is imposed from the very beginning, then each matrix, or submatrix 
mentioned in the foregoing discussions, further splits into two matrices corresponding to the 
basis states of even^nd odd parity. The basic definitions make it clear that this symmetry is 
also a self-consistent symmetry, i.e., when put into the single-particle wavefunction it auto- 
matically reproduces itself in the potential OJ and vice versa. 

Mahy authors who are reluctant to restrict themselves to axial symmetry have used a 
symmetry under a rotation of n about the z-axis. If we write the potential which is a 
function of the coordinates r, 6 , <f>, o of a single nucleon, as a general multipole expansion 

W. +, «> -/(')[ 1 + £ <f>> «>]. (V.iSa) 

then the imposition of the aforementioned symmetry on OJ demands 

OJ = exp (— hJ,)CV exp (/»/,) =*/(r)[l + E exp (— hj,)T ’ exp (inj,)\ 

= /(')[ 1 + 2 «,.(-! YTXi, <f>, o)). (V. 15b) 

The last step follows from the fact that any tensor operator T* under the unitary transforma- 



MICROSCOPIC THEORY OF NUCLEAR STRUCTURE 479 


tion exp (~hj,) gets multiplied by exp (-j rV,) = (-1)-. Comparing (V.15a) and (V.15b), we 
conclude 

(V.15c) 

This general relation demands that ail where ft is an odd integer, be zero. Since the poten- 
tial contains the tensors T** where ft is an even integer only, the nonvanishing matrix 
elements of CV with respect to the basis states \nljniy exist between states differing in m by an 
even integer. If m m&x is the maximum projection quantum number available for the basis states, 
then the nonvanishing matrix elements clearly exist within the subspace of states labelled by 

™ ~ ^niM» ( w nux 2), . . . , ( — ax + 1)* 

States within the other subspace 

m — (w mlx 1), (tn max 3), ...» — W max 

are then interconnected. We shall refer to these subspaces as number I and number 2, respec- 
tively. We thus find that the imposition of symmetry under a rotation of n about the z-axis, 
even in the case of the most general class of functions, helps to produce two submatrices of 
half the dimension of the entire space. This symmetry is also of the self-consistent type. More- 
over, as in the case of parity, some authors have done specimen calculations without imposing 
this symmetry and have eventually arrived at solutions of this special type at the end of 
iterations. 

Finally, let us consider a symmetry under a rotation of n about the y-axis. To do this, we 
require exp (—inj y )C[/ exp (faj y ) = QJ. Letting exp (- hj, ) operate on (V.15a), and using the 
general result (BI.15) from Appendix B, we get 

exp (~/7r/,)q/exp (hj y ) -/(/■)[ 1 + Z <* v (-l ) A ~ 7l„(0, <f>> a)] 

-/(Of 1 + £ «*.-„(-! +, a)]. (V.16a) 

X, fi 

Equating this expression with (V.15a), we obtain 

(-1 ) A+ ^. (V.16b) 

Combining (V.16b) with (V.15c), we conclude that, in the case of even A, only combinations 
such as (T* + 71,) and, in the case of odd A, combinations such as ( T * — 71,) are allowed in 
CV. In both the cases, n is an even integer. Under the symmetry operation exp (— inj,), a basis 
state \nljm) goes to (— \) J ~ m \nlj, — and hence a single-particle state 

!'>= s x'„„ m \nljmy (V.16c) 

nljm 

goes t • |/>, where 

|<> = £ x'„ Um (-])i-A\nlj, -m>. (V.16d) 

f 

If CV is invariant under exp(— foj,), both |i> and |/> must be degenerate. Therefore, if we 
combine this symmetry requirement with the preceding one, we conclude that it is necessary to 
diagonaiize the matrix for ( T 4- QJ) only once in the subspace number 1 of 

fft 88 Vtfnax, (^nuu 2), • • « > (*“^oix "f 1)* 

The basis states of subspace number 2 are obtained from those of subspace number 1 through 
the symmetry operation exp (— injy), and hence the result of diagonalization in subspace 
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number 2 produces the same eigenvalues and the corresponding eigenvectors given by (V.16d). 

In the case of axial symmetry, the imposition of the additional symmetry under 
exp (— injy ) guarantees that each eigenvalue for m is degenerate with an eigenvalue corres- 
ponding to — m; the eigenvectors are given by expressions such as (V.16c) and (V.16d) by 
omitting the summation over m. 

If we begin with a set of doubly-degenerate single-particle functions, such as (V.16c) and 
(V.16d), the density operator p remains, according to the definition (V.9a), invariant under 
exp (— injy), provided we let both the states |/> and |i> be occupied in the determinant <t > . This 
presupposes that both the neutron number and proton number at our disposal are even. Since 
the matrix elements of the two-body potential are invariant under |/>-*|i>, as soon as the 
invariance of p is ascertained in the aforementioned way, the invariance of QJ under exp (—iirj y ) 
is automatically guaranteed. If, on the other hand, the number of either neutrons or protons is 
odd, then even after starting with a doubly-degenerate set of states, such as (V.l6c) and 
(V.16d), we will have to put the last odd nucleon in a certain state while keeping its partner 
state unoccupied. The resultant p, and consequently C[/ f then fails to have the symmetry under 
exp (— injy), and we are faced with the necessity of diagonalizing the matrices in both the sub- 
spaces number 1 and number 2, which no longer lead to identical eigenvalues. The particular 
symmetry under discussion is therefore not a self-consistent symmetry; it has to be ensured at 
every stage of the iteration by defining the occupancy of the single-particle states and their 
partners in pairs. 

We next enquire into the physical meaning of the HF solution of different classes. We 
have already stated that the particular solution that produces the lowest expectation value of 
H should be accepted, according to the definition of the ground state, as the best intrinsic 
wavefunction from which the ground state with the appropriate angular momentum should be 
projected by the techniques described in Section 36 A. The solutions of the other classes 
represent excited intrinsic states of the nucleus having different equilibrium shapes. For 
example, any solution of the axially symmetric class can, according to (V.12b), have only the 
moment the state |/> has a definite projection quantum number which demands only 
H = 0. The magnitude of <£) 0 > then defines, for such a solution, the equilibrium deformation 
parameter p. On the. other hand, a triaxial solution, with the restriction imposed by 
exp (— injg ) symmetry, has in |/> a superposition of m-values differing by even integers. Hence, 
according to (V.12b), ( Q 0 y as well as and are nonvanishing. Under the further 

restriction due to exp (— inj ,) symmetry, <g£> and are equal because the summation in 
(V.12b) then includes and |/> in pairs, and </| Qi |/> is identically equal to <i| C_ 2 10- 
Therefore, for an HF solution of this class, we can immediately define the equilibrium defor- 
mation parameters p and y. As long as the parity is taken to be a good quantum number, the 
HF states cannot have a nonvanishing value for the octupole moment, or any other moment 
of an odd order. In genera], the states can have even moments; the maximum order clearly 
depends on the maximum /- and /-value of the basis states contained in the states 1 i>. 

In general, it is possible to have several HF solutions of the same shape, i.e., axially 
symmetric or triaxial. As before, the one with the lowest expectation value of H contains the 
ground state. The possibility of having different solutions of the same shape arises from the 
choice in defining the occupancy of the single-particle states while forming the variational 
wavefunction 0. The reason becomes obvious (in the case of axial symmetry) when the Nilsson 
diagram (see Fig. IV. 10) is considered. Here we notice that the single-particle levels cross each 
other as we go from a smajl to a large deformation parameter. To the left of such a cross-over, 
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one set of single-particle states is occupied in the lowest energy <t>, whereas to the right of the 
cross-over a different set of single-particle states is occupied. Therefore, if we do the HF 
calculation with the occupancy of states as on the left of the cross-over, we obtain a self- 
consistent solution having an equilibrium deformation at an appropriate point to the left of the 
cross-over. On the other hand, an equilibrium deformation lying to the right of the cross-over 
point arises for the self-consistent solution obtained with the occupancy of states in <P corres- 
ponding to that part of the single-particle level diagram. Although we have illustrated our point 
with reference to the Nilsson diagram, the validity of these arguments is quite general. The HF 
single-particle levels also can be plotted on a similar diagram; however, the lines in this case 
are not continuous because the solutions correspond only to a few equilibrium points of 
deformation. 

We have now to determine the nature of the energy E = <(&\ H |<Z>> as a function of the 
deformation parameters. To simplify matters, let us consider solutions of the axially symmetric 
class alone. As just mentioned, we generally have a few solutions of this class, corresponding 
to different equilibrium values of ft So we know E(P) only at these equilibrium values of ft 
Since the variational method in determining the solution at each equilibrium deformation (say, 
ft) ensures a local extremum of E(p) at ft, we know that the next term of E(p), expanded near 
ft), is quadratic in (p - ft,). The linear term in Q3 - ft,) in this expansion has the coefficient 
[dE(P)PP]^^ 9 which is equal to zero from the definition of the local extremum at ft,. The 
coefficient of the next term \{P - ft,) 2 is [d 2 E(p)iep 2 ]^^ and its sign obviously determines 
whether E(P) has a local minimum or local maximum at ft,. 

Let us see how we can trace out the £(/3)-versus-ftcurve in the vicinity of the equilibrium 
point ft,. The HF calculation, described so far, always leads to p = ft. The mathematically 
satisfactory way of achieving this aim is to minimize <(0| H |<£]> with respect to the variational 
pararn lers in the single-particle states, subject to the constraint (V.3), already used, and the 
additional constraint that <(d>| Q 0 have a fixed value. The final equation of constraint is 
written as 


occ 

constant = <0 O > = •£ <»| Go |»> 

= 2 <«| 00 IP> (V. 17) 

*. 3 1 

According to the well-known method of Lagrange multipliers, the expression to be minimized 
is (V.5c) minus Vo times (V.17), where rj 0 is the Lagrange multiplier. If we minimize the resultant 
expression in the usual way, (V.6a) gets replaced by 

= 2 4<^l (T + OS - 1,000) |y>. (V. 1 8) 

y 

The self-consistent solutions of this system of equations for any value of % give a set of eigen- 
values «*(%), coefficients x k Y (v 0 ), and a self-consistent potential CV(%). The total energy 
<0(*to)| H calculated from (V.lla), then determines E(%). If we were to take the start- 

ing set of i* as corresponding to the (/3 = ^-solution of (V.6a), then the new solution, for 
small values of would lie in the vicinity of this defo{mation; the value of p corresponding 
to the solution of(V.18) can be determined in the usual way from the calculated value of 
«K*>I Qo |4>(«?o)>. 

Although we have described the procedure for axially symmetric solutions only, the 
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generalization to the triaxial case is obvious. We have to recast the equation of constraint 
(V.17) in terms of <0^, and then replace the i? 0 £?o-term of (V.18) by Z With the 

exp ( — ixr/j) and exp (— iir] y ) symmetries, this sum reduces to (VoQo + ViQi + ViQ-t)' 

The practical procedure for exploring a large class of HF solutions can now be appreciat- 
ed by the reader: make axially symmetric calculations by using different possible types of 
occupancy of single-particle states. Then, corresponding to each solution, do the calculation 
based on (V.18). The new energy £(0), when compared with £(/?<>) based on the solution of 
(V.6a) t tells whether /9 0 is a minimum point of the energy versus the 0-deformation curve. If it 
is found to be a minimum, then, commencing with the (0 = 0 o )-solution, do a calculation based 
on the aforementioned extension of (V.18) for the triaxial case. With a non vanishing value of rj 2t 
the new HF solution has finite values for both <(0 O > and The new energy £(j 8, y) may be 
larger or smaller than £(0 O ). In the first case, £(0 O ) is a genuine equilibrium solution, whereas 
in the latter case 0 O is merely a saddle point for the surface representing £(0, y) plotted as a 
function of the two variables 0 and y. Faced with such a situation, we can continue generating 
solutions with increasing y, and finally reach a genuine minimum point of £(/ 9, y) fora triaxial 
shape. 


36. HARTREE-FOCK INTRINSIC STATE AND ACTUAL NUCLEAR 
STATES OF GOOD ANGULAR MOMENTUM 

A. ANGULAR MOMENTUM PROJECTION 

In this section, we describe the method of obtaining states of good angular momentum from a 
deformed HF determinant. The method has been successfully applied to the axially symmetric 
case. The derivation given here is general enough and applies to the triaxial case as well. How- 
ever, the triaxial computations become a lot more involved for reasons that are indicated at 
the appropriate point. 

In the axially symmetric case, each single-particle state has a given projection quantum 
number, and hence the HF determinant <P has a given total projection quantum number K y 
which is the sum of the individual particle projection quantum numbers. In analogy with the 
collective model terminology, we shall refer to K , if necessary, as the band quantum number, 
and use it as a labelling quantum number for <t>. The determinant <P K can obviously be written 
as a linear superposition of states of the type where J is the angular momentum of the 
state, and a stands for one or more quantum numbers needed to distinguish between different 
states with the same J and K. We do not know <&k to start with. However, if we ’/rite 

<t> K = Z C^P% J , (V.19a) 

aJ 

it is possible to determine 

9 

in a stiaightforward manner from the given determinant <P K . When this is achieved, we say that 
the part of 0* that has the total angular momentum J has been projected from it. We shall 
denote this projected part by that is, in general, 

K™Z # (V.19b) 

a 

and it may not be normalized to unity if <Pk J is. In special circumstances, there may be only 
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one state of a given J contained in <P K ; in that case, a on is a redundant label and W J Kf 
are simply proportional to each other. 

The general method of obtaining X V J K from <P K can be understood by considering a rotation 
of the coordinate system R(<p t 0, ip), given through the Eulerian angles <f > , 0, ip. Applying this 
rotation to both sides of (V.19a), we have 

R(+, 0. Wk - E C^Rtf, 0 , *!>)&/ 

aJ' 

= E Cgjf E Wm'- 

ctJ' M' 

Multiplying both sides by {[J]H%v 2 )}g) J MK (<p, 0, ip) and integrating over the Eulerian angles, we 
obtain, with the use of the standard result (BI.20b) of Appendix B and the notation d(<f>, 0, ip) 
explained prior to (BI.20a) in Appendix B, 

K s e c„< = ^ J d{ 4 >, e, mu*. 0, rn(4>, 0, (V. 20 ) 

We have to put M K in this expression to obtain IP*, the projected part of & K with the 
angular momentum J. The state Vif with a general value M for the magnetic quantum number, 
as given by (V.20), is clearly related to W* through the operation of the required set of step-up 
{J+) or step-down (J ) operators. 

According to Appendix B (Section I), the rotation operator R(<p , 0, ip) is given by 
R(<P> 0, 0) -= exp (-iJrf) exp (- iJ y 0 ) exp (-iJ z *p). 

The operator exp (-~iJ z \p), when substituted in (V.20), can be immediately replaced by 
exp ( — iKip ) because <!> K is to its right. This simplification would not have followed in the case 
of a triaxial <t> for which K is not a good quantum num 1 er. The operator exp (—iJrf) to the 
left oi R(<p , 0, ip) also gets similarly replaced by exp (— iK<p) when we use (V.20) in the evalu- 
ation of \ 1 P J k\ H and < y J K | V'*). These are the expressions that we need in evaluating the 
energy Ej of the projected state tf'*, which is given by 

E O KI n l^> 

' I Vi> 

_ <**-! V21 

<<P*\ Pj |#*> 

Here Pj is the operator that projects W J K out of the determinant <?> K . According to (V.20), this 
operator is given by 

Pj - J e, d3/kk&, 6, DM, e, +). (V. 2 ib) 

It can be verified in a straightforward manner that Pj acting on IP* gives back *P J K . Thus, 
Pj = Pj, in conformity with the fact that Pj is a projection operator. Since H is a scalar 
operator and cannot change the angular momentum J of a state on which it operates, Pj to 
the left of H in (V.2la) can be shifted to its right, and then the property P j = P, can be used. 
In this way, (V.21a) yields 
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In this form, it is clear that exp (— iJ/j > ) and exp (— iJ contained in R(<f>, 6 , 0) of (V.21b) get 
replaced by exp (—iK<j>) and exp (—/A'0), respectively, when substituted in (V.2lc). For the 
denominator, this statement about exp ( — iJ/j> ) is obvious, whereas for the numerator it follows, 
provided it is remembered that the scalar operator H cannot change the magnetic quantum 
number of when it operates on it. Once again, we point out that these simplifications could 
not have been achieved in the case of a triaxial determinant #>. 

We next make use of the form (BI.12a) of 0, </0 given in Appendix B. This lets 

us promptly carry out the <f > - and ^-integration in (V.21c), appearing through (V.21b). The 
result of each integration is clearly a factor of lit. Thus, only the ^-integration of (V.21b) 
remains to be carried out in (V.21c). We finally obtain 

f sin 6 dd d J KK(0)(& K \ H exp (—i6J y ) |0 A > 

Ej - 4* (V.21d) 

I sin 6 dd c1kk( 0)(<P k \ exp (—/ft/,) |0 A -> 

We denote the expectation values with respect to the determinantal state <X> K appearing in 
(V.21d) by H(6) and 1(6) as 

H(6) = <0 K \ H exp (-/ft/,) \<P K >, (V.22a) 

1(0) = <<Z>*| exp \0 K >. (V .22b) 

Since diidfi) is a known function [see (BI.12c) in Appendix B], the expression (V.21d) can be 
numerically evaluated, provided we can calculate H(6) and 1(6). This is done as follows. 

J y is a many-body operator obtained by summing j y of an individual nucleon over all the 
particles. Thus, 

cxp(-/ft/,) = exp[-/0 i /,(/)]; 

/-I 

that is, the exponential is a product of factors such as exp [— there being one factor for 
each nucleon. When such a product of factors operates on the determinant 0 A , each factor 
exp (— iOjy ) operates on the column in the determinant that corresponds to the coordinates of 
this particular nucleon. (We adhere to the convention of labelling the columns of the determi- 
nant by the partic!e*coordinates, and the rows by the single-particle states, as done in Chapter 
II.) Thus, exp (— iOJ y )0 K is a new determinantal state in which the single-nucleon states have 
been transformed through the operation of exp (— i6j y ). Let the result of this transformation 
on a single-particle state |/> be denoted by | /’*)>. If the axially symmetric state \i'} having the 
magnetic quantum number m t is given by 

|«> = x'„„\nljm l '), (V.23a) 

nil 

then |/*> can be calculated from 

,('#> = exp = E x‘ nl , exp (-i8j y )\nljm l > 

nlj 

= E 4, Z d’^ mi {6)\nljm'y. (V.23b) 

nf 

The last step follows from the definition (BI.12b) of Appendix B. Subsequently, we shall need 
the overlap between the state <ij and the rotated state corresponding to any other state |&>. 



MICROSCOPIC THEORY OF NUCLEAR STRUCTURE 485 


Using (V.23a) and (V.23b), we easily obtain 

</ 1 k,y= z (V - 23c) 

nl) 

The task that remains now is to give explicit expressions for (V.22) in terms of functions 
such as (V.23a) and (V.23b). First, let us examine (V.22b). We write the determinants 0* and 
exp (~i6J,)<P K as 

0* = det {»', j,k, . . . , p), (V.24a) 

Vi 4! 

exp (- /0/,)0* = - 7 == det {/„ ]„ k, p,}, (V.24b) 

V A\ 

where \/Va\ is the normalization factor and i, j, k, , p is the list of occupied single-particle 
states. If P and P' denote arbitrary permutation of these state labels, then 

1(6) = <0*| exp (~i6J y ) |0*> 


= -L Z ( — 1 ) p+ r \i( 1 ), j(2), k( 3) p(A ) | PP' \i,(\), j,(2). k,( 3) P,(A)>, 

A l P'P’ 

where P operates to the left, P' operates to the right, and 1,2 A stand for the particle 

coordinates. This expression follows from the well-known expression of a determinant in terms 
of permutation operators. The right-hand side can be symbolically rewritten as 


— v (-ly+F’ppYi | i # ><; J./,) <p|P*>> (V.24c) 

A l p'P' 

where the angular brackets stand for single-particle overlap integrals, which no longer depend 
on the coordinate labels 1, 2, .... A. We have to remember that P operates on i,j, k,...,p 
and P' on i„ j„ k />,. For any given P, the summation over P clearly produces the 

determinant D, defined as 


<< I '#> 
<J \i>> 
<*!*.> 


O' I /«> 

<k i j,y 


0 I p>> 

<k i p,> ■ 


(V.25a) 


|<p|/.> <P\U> ■■■ 

The summation over P then produces the same determinant A\ times which removes 1/^1 from 
(V.24c). Thus, we finally have 

1(6) a <0*| exp (-i6J,) |0*> = D of (V.25a). (V.25b) 

It is a little more involved to handle the quantity H(6) of (V.22a) than 1(6). Since H is a 
sum of kinetic and potential energies, we write 


where 


H(6) - T(6) + V(6), 

(V.26a) 

T(6) - <0*| ( 1 T,) exp (~i6J,) |0*>, 

(V.26b) 

V(6) - <0*| (£ V„) exp (-iOJ,) |0*>. 

(V.26c) 
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To evaluate (V.26b), we make use of the well-known expansion of the determinant in terms 
of the elements of the first column labelled by the coordinates of the first nucleon: 

0 K = 27 (- l)^.+ 1 Kl)>03 f (2, 3 A), (V.27a) 

where 0* is the normalized [normalization factor = \/V(A — 1)!] determinant of the (A — 1) 
nucleons indicated within the parentheses following it, obtained by suppressing the first column 
and the row in position N s corresponding to the single-particle state |s^. The summation over s 
in (V.27a) proceeds over all the occupied states in <P K . The state exp (—WJ y )<I> K can be similarly 
expanded in terms of the rotated states |f,(l)> and the corresponding determinants 

#*(2, 3, . . . , A) as 

exp (~i9J y )<P K = IjE (-1)*< + 1|/, ( 1)>0**(2, 3 A). (V.27b) 

The matrix element of the one-body type operator 

A 

E 7> 

/-i 

between antisymmetric states is equal, according to (III.60a), to A times the matrix element of 
77. Thus, 

m = 27 (- T |/ 4 ><^ I <*£>• (V.28a) 

The overlap of any two determinantal states using different sets of single-particle wavefunctions 
has already been worked out and given by a determinant such as (V.25a). The same general 

result can obviously be used to express the overlap | 0 * > of (V.28a). A little reflection 
shows that the (A — l)-dimensional determinant for this overlap, with the phase factor 
(— 1 )^*+^ j s minor 0 f th e element | t 9 y of (V.25a). This minor can be very simply 

evaluated from D and the element < s | /,> (see Problem 2 at the end of this chapter). 

The algebra involved in the evaluation of V(6) of (V.26c) is very similar to that 
of T(Q). Starting with the expression (V.27a), we extract the states belonging to the 
coordinates of the second nucleon from each 0*( 2, 3, ...» A) by expanding it in the usual way 
in terms of the elements of its first column (which is labelled by 2). A similar expansion of 

0*( 2, 3 , .... A) is introduced in (V.27b). We also use the fact [see (III.60b)] that the matrix 
element of L ^ V u is equal to iA(A — 1) times the matrix element of V i2 . In this way, we finally 

obtain 

V(6) = 27 27 (- l)Nr+N.+N,+N« {rs \ y | tuY&i | <*£"'>, (V.28b) 

r<s /<« 

where a determinant labelled by two superscripts is obtained from <P K (or its routed form) by 
omitting the two rows labelled by the superscripts and omitting also the columns 1 and 2. The 

(A — 2)-oimensional determinant which represents the overlap (&£ | is also a minor of 
the determinant D 9 and an expression that should be proved (see Problem 3 at the end of this 
chapter) can be used for its evaluation. 

Approximation Valid for Small $ 

The quantity 1(6) represents the overlap of the same determinantal state referred to two 
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different coordinate frames oriented with respect to each other through the Eulerian angle 0. 
If 0 is zero, then the overlap is complete, and 7(0) has the value unity. As 6 increases through 
very small values, the overlap falls increasingly below unity, and finally it may be expected to 
be nearly zero for large 9. If only very small values of 6 are important for the functions H(6) 
and 7(0), then a useful approximation can be developed as follows. For small 0, exp (— iOJ y ) 
can be replaced by (1 — idj y — \6 2 J 2 y ) to get 

d J KK(0) - <JK\ exp (-10/,) |/A> 

ss i - i0 2 </*i A \ jK y 

= i - *0 2 </A| (/ 2 - j]) \jKy 

= 1 - J0 2 {/(/ + 1) - A' 2 }. (V.29) 

In view of the axial symmetry, we have here used the fact that J 2 and / have the same 
expectation value. The term — idJ y in the expansion of exp (— 10/,) cannot connect |. /A> with 
<7A'|, and hence it does not appear in dL-(6). 

Using (V.29) in (V.21d), we obtain 

| sin 0 dd [1 - \9 2 {J(J + 1) - K 2 }\H(0) 

p ~ Jo 

~ >tt — • 

J sin 0 de [1 - i e 2 [J(J + 1 ) - K 2 }]I(9) 

The expressions for 7/(0) and 7(0), which contain exp (~idj y ), can also be similarly simplified. 
We shall deal with that presently. For now, we simplify the expression for Ej by assuming that 
the integrals containing 0 2 are of one order of smallness compared with the integrals without 
this factor. In such a case, keeping terms up to the first order of smallness, we get 


Ej~ 


f sin 0 dd 7/(0) 

^ Jo + i[J(J + 1) 

I sin 0 dO 7(0) 


A 2 ] 


J sin 0 dd 0 2 /(0) J" sin 6 de 6 2 H(0 ) 


i; 


sin 0 dd 7(0) 




sin 0 dd 77(0) 


J- 

(V.30) 


To this approximation, therefore, the energies of the angular momentum projected states fit 
into a rotational spectrum given by the J(J + Independence. In general, the good angular 
momentum states projected accurately from the intrinsic state <P K do not have the exact 
rotational-type spectrum. Here we have merely shown the approximate conditions under which 
they are expected to do so. 

We next indicate the approximate forms that 1(6) and 7/(0) assume if only small 0 is impor- 
tant. Once again, the term — idJ y acting on <P K changes the band quantum number, and hence 

m - <*A-| (1 - \PJ\) |<pjr> 

= I - J 1 , |*A-> s exp (— J0 2 <<p*| A |*r». 

Similar!/, 


H{&) a <<P*| H(l - *0 2 /J) |^> 


(V.31a) 
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~ <*k\ H |* A -> cxp l-tf (V.31b) 

According to these approximate expressions, 1(6) and H(6) decrease very rapidly in a Gaussian 
manner with increasing 6. The quantity < '<P K \ H \$k)> is already known from the initial stage of 
the HF calculation [see (V.lla)]. To compute (V.3la) and (V.31b), we therefore need to calculate 
the expectation values of the operators J, and HJ y for the determinantal state <P Kf which can 
be done in a straightforward manner. 

B. CALCULATION OF MOMENT OF INERTIA 

It is clear from the derivation in Section 36A that the calculation of nuclear spectra by pro- 
jecting out good angular momentum states from the HF determinant is a very tedious 
procedure, and only under very special circumstances does this procedure lead to a rotational- 
type spectrum described by 

Ej = Eq + JIJ(J+ 1), (V.32) 

where Eq is the energy of the state 7 = 0, and Jl is related to the moment of inertia 3 by 

JL - Ti 2 /(2 3). 

If it is known from experimental data that a nucleus has a rotational-type spectrum, 
described by (V.32), then a short cut to calculating Jl from the HF determinant can be 
designed as follows. For simplicity, let us assume that the HF determinant $ 0 has spheroidal 
symmetry. If z is the axis of symmetry, then the value of J x or J yt where J is the total angular 
momentum operator, vanishes for the state <P 0 because the latter has a good band quantum 
number. In order to generate a nonvanishing value for 7,, for instance, let us consider, instead 
of H, the Hamiltonian 

77(<o) = H — u>J„ (V.33a) 

where ^ is a parameter. If we want to solve this Hamiltonian self-consistently, then it clearly 
amounts to doing an HF type diagonalization of the single-particle Hamiltonian 

T+CV-a>j X9 (V.33b) 

where j is the single-particle angular momentum operator. The resultant HF determinant may 

be denoted by d>(«). The quantity <<P(a>)| J x |0(<u)), which is the induced value of the x-com- 
ponent of angular momentum, is then equated with wj x . For a spheroidal nucleus, 
3 X = S, = 3- This procedure then determines 3 X or, equivalently, 3. The main drawback of 
this type of derivation is the lack of rigour in equating <<P(«u)| J x |d>(<o)> with a>J x . It is not 

clear from (V. 33a) whether the parameter &> has anything to do with an imposed angular 

velocity. Self-consistent diagonalization of H(o>) indeed makes the expectation value of H 
minimum subject to the constraint that <7*> have a given value. The quantity *> in this 

derivation is therefore merely a Lagrange multiplier for the equation of constraint. 

In general, the value of the angular momentum <0(w)| J x |0(<o)> is not linear in «, and 
hence 3 X determined through the foregoing procedure may indeed depend on the value chosen 
for this parameter. Only in the special case, where we treat wJ x of (V.33a) in the first-order 
perturbation theory, can the linearity with respect to w hold. When such an approximate 
treatment of (V.33a) is done, we obtain an expression for the moment of inertia which, 
although very approximate, has been very widely used in nuclear calculations. This is the 
celebrated cranking formula for the moment of inertia, first derived by Inglis, by a somewhat 
different method. The first-older solution and the cranking formula follow. 
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Let $0 be the lowest solution of H and the excited states be denoted by <P n . Then the 
perturbed state 0(<o) to the first order in the perturbation is given by 


0(0.) = 0 O + *. £ -jr—Tr**' (V.34a) 

where E n and E are the unperturbed energies of the states <P n and <P 0t respectively. Since 
<p n <p 0 and J x is a one-body type operator, according to Section 15, <P n can differ from (t> 0 only 
through one single-particle state, i.e., it is a one-hole one-particle type state with reference to 
the ground state 0 O * Let the occupied state h in <P 0 be replaced by an unoccupied state p to 
form a particular 0*. Then 


|*o> - OU |A>. (V.34b) 

€*, (V.34c) 


where < is the HF single-particle energy. Using the expressions (V.34) together, and working to 
the first order in w, we easily obtain 


<^0(«>)| J x |0(a>)> = 2w Z 

it 


K*J A l*o>l 2 


E„-E 


- 2o. s K4&JS*. 

h, p *p € h 


(V.35a) 


The term <0 O | Jx |0o> is zcro because J x acting on <P 0 changes the band quantum number. 
Equating (V.35a) with w^ xt we then obtain the cranking formula 


J=2 Z 


Kgl M 1 


(V.35b) 


A better way of obtaining the moment of inertia is now described. If the energy of an 
eigenstate '¥* of angular momentum J is really given by (V.32), then 


HV J = E/F J = [£ 0 + JUJ + 1)]¥". (V.36a) 

The HF determinantal wavefunction <t> 0 can be expanded in terms of the eigenstates 'f /J such 

that 


0 O - S C/P J , 
/ 


where 


(V.36b) 


riq 1 -!, <F 1^ = 1. 

Then the expectation value of H for the determinant 0o is given by 

-SlCjftEo + JJiJ+D] 

~Eq + lA2 \Cj\ 2 J(J + I). 

Similarly, the expectation value of JIJ 2 is easily found to be 
<0„| JIJ 2 |0o> ~Jtf \Cj\W + 1). 
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Therefore, 

<*o| (H - JIJ 2 ) |<£o> = Eo. (V.36c) 

The method referred to is based on this result. 

If the spectrum is really given by (V.32), then our aim in an HF calculation should 
obviously be to determine E 0 (which is the energy of the ground state having J = 0) and not 
H |0 O >- Thus, instead of minimizing the expectation value of H with respect to the HF 
determinant, we should minimize the expectation value of H — JIJ 1 , where Jl is an unknown 
and variable parameter to start with. According to our discussions on the method of Lagrange 
multipliers, it is clear that the present procedure amounts to minimizing the expectation value 
of H subject to the constraint of requiring a specified value of <0 O | J 2 The parameter Jl 
then plays the role of the Lagrange multiplier for the equation of constraint. 

In view of the result 

J 2 =£jJ + 22J,.J r (V.37) 

7-1 7<A" 

where the summations go over the A particles, we easily conclude that the minimization of 
<(// — JIJ 2 )} is equivalent to the self-consistent diagonalization of the single-particle 
Hamiltonian 

t + -2J13- Jij 2 > 

where the last term is a consequence of the first term ( one-body term) of (V.37), and the third 
term is a consequence of the second term ( two-body term) of (V.37). The quantity is clearly 
defined, analogous to as 

Ol 3 lr> - z 1/ • i* I y8)Ps*. 

The numerical programme for obtaining the best value of the parameter Jl is as follows: 
carry out the self-consistent diagonalization for a range of values of Jl and, in each case, obtain 
the corresponding value of E 0 ( t _A) according to 

E 0 (Jl) m <#oM)| (H ~ JU 2 ) |*o M)> 

ecc occ 

= £ </(ol)l (T - Jlj 1 ) + £ (i(Jl)k(Jl ) | (V - 2j, • j 2 ) \i(Jl)k(Jl)), 

i Kk 

where k(Jl) are the HF single-particle states for a chosen value of the parameter 

Then we use (V.32) to obtain £/J) for the levels of different J. The parameter Jl can be 

finally determined by a least-squares fit of the exact experimental spectra Ej' m ' with the theoreti- 
cally calculated values. That is, minimize 

E[-EAJ) + $"«]% (V.38) 

J 

with respect to the parameter where Wj is a suitably chosen weight factor for the level /, 
and the summation goes over all the observed levels of the ground-state rotational band* The 
best choice for Wj is, as is evident in the proof that follows, \Cj\ 2 , which is the probability of 
the state V J ' in the determinant 

Since 0 O is not an exact eigenstate of ( H — JIJ 1 ), we can write 
(H - JIJ 2 )<P 0 = £o<J> 0 '+ X, 


(V.39a) 



MICROSCOPIC THEORY OF NUCLEAR STRUCTURE 491 


where X is a quantity with a positive norm. We have 
* = [(//- JIJ 2 ) - E 0 ]<Po> 
and hence 

<* I *> = <*o| [(// - JIJ 2 ) - Eo ) 2 |*o>. 

Substituting the expansion (V.36b) for <P 0 , and the exact eigenvalue £j* act of H for W J , we easily 
obtain 


<x | x> = S | Cj\ 2 [E'j™' - JIJ(J + 1) - E 0 ] 2 

= E \CjWET*' - Ej(Jl)}\ (V.39b) 

According to the definition (V.39a), it is clear that the lower the value of (V.39b), the better 
the solution and the corresponding 0 O - So the theoretical criterion for choosing Jl is to 
minimize (V.39b) or, equivalently, (V.38) with the choice of Wj equal to \Cj\\ as already 
asserted. 

It is possible to calculate < X | X)> without using the exact observed eigenvalue E5** cl . We 

write 

<x | x> = <0o| [(// - JIJ 2 ) 2 + El - 2 E 0 (H - JIJ 2 )] |$o> 

= r <*«\ (// - JIJ 2 ) |4>„><<P„| (H - JIJ 2 ) |<V> - El 

ft 

= K-fol (ff - JIJ 2 ) \<Pr>\ 2 . (V.39c) 

ft 

where the summation with the prime excludes the state <Z> 0 from the summation over the 
intermediate states In reaching the final expression, we have used the definition 
£ 0 = Jp 0 \ ( H — JU 2 ) 1<£ 0 >- Since (// — JIJ 2 ) contains only one- and two-body type operators, 
the states <P n could be lh-lp and 2h-2p type states with respect to <P 0 . The former type of 

states does not contribute because of the well-known result (see Problem 7 at the end of this 
chapter) of the HF theory, which states that the matrix element of the Hamiltonian, minimized 

in the HF calculation (in the present case H — JIJ 2 ), connecting the HF state with any lh-lp 
type state, is identically zero. 

37. HARTREE-FOCK CALCULATIONS AND RESULTS 

A. TWO-BODY POTENTIAL 

Many different types of two-body potential have been used in HF calculations. Levinson and 

his collaborators 1 used a central potential with the Rosenfeld exchange-dependence and Yukawa 
shrape: 

F(r) = iF 0 T,.T 2 (0.3 + 0.7a 1 .o 2 )^ , 1 

where V 0 and a are the depth and range parameters and are taken to be 
V 0 - -42.5 MeV, a - 1.37 fm; 


(V.40) 
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the subscripts 1 and 2 refer to the two interacting nucleons with the relative coordinate r, and 
a, t are the spin and isospin operators. 

Baranger and his coworkers 2 ’ 3 used several different kinds of two-body potential. In one 
of their earliest studies (see Muthukrishnan and Baranger 2 ), they applied a separable nonlocal 
potential to the relative 5-state of the two nucleons: 

V(r) - V 0 exp [-{r/(2a)fl exp [-{r'l(2a)} 2 ] (V.41a) 

with V Q = —0.362 MeV fm” 3 and a = 1.175 fm. This potential gives a binding energy of 
15.7 MeV per nucleon, and a saturation density corresponding to the fermi momentum 
1.42 fm' 1 in the infinite nuclear matter calculation. This group all along adopted the 
following attitude: instead of trying to use a two-body potential that fits all two-nucleon data 
perfectly and yet fails in the binding energy calculation in nuclear matter, it is more advisable 
in HF calculations (which is essentially a binding energy calculation) to use a two-body poten- 
tial that succeeds well in the latter calculation and reproduces some low-energy (such as scatter- 
ing length and effective range) two-nucleon data fairly well. 

In another set of calculations (see Davies et al 3 ), the same group used a velocity-depen- 
dent central potential acting only in the even spatial states: 

V(r, p ) = ^[U(r) + V 2 W(r) + ^(r)V 2 ]. (V .41b) 

Here M is the nucleon mass, and — h^ 2 is the operator standing for the square of the relative 
momentum. The shape functions U(r) and fV(r) are taken in the form 

U(r) = -A exp (-*r 2 /a 2 ), W(r) - B exp (-J r 2 //F) 

with at = 0. The values of the depth parameters A, B, of the range parameter a(=0), and of 
the scattering length (a) and the effective range (r 0 ) that this potential reproduces are given in 
Table V.la. 


Table V.l Parameter of velocity-dependent potential used in Hartree-Fock calculations 
(a) Velocity-dependent central potential 


Spin State 

A (fm) -2 

B 

a (fm) 

a (fm) 

r 0 (fm) 

Singlet 

0.835 

0.60 

1.41 

-22.95 

4.52 

Triplet 

2.56 

0.50 

1.01 

5.76 

2.13 


Nestor et al 3 supplemented the velocity-dependent potential with the tensor and spin- 
orbit potentials, and used nonvanishing potentials in al / the four spin-isospin states. The 
extra ferms in the potential are 

Vt ( r)S l2 + VisiO L-S 

with 

y-T (0 — -Ai(\r 2 lot\) exp (~ir 3 /a|). 

A typical set of values of the parameters is given in Table V.lb, 
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Tabic V.l Parameter of velocity-dependent potential used in Hartree-Fock calculations 
(b) Velocity-dependent central potential plus tensor and spin-orbit coupling 


State 

A (fm)- 2 

at (fm) 

B 

A t (fm)' 2 

<*t (fm) 

N 

1 

| 

to 

►4 

oils (fm) 

Triplet-even 

7.227 

0.575 

1.0 

0.490 

1.20 



Singlet-even 

2.127 

0.903 

0.6 





Triplet-odd 

0.219 

1.40 

0.128 

-0.35 

1.0 

1.40 

0.8 

Singlet-odd 

-0.128 

1.40 

0.307 






Another type of potential was pioneered by Volkov 4 and has been used by several authors. 
In his Op-shell work, Volkov chose 

V(r) = /(r)( 1 - m + mP M ) (V.42a) 

with 

fir) = V a exp [-(/-/a) 2 ] + V r exp [-(r/p) 2 ]. 

The criteria he applied for the determination of the parameters m, V a , V n a, and p are: 

(i) the two-nucleon 5-wave scattering length should agree reasonably well with the 
experimental singlet and triplet values; 

(ii) the two-nucleon effective range should also be reproduced fairly well; and 

(iii) the binding energies of He 4 and O 16 should be well-reproduced with a shell-model 
Slater determinant. 

Eight different sets of parameters were obtained in this way. A typical set of values is given by 
m = 0.6, V a = —83.34 MeV, F r = 144.86 MeV, 
a =1.60fm, p = 0.82 fm. 

In later calculations, Volkov used a general exchange-dependence given by 

V(r) = /(r)( 0.29 + 0.2 P a - 0.05P T -f 0.71P M ), (V.42b) 

where 

f{r) « -78 exp (— (r/ 1.5)*] + 82.5 exp [-(r/0.8) 2 ]. 

Here the depths 78 and 82.5 are in MeV, r and the range parameters 1.5 and 0.8 are in fro, 
and P gt P T , P M are the usual two-nucleon exchange operators. The Gaussian radial-dependence 

of this potential makes it specially suitable for use with basic single-particle wavefunctions 

corresponding to a deformed harmonic oscillator potential. 

Several different potentials have been used by Brink and Boeker 5 , one of which is a slight 
variant of the Volkov potential just quoted. The criteria they imposed on their two-body 
potential are: 

(i) 4 He ground-state energy (-28.2 MeV) be correctly reproduced; 

(ii) 4 He root-mean-square radius (1.62 fm) be correctly given; 

(iii) the calculated binding energy per nucleon in nuclear matter be 15.75 MeV; and 

(iv) the saturation density, calculated for nuclear matter, should lead to a fermi 
momentum kp 1.45 fm" 1 . 

Brink and Boeker used three different types of potential satisfying the criteria just men- 
tioned. These types are now described. 
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(1) Volkov-type Gaussian potential 

V(j) = K,(l - m, + m,P M ) exp [-(r/fi,) 2 ] + F 2 O - m 2 + m 2 P M ) exp [— (r/fx 2 ) 2 ]. 

(V.43a) 

Reasonable sets of values were chosen for the range parameters p u p 2 and then four other 
parameters, namely, V it V 2t m l$ m 2f were determined to fulfil the criteria (i)-(iv). Of the several 
sets of parameters calculated by Brink and Boeker, a typical set of values is given by 

p x = 1.4 fm, p 2 = 0.7 fm, 

F, = —140.6 MeV, V 2 = 389.5 MeV, 
m x = 0.4864, m 2 = 0.529. 

(2) Gaussian plus delta-function potential 

V(r) = K 0 (l — m + rnP M ) exp [-(r//i) 2 ] + A8(r). (V.43b) 

The range parameter p was fixed to a reasonable value, and then V 0 , m, and A determined to 
fit the criteria (i), (ii), and (iv); the value of the binding energy in criterion (iii) then automati- 
cally follows. A typical set of values of the parameters is given by 

p = 1.12 fm, V 0 = —301.0 MeV, 
m = 0.6169, A = 1011 MeV fm 3 . 

(3) Velocity-dependent delta-function interaction 

V(r) = AS(r) - B[V 2 S(r) + S(r)V 2 ] - 2CV . 8(r)V, (V.43c) 

which in the momentum space reads as 

<k| V |k'> m. A + B(k 2 + k' 2 ) -f 2Ck . (V.43c') 

In actual application, a more specialized version of this equation was used; this consists of only 
an 5-statc interaction in the form 

V(r) = Ah(r) - B[V 2 &(r) + 8(r)V 2 ] + DV 2 8(r)V 2 (V.43d) 

or 

<k| V |k'> = A+ B(k 2 + k' 2 ) + Dk 2 k' 2 . (V.43d') 

The values of A, B, Dvtc re determined to fit the criteria (ii)-(iv). The value of 4 He binding 
energy [criterion (i)] then automatically follows. A typical set of values in MeV fm 3 is given by 
A =; -923.5, B = 226.5, D = 166.9. 

Besides the foregoing two-body potentials, all of which [except (V.40)] were specially 

designed for HF worjc, realistic two-body potentials have also been used in self-con 9 istent 
calculations. The Tabakin potential has been used by Kerman et al 6 in both first- and second- 

order energy calculations. In another set of calculations by Shakin et al 7 , effective two-body 

matrix elements of the Yale potential have been applied. Similar matrix elements of the Hamada- 
Johnston potential, calculated by Kuo t have been used in HF calculations by Davies et al 8 . 

B. RESULTS OF HARTREE-FOCI CALCULATIONS 

Work by Levinson and Collaborators 

Several distinctly different types of HF calculation have been done by various groups of 
workers. For nuclei in the (Is, 0d)-shell, Levinson and his collaborators 1 treated 0“ as an inert 
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core, and worked out self-consistent calculations for only the (1 j, (W)-nucleons, using spherical 
harmonic oscillator wavefunctions as the basis. The two-body potential used by this group has 
already been given (see Section 37A). The formalism in Section 35A has to be slightly modified 
in such calculations; because the core nucleons do not explicitly enter into the calculation, 
their effect has to be incorporated through the replacement of the kinetic energy operator of 
the (1$, OJ)-nucleons by a suitably defined set of single-particle energies, following the principle 
explained in Section 28E. The exact values of these single-particle energies are obtained from 
experimental data. The basis wavefunctions in these calculations are the various projection 
states = ?, f, arising from the (ls J/2 )-, (0</ 5/2 )-, and (0</ 3 / 2 )-harmonic oscillator states. Their 
single-particle wavefunctions corresponding to spheroidal self-consistent solutions were there- 
fore very similar to the Nilsson wavefunctions (described in Section 33D). However, the large 
energy gap between the occupied and unoccupied single-particle states rendered their single- 
particle energy spectrum distinctly different from the Nilsson spectrum. 

The single-particle spectra for various nuclei are shown in Fig. V.l. The quantity 0 
denotes the degree of filling of each level denoted by the subscripts. 

Some qualitative understanding of the existence of the energy gap in the single-particle 
spectrum is now given, following the work of Bar-Touv and Levinson 9 . For simplicity, these 
authors assumed the unperturbed single-particle energies to be degenerate, and considered a 
central two-body potential with a general exchange-dependence but infinite range. In other 
words, the radial shape of the potential can be taken to be a constant. Such a potential can be 
written as 

V = a w 4- a M P M 4- a a P„ — a T P r , (V.44) 

where P Mt are respectively the Majorana, Bartlett, and Heisenberg exchange 

operators; a w , a M . a o> a* are the strength parameters. Levinson et al assumed an infinite-range 
potential because they found that, by varying the range of the two-body potential, the relative 
level spacing remains nearly the same. Bar-Touv and Levinson therefore argued that the 
spectrum obtained by using the infinite-range potential can, by multiplication with a constant, 

be changed to the actual spectrum for a potential having a more realistic value of the range. 

The contribution to the single-particle energy due to the two-body potential (V.44) is 

given, according to the definition of the HF potential, by 


<f'| CV |«> = Z (i.)\ V\i,j). (V.45) 

We shall work out the right-hand side for each term of (V.44) separately. While doing so, we 

remember that each state /', . consists of a space spin X, and isospin p part. Thus, 

stands for the state and so on. The summation over j can similarly be split into summations 

over <f >] , Xj, and pj. The Wigner term of (V.44) therefore contributes to (V.45) the result 


occupied 

flw 2 «J>i X lPh <I>J X JPJ I 4t X tPh +J X JPJ> ”” (d>t X iPh <t>j X JPj I 4>) X }Ph WiPiS) 

<f>j *S Pf 

m occupied 

fj x i P) 

= 'a w (n - 6,), 


(V.46a) 


where n is the total number of nucleons and 8, is equal to 1 or 0 when the state i is occupied or 
unoccupied. The two terms on the left-hand side of (V.46a) are the direct and exchange terms. 
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Fig. V.l Single-particle Hartree-Fock spectra for various (0 d> lj)-shell nuclei. 
[Following Kelson, I., and Levinson, C. A., Phys. Rev ., 134, B274 (1964).] 


Each spatial state has four nucleons for the two spin states and two isospin states. This accounts 
for the factors 2 x 2 on the right-band side of (V.46a), whereas the factor n/4 represents the total 
number of occupied spatial states. The occupation probability 0, appears in the final step by 
virtue of the Kronecker deltas and the fact that j stands for the occupied states. 

In a manner similar to that for the Wigner term, the Majorana term yields, from its 
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space-exchange property, the result 

occupied 

a M SEE «M/>o i>i x jPj | <f>j x iPh WiPj) — (WiPr, WjPj I h x )Pj'> ti x iPi» 

<Pi x i Pi 


oec 

= «m(4 E 
= axi(A6, — An). 


m occupied 

a 27 27 8: 


*i Pi 




The evaluation of the Bartlett and Heisenberg terms is simple 
exercise. The results are given by 


(V.46b) 

and is therefore left as an 


~ 20,) (Bartlett), (V.46c) 

—an(\ft - 20,) (Heisenberg). (V.46d) 

Putting together the expressions (V.46), we get the expression for the energy of the single-particle 
state i in the model under consideration as 


«, = (a w — \na M + $a B — ia H )n -f ( — n w 4- 4 a M — 2 a B + 2a H )6 h (V.47) 

In view of the occupation probability 0, in the second term, its coefficient (-n w + 4 a M — 2a B 
4* 2a«) the energy gap between the occupied and unoccupied states in this model. The reader 
can easily convince himself from (V.46a), (V.46b), and the steps in the derivation of (V.46c) 
and (V.46d) that the 0,-terms of (V.47) appear whenever the spatial wavefunctions <f> ( and <f>] 
exchange places. If we use a coordinate space representation of the HF potential, then we see 
that the terms in which and <f> f interchange lead to nonlocal contributions to the potential. 
For details of the coordinate space representation, the reader should refer to Problem 1 at the 
end of this chapter. 

We next summarize some of the other important features of the pioneering calculations 
by Levinson et al 1 . For even nuclei, these authors calculated the moments of inertia by 
applying the Inglis cranking formula, i.e., (V.35b), and also the alternative method described 
following it. They used the calculated moments of inertia to predict the spectra of these nuclei 
by means of the usual rotational formula. In Ne 20 and Mg 24 , they tried to calculate the 
position of the band heads of the various known excited bands. The procedure entails exciting 
a nucleon from the uppermost occupied single-particle level to one of the unoccupied levels so 
that the resultant determinantal state can have the appropriate band quantum number K. For 
example, in the case of Ne 20 , while calculating the excited band K = 0, we have to excite a 
nucleon (see Fig. V.l) from the topmost occupied levels k = i, — £ (which are degenerate) to 
the other two unoccupied levels k = (1/2)', (1/2)' [and k = (—1/2)', (—1/2)']. This way the 
band quantum number of the excited determinant remains the same (i.e., K = 0) as that of the 
ground-s^ate determinant. Since there are several possible determinants to consider, the actual 
calculation involves diagonalizing the two-body interaction plus the unperturbed energy, using 
all these excited determinantal states (which are of the one-hole one-particle type) as the basis. 
Such calculations are described in detail in Section 42B. The qualitative fact that the 0+ excited 
band of Ne 5 ^ occurs at 6.75 MeV gives general confirmation of the existence of a large energy 
gap between the occupied and unoccupied levels (the gap is the minimum value of the unper- 
turbed energy^of the one-hole one-particle type determinants). Without such an energy gap 
(*•©., with the Nilsson spectrum), the calculated value of the energy of the excited band 
becomes too low. In the calculations of Levinson et al, the intrinsic energy of the lowest 
^genstate (which is a mixture of several one-hole one-particle type determinants) was first 
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calculated through the diagonalization procedure just mentioned Then the position of the band 
head Eq was determined by first assuming that the band gives rise to pure rotational states, and 
next applying the method described (see Section 36B) in connection with the calculation of the 
moment of inertia of such intrinsic states. The actual numerical agreements are of a qualitative 
nature, and hence are not reproduced here. 

For odd nuclei, Levinson et al 1 used a hybrid method based on the HF intrinsic deter- 
minants and the collective Hamiltonian (IV. 137) described in Section 33C. The procedure 
entails using the collective model wavefunction (IV. 141) with X K determined by the HF method. 
Then, as far as the energy calculation is concerned, we may use the expression (IV. 145), but we 
should also introduce the values of the parameters a, . . . calculated with the HF X K . 
Levinson et al 1 treated also the nondiagonal part, (I+j_ + Lj+) t of the rotation-particle 
coupling (RPC) term I*j of the collective model Hamiltonian (IV. 137) by working out a 
complete diagonalization of the RPC term. Once again, the collective model expressions 
(TV. 146) were used for this purpose along with the HF wavefunctions. The results obtained 
for the various bands of Ne 21 , Na 23 , Mg 23 , Mg 23 , Al 25 , Al 27 , Si 27 are really outstanding. In the 
case of A — 21, 23, the odcLparticle belongs to the level k = 3/2 (see Fig. V.l) in the ground-state 
band. The neighbouring excited bands correspond to the levels k = 5/2, (1/2)' of this nucleon. 
The higher levels k = (1/2)', 3/2 were ignored in the calculation. The RPC diagonalization thus 
incurred mixing the bands K — 3/2, 5/2, 1/2, where both 1/2 and 5/2 bands mix with the 3/2 
band via the RPC term for which AK = 1 is obviously a necessity. In the case of A = 25, 27, 
on the other hand, the ground-state band corresponds to the last odd nucleon going to the level 
k = 5/2 (see Fig. V.l); the next excited band corresponds to k = (1/2/, and hence the RPC 
causes no mixing, unless the high-lying levels k = (1/2)', (3/2/ are also brought into the 
calculation. This was not done in the work described here; hence, for A = 25, 27, the results 
are really based on the diagonal matrix elements of RPC. As a typical illustration of the 
numerical agreement, we have presented the results for A — 21 in Fig. V.2. 

Unrestricted HF Calculations for Nuclei up to Ca 40 (Deformed self-consistent solutions) 

The second distinctly different type of calculation is unrestricted in the sense that it achieves 
self-consistency for all the nucleons in the nucleus using the Hamiltonian (V.l), which consists 
of the kinetic energy * and the two-body interaction. When applied to nuclei between two magic 
numbers, these calculations use all the harmonic oscillator states up to a certain major shell. 
In the earliest calculations of this type for the (1 j, 0</)-shell nuclei, all the projection sublevels 

resulting 'from 0%, 0pm, 0p,j 2 , 1%, 0dm, and 0</ 3 / 2 werc used as the basis - In latcr calcu- 
lations on the same nuclei, the basis was extended to include all the sublevels from the (0/, I p)- 

shell as well. 

A typical set of single-particle states for N = Z even nuclei has been depicted by Ripka 10 , 

whose work can be consulted for further reading on the subject of HF calculation. 

The most important results of the unrestricted type of HF calculation are on the 
(i) absolute binding energy of nuclei and (ii) deformation parameters and quadrupote moment 
of nuclei. In calculations that omit the core nucleons," the computation of (i) does not rely 

entirely on the two-body potential; the single-particle energies of the extra core nucleons and 
the binding energy of the closed-shell core are to be treated as empirical input data. For a 
deformed nucleus, the core is also deformed, and hence these input data which concern a 
spherical core may lead to serious errors in the calculated value of the binding energy in a 
‘limited* calculation of the type discussed in Section 36B. Similar observations hold for the 
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Fig. V.2 Spectra of (A *=* 21)-nuclei, using Hartree-Fock results for even core 

and coupling single particle to core, according to unified model described in 

Section 33. [Following Kelson, L, and Levinson, C. A., Phys. Rev., 134, B276 

(1964).] 

values of the deformation parameter and quadrupole moment in the •limited* calculations. 

In general, several deformed shapes lead to the extremum in HF calculations. Table V.2a 

shows several HF solutions for Mg 24 ; the single-particle energy levels are labelled by the basic 
State having the largest weight in the corresponding self-consistent single-particle wavefunction. 

The subscript and superscript in each basic state refer to the values of j and projection k, 
respectively. The different solutions for Ne J0 are given in Table V.2b. In Mg 24 , the ‘triaxiaP 
solution is* seen to have the lowest energy, whereas in Ne 20 the prolate spheroidal solution is 
the lowest. For the latter case, the last column of Table V.2b shows the energy gap between 
the last occupied and first unoccupied levels for HF solutions of the various shapes. It is 


K = 5/2 K — (1/2)' 

Band Band 
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Tabic V.2 Results of Hartree-Fock calculations in (1j, (W)-shell 
(a) Different HF solutions of Mg 24 

Energy per 
N. Nucleon 

Single^\( Me ^ 
Particle x. 
Level (MeV) \ 


Spherical 

Oblate 

Prolate 

Triaxial 


-4.79 

-5.20 

-5.40 

-5.54 

Ost'l 2 


-58.04 

-56.79 

-59.24 

-58.94 

opt?! 1 


-30.39 

-33.72 

-27.68 

-29.42 

opt!! 1 


-30.39 

-24.51 

-35.85 

-35.35 

opt!! 1 


-31.63 

-32.54 

-26.75 

-24.85 

o $ 8 * 


-8.01 

-12.98 

-4.97 

-5.62 

odpjP 


— 8.01 

— 10.54 

-9.50 

-12.13 

OdtfJ 2 


— 8.01 

— 4.97 

— 14.96 

— 14.95 

Isfi'J 2 


— 7.17 

— 9.63 

-4.25 

-6.75 

0 dt!! 2 


-7.58 

-5.48 

-1.85 

—0.99 

Odfi'J 1 


— 7.58 

— 1.69 

— 9.04 

— 3.78 

Source: Stamp, A. P., Nucl. Phys., A105, 627 (1967). 




Table V.2 Results of Hartree-Fock calculations in (1 j, 0</)-shell 

(b) Dilfcrent HF solutions of Ne 20 



Shape (Vn/SKr*Yfr (Vn/20 + rl 2 )> *££££* 

Energy Gap 


(fm) 2 


(fm) 2 

(MeV) 

(MeV) 

Spherical 

0.0 


0.0 

-4.53 


Oblate 

-6.54 


0.0 

-4.66 

0.10 

Prolate 

12.89 


0.0 

1 

O 

5.81 

Triaxial 

3:19 


3.91 

-4.80 

2.95 


Source: Stamp, A. P., NucL Phys., A105, 627 (1967). 


interesting to note that the lowest solution has the largest value of the energy gap. This means 

that the probability of exciting hole-particle pairs across the energy gap is the least for this 

state, In other words, the lowest HF solution is also the most stable against small perturba- 
tions. In most calculations of this type (see Ripka 10 , Stamp 11 , and Bassichis et al 6 ), all the even- 
even (N = Z>nuclei, starting from He 4 and ending with Ca 40 , have been investigated. With 
the exception of the closed-shell nuclei He 4 , 0‘ 6 , and Ca 40 , all the other nuclei were found to 
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be deformed. With the exception of C i2 , Mg 24 , and S 32 which were found to be triaxial, all the 
other deformed nuclei showed spheroidal symmetry. Of these spheroidal nuclei. Be 8 and Ne 20 
were observed to be prolate, whereas C 12 and Si 28 produced the lowest minimum for an oblate 
shape. 

A summary of the deformation parameters is given in Table V.2c, where the first set of 
effective two-body matrix elements (unpublished) of the Yale potential calculated by Shakin 
et al 7 are used. Stamp 11 chose the final set of matrix elements of Shakin and his coworkers. 


Table V.2 Results of Hartree-Fock calculations in (1$, 0d)-shell 


(c) Summary of deformation parameters 



Be 8 

C 12 

o 16 

Ne 20 

Mg 24 

Si 28 

s 32 

Ca 40 

p 

0.786 

-0.343 

0 

0.335 

0.324 

-0.282 

-0.190 

0 

y 

0 

0 

0 

0 

17°52' 

0 

23°33' 

0 


Source: Pal, M. K., and Stamp, A. P., Phys. Re 158, 924 (1967). 


Several aspects of the results presented in Table V.2 deserve mention here. 

(i) The calculated binding energies with the realistic two-body potential are somewhat 
lower than the observed values. This is true also ol the binding energy of nuclear matter, 

determined with this kind of two body potential. 

(ii) The values of the quadrupolc moments arc also somewhat lower than the observed 
values. This is due partly to the defect in the radial part of the wavefunction, and partly to 

the noninclusion of the (Of, lp)-shcll states in the calculations reported in Table V.2. The 
quadrupole deformation of the Op-core nucleons has the immediate effect of mixing in (()/, 1 p)- 
states into the O/j-wavefunction. The exclusion of the latter states therefore amounts to an 
incomplete reckoning of the core-polarization effect. 

(iii) In the spherical solution of Mg 24 (see Table V.2a), the spin-orbit splitting between 

the (0/> 3 ,j)-level and the (0/), ;3 )-level is the opposite to that required by the shell model, whereas 
the correct order of this splitting appears in the asymmetrical solution. Thus, an incorrect 

equilibrium shape of the nucleus is foudd *o lead to a faulty order of spin-orbit splitting. 

In the calculations of Bassichis et al 6 and those by Ripka 10 , the complete core-polariza- 

tion effect was included by using the (Of, lp)-shell states also in the basis wavefunctions. These 
calculations still suffer from the drawback that the radial part of the wavefunction is not too 

well-determined. To improve the radial wavefunction, we have obviously to include, in the 

basis, harmonic oscillator stares with a fairly large number of radial nodes. Such calculations 
are tractable (described in Section 37B) only if spherical symmetry is imposed when l,j,k 
become good quantum numbers and the HF matrices (independent of k) connect oscillator 

states of different radial quantum number n. In the deformed nuclei now being discussed, the 

HF matrices in the expanded space with several (some 3 or 4) n-quantum numbers present 


tremendous computational problems. 

Rtpfca 10 used « potential of the type (V.42b), whereas Bassichis et al‘ chose the Tabakm 

separable nonlocal potential (see Tabakin”, Chapter I). The HF calculation with the latter 
potential, reported by Kerman et al 6 , leads to too small a binding energy in closed-shell nude, 
such as 0“ and Ca 40 ; Kerman and Pal 6 therefore did a calculation for these two nuclei, in- 
corporating the second-order corrections to the binding energy. The same approach was main- 
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tained by Bassichis ct al 6 while calculating all the even-even ( N = Z)-nuclei from He 4 to Ca 40 . 
A summary of their results is presented in Fig. V.3. It is seen that the second-order correction 
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Fig. V.3 Binding energies of even-even (Y = Z)- 
nuclei in range He 4 -Ca 40 # calculated with Tabakin 
two-nucleon potential including second-order 
contribution (Zs 2 )* [Following Bassichis, W. H., 
Kerman, A. K., and Svenne, J. P., Phys. Rev., 
160, 746 (1967).] 


leads to a very close agreement with the experimental results in spite of a systematic disagree- 

ment (the calculated values are below the observed ones for the lighter nuclei, increase syste- 

matically, and then cross over on the higher side of the observed values for A 34 and Ca 40 ). 


Deformed HF Calculations (Nuclei heavier than Ca 40 ) 

Parikh and Svenne 12 did calculations on several even-even nuclei in the range Ca 42 to Ge 72 . 

They used Ca 40 as the core, and experimental single-particle energies, rather than the kinetic 
energies, for the extra core nucleons in the manner of Levinson et al 1 . However, since Ca 40 is 

not a very good closed-shell core, its use alone can be regarded a serious drawback of this 

work. The two-body matrix elements were taken from Shakin et al 7 , who derived the reaction 

matrix elements for the Yale hard-core potential. However, since the core nucleons are 

suppressed for the extra core nucleons in the calculations by Parikh and Svenne, the renorma- 

lized values (which are not yet available) of the reaction matrix elements of Shakin et al, 

which take into account the core-polarization effects, would have been more suitable. 

The nuclei calculated by Parikh dnd Svenne have Z = 20 (Ca), 22 (Ti), 24 fCr), 26 (Fe), 
28 (Ni), 30 (Zn), 32 (Ge). The single-particle energies used by them are listed in Table V.3a. 
Except for Ca 48 and Ge 72 , deformed solutions were obtained in all the even-even nuclei ealeu- 
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Tabic V.3 Single-particle energies in (0/, lp)-shell 

(a) Single-particle energies of Parikh and Svenne 

Unperturbed Energy (MeV) 


Single-Particle State 


Proton Neutron 


fill 

-1.09 

-8.36 

PiJ2 

0.70 

-6.29 

fil2 

4.41 

-2.86 

Pm 

3.04 

-4.23 

Parikh, J. C.. 

and Svenne, J. P., Phys. Rev., 174, 1343 (1968). 



lated. For the Ca isotopes, the deformation was found to be rather small; this is because of the 
presence of the (/^/j^-shell , whose filling gives rise to the fairly good closed-shell nucleus Ca 48 . 
For Cr 48 , Fc 36 , and Ni 38 , the lowest solutions were of the triaxial type. All the other nuclei show- 
ed deformed solutions of the axially symmetric type, with a preponderance of the prolate shape; 

the oblate shape was found only amongst heavier nuclei, such as Zn 68 , Ge 64 , and Ge 70 . The 
energy gap between the last occupied and the first unoccupied levels is about one-third of that 
observed in the (.?, </)-shell. As a result, the excitation of particles from the HF ground state 
across this gap becomes comparatively easier, and may lead to large corrections in the HF 
determinantul wavcfunction. 

Another calculation by Harishchandra 13 on even Ti, Cr, and Fe isotopes reaches almost 
identical conclusions. Like Parikh and Svenne, he too treated Ca 40 as the closed-shell core, but 
used slightly different unperturbed single-particle energies of the extra core nucleons. Since he 
ignored the Coulomb interaction between protons, he opted for a common set of single-particle 
energies for both kinds of nucleons. The values are given in Table V.3b. The zero of the single- 
particle energies has been arbitrarily chosen at the location of the level f 5}2 . Since calculations 


Table V.3 Single-particle energies in (0/, lp)-shell 

(b) Single-particle energies of Harishchandra 


Single-Particle State 

Unperturbed Energy (MeV) 

fi w 

1 

• Pm 

-4.5 

fm 

0 

Pm 

-2.5 


Source: Harishchandra, Phys. Rev., 185, 1320 (1969). 


of the type reported by Parikh and Svenne and by Harishchandra do not attempt to get the 
absolute value of the binding energy, it is immaterial where the zero of the energy scale is fixed. 

The two-body potential, used by Harishchandra consists of a central potential of the Yukawa 
type with the depths in various spin-isospin states as listed in Table 111.5. The major difference 
between this work and that of Parikh and Svenne concerns the relative positions of the 
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(k = })-level and the second ( k = £)-level. This is important because the shape of Ni 56 , for 
example, in Parikh and Svenne is very greatly dependent on the fact that the ( k = J)-level 
rises very high. This discrepancy between the two works may be connected with the different 
unperturbed single-particle energies in Tables V.3a and V.3b. 

Another important result obtained by Harishchandra relates to the special status of the 
(N = 28)-nuclei. Although an HF calculation in the even nuclei with this neutron number 
produces a deformed solution, the spherical shape is restored as soon as the correction to the 
HF ground state due to the pairing type excitation across the energy gap is taken into account. 
This has been achieved by Harishchandra by means of a Hartree-Fock-Bogoliubov (HFB) type 
calculation, which is discussed in Chapter VI. In contrast with the (TV — 28)-nuclei, the other 
even-even nuclei treated in this calculation retain their deformed shape even when the effect of 
the pairing type excitations is included by applying the HFB method. This result, once again, 
marks another major departure from the conclusion of Parikh and Svenne on the importance 
of the pairing effects in modifying the HF ground state of Ti 44 . In Harishchandra’s work, the 
HF and HFB solutions of this nucleus show very little difference. 

Faessler et al 14 worked on Fe 56 , Ge 72 , Se 78 , and 46 Pd 110 . In contrast with Parikh and 
Svenne, and Harishchandra, these authors did an unrestricted calculation (i.e., they did not use 
the concept cf a core) for all the nucleons, using the original Hamiltonian consisting of the 
kinetic and two-body interaction energy. They used the Brink and Boeker two-body potential 
given by (V.43a), and all the harmonic oscillator states up to the levels 0 g, 1 d, 2s as the basis 
for HF diagonalization. This basis is large enough to accommodate 70 nucleons of each kind. 
These authors, like Harishchandra, did both HF and HFB calculations and several minor 
variants ranging between these two methods. For Fe 56 , Se 78 , and Pd 110 , they conclude, in the 
manner of Harishchandra, that HF and HFB solutions are almost identical, in spite of the 
small energy gap in the HF spectrum. On the other hand, in the nucleus Ge 72 , the HF calcula- 
tion yields two deformed solutions, which in the HFB calculation make place for a spherical 
solution. (Incidentally, Ge 72 has a neutron number N = 40, a semi-magic number in this range 
of the periodic table.) This result for Ge 72 is therefore very similar to that obtained in 
Harishchandra’s work for the TV = 28 (a semi-magic number) Ti, Cr, and Fe isotopes. 

Calculations with Deformed Harmonic Oscillator States 

The first set of calculations with deformed harmonic oscillator wavefunctions is due to Volkov 4 . 
Strictly speaking, these calculations for the 0/?-shell nuclei are not of the HF type. In the 
simplest form, Volkov used the deformed Os-wavefunction as 

<f> s = C, expf (V.48a) 

and the deformed 0/?-wavefunctions of projections 0 and +1 as 

= C 0 (bz) expf, (V.48b) 

4> ±l = C ±l a(x ± iy) expf, (V.48c) 

where erpf is the deformed Gaussian factor occurring in alt the harmonic oscillator functions, 
i.e., 

expf — exp [— l{a{x 2 + y 2 ) + b&)\ (V.48d) 

The quantities C„ Co, and C ±i are the normalization constants. If the parameters a and b are 
made equal, all these deformed wavefunctions reduce to spherical harmonic oscillator functions. 
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The same parameter a is used for both the x- and y-directions, implying that these deformed 
single-particle wavefunctions retain spheroidal symmetry with z as the symmetry axis. The 
ratio of the parameters a and b specifies the extent of the deformation, For this purpose, a 
deformation parameter c is used, defined by 


b ~ 1 - V 


(V.49) 


The calculation entails constructing a determinantal wavefunction for a given p-shell nucleus 
with the aforementioned single-particle states, assuming that each such spatial state accepts 
two protons and two neutrons with opposite spin projection. The expectation value of the 
Hamiltonian is then calculated in a straightforward manner. For the potential energy, we 
obtain space integrals of the type 

J d\ | d'riMVMVVVilXMWeV) ~ 

The Gaussian form of the potential (V.42) makes the evaluation of these integrals quite simple 
with the use of cartesian coordinates. It should be observed that a Yukawa shape of the poten- 
tial, which is e~ rla /(r/a), i.e., a[x 2 -f y 2 -f z 2 ]~ li2 exp [ — a~ { (x 2 -f y 2 -f z 2 ) 1/2 ], would have given 
rise to a very complicated space integral in terms of cartesian coordinates. The choice of the 
cartesian coordinates for the purpose of integration becomes necessary in view of the expres- 
sions (V. 48) of the deformed wavefunctions. After the expectation value of the Hamiltonian 
is calculated, the result is minimized with respect to the parameters a and b or, equivalently, 
the nuclear size and deformation. In this sense, Volkov’s calculation is therefore a more 
restricted variational calculation than the self-consistent HF calculation. In one practical way, 
however, this type of calculation very quickly achieves what sometimes becomes a tremendous 
computational problem in the self-consistent work. In a deformed self-consistent work, the 
inclusion of basis wavefunctions with a large number of radial nodes sometimes poses a big 
computing problem; on the other hand, the simple deformed functions (V.48a) to (V.48c) 
already contain higher radial nodes, when analyzed in terms of spherical harmonic oscillator 
solutions. 

The minimization with respect to a and b has been tackled numerically as follows. First, 
a choice is made of the deformation parameter c, as given by (V.49), and then the energy 
minimized with respect to a (the size parameter). This process is repeated for a large number 
of values of c, both positive (prolate) and negative (oblate). 

In a more extended calculation, the parameters a and b were attributed three different 
sets of values in the three wavefunctions (V.48a) to (V.48c); however, the equality of the ratio 
a/b for the three wavefunctions was maintained. This means, according to (V.49), that the 
deformations of the orbits <f> 5 , <£ 0 > and are given the same value but their size parameters 
are allowed to be different. Numerically, we now need a minimization at each c with respect 
to three sfee parameters. To avoid the complexity of this three-parameter numerical search, 
certain assumptions were introduced. At zero deformation, the size parameters of and 4>,\ 
must be the same, whereas that of </>, could be different. Therefore, at zero deformation, the 
minimization is with respect to two independent size parameters. In the subsequent minimization 
at non-zero deformation, the value of the size parameter for <f> t is retained. One of the size 
parameters, that of <j> 0 or ^ L .|, is also retained at the same value; when « > 0, the size para- 
meter is chosen for this purpose, whereas that of i is chosen when < < 0. The remaining size 
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parameter is then determined by the minimization of the energy. The results for He 6 and Be 8 
are shown in Fig. V.4 as representative of Volkov’s findings. Curve I represents the case of the 

— 40 





(a) He® (b) Be 8 

Fig. V.4 Ground-state binding energy, using different oscillator constants for 
various single-particle orbitals. [Following Volkov, A. B., Nucl. Phys. 9 74, 33 
(1965).] 

same size parameter and displays two pronounced minima; the one at a fairly large prolate 
deformation, < ^ 0. 4-0.6, corresponds to the intrinsic ground state. Curve II shows the effect 
of choosing different size parameters for the single-particle states. In the case of He 6 , it has a 
very pronounced effect, namely, it leads to an almost spherical solution. In the case of Be 8 , 
however, no qualitative change of this type takes place. 

All the Op-shell nuclei between A = 5 and A = 13 were found to be deformed. Up to 
A = 8, there is a definite preference for the prolate shape; beyond that the nuclei tend to be 
oblate. A x* 14 and >4 = 15 have almost spherical shapes. 

Brink and Boeker 3 , and Boeker 15 , did calculations similar to those by Volkov, using 
harmonic oscillator wavefunctions in the cartesian basis. Let these states, corresponding to a 
spherical harmonic oscillator of energy Tiw, be denoted by | rt x , n y> n M %. Brink and Boeker used 
the states |0, 0, OX, |1, 0, OX, |0, 1, OX, |0, 0, IX* ... as occupied states in setting up deter- 
minantal wavefunctions for He 4 (only the first state is occupied). Be 8 (the first and second 
states are occupied), C 12 (the first three states are occupied), O 16 (all the four states are 
occupied) .... The quantity hu was treated as a variational parameter for the minimization 
of energy. The main purpose was to set up good two-nucleon potentials [described by (V.43a)- 
(V.43d)] for HF work; therefore, the actual energy calculation was rendered as simple as 
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possible. An important expression obtained in this work, which facilitates an evaluation of the 
matrix elements of the Gaussian potential in the cartesian basis, is now detailed. A product of 
two harmonic oscillator wavefunctions, given for any of the three coordinates (say, x) of two 
nucleons, can be expanded in terms of relative and centre-of-mass coordinates with a Moshinsky- 
like transformation of a much, simpler type. Let 

* = ^(*1 - * 2 ). x = ~ 2 ( Xl + x 2 ), (V.50) 

where the subscripts refer to the two nucleons, and x and X refer to the relative and centre-of- 
mass x-coordinates. Then 

K n 2 > = Z (n,N\ n h n 2 >|n, N}, (V.51a) 

w, N 

where </i, N | n it ni ) is the required transformation bracket and is given by 
<«. N I «i. « 2 > = (" ! - n 2 2 l + -J— )‘ ,2 S(n, + n 2 — n — N) 

X Z(-l ) v [(n, - n + v)< (n 2 - v)! (n - v)! v!]“'. (V.51b) 

V 

The derivation of this simple transformation is left as an exercise. 

Boeker 15 attempted the same calculation as that in Brink and Boeker 5 with a deformed 
basis and in a self-consistent manner. However, the deformed states were used only indirectly. 
If we denote the harmonic oscillator frequency w x of a harmonic oscillator state as 

w x = w*r 2a , then the state can, in general, be expanded in terms of a complete set of 
harmonic oscillator states |/7^> u corresponding to the harmonic oscillator parameter w. The 
quantity a in the definition of w x may be considered a reformation parameter for the direction 
x. In the lowest order expansion, we have 

= K>. + M\>, + IX"* + 2) \n x + 2>„ - vXK - I)K - 2>J. (V.52) 

The derivation of this result is also left as an exercise. In the same manner, we can consider 
the harmonic oscillator wavefunctions for the directions y and z, namely, and * with 
different harmonic oscillator parameters, namely, w y and w : . Let these be related to o> through 
the two deformation parameters ft and y as 

a)y = we~ 2fi , u)g = u>e~ ly . 

Once again, |n,> and \n g y Wg can be expanded in a manner similar to (V.52). In the full three- 
dimensional deformed wavefunction \n„ n y , aig , we therefore have states of the 

spherical harmonic oscillator of the type 

\n xt fiy t \n x -|- 2, n yt \n x 2, n yf n.) w , n y -f- 2, .... 

Boeker therefore decided to do an approximate deformed calculation, using all these spherical 
states as the basis. In his evaluation of two-body matrix elements, the results (V.51) are 
obviously very handy. To fix the ideas, let us consider the lowest harmonic oscillator state 
10, 0, In Boeker’s calculation, according to our discussion, this state has to be mixed with 

|2. 0, |0; 2, 0\ t |0, 0, 2>*. The admixture of these four states in He 4 is then determined by 

a regular HF calculation with the four states as the basis. Similar HF diagonalization has 
been done for Be 8 , C 12 , . . . using the higher states: (i) |1, 0, 0>«, (ii) |0, 1, 0)> w , . . . and the 
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states that mix with them, i.e., 

(i) |l,0,0X, 1 3, 0, 0> w , II, 2, OX, |1,0,2>»; 

(ii) 10, 1, OX, 10, 3, OX, 12, 1, OX, |0, 1,2V 
Calculations for Closed-Shell Nuclei 

All calculations for closed-shell nuclei have been done by mixing wavefunctions with different 
radial nodes n , and taking the basis wavefunctions to be spherical harmonic oscillator 
functions. 

In their calculation on O 16 and Ca 40 , Kerman et al 6 used the two-body matrix ejements of 
the Tabakin nonlocal potential. They also varied the harmonic oscillator parameter b and the 
number of radial nodes mixed in the single-particle (.s,/ 2 )-, (Pm)-* and (pi/2)-wavefunction. Their 
argument is that if a sufficient number of radial nodes is mixed, then the self-consistent wave- 
functions should eventually be independent of the harmonic oscillator parameter, which merely 
characterizes the basis functions. In practice, only a finite number of radial nodes can be mixed, 
and for four radial nodes a fairly flattish dependence of the HF total energy on the parameter b 
results. We may, of course, choose to use the value of b that corresponds to the minimum of 
this curve. The single-particle levels obtained by these authors for O 16 are given in Table V.4 
together with the experimental values. The numbers do not compare too well (this is a general 
characteristic of all HF calculations). One more aspect of the energy levels that deserves 
mention is the very large binding of the lowest (^1/2)- level. If the energy levels near the top of 
the fermi sea obtained with a local potential are fit to the observed levels, then the lowermost 
levels of the same local potential do not go as deep down as with the HF potential. This trait 
of the HF spectrum arises from the nonlocal nature of the HF potential. In Table V.4, the 
single-particle levels are denoted by the usual shell-model n-quantum number. For the HF 
states, this quantum number merely identifies the lowest energy level with the particular /, ; 
and the next higher level of the same /, j\ and so on. It is clear from this table that there are 
two major differences between the calculated numbers and the experimental ones: (i) the extent 
of spin-orbit splitting and (ii) the unbound nature of the first unoccupied (0*/ 5 / 2 )-HF level in 
contrast with the bound nature of the experimentally observed (0*/ 5/2 )-level. 


Table V.4 Calculated single-particle levels of O 16 


Level 

Hartree-Fock Energy 
(MeV) 

Experimental Energy 
(MeV) 

0*1/2 

-48.72 


Q Pm 

-19.65 

-21.81 

QPl/2 

-9.45 

-15.65 

(W3/2 

2.31 

-4.15 

1*1/2 

6.12 

-3.28 

0^3/2 

10.74 

0.93 


The total binding energy of O 16 , found by Kerman and his colleagues 6 , is 38.5 MeV, the 
corresponding experimental number being 127 MeV. Kerman and Pal 6 later obtained a second- 
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order correction to the energy which has improved the binding energy to 107.5 McV. 

Baranger et al 3 did an exhaustive set of calculations for the closed-shell nuclei, using the 
set of potentials described earlier in this section. The nuclei calculated by these authors are 
O 16 , Ca 40 , Ca 48 , Ni 36 , Sr 88 , Zr 90 , and Pb 208 . Some of these nuclei have a rather doubtful closed- 
shell character. The single-particle energy levels, once again, have a rather nonspectacular 
agreement with experimental values. The most important result obtained by this group 
concerns the bumps in the mass and charge-density distributions due to the closure of the inner 
shells. The typical cases of Ca 40 , Ca 48 , and Pb 208 are shown in Fig. V.5. The dashed curves 
labelled P correspond to the densities calculated with pure harmonic oscillator wavefunctions. 
The solid curves labelled 3x3 correspond to the wavefunctions obtained by mixing, for each /, 
the first three harmonic oscillator radial functions, i.e., those with a radial quantum number 
n = 0, 1,2. In the case of Pb 208 , the curves labelled P -f N (TV = 1,2) correspond to the wave- 
functions obtained by mixing, for a given /, the first P + N harmonic oscillator radial 
functions, where P is the highest radial wavefunction for that / in Pb 208 , according to the pure 
shell model. The bumps mentioned earlier distinguish the HF density distributions from the 
empirical fermi-type flat distribution in the core region, which is followed by the decaying tail 
region. The HF density distribution can be regarded as a superposition of the fermi-type 
distribution with an oscillating density due to shell effects. There is experimental confirmation 
of this general qualitative fact in the 750-MeV electron-scattering experiment of Bellicard et al 16 



r(fm) 


(a) Ca 40 

Fig. V.5 Proton and mass densities. [Following 
Turbutton, R. M., and Davies, K. T. R., Nucl 
Phys. 9 A120, 1 (1968).] (cont.) 
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on the nuclei Ca 40 and Ca 48 . Their results are shown in Fig. V.6 for the purpose of 
comparison. In Fig. V.6a, the experimental data are denoted by the solid circles and the 
theoretical curves by the solid and dashed lines. The dashed lines have been calculated with a 
parabolic fermi-type charge distribution, whereas the solid lines contain the additional contri- 
bution of an oscillating correction Jp(r) to the density. In Fig. V.6b, the dashed lines correspond 
to a parabolic fermi-type charge distribution [i.e., without the Jp(r)-term]. The dotted curve 
labelled “Shell model” gives the pure shell-model charge distribution. All these curves have 
been plotted with reference to the left-hand ordinate. The right-hand ordinate has been used to 
plot the difference (the dashed curve) in the parabolic fermi-type distributions in Ca 40 and 
Ca 48 . With reference to the same ordinate, the distributions Jp(r) are represented by the solid 
curves running close to the abscissa line. The oscillating part of the density, found in the 



km 

X 

<3 


(a) Observed by Stanford group of (b) Charge distributions (solid lines) determined 

Bel Heard et al from fitting electron scattering data shown 

In Fig. V.6a 


Fig. V.6 Differential cross-section of electron scattering and charge 
distributions of Ca 40 and Ca 48 . [Following Proceedings of International 
Conference on Nuclear Structure, ed. by J. Sanada, Tokyo, 1967, 
p 539; also Bellicard, J. B„ Bounin, P., Frosch, R. F., Hofstadter.R., 
McCarthy, J. S., Uhrhane, E. J., Yearian, M. R., Clark, B. C., Herman, 
R., and Ravenhall, D. G., Phys. Rev. Letters, 19, 527 (1967).] 


experiment, is not very uniquely determined. The authors first took an empirical form of the 
extra addition AF(q) needed for the form factor so that the shape of the cross-section curve at 
large q can be reproduced. The form chosen for this purpose is arbitrary and is given by 

AF(q) = A exp [(? — ?o) 2 /P 2 ) 

with A, q 0 , and p treated as parameters. The Fourier transform of AF(q) was then taken for 
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the change Ap(r) needed in the density distribution. Thus, 

Mr) 

This oscillating part of the density is shown in Fig. V.6b. Since the addition AF(q) to the form 
factor is a Gaussian centred at q 0t a suitable choice of the latter ensures that there is very 
little effect of this oscillating part of the density on the small q - part of the cross-section 
curve, which was fitted earlier for the 250-MeV electron scattering data with a parabolic type 
fermi distribution. This distribution contains three parameters-— c, r, and w— and is given by 

P(r) = Po(l + wr^c 2 ) [1 + exp {(r - c)/z}]~ 1 . 

It can be seen, by comparison with the fermi distribution (11.53), that this distribution has the 
additional quadratic term w^/c 2 in the numerator. The quantity p Q was determined from the 
value of the total charge Ze of the nucleus. The values of the parameters c, r, and w and 
the parameters p t q f and A (needed for the oscillating part of the density) for the two nuclei 
are given in Table V.5. It is clear that the ‘half-density* radius c is larger for Ca 48 , whereas 
the skin thickness z for it is smaller than that of Ca 40 . (It should be noted that, because of the 
presence of the w-term, strictly speaking p no longer becomes Jp 0 at r = c.) The root-mean-square 


Table V.5 Parameters of charge density 



Ca 40 

Ca 48 

c (fm) 

3.6685 

3.7369 

z (fm) 

0.5839 

0.5245 

IV 

-0.1017 

-0.0300 

7 

1 

0.5 

0.5 

<7o (fm) -1 

3.0 

3.0 

A x 10 3 

0.5 

0.8 


radii with the complete experimental charge distributions turn out to be 3.50 fm and 3:49 fm, 
respectively, for Ca 40 and Ca 48 . The values determined from the HF charge distributions are 
3.303 fm and 3.337 fm. There is therefore a qualitative discrepancy here in the relative 
magnitude of the root-mean-square radii of Ca 40 and Ca 48 . The other discrepancy relates to 
the magnitude of the oscillations in the density, which are somewhat large compared with the 

oscillating part found by fitting the experimental data. Of course, more reliable experimental 
data at larger electron energies are needed to settle these questions conclusively. 

C. RESULTS OF ANGULAR MOMENTUM PROJECTION 

In this section, we discuss some typical numerical results of spectroscopic calculations based 
on the angular momentum projection from HF intrinsic states, described in Section 36A. Many 
different Workers have obtained results on the (j, d)-shell nuclei; some of them used HF deter- 
minants for the (s, d)- shell nucleons only (i.e., treating O 16 as a core), and others the deter- 
minantal state for all the nucleons in the nucleus. 

A typical set of results obtained by Ripka 10 is shown in Fig. V.7; the p-shell nucleus C 12 
is also included. The number to the right of each level is its spin, whereas the number to the 
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left of each projected level gives its energy with reference to the energy of the determinantal 
state. It is dear that the projected spectra are in obvious disagreement with the experimental 

c ’ 2 Ne J ® Si 2 ® a 36 
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8.60 
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- 4 

0.84 
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0-2.37 

Projected Experimental Projected Experimental Projected 

Experimental Projected Experimental 


Fig. V.7 Spectra of several even-even (N = Z)-nuclei, projected from deformed Hartree- 
Fock determinants. [Following Ripka, G., in Advances in Nuclear Physics, Vol 1, ed. by 
M. Baranger, Plenum Press, New York, 1968, p 208.] 


data for Si” and A”. It is quite well-known that the nuclei from Si” onwards in the (r, rf)-shell 
do not possess collective rotational spectra, whereas the projection from the HF determinant 
roughly produces the rotational features. 

In the case of Si”, the results shown refer to the oblate lowest-energy HF determinant. 
There is a prolate solution whose energy is somewhat higher than the lowest solution. Many 
authors have tried to utilize the existence of this solution in securing agreement with experi- 
mental data. Tewari and Grillot 17 mixed the prolate and oblate solutions, but the mixing was 
found to be very small. They also tried to correct the intrinsic HF state by mixing it with two- 
hole two-particle (2h-2p) states [the two particles being in a pair of time-reversed states, 
such as ( p , p), and the two holes also in a pair of states (h, S)]. Mixing of this type is also 

found to be small, and hence the projected spectrum changes very little through this type of 
correction. 

Angular momentum projection has been worked out by Bouten et al 18 for the Op-shell 
nuclei. 

Considerable work on angular momentum projection and on properties of projected 
states has been done by Warke et al 19 " 22 . They were amongst the early workers who derived 
the angular momentum projection algebra given in Section 36A. They obtained special 
symmetrjr relations for the functions 1(6) and H(6 ), defined by (V.25b and (V.26a). Further, 
they derived the behaviour of £(/), the energy of the projected state of angular momentum /, 
as a function of J. These authors worked out the values of the magnetic dipole and electric 
quadrupole moments of projected states and the E2-transition strengths connecting neighbour- 
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ing states of the band. In addition, electron scattering, /3-decay probability, etc. were also 
calculated. While applying their theoretical expressions to (1$, (kO-nudei, Warke and Gunye 1 ? 
used the Rosenfeld interaction, given by (V.40) with V 0 = —45 MeV and a = 1.37 fm. O 16 
was treated as the core producing single-particle energies for the (Is, 0</)-nucleons, as described 
in Section 37B. The aforementioned energies of the projected states and their properties were 
quite satisfactory. A few typical cases of their results on the electromagnetic properties are 
shown in Table V.6. 


Table V.6 Magnetic dipole moment n (nM) and electric quadrupole moment Q (e x 10" 24 cm 2 ) 


Nucleus 

J 


^calc 

Mexpt 

QS& 

£?expt 

Ne 21 

3/2 

0.85 

-0.57 

-0.66 

0.097 

0.093 

Na 23 

3/2 

0.12 

2.11 

2.22 

0.10 

0.097 

Mg 23 

5/2 

-1.91 

-0.58 

-0.85 

0.18 

0.22 

Si 29 

1/2 

-1.91 

-0.38 

-0.55 

0 

0 


Vs p denotes the Schmidt value of the magnetic moment. 

••In calculating Q, effective charges of 1.5e for the proton and 0.5e for the neutron have been used. 


Dworzecka and Warke 20 calculated the binding energy for (1 s, 0</)-shell nuclei using the 
same interaction as in Pal and Stamp 7 and in Stamp 11 . Instead of doing an HF calculation with 
all the nucleons, they developed an approximate method, treating the core nucleons and extra 
core nucleons separately. In addition, they calculated the binding energy for the projected 
ground state, unlike Pal and Stamp who computed only the energy of the HF state. 

The' HF potential is so defined that the matrix element of the total Hamiltonian 
connecting the HF ground state with any one-hole one-particle (lh-lp) excited state is zero 
(see Problem 7 at the end of this chapter). Thus, the lowest set of excited states that can mix 
with the HF state is the 2h-2p states. It can therefore be argued that an intrinsic state that 
is better than the HF state can be obtained by diagonalizing the total Hamiltonian, using the 
HF state and the 2h-2p states as basis states. However, because of the energy gap in the single- 
particle spectrum, the 2h-2p states have unperturbed energies very much higher than the HF 
energy, and hence their admixture into the HF state as a result of the diagonalization may turn 
out to be small. This idea was first explored by Pal and Stamp 23 , using 2p-2h excitations caused 
by a special pairing interaction active between pairs of identical nucleons in states that are 
time-reversed of each other [see (VI. 92)] Padjen and Ripka 23 derived a self-consistent method 
for taking into account this admixture of 2h-2p states, and also emphasized that a realistic two- 
nucleon interaction containing both the components T = 0 and T **■ 1 be used. Earlier, 
Goodman et al 24 had also made the point that, for a ( Is , 0</)-shell N = Z even nucleus, such as 
Mg 24 , the two-nucleon ( T = 0)-interaclioo makes the 2h-2p admixture important. In Mg 24 , the 
HF calculations lead to a prolate, an oblate, and a triaxial minima, of which the last one is 
lowermost in energy. By means of a self-consistent Hartree-Fock-Bogoliubov (HFB) calculation 
(this method is described in Appendix G, Section II), Goodman et al 24 demonstrated that, after 
the pair excitations due to the (T = 0)-interaction are included, both the prolate and triaxial 
states are pushed down, but the prolate is lowered 4.3 MeV more than the oblate, thereby 
becoming the lower of the two. 
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Gunye et al 21 have also dealt with the foregoing problem. They showed that the detailed 
self-consistent treatment of Padjen and Ripka 23 is not essential, whereas a perturbation treat- 
ment of the admixture is quite adequate. In their detailed calculations on Ne 20 , Mg 24 , and Si 28 , 
they used the two-nucleon interaction matrix elements as given by Elliott et al 25 , which is more 
popularly known as the Sussex interaction. These authors verified that the prolate solution for 
Mg 24 indeed comes below the triaxial, the relative lowering being 3.35 MeV; however, the 
contributions of the components T = 1 and T = Oof the interaction in the relative lowering 
are 2.25 MeV and 1.10 MeV, respectively. They ascribed the large ( T — 0)-contribution found 
by Goodman et al 24 to the nonconservation of the nucleon number in the HFB method used by 
these authors. 

Warke 22 explored in detail the dependence of the energy E(J) of the projected state on 
the angular momentum J. He used (see the first paper of Warke 22 ) Lanczo’s algorithm for the 
eigenvalue problem of a matrix and obtained an expression of the form 

E(J) = E(f$) + V + Or* 

rt-l 

where the HF determinant contains N states of different angular momenta J, and p is the 
deformation parameter for the HF determinant. Expressions have been obtained for the 
coefficients A n {P), of which A 1 (y3) is obviously related to the moment of inertia. The expression 
for A i(j8), obtained by Warke, agrees with the formula for the moment of inertia derived earlier 
by Skyrme 26 , and his expression for £(7), keeping only the ( n = l)-term, agrees with that 
obtained by Dasgupta and Van Ginneken 27 by using an approximate form of the projection 
operator. Warke again derived E(J) (see the second paper of Warke 22 ), by using the projection 
operator given in Section 36A and following the spin-matrix polynomial expansion method of 
an arbitrary function of J y [in this case, exp( — iQJ y )]. He concluded that the expressions of E(J) 
arrived at by the various methods have different forms which suggest nonuniqueness in the 
construction of the projection operator. 

Castel et al 28 calculated the single-particle occupation probability in the ground states of 
even nuclei of the (Ij-OJ)-shell and compared the results with stripping data. Parikh et al 28 
made calculations which critically examine the nature of the energy gap, in particular its 
relationship with the nonlocality of the HF potential as proposed by Bar-Touv and Levinson 9 
(described in Section 37B). An alternative explanation of the energy gap, which has been 
verified by Parikh and his coworkers, is as follows. The quadrupole part of the two-body 
interaction produces the deformed HF solution and breaks the spherical symmetry of the 
original Hamiltonian in the resultant wavefunction. The energy gap is a result of this 
symmetry breaking, and hence related to the proportion of quadrupole and hexadecapole compo- 
nents of the interaction. However, these authors argued that, in a limited model space calcu- 
lation, it is difficult to conclude in favour of either of the two alternative explanations (i.e., 
norlocality or quadrupole interaction). 

In a scries of papers, Parikh et al 29 investigated the question of minimizing the variance 
in energy a, defined by 

o 2 - <ff 2 > - <#> 2 . 

where < > indicates the expectation value. Obviously, the minimization of <7/> in the HF 
calculation produces a better value of the energy; on the other hand, the minimization of a 
(which is related to the spread of the state over the actual eigenstates of H) produces a better 
wavefunction. In order that such a wavefunction does not lead to a very poor value of the 
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energy, we have to look for a W to minimize a 2 in the neighbourhood of the HF wavefunction 
0. These authors showed that such solutions exist and are not very different from 0, The 
spread a at the minimum and also that of the HF solution are quite large by any standards. 
For example, the HF state in O 16 may have a spread as large as 24.3 MeV. 

Elaborate HF calculations have been done as a replacement of the shell-model configura- 
tion-mixing calculations. Angular momentum states projected from HF determinants, corres- 
ponding to several intrinsic shapes, and hole-particle excited determinants have been used in 
such work for diagonalizing the Hamiltonian. Nair and Satpathy 30 did such calculations for 
Ne 22 , whereas Khadkikar, Nair, and Pandya 30 and, later, Khadkikar, Kulkami,and Pandya 30 
applied the method to Ne 24 . 

Very elaborate work of the foregoing type on the (0/-lp)-shell nuclei has been done by 
Dhar et al 31 . Earlier calculations by Parikh and Svenne 12 on the (0/-l/?)-shell nuclei have 
been described in Section 37B. Work involving angular momentum projection has also been 
done by Khadkikar and Gunye 32 , and Khadkikar and Banerjee 33 . The nuclei, treated by Dhar 
and his coworkers, are V 48 , Ti 45 " 51 (odd A isotopes), Cr 49 , V 51 , and Mn 53 . The method depends 
on first doing an axially symmetric HF calculation for the extra core nucleons (Ca 40 is treated 
as the core), using the modified Kuo-Brown two-body matrix elements as proposed by McGrory 
et al 34 . In all the cases, prolate and oblate solutions are found. In addition to the angular 
momentum states projected from these two intrinsic wavefunctions, the authors used also 
states projected from lp-lh determinants based on the two HF solutions. For each J t a 
set of nonorthogonal states was thus obtained. Taking the overlap of pairs of these states and 
diagonalizing the resultant overlap matrix, they constructed a set of orthogonalized basis states 
with the help of the eigenvector of the overlap matrix. The Hamiltonian matrix was then set 
up with the orthogonalized basis and diagonalized. The energy eigenvalues and the correspond- 
ing eigenstates were obtained in this way. The authors also computed various electromagnetic 
properties of the resultant states using the effective charges e p = 1.32* and e D «= 0.89c in most 
cases; although, in a few cases, the values e p — 1.5c and c„ = 0.5c produce slightly better 
agreement. For details, the reader is referred to the original papers. 

A simple interaction, originally proposed by Skyrme 35 and subsequently modified by 
Vautherin and Brink 36 , has been extensively used in HF calculations. The Skyrme interaction 
consists of a two-nucleon part V i2 and a three-nucleon part F, 23 . The part V l2 is conveniently 
defined in the momentum space by 

<k| V t2 |k'> - /o(l + *o F„) + t t {k 2 -f k' 2 ) 4 / 2 k.k' 4 iW{p x 4 o 2 ).(k x k'), 

whereas V m is taken to be a three-nucleon contact interaction 

F| 2 3 = — r 2 )S(r2 — fa)* 

The modification intidduced by Vautherin and Brink 36 entails replacing V t2 $ by a density- 
dependent two-nucleon interaction v {2 (the two forms being equivalent in the HF energy 

calculations of even nuclei) given by 

*12 - 6*3(1 4 Po)K*\ - r 2 )KR)- 

Here P 0 is the Bartlett exchange operator, and the density p is to be taken at R, the centre-of- 
mass of the two nucleons, i.e., J(r, + r,). The complete density-dependent Skyrme- interaction, 
y l2 + V 12 , thus contains the six parameters t t ( i = 0, 1, 2, 3), x<>, and W. Earlier values of the 
parameters, suggested by Skyrme, have been revised by Vautherin and Brink 16 by fitting the 
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binding energies of O 16 and Pb 208 , and by Beiner et al 37 by fitting the binding energies and 
charge radii of a large number of magic nuclei. Moszkowski 38 used a somewhat simpler form of 
a density-dependent interaction in his many-body calculations. In his many-body (7-matrix 
work, Bethe 39 proposed a density-dependent effective interaction, and Nemeth and Bethe 40 
applied it to self-consistent energy calculations. Negele 41 extensively computed finite nuclei 
using the density-dependent interaction, and Negele and Vautherin 42 tried to link the G-matrix 
version of the density-dependent interaction with the phenomenological Skyrme version. 

Khadkikar and Kamble 43 applied the Skyrme interaction to angular momentum project- 
ed HF calculations on Li 8 , Be 8 , B 8 , C 12 , and Ne 20 . In some of this work, the density-dependent 
part of the interaction has been omitted and the results compared with those obtained in the 
same calculations using the Sussex interaction (Elliott et al 25 ). While applying the density- 
dependent interaction to deformed nuclei, the authors had to use an averaging procedure to 
circumvent the difficulty relating to the nonscalar nature of r 12 , caused by the angle-dependence 
of the density p. 

The HF energy needs correction due to the centre-of-mass motion of the nucleus, and the 
Coulomb energy before it is compared with experimental values. The Coulomb interaction 
between pairs of protons can be included in the total Hamiltonian while doing the HF self- 
consistent calculation. An approximate calculation of the Coulomb energy can also be done 
by using the HF wavefunction obtained without the Coulomb force. The question of centre-of- 
ma o motion plagues all many-body wavefunctions based on individual particle states. This 
question was first discussed by Llliott and Skyrme 44 in the context of the harmonic oscillator 
shell-model wavefunctions. The problem involved is as follows: the centre-of-mass of a nucleus 
can be displaced through a distance a with the help of the operator exp [— (i/h)P*a], where 
p -- £ P, is the total momentum of the A nucleons in the nucleus. Under this displacement, 

the nuclear wavefunction should, at the most, get multiplied by a numerical factor exp [/8(a)], 
where S(a) is real. This implies that the nuclear wavefunction be an eigenfunction of the 
operator I\ ar J the centre-of-mass part of the wavefunction be given by exp (/K.R), where R 
is the centre-of-mass coordinate vector and tiK is the eigenvalue of P. It is difficult to ensure 
in a determinantal HF state that the centre-of mass dependence of the wavefunction automati- 
cally becomes a factor of the type exp (/K.R). Various approximate ways of dealing with the 
centre-of-mass motion have therefore been suggested. Kerman et al 6 proposed that the intrinsic 
energy be computed by eliminating the kinetic energy of the centre-of-mass from the total 
Hamiltonian. In other words, an HF calculation is done with // — P 2 /{2MA ), where M is the 


nucleon mass. Since 


P 2 

LI i 

2 MA 



+ z v„ - 

KJ 


I J 
2 MA 
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MA ’ 


the HF calculation with this modified Hamiltonian can be carried out in the usual way. Some 
questions relating to the centre-of-mass motion with the Hamiltonian just given and an equi- 


valent form of it, namely, 


2[V,j + 


(Vi ~ Vi) 
IMA 


have been investigated by 


]. 

Khadkikar and Kamble 43 . 
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PROBLEMS 

1. Use the definitions (V.6b) and (V.6c) to rewrite the HF potential in the coordinate space. 
Show that.it consists of a local and a nonlocal part, Assume V to be a well-behaved central 
potential with a general exchange-dependence, and derive explicit expressions for the strengths 
of the local and nonlocal parts. 
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2. It is well-known that a determinant D having the elements d i} can be expanded as E d i} M ih 

i 

where M i} is the minor of the element d lh Prove that E d {J M ik — 0 when j # k. [Hint: Use the 

property of a determinant that states that whenever two rows or two columns are identical, 
the determinant vanishes.] Thus, we can write DS Jk = E d i} M ik Use this relation to obtain an 

i 

expression of the minor in terms of D and the elements d n . 

3. Generalize the results of Problem 2 to obtain an expression of the minor M iJtkh obtained 
by suppressing the rows i, j and the columns k , / of the determinant and multiplying by the 
appropriate phase factor. 

4. Derive (V.51b). 

5. Prove (V.52). 

a 

6. Obtain an expression for the expectation value of E T£(i) by using an angular momentum 

/-i 

projected state. 

7. Consider the HF ground state <P 0 and the lh-lp state <P hp . Use the Hamiltonian (V.l) and 
the standard results (11.24) and (11.26) to write down the matrix element <<P 0 | H | Prove 
that it vanishes by virtue of the definition (V.8) and the fact that h and p are orthogonal eigen- 
states of the HF Hamiltonian. 
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VI Microscopic Theory of Nuclear 
Structure — Vibrational States 


38. INTRODUCTION 

The phenomenon of nuclear vibration, which is the subject of this chapter, has been introduced 
in Chapter IV in a phenomenological manner. Here we are concerned with a microscopic des- 
cription of the phenomenon. 

The nucleus is a many-body system, which is made up of nucleons moving in an average 
potential field and interacting weakly through a residual interaction. It is obvious that such a 
many-body system has excited states corresponding to the excitation of one or a few particles. 
This type of excitation mode of the nucleus is well-known near closed shells. An altogether 
different mode of excitation is that in which many particles participate in a coherent manner. 
Such an excitation is well-known in the many-electron problem, where there is a coherent 
plasma mode of oscillation. Similar oscillation modes have been observed in nuclei also; in 
fact, we have a very rich variety here, one distinguished from the other by the angular 
momentum < J) f parity (tt), and isospin (7") of the phonon associated with the vibrational mode. 

The most important nuclear vibrations, classified with J” and T, are (i) the giant dipole 
oscillation <J n — l”, T =» 1), (li) quadrupole vibration '2 + , T = 0), and (iii) octupole vibration 
(3~, T - 0). 

For theoretical purposes, it is convenient to classify vibrational states according to the 
type of nuclei hey belong to. In so doing, we have the theory of vibration of (i) closed-shell 
nuclei, (ii) spherical nonclosed-shell nuclei, and (iii) deformed nuclei, which differ from each 
other in some details. The basic concepts (now outlined) are however the same for all these 
different cases. 

The single-particle level schemes for the three cases and the highest occupied level A 
(fermi level) are shown in Fig. VI. 1. In the case of a closed-shell nucleus, the level immediately 

above A is separated from it by a large interval (the spacing between two shells), and hence 

the excitation of a nucleon from the occupied levels to the lowest unoccupied level requires a 

fairly large energy. The ground state therefore is a fairly good closed-shell state having an 

occupation probability P, below and above A, as depicted in Fig. VI.2a. The state obtained by 
excit, ig a nucleon from an occupied to an unoccupied level is usually called a state of the one- 

hole one-particle (lh-lp) type because, in this process of excitation, a vacancy (hole) is left 
in the occupied levels and a particle is produced instead in one of the unoccupied levels. This 

type of excitation is a possible elementary mode of excitation of a closed-shell nucleus, and 
such a mode has an energy very nearly equal to the separation of the two shells at the top of 

the ferini sea, However, if each of the nucleons in the fermi sea is allowed to get excited in 
turn above the sea, there will be a whole set of lh-lp type states of the closed-shell nucleus. 
The question is whether these independent particle modes of the different fermi-sea nucleons 
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(a) Closed-shell nuclei (b) Spherical nuclei with last (c) Deformed nuclei 
major shell partially filled 

Fig. VI. 1 Single-particle level schemes. 

act coherently and build up a collective type of excitation mode. That this is so becomes evident 
in this chapter, and the resultant coherent state is, for all intents and purposes, a vibrational 
state of the closed-shell nucleus. The exact meaning of the word “vibration** in this context 
is made more quantitative as we go along. 



(a) Closed-shell nuclei (b) Open-shell nuclei 

(spherical and deformed) 

Fig. VI.2 Occupation probability of single-particle levels as function of single- 

particle energy. 

Let us now go back to Figs. VI. lb, VI.lc, and VI.2b and examine what happens in the 

case of nonclosed-shell spherical and deformed nuclei. The only difference between these two 
cases is the nature of the single-particle states. In the case of spherical nuclei (Fig. VI. lb), the 
states are labelled by the quantum numbers nljm, and the separation between the major shells 
is still large. On the other hand, the single-particle states of deformed nuclei (Fig. VI.lc) are 
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a superposition of several sets of nljm; for axially symmetric nuclei, only m is a good quantum 
number. In this case, the levels belonging to various major shells get closer to each other, and 
can even penetrate each other for a large deformation. The main point of interest, at present, 
is what occurs near the fermi level A. In both the cases, there are several single-particle energy 
levels which crowd together in this energy region. As a consequence, our picture of a sharp 
fermi sea as the ground state of these nuclei is sure to be rather poor. Since it costs very little 
energy to promote a nucleon from the fermi sea to one of these crowded levels immediately 
above A, we expect the ground state to contain such excitations as make the occupation pro- 
bability of levels immediately below and above A depart from their ideal values 1 and 0, 
respectively. This picture of the ground state having a diffuse single-particle probability 
distribution is shown in Fig. VI.2b. Since the ground state is already somewhat complicated 
for these nuclei, the type of elementary excitations that will take place in them is not immedi- 
ately clear. We shall show in Section 41 that it is still possible to find elementary excitation 
modes, to be called quasiparticles. In this approximate theory, the ground state of Fig. VI. 2b is 
characterized by the absence of any quasiparticle; the states of odd-mass and even nuclei 
correspond respectively to an odd and even number of quasiparticles. For an even nucleus, 
the elementary excitation modes of the lowest energies thus correspond to a pair of quasiparti- 
cles. This is closely analogous to the hole-particle pair excitation mode of a closed-shell 
nucleus. Therefore, we can formulate a microscopic theory of vibration corresponding to Fig. 
VI. 2b by a coherent superposition of quasiparticle pair states. This is the core of the micro- 
scopic theory of vibration developed in our subsequent discussion. 

The microscopic picture of vibration, as just outlined, apparently seems rather distinct 
from the classical description of vibration of a dynamical variable. In reality, however, there 
is an underlying link between the two pictures, and it is possible to show that the nuclear 

vibrational state, which is a coherent superposition of many elementary excitation modes of 
the hole-particle (or pair of quasiparticles) type, corresponds to a single-particle density 
variable that indeed oscillates with time. The equation of motion for the oscillating density is 
exactly identical to the system of linear equations that connects the elementary excitation 

modes. 

In our discussion of the Hartree-Fock (HF) theory in Section 35, we have noted that the 
single-particle density is self-consistently connected to the average nuclear field. Therefore, the 

oscillations we are dealing with can equivalently be looked upon as oscillations of the average 
HF potential. We should keep in mind, however, that this kind of vibration does not exhaust 
all the possibilities for a nucleus. An example of states corresponding to vibrations of a 
different type of dynamical variables has been recently encountered; this is the case of pairing 

vibration. The dynamical quantity that vibrates here is the pairing density or, equivalently, 

the pairing potential. 

We shall begin by describing a general method of treating vibration. Several methods 
have been applied by various authors in deriving the equations for nuclear vibrations. Needless 
to say, the final equations derived are independent of the method used. Basically, the deri- 
vation can be given in two different ways. The first (see Section 40) is a time-dependent HF 
treatments' and features the semiclassical picture of an oscillating density distribution; the 

second derivation (Section 41) is more formal, and is based on the transformation of the 
Hamiltonian of the many-body system to a form that Clearly shows the part responsible for the 
vibrations, and what remains after such a treatment. The second method therefore allows a 
natural extension, which enables the incorporation of the effects of the residual parts of the 
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Hamiltonian. Such an extension gives rise to anharmonic effects in nuclear vibration. As 
mentioned in the phenomenology of Section 33B, there is ample experimental evidence of such 
anharmonicity in nuclear quadrupole vibration. 

Towards the end of this chapter we shall describe the application of the theory to the 
vibrational states in (i) closed-shell nuclei, (ii) spherical nonclosed-shell nuclei, and (iii) deform- 
ed nuclei. A preview of these may be pertinent here. 

Closed-Shell Nuclei 

The nuclei that have been exhaustively treated by many authors are O 16 , Ca 40 , and Pb 208 . In 
all these nuclei, the giant dipole resonance states (J n = 1~, T — 1) and the octupole states 
( J n = 3”, T = 0) are very well-reproduced by the theory based on the lh-lp type excitations. 
The agreement of the transition strength in the case of octupole states is very good, whereas 
there are some minor discrepancies in the giant dipole states. The latter states are around 
20-25 MeV in the lighter nuclei, whereas in Pb 208 they are in the neighbourhood of 14-15 MeV. 
It has been found that, for these states, the excitation of a nucleon to the continuum states is 
also important; an extension of the kind of theory we shall describe here, so as to incorporate 
the effect of the continuum states, truly belongs to the realm of the microscopic theory of 
nuclear reactions. 

The octupole states are very strongly collective, have a large E3-transition probability to 
the ground state, and are very low-lying in energy. The type of theory we derive is very 
appropriate for describing these two features. 

For a time, there were many calculations on the states 2+, T = 0 in closed-shell nuclei 

using the method based on the lh-lp excitations. However, it is now conclusively established 
that getting a low-lying 2" 1 " state by this method is difficult. Experimentally also, the low-lying 
2 + states of closed-shell nuclei are found to have very little collective vibrational character — 
the E2-transition strength connecting such a state to the ground state is rather small. 

The most enigmatic state in closed-shell nuclei (and also many spherical even nuclei) is 
the low-lying 0* state. In early calculations on vibrational states, this state also was unsuccess- 
fully attributed a lh-lp type character. However, the experimentally observed small transition 
strength to the groupd state rules out such a treatment of the 0+ state. In O 16 and Ca 40 , this 
state has been established to have a deformation, even though the ground states are spherical. 
However, Pb 20 ® is a very stable closed-shell nucleus, and does not tend to acquire a deformation 
in any low-lying excited state. The 0+ state in this nucleus is now understood to be a member 
of the chain of levels in the Pb region connected to each other by the pairing vibration. In O 16 

and Ca 40 , there are states other than the 0+ state that correspond to a deformed shape. 

Spherical Nouclosed -Shell Nuclei 

In contrast with closed-shell nuclei, spherical nonclosed-shell nuclei have a strongly collective 

quadrupole vibrational level (2+) as their first excited state. The octupole level (3~) has also 

been observed in many of these nuclei. The main point of interest centres around the group of 
excited states above the first excited 2 + . Phenomenological details of the two-phonon triplet, 

the presence of anharmonicity, and the case of transitional nuclei have already beeh described 
in Sections 33B and 34A. 

Deformed Nuclei 

As described in Section 33B, in deformed nuclei the levels near the ground state belong to a 
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rotational band. However, they exhibit excited states of the vibrational type, the most important 
ones being the quadrupole /?- and y-vibrational state, and the octupole vibrational states. In 
deformed nuclei, the phonon of the vibration does not, strictly speaking, have a definite angular 
momentum; yet it is customary to consider these vibrational states as ‘quadrupole* or, 
‘octupole’, in keeping with the semiclassical picture of the shape oscillation of the nucleus 
starting from an equilibrium prolate spheroidal shape in the manner of Section 33B, where the 
cases of /3- and y-vi bration have been described in detail. When the deformed shape during the 
oscillation is of the octupole type, we may have states with the projection 0", 1“, 2", 3*“, all of 
which comprise the octupole vibrational states. Only a brief summary of the existing results is 
given in this chapter. 

Very recently, a fresh resurgence of interest has occurred in the area of giant multipole 
resonances. Experimental studies have been made by using high-energy electron scattering and 
the scattering of high-energy protons and alpha-particles, and also heavy ions such as Li 6 . 
The energy region of the nucleus where these resonances have been found is roughly given by 
60 A" 113 MeV. Multipole excitations studied in this way are E2, E0, Ml, and M2, and, in small 
proportions, E4 and E6 as well. The experimental findings, the theoretical analysis, and further 
details on giant multipole resonances are available in current literature*. 

39. GENERAL COMMUTATOR METHOD 


A. SIMPLE CASE 

In its simplest form, the commutator method entails looking for an operator Q f , whose commu- 
tator with the Hamiltonian H is a numerical mutiple of itself, i.e., 

[ H . Q'\ = t (VI. 1) 

where tko is a number. This equation automatically guarantees (take the Hermitean conjugate 
and reverse the sign) 

[H t Q] - ~H u»Q. (VI. 2) 

Without any loss of generality, we may assume Tuu to be positive; because, if ha> is not positive, 
then — ticu is, and hence all that becomes necessary is to reverse the roles of Q and Q t. 

Now, if is an eigenfunction of H belonging to the eigenvalue E ', then (VI. 1) guarantees 

that QW is also an eigenfunction of H belonging to the eigenvalue ( E + 1)w). The proof 

follows. 

Given H'P - EV, (Vl.t) ensures 

or 

H(Q"P) - E(QW) = MfitlP) 


or 


H(Ql'P)~{E+‘tu u )(Q''F), 


•See, for example, Youngblood, D. H.. Moss, J. M., Rosza, C. M., Bronson, J. D., Bacher, A. D., and Brown, 

D. R., Phys. Rev., C13, 994 (1976); Halbert, E. C., McGrory, J. B., Satchler, G. R., and Spetb, J., Nuel. Phys., 
A24S. 189 (197J); Speth, }., Werner, E., and Wild, W., Phys. Rep., 33C, 128 (1977). 
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which proves the required result. In a similar manner, we can prove, with the help of (VI.2), 
H(Q'F) = {E-tia>){Q'F). 

Thus, acts as the step-up operator for energy, and Q as the step-down operator. In parti- 
cular, if !Fo denotes the ground state of H , then 

Q ¥ o = 0 (VI.3) 

because it would be essential for QW 0 to have an energy lower than that of the ground state 
by titu, which is, by definition of the ground state, impossible. 

It is clear that the method so far described is applicable to any Hamiltonian, and not 
necessarily to the Hamiltonian of an oscillator. We have found that, for any general Hamil- 
tonian, if Q\ as defined by (VI. 1), exists, then the spectrum of H is given by 

E n = E 0 + ntio), n = 0, 1, 2 (VI.4) 

Clearly, it is impossible to know what E 0 is without specifying the Hamiltonian H in detail. 


B. GENERALIZATION 

We now generalize the commutator method as follows. Suppose we have found a set of operators 
A} (i = 1, 2 N) which satisfy 

[H, A]} = E M Jt A } = (MA\ (VI.5) 

)- 1 

for every / = 1, 2, . . . , N. Here M is a numerical matrix and M is its transpose. 

The question that now arises is whether the spectrum of H can be calculated. To obtain 
the answer, we first diagonalize the matrix M, and find its eigenvalues <?*(« = 1, 2, .... N) 

and the corresponding eigenvectors X {a) which have the components By 

definition, 

E < = 1,2 N. (VI-6) 

7-1 

Now wc construct the operators with these eigenvectors: 


Ql=Etf* y Al, «=1,2, 

1-1 

Substituting (VI.5) and (VI. 6) in the commutator, we obtain 

Iff, Qi] = EXj°\H, Aj] 

1-1 

- $ [ S Mh^A) 
i-i i - i 


(VI. 7) 


- & e xY'a) - e&l (vi.8) 

Comparing this expression with the results proved in Section 39A, we conclude that, in the 
present case, there is a set of step-up operators Q\, a = 1, 2, , . . , N, which steps up the energy 
by the respective The corresponding Hermitean conjugate operators Q a step down the 
energy by €» and, acting on the ground state % of produce a zero result, i.e., 

Q&Po — 0, a ■* 1, 2, ... , N, 


(V 1.9) 
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We go back to (VI.5) and multiply from the left and the right by <<F| and l^ 0 >, respec- 
tively, where W is any excited state and Wq the ground state. Since 

[H, A}] = HA] - AjH, 

we let H operate on <!P| in the first terra and on |^ 0 > in the second term, thereby obtaining the 
energies E and E 0 of the states E and W 0 , respectively. Thus, (VI.5) yields, with all these 
manipulations, the result 

(E - £ 0 )<¥'| A] |y„> = Z M,<QP\ A] |'P 0 >. ( VI;1 °) 

1 

Quantities such as A\ |^o> give the probability amplitude X t of a basis state contained 

in the excited state !F. The set of equations (VI.10) then defines the eigenvalue equations for 
the amplitudes X h where (E — E 0 ) is the eigenvalue, obtained by diagonalizing the coefficient 

matrix M. This set of equations is trivially satisfied if all the amplitudes X t are identically 
zero for a given V and !P 0 . Nontrivial values of these amplitudes correspond to the eigen- 
vectors of M belonging to the various eigenvalues of M. Thus, we conclude that we get a set 
of nontrivial amplitudes connecting the two nuclear states V and Wq only if these states differ 

in energy through an eigenvalue of M (which is the same as that of Af), which is incidentally 
the energy of a vibrational quantum. Pairs of nuclear states differing in energy by two or more 
vibrational quanta have all the amplitudes X t equal to zero. 

The general method described in this section is well suited to the treatment of the nuclear 
Hamiltonian. In view of the general nature of this method, it is capable of yielding both the 
single ‘quasiparticle’- type and the ‘vibrational’-type solutions of the many-body Hamiltonian. 
We have seen in Section 16 that H is very conveniently expressed in the second-quantized 
form. If we use the single-particle creation operators and the destruction operators for A) in 
the general relation (VI.5), then we do not get a set of linear relations connecting these 
quantities. The application to the nuclear ‘quasiparticle’ mode therefore relies on approxi- 
mations that reduce these commutators to a set of linear relations for the single-particle 
creation and destruction operators. In the same way, if we use the Ih-lp creation operators, 
or the quasiparticle pair creation operators, for the Aj, and introduce suitable approximations 
to obtain a set of linear relations such as (VI.5), then the resultant £?t- 0 perators give rise to 
the so-called vibrational states. It is ciear that in both cases we have approximations, and 
hence in practical applications to nuclei we have to calculate the corrections as well. We 
therefore emphasize that the general method as described here does not give exact results when 
applied to the nuclear many-body Hamiltonian. 

40. TIME-DEPENDENT HARTREE-FOCK THEORY 

If !P(/) is the time-dependent many-body determinantal state, then the variational equation 

<&m\ (H - «ti|) iip(o> = o (vi.i i) 

can be used to determine the single-particle states ^(f) comprising the determinant. The 
variation W(t) actually consists of variations in the occupied single-particle states f A (r). The 
solution to this variational problem is given by 

(T+ ctf)M0 = i^jp. 


(VI. 12) 
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where the time-dependent HF potential is defined by the matrix elements 

<A\ cQ |B> - 2 ( AM V \BM. (VI. 1 3) 

By convention, the single-particle states denoted by the letter h stand for the occupied states 
in the determinant W(t) f whereas the unoccupied states are indicated by the letter p. The basis 
states (A\ % |2?> in (VI. 13) can be any two single-particle states. 

We shall denote the determinantal state obtained through the time-independent HF 

treatment by 0, and the corresponding single-particle states by <t> hi <f> p The time-dependent 

single-particle states can be clearly expressed in terms of the stationary single-particle 
states as 

MO = <t>h exp (- + 2 C hp (t)<f> p exp (- ~t p t). (VI. 14) 

We shall consider the coefficients C hp (t) to be of the first order of smallness, and work out all 
the results to the first order in these quantities. Thus, 

<A\ q> |B> = r (AM V \BM) + 2 [(AM V I BMC», exp (- ) 

-f- V exp (VI. 15) 

where 

•P'M' — €y> — * h '. (VI. 16) 

We now express the Cp-term of (VI. 12) in the complete set of basis states | </> A y, where A 
runs over the unoccupied as well as the occupied single-particle states. Using (VI. 15) in the 
resultant expression, we obtain 

cQ\m = z \M<h\ ]^> 

- 2 (M * I y \M*) + z {(1 >aM V | M^Ch; exp (- L„ k ,t) 

A h r h * , p* U 

+ (4 > Ap , \ I y I Mh , )Ct'p’ ex P (jfsvO} ex P (— 5 «*0]. (VI.17) 

Since the'expression within the braces is already of the first order in the coefficients C*y, we 
have used only the pterin of 4 The other term contains 4 and is simplified as 

2 \*a> 2 (+ a M V \M») = 2 2 [(+ a M v i mm «p (- 

a *' a v n 

+ 2 (^*'1 V \^^h)Ci, p exp (— ^V)l 

= <VIW> OP (- (<K) + 2 fcXi, «P (“ (•,»]. (VI.1*) 

9% * 

Here we have used the definition of the time-independent HF potential CJ/, and the complete- 
ness of the set of states fa. 
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We substitute (VI. 18) in (VI. 17) and then write (VI. 12) in detail. We further note that 

(T + Cl/)** = lA, (r 4- 

and the terms arising from the left-hand side of (VI. 12) cancel out with the corresponding 
terms on the right-hand side of the same equation, where d/dt operates on the exponential 
functions of the time. On the right-hand side, we are thus left with only the terms where 
d/dt operates on the coefficients C hp (t)\ and on the left-hand side there remain only the terms 
of (VI. 17) enclosed within the braces. In this way, 

Z it! ^ exp (- U p t)\h> = Z If.) Z [(*>/,'! v \Mp')Ch'f exp (- L^t) 
p oi n A n 

+ (h^A y ex P exp (— ^t h l). (VI. 19) 

Multiplying with a given <f,|, we then obtain 

exp (- '*,*0 = EJ&M V | Up')Ch' P ' exp (- *«,*•/) 

+ (MA y I Mh')Clp- exp (jvW)J. (VI. 20) 

We next break up the time-dependent quantities C hp (t) as 

C hp (t) exp (- ;. M 0 = (VI. 21 ) 

where *h p and Y hp are independent of time. Substituting (VI. 21) in (VI. 20) and equating the 
coefficients of we obtain 

(-«„* + y\oi)X hp = Z [(4> P M V | Mp'Wh’p’ + (hip - 1 v \hh)Y*A- (VI. 22a) 

A'p' 

In the same manner, the coefficients of e iu> ‘ yield 

(~ tph - h a>)Y hp = Z KhM y I MAXk'p' + (MA y I MAY*’,]. (VI. 22b) 

h'p' 

The set of simultaneous equations (VI. 22) determines the coefficients X hp and Y»p and the 
vibrational frequency o>. These equations are called the random phase approximation (RPA 
equations of vibration. In the rest of this section, we shall omit the letter <f> and use only h 9 p, 
... in the matrix elements while quoting (VI. 22). The origin of the label RPA may be traced 
to a set of similar equations derived for the plasma oscillation mode of an electron gas where 

the assumption was that the excitation amplitudes of a pair of electrons corresponding to 

different momentum transfers have a completely random phase with respect to each other. 

It is easy to rewrite the system of equations (VI. 22) in terms of matrices by introducing 
the definitions of the two matrices A and B as 

Ahp.h’p' = ( phkh’bpp' - (ph'\ V | p A), (VI.23a) 

A*,.*',’ = 0v>'l y\hh'). (VI. 23b) 

Each hole~particle state defines a row or a column of these matrices. In view of the definition 

of the antisymmetrized matrix element, we have, in the two-body matrix element in (VI.23a), 

interchanged' with a reversal of sign, the original ordenng of h and p as it occurred in (VI.22a). 
We also introduce the notation of a column vector X whose elements are X hpy and a similar 
column vector Y whose elements are Y hp . Then it is easy to verify that (VI. 22) can be replaced 
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by the matrix equation 



(VI. 24) 


We denote the matrix on the left-hand side by M t i.e., 



(VI.25) 


It is clear from the definitions (VI. 23) that A is Hermitean, and B symmetric. Using these 
properties, we have 



(VI.26) 


That is, M is a Hermitean matrix. However, we must notice that (VI. 24), because of the 
presence of the minus sign with Y on the right-hand side, is not an eigenvalue equation for the 
matrix M . 

Since (VI. 24) contains the two matrix equations 


AX + BY = 1\u>X t (VI. 27a) 

B+X + A*Y - -ticoK, (VI. 27b) 

we can very easily rewrite (VI. 27b) as 

— B*X — A*Y = tic uY (VI. 27c) 

and then replace the set (VI. 27a), (VI. 27b) by (VI. 27a), (VI. 27c). The latter set can then be re- 
written as 


M 


■e)--© 


(VI. 28a) 


with 


M’ 




(VI. 28 b) 


It should be observed that (VI.28a) is indeed the eigenvalue equation of the new matrix M'. 
But because of the appearance of the minus signs in (VI. 28b), we can easily verify that M' is 

not a Hermitean matrix. Thus, the RPA equations represent the eigenvalue problem for a non- 

Hermitean matrix. 

Several important mathematical properties of the matrix M' are now noted. 

(i) The Hermitean matrix M has real eigenvalues. It is possible to prove (see Appendix 

G) that these real eigenvalues are positive definite if our equilibrium state corresponds to a 
minimum of energy as a function of the deformation. From this property of the eigenvalues 
of M, it is then possible to ascertain that the eigenvalues of the RPA matrix M' are real. This 
proof- is also given in Appendix G. (The student must read Appendix G as a sequel to this 
section.) 

(ii) Equations (VI.28a) and (VI.28b) are equivalent to (VI.27a) and (VI.27c). Taking 

the complex conjugate of the latter se( and keeping in mind that ti« is real, we obtain 
A*X* + B*Y* = W*, 


-BX*- AY* mltwY*. 
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By reversing the sign, we rewrite these equations as 
AY* + 5** = -Ti <oY* t 
-B*Y* - A*X* = -hwX*. 


These two equations can be clearly written in matrix form as 



(VI. 29) 


This proves that the eigenvalues of A/' occur in pairs + tio>; 



is a vector for the eigen- 


value tiw, then is, according to (VI. 29), an 
(iii) From the positive definiteness of the 

Ml*! 2 - im > 0, 


eigenvector 

eigenvalues 


belonging to the eigenvalue — W 
of A/, 


i.e., in more detail, 


ha, S (\X hp \:-\Y hp \*)>0. (VI. 30) 

A. p 

This property provides us with a convenient normalization of the eigenvector^^. For a positive 

energy ho,, the summation in (VI. 30) is positive definite, and hence we can normalize the 
corresponding eigenvectors to 


£ i\ X h P \ 2 - l^i 2 ) = 1. (VI. 3 I ) 

For a negative energy —ho,, the corresponding normalisation is to minus unity. According to 
property (ii), X for a negative energy solution is Y* for the corresponding positive energy 
solution, and Y for the same negative energy solution is X* for the corresponding positive 

energy solution. Hence, the normalization of the negative energy solution is automatically 
guaranteed the moment the normalization (VI. 31) for the positive energy solution is assumed. 

A detailed interpretation of the RPA equations and amplitudes is given in Section 42B, 
after we derive these equations by an alternative method. 


41. GENERAL MICROSCOPIC THEORY-QUASIPARTICLE MODE 

A. BASIC CONCEPT OF QUASIPARTICLES 

In this section, we shall derive a general microscopic theory of nuclear states in a manner that 

will make it applicable to all the three cases mentioned in Section 38. For this purpose, we 

shall »’se the second-quantized version of the many-body Hamiltonian 

H = E <a| T |0 >ClC„ + 1 E <a/3j V \ y b)ClClC s C Y , (VI.32) 

oc. <3 a. ft. v, a 

where c£, . . . are the creation and destruction operators for a set of single-particle basis 

states. The factor J in front of the second term has to be changed to \ if we wish to use in 
(VI.32) the antisymmetrized matrix element (a j3| V |y$V However, this is not necessary. The 

form (VI.32) automatically gives rise to the direct minus exchange terms of the two-body 
potential in actual calculations. 
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The destruction operator used in (VI. 32) has an important property: the physical vacuum 
state |0> does not contain any nucleons by definition, and hence it should be impossible to 
destroy any nucleon from this state, that is. 


C, |0> = 0 for all j8. (VI.33) 

In order to generalize the concept just stated, let us first examine what happens in the 
HF state, that is, the situation depicted in Figs. VI. la and VI. 2a. The HF state |0 O > 
contains a set of occupied single-particle states h t h\ . . . , and hence it is impossible to create 
another particle in an occupied state h without violating the Pauli exclusion principle. There- 
fore, 

cl\<p 0 y = 0 for all h occupied in <P 0 . (VI. 34a) 


The state |0 O > does not contain any of the unoccupied single-particle states and 

hence it should be impossible to destroy any such state from |# 0 >- Thus, 

C p \<P o y — 0 for all p unoccupied in (VI. 34b) 

If we now define a new destruction operator for the self-consistent single-particle states by the 
relation 

b t — Ct (when i = h y i.e., any of the occupied states) 

(VI. 35) 

*=* C, (when / — p, i.e., any of the unoccupied states), 
then (VI. 34a) can be combined with (VI. 34b) and written as 

*,|*o> = 0 for all i. (VI.36) 

Now the formal similarity between (VI.33) and (VI.36) should be observed. We can then 
interpret the HF state 0 O as the vacuum state for the new objects whose destruction operators 

are defined by (VI. 35). These new objects are created by the operators Hermitean conjugate to 
(VI. 35), that is, 

bj = Ci (when / is any of the occupied states) 

= C} (when / is any of the unoccupied states). 


We call these new objects the ‘quasiparticles* and the HF state <Z> 0 plays the role of the vacuum 
for these quasiparticles. The quasiparticle states are certainly distinct from the particle states 

we started with because <P 0 does contain many particles, even though it does not contain any 

quasiparticle. In fact, the quasiparticle in the present example is either a 'hole’ in the HF state 
or a ‘particle’ above the occupied states in |0 O >. This is clear from (VI. 37), the first line of 
which indicates that if we destroy a particle state in the fermi sea (i.e., the set of occupied 

states), and thereby create a ‘hole’ in that state, this becomes equivalent to creating a ‘quasi- 

particle’; on the other hand, the second line of (VI. 37) gives an alternative way of getting a 
quasiparticle, namely, by creating a ‘particle’ above the fermi sea. 

In the general microscopic theory, which we shall now describe, it is our aim to obtain a 

ground state satisfying the property (VI.36) in the more complicated cases depicted in Figs. 
Vl.lb, VI. lc, and VI. 2b. Since the probability distribution near the top of the fermi sea in 
Fig. VI.2b is very much spread out, in this more general case we cannot talk of a pure ‘hole’ 

state inside the fermi sea or a pure ‘particle’ state above the fermi sea. The quasiparticle there- 

fore obviously loses the simple definitions (VI.35) and (VI.37). The main object of the theory is 
to find the ‘quasiparticles’ suitably so that the ground state in the more general situation can 
also behave as a vacuum state for those quasiparticles. 
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B. QUASIPARTICLE TRANSFORMATION OF HAMILTONIAN 

Even without writing down the quasiparticle operators explicitly, it is possible to derive a 
general form for the transformed Hamiltonian. For this purpose, we only assume that there 
exists a ground state which is a vacuum state for the quasiparticles, and that there is a trans- 
formation from the particle creation and destruction operators to the corresponding operator 
for the quasiparticles. 

According to Wick’s theorem, which holds for any product of a set of creation and 
destruction operators, we can write the identities 

CjC s = :ClC s : + <CaC fl >, (VI. 38) 

clclc,c r = :CaClC,C y : 

+ :ClcJ:<C 4 C y > + <C'cJ>:C 4 C y : 

+ :CiC v :<CjC a > + <ClC y >:CjC 4 : 

- :CiC 4 :<CjC y > - <ClC 4 >:CjC y : 

+ <c:c£><c,c v > + <clc y ><c;c 4 > - <CIC,><c;Q. (VI. 39) 

In these expressions, < > denotes an expectation value with respect to the ground state Y'o 
which is the vacuum state of the quasiparticles. This is usually called the contraction of the pair 
of operators enclosed by the angular brackets. The symbol : : denotes the normal product of the 
operators appearing between the dots. To evaluate the normal product, we first have to express 
all the particle creation and destruction operators in terms of the quasiparticle creation and 

destruction operators, and then permute all the quasiparticle destruction operators to the right 
of all the quasiparticle creation operators; the sign is plus or minus depending on the even or 

odd nature of the permutation needed. Since we have not yet defined the transformation from 
the particle operators to the quasiparticle operators, we have to keep the normal products in 
their symbolic forms for the present. 

The explicit evaluation of the contractions also involves substituting the particle operators 
by the quasiparticle operators and then simplifying the expression with the help of the basic 

property of the ground state, namely, a quasiparticle destruction operator produces zero on it. 
This explicit evaluation also has to be postponed. For now, we proceed to transform the 

Hamiltonian (V1.32) with the standard results (VI.38) and (VI. 39). Even though wc have merely 
quoted these standard results, the enterprising reader may have already recognized the rules 

of the procedure: first, write down the normal product of the whole expression [the first terms of 

(VI.38) and (VI.39)]; next, contract all the possible pairs of operators and multiply by the normal 

product of any operator that may be left [this gives the second term of (VI.38) and the second, 

third, and fourth lines of (VI.39)]; then continue the contraction process with an additional pair 
and multiply by the normal product of any operator that may be left [this gives the last line of 

(VI.39)]; repeat these steps until all the operators have been contracted pairwise. In every 
term, take the sign as plus or minus depending on the even or odd nature of the permutation 

of operators that has taken place in the particular term with respect to the ordering of the 
operators on the left-hand side. This explains the minus sign in the' fourth line and the last 

term of (VI.39). 

We substitute the expressions (VI.38) and (VI.39) in the original Hamiltonian (VI. 32). 
We get terms that contain only contractions, and hence those terms represent a pure number. 
We denote this part of H by H a ( zero denotes that there are no operators in this part of H). 
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Then there is a second set of terms which contains the normal product of a pair of operators. 
Such terras are denoted by H 2 (2 indicates that there are two operators). Finally, we have a 
part, // 4 , coming from the first line of (VI. 39). We write these different parts of H one after 
another. First, 

Ho = S <«| T |0> <CiC,> + i 2 <*j3| V |yS> 

*. 0 Ct, 0, V, 8 

x «C' a ClXC*C y > + <c:c y xc;c t ) - <C]C 4 ><cJc y ». (VI. 40) 

Since y and 8 are summation symbols, we can interchange them in the last term, which then 
becomes 

-i Z Sy><clc y ><cjc 8 >. 

XffyS 

This term can then be put together with its predecessor to obtain 

* ^ (<X0\ V |ys)<c:c v ><c;c,>. (VI. 41) 

a^va 

The appearance of the antisymmetrized matrix element replacing the direct term minus the 
exchange term should be noted. If we use the definition (V.6c) for the density operator (which 
can be shown to be identical to <CjC a > for any general ground-state wavefunction V'o). and the 
definition (V.6b) for the self-consistent potential then the kinetic energy term of (VI. 40) 

and the last two terms [given by (VI. 41)] give rise to 

£ <«l T I/3X/9! P !<*> + * £ (*/3 I V lvSXvl p !*><§! P |/3> 

a. 0 atiy/i 

= 2 <a| (T + \CV) \fiy<j}\ p |«>. (VI. 42) 

a, 0 

This expression agrees with (V.lld), which was the ground-state energy for an HF state. In 
the present case, H 0 is indeed the energy of the ground state because the terms H 2 and H A of 

the Hamiltonian contain the normal product of the operators in which the quasiparticle 
destruction operators, by definition, appear on the right, and hence produce zero whenoperat- 
ing on the ground state *F 0 We notice that the expression (VI. 40) for the energy of the ground 

state, which is more general than the HF state, contains an extra term, namely, <CjCj><C,C y >. 

To study the consequence of this term, we introduce the definition of the pairing density k as 


( VI - 43a > 

such that 

4 = <C S C«>* - (VI.43b) 

Since the destruction operators anticommute with each other, we have 

** = <C y C 8 > - -<C,C y > = -«*. (V1.43c) 

Wc therefore write the extra term of (VI.40) as 

\ 2 (aft v I yS>kUK - *„) = 1 2 («J8| V |yS)K^, y . ( VIt44) 


In writing the last step, we have interchanged y, S in the term with k y69 thereby picking up 
the antisymmetrized matrix element of V. 
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Now wc introduce the definition of the pairing potential as 

1 E (aj3| V\yS) Kdyt (VI. 45) 

v, « 

and then (VI.44) simplifies to 

i ^ dotp/cja. (VI. 46) 

a, 0 

Adding (VI.46) to (VI.42), we get the final expression of the ground-state energy H 0t given by 
(VI. 40), as 

H 0 = E [<«| (T + \CV) P |«> + (VI.47) 

We next collect, via (VI. 38) and (VI. 39), all the terms of (VI. 32) that contain the normal 
product of a pair. Thus, 

H 2 « £ <*| T | + h 27 <«/ 8 | V |yS> 

at. H *nv« 

x (:CiCj:<C s C v > + <C*Cj>:C i( C y : + :CiC r :'ClC a > 

+ <C:c y >:C;C.: - - <ClC 4 > : c:c y :). (VI.48) 

Since F |y6> ■« <y6[ V \atfls, a straightforward interchange of summation labels verifies 

that the first two terms in the potential energy are Hermitean conjugates of each other. 
Similarly, since V |8y> =• 'afi\ V |yd>, the next two terms in the potential energy can be 
proved to be equal to each other; for the same reason, the last two terms of (VI.48) are also 
equal. Further, by the interchange of summation labels, the last term can be converted into 

— <*/S| V |0yXCiC v >:C,C,: • lhis is taken witl1 the corresponding positive term in (VI.48), we 
obtain the antisymmetrized matrix element of V. As far as the first term in the potential 
energy is concerned, we can get the antisymmetrized matrix element by replacing * 6y by 

4(* ay - K ya ) and then using the artifice employed in (VI.44). With all these simplifications, (VI.48) 
reads as 

Hi =» 2 Ol (T + Cl/) Ifty.clc,: + £ (<*/3| V |yS)<6| p |/S >:C;C V : 

a, 0 apvfl 

+ J l [(ajSj V |yS)/c flv :ClCj: + Hermitean conjugate]. 

Once again, using the definitions of Q? and d, we get 

Ut = £ (a| (T -]■ q/) |0}:ClC p : + \ 1 (4,:ClCj: + Hermitean conjugate). (V1.49) 

ot % 0 ot, (i 

Finally, the expression for H 4 comes from the (:CaCjC 4 C y :)-term of (VI. 39). From (VI. 32), 

it is given by 

//,= ( i (aft V\yh\.CtclC'C,;. 

a lirs 

= | 2 1 (aji| F|y 5 ):CiC{C a C r : . (VI. 50 ) 

The last step follows after writing C 6 C y i(C 3 C y — C y C 3 ) and then interchanging the summa- 
tion indices y, 8 in the negative term. 
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C. SELF-CONSISTENT HARTREE-FOCK AND HARTREE-FOCK-BOGOLIUBOV 
THEORY 

We have now come to a stage where we can try to determine the ground state Y'o by minimizing 
H 0t which is the expectation value of the Hamiltonian with respect to this state. For this 
purpose, let us first note the structure of the pairing density (VI.43a) and the pairing potential 
(VI. 45). In (VI.43a), we commence with the ground state !F 0 on the right, destroy two particles 
in the states y and 3, and then try to reach the state *¥§ on the left. Such a quantity can clearly 
be nonvanishing only if W 0 contains wavefunctions with a different number of particles. If the 
conservation of the number particles is strictly true for 'f'o, then after QC y operates on it we 
reach a state where the nucleus has two nucleons less, and hence the overlap of a number 
conserving <«P 0 | with C<,C V |Y' 0 > is zero. 

vation F «f rS' le V US t ‘ rSl , consider a sround-.tutc wavefunction ¥\, for which the center. 

v ^ ^ is strictly valid. The terms containing the pairing potential 

in (VI.47) and (VI.49) are then absent. As far as the determination of f'o is concerned, we may 
apply the variational principle, and require that 


r <«| (T + iCV) |/5><jJ| p >a> 

a. fi 


(VI. 51) 


We^cLTl^hat V / w <; have secn that this is exactly what the HF programme does. 

We recall that the solution to this variational problem is as follows. We define a set of single- 

particlc states 


10> = f or c; = E 

then the variational parameters x i which make H 0 a minimum satisfy 

^ < a l iT+CV) 


(VI.S2a) 


(VI. 52b) 


The system of equations for the determination of x* is the HF equations; these have to be 
solved self-consistently because C[ ? already contains p which, in its turn, includes the unknown 
coefficients x a . 

If we want to minimize the complete Hq, with the pairing potential term included, then we 

know that a variational state *? 0 , in which the number of particles is conserved, is not adequate. 
We therefore consider a generalized variational state Fq, which contains a superposition of the 

wavefunctions of nuclei having different numbers of nucleons, If we want to apply such a 

theory to a gim nucleus, then, of course, we have to work out the variational calculation on 

H 0 , subject to the constraint that the average value of the number of nucleons in the state Wo 
be equal to the given number of nucleons of the nucleus under consideration. The constraint 

in a variational problem, as is well-known, is specified in terms of a Lagrange multiplier. 
Therefore, instead of minimizing <¥„| H |tPo), i.e., H 0 of (VI.47), we have to minimize, in this 

case, (y„| ( H — A/V) |!Po>, where A is the Lagrange multiplier and N is the operator for the 

total number af nucleons 


A=£C*C a . 

a 

If we had transformed // — A N, instead of H, into H 0 , H Jt and //«, then it would have been 
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/\ 

clear from the form of N, namely, 

ft = 2 ClC a = £ [<CiC«> 4- :ClC,:], CVI.53) 

a a 

that the term —A N contributes a term to H 0 and another term to H 2 , leaving // 4 unaltered. In 
analogy with the kinetic energy term, it is obvious that these extra terms are obtained by 
replacing, in both H 0 and H 2> the operator T by T — AH, where 1 is the unity operator. We 
use (VI. 47) and (VI.49), together with the fact just mentioned, to write the expressions 

//o(A) - S [Ol (T - At + <V) l/3> Ol P |«> + (VI. 54a) 

a. 0 

H 2 { A) = 27 <at| (7’ — All -h C V> \P >:ClCp: + | + Hermitean conjugate). 

a. a a. 0 

(VI. 54b) 

In analogy with the transformation (VI. 52a), we now use a generalized transformation 

b) — £ (.*401 4- >^C a ), (VI. 55) 

where the coefficients and >4 are the variational parameters. The operators b] are the 
creation operators for our quasiparticles and they will be completely determined when the 

minimization programme for // 0 (A) is carried out. This procedure gives rise, in analogy with 
the HF case, to a set of coupled equations for the variational parameters which have once 
again to be solved self-consistently. This self-consistent method of finding the quasiparticles is 
called the Hartree-Fock-Bogohubov (HFB) method, and the quasiparticle equation (VI. 55) is 

called the HFB quasiparticle transformation. The self-consistent equations of this method are 
shown in Appendix G (Section II). An observant reader may have already noticed that the 

HFB transformation equation (VI. 55) is indeed based on the concept of particle number non- 
conservation in the states. The first part of b) adds a particle, whereas the second part removes 
a particle operating on any state; thus, bj , acting on any wavefunction, produces wavefunctions 

with a mixed number of nucleons. 

We shall follow a two-step minimization programme of H 0 ( A) instead of the fully self- 

consistent HFB procedure. 

D. SIMPLE PAIRING THEORY OF THE BCS TYPE 

In the simple pairing theory of the Bardeen-Cooper-SchrifFer (BCS) type, we omit the pairing 

potential term of (VI. 54a) at the first step of minimizing H 0 (X). The resultant minimization 

programme is clearly identical to what we have done in connection with (VI.51). The only 

difference now is the extra term -M. Blit the diagonalization problem of (T -f ty), as shown 

in (VI. 52b), is not really changed by this extra term. The eigenvectors of (T + QJ) and 
(7 + q/ _ Al) are obviously the same, except that the energies are shifted from « ( to (*, — A). 
Therefore, at this stage of dealing with // 0 (A), we have the set of single-particle self-consistent 
states of (V1.52b) and the corresponding energies (<, - A). At the next step, we make use of the 

states | i> as the basis in the rewriting of Ho( A) as 

«$) = S <i| (T-AI + \CV) |iX /| P |i> + j 2 V*. 

U 

where 


<71 p |<> = <c/c,>, 


(VI. 57a) 
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(VI. 57b) 
(VI. 57c) 

(VI.57d) 


k u = <c,c>>, 

= i E (y| V \kl) K , k , 

k, / 

</|CV|y>= Z { ik\V\jlKI\p\k>. 

k, l 

We then do a fresh minimization for H 0 ( A), using a quasiparticle transformation that is much 
simpler than (VI. 55). This simpler transformation, which we introduce in (VI. 62), is called the 
BCS transformation, after the name of the people who first applied a similar transformation 

to the theory of superconductivity of metals. 

To prepare the ground for the BCS transformation, let us first examine the characteristics 
of the self-consistent single-particle states \iy. In a spherical nucleus, such a state is specified 
by the quantum numbers /, j, rn, and also the number of nodes n in the radial wavefunction. 
All the states having the same (nij) but different m (= — j, ...» -\~j) are degenerate. The state 
\nljmy has a time-reversed partner which is given by 

(_ 1 )/-*»!«//, — m>. (VI. 58) 

We shall denote these two partner states as |/> and sometimes |i> will also be written as 
s,\ — />, where s t is the phase factor of (VI. 58) and |— i> stands for the same quantum numbers 

(nij) as in |i) but with the projection quantum number reversed in sign. In a more general 
situation where the single-particle states correspond to a nonspherical |i> and |/> are not 

as simple as just stated. But a state |/> in this more complicated case can still be expanded in 
terms of states of the type | nljniy as 

| />= ^ nljm>. (VI. 59a) 

nljm 

In this case, the time-reversed partner |i> is obtained by using (VI. 58) for every term in the 
summation as 

|/)= z x' nllm (-l y- m \nlj, -mi). (VI.59b) 

nljm 

If cy has a spheroidal symmetry, then m is a good quantum number, and there is no summa- 

tion over m in (VI. 59), and the states |/> and |i) have m and -m, respectively, as labelling 

quantum numbers. liven in a more complicated case such as (VI.59b), we shall denote | i) 

symbolically as s f \ — />. 

We shall now deal with a result of prime importance— that relating to the time-reversed 

partner |/). Let ns do a second time-reversal on the state (V 1 . 58 ). This clearly gives 

|/> = (— iy-?(— iy +m | nljm) = — | nljm) = — |i). (VI.60a) 

Similarly, for the more complicated state (VI. 59b), we get 

|f>= £ x'„ m (-iy- m (-l)' + 1 «/;m>=-|/>. (VI.60b) 

nljm 

In both the cases, the minus sign is a consequence of the phase factor (— l) 2y , where 2 j is 
always an odd integer. The explicit general results (VI.60) explain that our symbolic quantity 

Si has the property 


5-1 = -*/• 


(VI. 61) 
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The steps in proving this important result are as follows. By definition, 

10 = •s’/l-O. 

and hence 

10 = v_/IO 

or, by comparison with (VI. 60), 

s,s_, = -1 

which is the same as (VI. 61). 

In an HF calculation for even nuclei, a state |/> is usually found to be degenerate with its 
time-reversed partner |/> = s,\ — />. Let us now examine the consequence of creating a particle 
in the single-particle state |i> and of destroying its time-reversed partner \ />. The first process is 
achieved by the operator C, . and the second by the operator s t C_ ( . It was shown after (III. 129), 
from the angular momentum property of the second-quantized operators, that, under a rotation 
of the coordinate system, both the operator d,f/m and the operator ( — 1 _ m transform 

with the same rotation matrix Wlun,'. 

Using these basic properties, and the expansions (VI. 59), we can directly establish that 
Ci and s { C_! behave similarly under rotation. Therefore, instead of using the most general HFB 

transformation of (VI. 55), we now use the simplified BCS transformation given by 

bf — u t Ci — v_ ( s { C_ t . (VI. 62) 

The choice of the minus sign in the second term simply defines the phase convention for v__ { . 

We can create a particle in the state |/^> only if it is empty, and we can destroy a particle from 
a certain state only if it is occupied. Therefore, u, must be the probability amplitude of getting 

the state i empty (probability of nonoccupation), whereas v_ f must be the probability ampli tude 
for the occupation of the corresponding time-reversed state. (VI. 62) automatically 

quasiparticle destruction operator 
bf = UfCf — v^SfC-i 

or 

Sib-t = ViCj 4- s i u_ i C^ lt 

where we have used the property (VI 61). 

The formal expression (VI. 62) can clearly be used even in the HF case. There, 
u, and v, have known values, i.e., 

u , — I for a particle state 

= 0 for a hole state, 

v, = 1 for a hole state 
= 0 for a particle state. 

That is to say, in the HF case, even if we formally write two terms in (VI.62), one or the other 

usually survives. An exception to this occurs whenever we encounter either of two situations in 
the HF ground state: (i) a state i is unoccupied but its time-reversed partner is occupied; in 

this case, both the terms in (Y1.62) are present; (ii) a state i is occupied and its time-reversed 

partner unoccupied; then both the terms in (VI.62) become zero. These exceptional situations 
are usually not encountered in even nuclei, in which either both |i> and |i> are occupied or both 
are unoccupied. 


gives the 
(VI. 63) 

(VI. 64) 

however, 

(V1.65) 
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In the cases depicted in Fig. VI. 2b, the occupation probability and nonoccupation pro- 
bability of states near the fermi surface are nonvanishing fractional quantities, and hence both 
the terms in the BCS transformation (VI. 62) survive. Therefore, in such cases, the trans- 
formation (VI. 62) indeed gives rise to a nucleon number nonconservation, and hence it is able 
to take into account the consequences of the pairing potential in H 0 ( A) and 

We now require that the quasiparticle operators behave as fermions. Thus, the fermion 
anticommutation properties 

{6„ bj } = {bl b)} = 0, (VI.66a) 

{b„ b *} - h„ (VI. 66b) 

have to be ensured. From (VI. 62), we have 
{/>;, b u =- [(u,<r; — v_,s,c # ), iu,c} — 

= — S_,. jV^UjS, 

= («/*’/ — 

Here we have used the standard anticommutation rules of C f T , C h ... . In the HF case, this 
result is always zero because a state is either occupied or unoccupied, and hence either u or v 
for any state has to be zero. But, in the more general BCS case, the anticommutation demands 
u,v f = (VI. 67a) 

Next, we apply (VI. 66b) together with (VI. 63) and (VI. 62). This gives 

&,J — {*>/» b y} = [(M/C, — ( UjC) — V_jS)C_f)] 

— + v_ i v_jS i s J 6_i t _ } 

— (w? 4- 

Thus, the requirement is 

«? + vi,= l, ui, + »?—!. (VI. 67b) 


Taking (VI.67b) with (VI. 67a), we prove 

= uj/v, or ujftu* + pi,) = hL//(u!i + v 1 ,) 


or 


u] = uii, 


4 = * 2 -,. 


(VI.68) 


Thus, a state i and its time-reversed partner i must have the same value for their occupation pro- 

bability and nonoccupation probability. Then, (VI.67a) and (VI.68) together require either 


or 


u, — u_ h v, — t’_, 


«/=-«-(» = "»-/• 


(VI. 69a) 

(V1.69b) 


We choose the phase convention of (VI. 69a). The statement in italics is usually taken as an 
assumption to start with, in which case we write, from the very beginning, v, instead of »_/ in 

the BCS transformation (VI.62). The present approach is more physical and rigorous. Now 

that we have proved (VI.69a), we shall no longer use a negative subscript in .the defining 

equations, namely, (VI.62) and (VI. 64),' which become 

bj = u,C] - v,C_,, 


(VI.70a) 
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s,b_, = v,C, + u,s,C^. (VI. 70b) 

It is easy to invert these relations with the help of (VI. 67b). We then obtain 

c! = u,b! + v&b.,, (VI. 71a) 

and hence 

C, = u,b, + v,s,bl,. (VI. 71b) 

We are now fully equipped to go back to (VI. 56) and (VI. 57a), (VI. 57b), and (VI. 57c) 
and do the minimization of H 0 ( A), treating u ( and v { as the variational parameters subject to 
the constraint w? + vj — 1. We shall use the basic definition 

Wy 0 > = 0 for all /, (VI. 72) 

and evaluate (VI. 57a) and (VI. 57b) with the help of (VI. 71) Thus, 

</'l P l'> = <ni {u,bl -t- t >,s,b_{)(ujb, + VjSjblj) |V» 0 > 

= <V'ol | ¥'„>,», .*,. 5 , = !>,,,•*. (VI. 73a) 

K n = K'P ol (Mib/ + v,s,bl.i)(u J bf 4- vjS/b-j) 1 V'o/ 

= <«p 0 | b,bi, \n >w; 

= (VI. 73b) 


In simplifying (VI. 73), we have used (VI. 72) and its Hermitean conjugate, and then the 
anticommutator 

h )} = S/,. i.e., b t b) — — b]b, 4 6,j. 

Using the expression of k,j given by (VI. 73b), we get, for the pairing potential of 
(VI. 57c), the result 

= * 27 (i/l V\kl)u k v k Sk&k.-i 

k, t 

= i Z (ij\ y I*. k)u k v k . 

k 

It is easy to show, from the time-reversal invariance of the two-body potential V y that the 
state j in this expression must be the time-reversed partner of i. Thus, 

4; = tf/.i 2 ( i . '1 V | k, k)u k r k . (VI.73c) 

k 

Similarly, from (VI.73a) and (VI.57d), 

</| |)> = f (it| vyijri (VI.73d) 

k 

Inserting (VI. 73) in (VI. 56), we obtain 

Bfi) = i <i| (r - U) |i>‘ + 1^4 m + i i <i| V |i>! (VI,74a) 

) i i 

= E </| ( T - AS) | i>, 2 + l E (i, i\ V \k, k)u k v k u,v, + $ E (ft| V \ik)vM. (VI.74b) 

I i, k i, k 

We now minimize (VI.74b) by requiring 

SH o(A) n Q 

dv a 
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for every a, and using 


u\ = 1 - rj 


/ / \ 
— = -(t'a/O 

<r„ 


while carrying out the differentiation. We thus obtain 


= 2(« a - X)v a + A a .i(U a - jf ) 

— 2l/ fl [(<a — "4" «i(^u t-’ci)] 

or, since wj 1 is nonvanishing, 

0 — (€ a A)M fl » 8 -f- i^ a .o(. u a *>«)• 

In view of «a + vl = 1, we can easily solve (VI. 75) by putting 
v a = cos 0 a , w a = sin 0 a . 

(VI. 75) then yields 

(»„ — A) sin 20„ = A a cos 26 a 

or 

tan 28 a = — 


(VI. 75) 


2u„v a m sin 2 6 a = J a [(« 0 - A) 2 + Js]-'' 2 , 

= COS 26 tt = ( U - A)[(« 0 - A) 2 + J 2 ]'*' 2 . 
In these equations, we have used the definition 


(VI. 76) 


= — 1 27(<J, a\V\k, k)u„v k 


(V1.77) 


which is a positive quantity by virtue of the special matrix element of V being attractive. 

This matrix element of V which takes a paired state (a state and its time-reversed partner) to 

another paired state is called the pairing matrix element of the potential. Using the second 

relation of (VI.76) with ul 4- v 2 = 1 , we obtain 


*5 = iO+'Y 5 ). = 


(VI.78) 


£. = v («.-¥+4 

Similarly, substituting the first relation of (VI.76) in (VI.77), we get 

J.--J *(«, a\V\ k, 

k Zlc 


(VI.79) 


(VI.80) 
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Further, from (VI.73a) we have 

f <'i p 10 ■ <^oi c/c, ^ <m ft i^o > = e vf, 

where f) is the total number operator. According to our earlier stipulation, this expression 
should be equated to the given number of nucleons (say, A) in the nucleus we want to calcu- 
late. Thus, 

a — z „i — 4 r (1 - (VI. 81) 

(VI. 80) and (VI. 81) are a system of coupled nonlinear equations [due to definition (VI. 79) of 
E a ] in the unknown quantity A and the set of The total number of the latter depends on 
the total number of single-particle states admitted into the calculation. These equations can 
be solved for the unknown quantities, starting with a given two-body potential. Only a very 
special type of matrix element of the potential, namely, the pairing matrix element, is, 
however, relevant at this stage of the calculation. Since we know A and the d a ’s, it is trivial to 
compute the occupation probabilities of the various states (v a ) from (VI. 78) and the energies E a 
of (VI. 79). 

To help the reader in his assimilation of the facts, we mention that the key equations in 

the lengthy derivation just given arc (i) (VI. 70), defining the quasiparticle transformation; 

(ii) (VI. 78), which determine the transformation coefficients u a and v a in the quasiparticle; 

(iii) (VI. 79), which determines/..,,; and (iv) (VI.80) and (VI. 81), whose solutions determine A 
and the set of A a . In fact, we have to start the computation by solving these two equations and 
then wc go to the equations mentioned in (i), (ii), and (iii) for the determination of the various 
quantities. 

Treatment of H 2 ( A) and Interpretation of E a 

We next show that the minimization of H 0 { A) has a very interesting consequence on H 2 ( A) which 

is given by (VI. 54b). First, we rewrite this equation in terms of the HF representation, in which 
the first term (T— A1 + C[ )) is diagonal and A has nonvanishing elements of the type d/j. 
Therefore, 

H 2 { A) = £(<(- A ):C/C,: + \ £ + Hcrmitean conjugate). (VI.82) 

i i 

We proceed to evaluate the normal products from their definition and (VI. 71). Thus, 

iC/Ci'. = :(uibj + -f VjSfb-i): 

= ujbjb, - JbUb_, + UM01 + bj,). (VI. 83a) 

Only in one term, namely, vjb_ t bli, we needed to take the destruction operator to the right of 

the creation operator through one permutation, and hence this term has a minus sign. With 

similar algebra, 

:C/Cl ( : = '.(u/bj + — v i s ibi) : 

ts ujbibti - vjbji “ wA + (VI, 83b) 

Using (VI. 83) in (VI.82), we get 

Hi(\) = H ,i(A) + W) + tf«W. 


(VI.84) 
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where the two subscripts denote respectively the number of quasiparticle creation and destruc- 
tion operators. Thus, picking up the appropriate terms from (VI. 83), we get 

H n ( A) = £(*,- Xytfblb, - vW-tb.,) - Z AuU,v,(bl b, + (VI.85) 

/ r 

We can further simplify this expression by noting that is equal to *_ h the energy for the 
time-reversed state. Hence, changing /-> — i in the summation of the term containing bUb_ h 
we get the first term simplified to 

Z («, - X)(uf - vf)b!b,. (VI. 86a) 

i 

Similar stratagems should be resorted to with the b-,b_ t occurring with the pairing potential. 
Here A,j = s,d,, changes to s^A-u when — i -> i. The latter is equal to — «= —dj,,. 

However, according to the definition (VI. 73c), —Ah = d,,7. Therefore, under — / /, the term 

6l,6_,d /t r simply changes to A f jbJb f and the second term of (VI.85) simplifies to 

—2 E AfjUiVibJ bf. (VI. 86b) 

i 

Adding (VI.86a) and (VI. 86b), we obtain 

H lt (\) = Z [(«, _ A )(«? - vf) - 2A r iu, V ,}blb, 

i 

~ E [(c, — A) cos 20, -f- Ai sin 26i]b, bj 

i 

= E E,b]b ,. (VI. 87) 

/ 

In simplifying this expression, we have used the first line of (VI. 77), and (VI.76) and (VI.79). 
We next select the appropriate terms from (VI. 83), put them in (VI.82), and obtain 

//20(A) 4- //02(A) =* E (e, — X)u i ViS i {b]bl.i 4- b_ t bf) 

* / 

+ £ £ [d, t 75,(u, 2 6l^l, — vjb_,b,) 4- Hermitean conjugate] 

i 

= 27 [(c, — A )w,v, 4- £d,j(w, 2 — t ’?)]' y /(^j t 4~ b^bi). (VI. 88) 

Comparing the quantity enclosed within the square brackets with the expression occurring in 
the minimization condition (VI. 75), we find them identical. Hence, the minimization condition 
automatically guarantees that (VI. 88) is zero, i.e., 

#2o(A) 4- // 02(A) » 0. (VI. 89) 

This is the interesting consequence we mentioned. 

Now we can summarize the transformed Hamiltonian as 

H « H 0 { A) 4- E E t b}b t -f // 4 (A), (VI. 90a) 

where H 0 ( A) and // 4 ( A) are given by (VI. 74a) and (VI. 50), respectively. The term // 0 ( A) is the 
ground-state energy and, when we use the expression for from (VI.76), it simplifies to 

tfo(A) = Z </| (T - Al + \<V) \iy-iZ 

1 1 £( 


(VI.90b) 
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where 

01 |/> = Z (ik\ V \ik)vl (VI.90C) 

The second term of (VI.90a) which is the sole survivor of // 2 ( A) obviously represents the 
energy of single quasiparticles. This can be seen as follows. 

For the present, we ignore //4(A), and consider a state having one quasiparticle, i.e., a 
state 6*|!Fo>. The energy of this state is given by 

<Tol b k [H 0 ( A) + Z EtfbAbl |!F 0 > = ^o(A)<m b k b\ l<£ 0 > + Z E^ 0 \ b k b]b t b I |!P 0 > 

= H 0 ( A) + £*. (VI. 91) 

The clue in carrying out the algebra here is to permute the destruction operators to the 
extreme right by using the anticommutator relations, and then dropping terms in which a 
destruction operator appears next to | *£(>>• or a creation operator next to <^ 0 |. The energy of 
the state |!F 0 > is H 0 ( A), and the energy of the state having one quasiparticle in the state k in 
addition to Wq is found to be H 0 ( A) 4- E k . Therefore, the natural interpretation of E k is that it 
is the energy carried by the single quasiparticle. 

The term // 4 (A) actually contains the interaction between quasiparticles, and a proper 
calculation of the consequences of H A (X) is the major task of the general microscopic theory. 
The development so far has led us only to independent quasiparticle excitations of the nucleus. 
The treatment of H A ( A) gives rise to other modes of excitation (see Section 42). 

Interpretation of A 

The quantity A used in the theory is called the chemical potential and it is interpreted as 
follows. Let us consider the expression (VI. 78) for v\. The fact that this is the occupation 
probability can be verified by evaluating <y 0 | C\C a |!£ 0 >; the result is indeed «£, as demonstrat- 
ed by (VI. 73a). Now (VL78) reveals that 

v 2 a > 0.5 (when e a < A), 

vl < 0.5 (when e a > A), 

v 2 a = 0.5 (when € a = A). 

Let us now look at the curve of Fig. VI. 2b. The occupation probability of deep-down 

states is ssl, which also follows from (VI. 78) by making c a very small, i.e., « 0 — A ^ —A and 
£ 0 ~A. As € a becomes comparable with A, v 2 a , according to (VI.78), starts decreasing from 1 
and approaches 0.5 for c a -*• A. On the other side of A, e a decreases below 0.5 and, according to 
(VI.78), reaches zero value when « a 00. Thus, A is the single-particle energy, on both sides of 
which the occupation probability departs significantly from the ideal HF values. It therefore 
belongs to the same energy region where the fermi level would have been located had we ignored 
the existence of close-lying levels near the fermi surface and allowed the nucleons to go to the 
lowest available states. The quantity A is therefore very often loosely called the fermi level. 

Interpretation of d a 

From the expression of the quasiparticle energy £ fl , it is clear that, even if the HF energy « a of 
the state a is coincident with the fermi level A, there is a minimum value of E a (given by the 
positive quantity d fl ) that owes its origin entirely to the pairing matrix elements of the two- 
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body potential. For reasons explained later in this section, the even nuclei in the quasi- 
particle theory are associated with a ground state which* behaves as the quasiparticle 
vacuum, and the excited states of such nuclei are taken to have 2, 4, . . . quasiparticles. The 
lowest excited states of such nuclei have at least two quasiparticles, and hence an energy that 
is at least twice the parameter A. These parameters are therefore called the energy gap para- 
meters, the gap being roughly a half of the energy difference between the ground state and the 
first set of excited states of even nuclei. However, we must keep in mind the interaction term 
H 4 (X) of the Hamiltonian. As we have stated qualitatively in Section 38, the interaction between 
pairs of quasiparticles may build up collective effects, and produce a coherent state that may 
very well differ markedly in energy from the unperturbed energies of the quasiparticle pair. If 
this happens, then the observed first excited state of an even nucleus definitely does not show 
a very pronounced energy gap with respect to the ground state. 

The odd nuclei in this theory are associated with an odd number of quasiparticles, the 
lowest states being 1 and 3 quasiparticle-type states. All the 1 quasiparticle states have a 
minimum energy J, and hence the levels near the ground state of odd nuclei are never expected 
to show an energy gap with respect to the ground state. 


Special Pairing Force 

In our derivation of the quasiparticles where we used a general potential, we saw that the 
special BCS transformation picked up only the pairing part of it in the fundamental energy 
gap equations of the theory. For this reason, sometimes the entire theory is worked out with a 
model two-body potential, called the pairing potential (not to be confused with the earlier A i)y 
which is certainly not the two-body potential). This idealized potential is defined to have non- 
vanishing matrix elements of the following type with a constant magnitude: 

(M V P \b 9 b) = —G. (VI.92) 


In the special case of spherical single-particle states, we have 
(— j, —m\ V P \j'm';f, - m')(- \Y~ m ' = -G. 


(VI. 93) 


In this second form, the pairing potential has the important property of being nonvanishing 
only for the two-body ( J = 0)-state. To prove this statement, we proceed as follows: 

ihhJM\ v r 


= E 

E 

\ h 

h 

'1 

F ; . 

ji 

r\ 

m x m x 

m[ni' t 

L mi 

m 2 


im x 

m 2 

M \ 


(j l m„j i m i \ V r \j\m\, jfni) 


— —G Z Z 

m u m % m[, m\ 


\ h 

h 

J ]\A a n 

L m x 

m 2 

A/JU; m' 2 Af'\ 





-m\ o] (_1)A 


In this expression, we have merely used the definition (VI.93) for the nonvanishing matrix 
elements of V v . The summation in the final step can be carried out with the standard ortho- 
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gonality property of the Clebsch-Gordon coefficients. The result is given by 
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= 8 J0 V2J+l. (VI.94a) 

The extra Clebsch-Gordon coefficient introduced in the derivation is identically equal to 
unity. Using this standard result, we finally have 

UihJM\ Vp \j'\ jU'M') = A/ / 0^0^V / (2; 1 + 1)(2 jl + 1). (VI. 94b) 

For the special pairing force (VI. 92) or (VI. 93), the energy gap equations (VI. 80) become 
very simple. We have, according to (VI. 92), 

A* = \G E (4t/E*). 

k 

Since the summation on the right-hand side is independent of the state a f it is clear that 
now is actually independent of a; there is only one energy gap J for all the single-particle 
states. There is only one gap equation , and that is 

J - 2 (J/E*) 

k 

or 

l = iGi:[(c fc -A) 2 -FJ 2 r«/2. (VI. 95) 

We have to solve only this equation and (VI. 81) simultaneously. 

Ground-State Wavefunction 

Finally, we wish to show that a ground-state wavefunction satisfying 

= 0 for all/ (VI. 96) 

actually exists, and it can be constructed in terms of the particle creation operators as 

in> = II («* + (VI. 97) 

where |0)> is the vacuum state for the particle operators and satisfies 

C,|0> = 0 for all i. (VI.98) 

To show that satisfies (VI. 96), we write 
b t = ( u t C t — vftCli) 

and let it operate from the left on (VI. 97). It is clear that C ( and Cl, can be commuted past 
all the factors in (VI.97) for which k ^ i. When we encounter the factor for k = /, we have to 
examine what happens to it when b ( operates on it from the left. We have 

(u,C, - v,SiC! <)(u, + v,s t Cf Ci() = ufc, - u,v,s,c[ l + u^QCi cl, - 

(V 1.99) 
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The last term is zero because it contains two Cl if and hence it violates the Pauli exclusion 
principle. The first term can be commuted past all the other factors which are k ^ /, and 
eventually it operates on |0> and produces zero according to (VI. 98). The third term can be 
written as 

UiVjSjCLf + UjVjSjC* Che,, 

where we have used {C h C/}= 1. The first term here cancels out with the second term of 
(VI.99), and the second term produces zero when acting on |0 >. Thus, we have established the 
property (VI.96) for our ground-state wavefunction (VI. 97). 

The ground-state wavefunction clearly contains states of 0, 2, 4, 6, . . . particles when 
all the factors are multiplied. The process of fixing A in the calculation ensures that the 
strength of the ,4-particle wavefunction in this superposition has a maximum. Because of this 
form of ¥*<)> it is necessary that we restrict the quasiparticle ground state to the description of 
the ground state of an even nucleus. The moment we let b } = UjCj — operate on Wo, 

the new wavefunction clearly becomes a superposition of 1, 3, 5, . . . particles. This is 

the reason odd nuclei are described in terms of an odd number of quasiparticle excitation. In 
the same way, an even number of quasiparticle operators, operating on V'o, always generates 
a wavefunction having a superposition of an even number of nucleons. Thus, in this theory, 
the excited states of even nuclei are associated with an even number of quasiparticle 
excitation. 


Special Case of Spherical Nuclei 

We have already shown that considerable simplification takes place if we use the special 
pairing force of constant strength G. Even without this special approximation about the two-body 
force , the general equations (VI. 80) take a simpler form for spherical nuclei. For such nuclei, 
the single-particle states are of the type (nljm). For simplicity, we omit the quantum numbers 
(nl) in the derivation that follows. For spherical nuclei, it is not physically possible to make 
any special choice of the Z-axis, all directions in space being equivalent for them. Therefore, 
we know that the quantities u a% v a% E a% . . . cannot depend on the projection quantum 
number m a of the state a . We keep this fact in mind and write (VI. 80) as 


4j=-i z 

/', m' 


•m\ V I/m'; /, 


(VI. 100) 


We replace the two-body states in this expression by the corresponding angular momentum 
coupled states, i.e., 


I/"*', /, —m') 



(VI. 101a) 


In the exchange term of the matrix element in (VI. 100), we have the state 


v. i >> 


it oW 


(VMOlb) 


In the filial step, we have used a standard symmetry relation of the Clebsch-Gordon coefficient. 
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Using (VI. 101), we have 

(Jm;j, —m\ V \j'm'; /, -m') s <Jm\j , — m| -m’> 

- O m ‘> I* ~ m \ v I/. /"*'> 




x [i + (— i n 

Here we have used the property of the potential V which requires J to be equal to J The last 
factor tells us that J must be an even integer, which in turn guarantees the antisymmetry of 
the state on the right-hand side [it is known that the antisymmetric states of two equivalent 
nucleons in the same (nlj)- orbit can have only even /-values]. Therefore, we replace the factor 
$[1 -f ( — l) y ] times the two-body matrix element by 

UJJQ\ V |/y70), 


where the parentheses as usual denote the matrix element with respect to antisymmetric two- 
body angular momentum coupled states. When the expression for the matrix element of V is 
used in (VI. 100), we obtain 





In this expression, the summation over m can be immediately carried out by using the 
standard result (VI.94a). Thus, 

A, = — i(— l) /-m [ J J °"L 2 am v \j'j'J0)V2j' + 1^ 

Lm -m 0J v 


= ~{Z = 0,M = 0\V \j'j'J - 0, M - 0)^. (VI. 102) 

In obtaining the final expression, we have substituted for the special Clebsch-Gordon coefficient 
its value (— \y~ m (2j + l) -1 ' 2 . Thus, we find that, for spherical nuclei, even though we have a 
set of d/s coupled through (VI. 102), the part of the interaction potential V responsible for this 
coupling is merely the interaction in the two body state of angular momentum / = 0. 


42. MICROSCOPIC THEORY— VIBRATIONAL MODE 


A. GENERAL EXPRESSION OF QUASIPARTICLE INTERACTION 
In Sec' ion 41, we began transforming the many-body Hamiltonian and showed that a part (W 0 ) 
of it represents the ground-state energy, and another part ( H n ) represents the energy of single 
quasiparticles. What remains of the Hamiltonian after this is the term H A [of (VI.50)], which 
actually represents the interaction of the quasiparticles. In view of the importance of this term 
in building up collective vibrational states, we shall devote this section solely to its treatment. 

We have seen in Section 41 that a BCS type quasiparticle transformation, given by 
(VI.70), whete both u, and v, are nonvanishing and computed from (VI.78), describes the case of 
nuclei having a diffuse fermi surface. Such a quasiparticle is partly a ‘hole’ and partly a 
‘particle*. On the other hand, we found that the same transformation equations can bt formally 
used to describe the quasiparticles also in a nucleus having a sharp fermi sea (i.e. , a closed- 
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shell nucleus or a nucleus where the HF calculation produces a large energy gap between the 
occupied and unoccupied single-particle states). In this case, however, we must remember to 
put special values of u { and v tt namely, u { = 1 and v t = 0 if i is an unoccupied (i.e., a ‘particle’) 
state, and = 0 and v t = l if / is an occupied (i.e., a ‘hole’) state. In other words, the quasi- 
particles here are either pure ‘particle’ or pure ‘hole’ states. Keeping this fact in mind, we 
shall write down the general expression for H A with the substitutions (VI.71) and then apply 
the same formal expression with the appropriate values of u t and r, to describe both the types 
of nuclei. 

Since the BCS transformation was done with HF type single-particle states, we first 
rewrite H 4 of (VI. 50) in the HF representation as 

j r (i/| v | uy.cl c)c,c k : . ( vi. 103) 

* ifki 

We have to substitute from (VI.71) and then permute in each term the destruction operators 
to the right of the creation operators; finally, the appropriate sign of each term has to be 
incorporated according to the rules for forming the normal product described after (VI. 39). It 
is clear from (VI.71) that there will be one term in (VI. 103) which contains four quasiparticle 
creation operators, and one term with four destruction operators; these terms obviously have 
the coefficients u { UjV t v k and ViVjU t u k respectively. We shall denote these terms by H A0 and H 0A 
where, as usual, the two subscripts specify the number of creation and destruction operators, 
respectively. Then we easily obtain 

= i (y| y |&> i)u,u,v,vj}lb)b}b{, . (VI. 104a) 

ijkt 

H oa = Hermitean conjugate of H 4Q . (VI. 1 04b) 

Here a state with a bar above denotes the corresponding time-reversed state, i.e., \ky = s k \—k) t 
where s k is the phase factor appearing in (VI.71). Since k , / are summation indices, we have 
made the legitimate replacements k-+ —k and / — ► — / in obtaining (VI. 104a). 

In a similar manner, it is clear from (VI.71) that there are four terms in (VI. 103) having 
one quasiparticle destruction operator and three creation operators (// 3l ); the number of terms 
with the roles of destruction and creation operators reversed (//, 3 ) is also four. It is possible 

to relabel the summation indices in the different terms of // 31 and // 13 and then obtain the final 

expressions 

#31 = i I[UiUjv k u,(ij\ V \k , /) -f UiVjV k vj(i , /| V \J t k)]b}b)blb h (VI. 1 04c) 

H X i = Hermitean conjugate of // 3J . (VI.104d) 

The last set of terms (H 22 ) contained in (VI. 103) has two quasiparticle creation and two 
quasiparticle destruction operators. Their total number is six, but once again the summation 
indices cap be relabelled to write H 22 in the compact form 

H22 « i £ [(1 UiUju k u i + V 1*0 

- (u,VjU k Vt + VtUjV k ui)(j , k\ V |/, i)]b]b]bib k . (VI.I04e) 

In fact, if we compare (VI.104e) with t he second term of (VI.32), we are immediately struck 
by their similarity. Such a comparison leads us to interpret the expression enclosed within the 
square brackets as (if | |W>, where V Q is the effective interaction potential of two quasi- 

particles. Such a clear identification of the other terms, namely, (VI. 104a) to (VL104d), is not 
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very obvious, because these terms do not conserve the number of quasiparticles, whereas 
(VI.104e) does. (VI. 32) conserves the number of particles, and hence the formal similarity is 
evident only for the term (VI.104e) which conserves the number of quasiparticles. 

B. APPLICATION TO HARTREE-FOCK CASE 
Diagrammatic Representation of Interaction 

By the HF case here we mean those nuclei where an HF-type ground state having a sharp 
fermi sea is a good description. The quasiparticles are either pure holes or pure particles. The 
coefficients u h v h . . . in (VI. 104) indicate whether a given state has to be a hole or a particle. 
For example, in the term // 40 of (VI. 104a), the factors u t uj and v t v k tell us that /, j are particle 
states and k> l are hole states. Therefore, bjbjbjbl occurring in this expression describes the 
creation of two hole-particle pairs. In the matrix element of V % the state on the right is the 
initial state, and that on the left is the final state. Hence, as a result of the two-body inter- 
action, the hole state k proceeds to the particle state / while the hole state / goes to the particle 
state j* The appearance in the two-body matrix element of a time-reversed state corresponding 
to a hole has its origin in the transformation property under rotation described by (VI. 71b). 

All the foregoing facts can be illustrated by drawing a dashed horizontal line to repre- 
sent F, and solid lines moving towards or away from points to represent the various states. 
To distinguish between holes and particles, we attach an arrow to a line, and make the con- 
ventions described in Fig. VI. 3 Figures VI. 3a and VI. 3b have upward arrows and are taken to 
represent particle states, whereas Figs. VI. 3c and VI. 3d have downward arrows representing 



(a) Particle creation (b) Particle destruction (c) Hole destruction (d) Hole creation 
Fig. VI. 3 Creation and destruction of particle and hole. 

hole states. For particles, an arrow moving away from a point, as in Fig. VI. 3a, denotes 
creation at that point, whereas an arrow moving towards a point, as in Fig. VI. 3b, represents 
destruction of the particle at that point. In the case of holes, the convention is just the opposite: 
Fig. VI. 3c having a hole line moving towards a point denotes the creation of the hole, whereas 
Fig VI. 3d with a hole line moving away from a point denotes the destruction of the hole. 
Keeping these conventions in mind, we describe the interaction term H A0 as in Fig. VI. 4. 

It should be observed that the direction of the arrows indeed tells us that the state k 
goes to /, and the state / to j. According to Figs. VI. 3a and VI.3c, we indeed have in Fig. VI, 4 
the creation of the holes k and /, and the creation of the particles i and j. Each ‘hen track* in 
Fig. VI.4 corresponds to a hole-particle pair, and the entire diagram corresponds to the 
creation of two such pairs. 

In a similar manner, the Hermitean conjugate of // 40 , i.e., H 0i of (VI. 104b), describes 
the destruction of two hole-particle pairs, and is represented as in Fig. VI. 5. 
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Fig. VI.4 Representation of term H 40 correspond- 
ing to the part of two-nucleon interaction res- 
ponsible for exciting a pair of holes and particles. 


V 



Fig. VI.5 Representation of term H 04 corresponding 
to absorption of pair of holes and particles. 


We next examine H u . Of the two terms in (VI. 104c), the coefficients w, v in the first term 
indicate that i/ 3 , corresponds to the creation of the two particles 1 , j and a hole k and the 
destruction of a particle /. The matrix element of V appearing in this term shows that k goes 
to 1 , and / to j. This is depicted in the diagram of Fig. VI. 6 , which explicitly shows that this 



Fig. VI.6 First term of representing interaction 
of particle with hole-particle pair. 


term represents the interaction of a hole-particle pair with a particle. In the same manner, the 
reader can convince himself that the second term of represents the interaction of a hole- 
particle pair with a hole state. As an exercise, he may draw the diagrams for H l3 of (VI.104d) 
and interpret them appropriately. 

Finally, we consider the expression H 22 of (VI.104e) which has three different types of 
terms. The first type comes from the term u t u J u& l of the first line. Clearly, all the states i 9 j t k, 
l are required to be particle states of which / and j are created and k and / are destroyed 
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(because of With proper recognition of the two-body matrix elements, we can easily 

draw the diagram of Fig. VI.7 which depicts the interaction between two particles, and is 



Fig. VI.7 Particle-particle interaction term of # 22 - 


usually called th t particle-particle interaction term. In a similar manner, we examine the second 
term in the first line of (VI.104e), where the coefficients v tell us that /, j, k f / are all hole 
states. This term therefore represents the hole-hole interaction, and is given by the diagram of 
Fig. VI. 8. The third type of term in // 22 corresponds to the second line of (VI.104e). From 



Fig. VI. 8 Hole-hole interaction term of // 22 . 


arguments similar to those just repeated several times, we conclude that this term corresponds 
to the interaction of a hole and a particle and can be represented by the diagram of Fig. VI.9. 



Fig. VI.9 Hole-particle interaction term of /f 22 . 


Finally, we must point out that we have followed here the convention that allows only 
one diagram corresponding to an antisymmetric matrix element of V. Many authors split such 
a matrix element explicitly into the direct and the exchange parts and represent these processes 
by separate diagrams. To give an example, let us consider the hole-particle term, which 
contains the matrix clement (j, £| V | /, f) m </, k\ V |/, f> - <;', *| V \I, />. The direct term here 
still corresponds to a diagram such as the one given t>y Fig. VI.9, whereas in the exchange 
term the state t goes to j, and the state / to k. Hence, if we decide to have a separate diagram 
for the exchange process, then it would be as in Fig. VI. 10. Those who follow the convention 
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Fig. VI. 10 Exchange part of hole-particle interaction. 


of illustrating the direct part of the hole-particle interaction (as in Fig. VI. 9) and drawing the 
exchange part of the same interaction separately (as in Fig. VI. 10) refer to these diagrams as 
the ‘ladder’ and ‘hen track’ diagrams, respectively, because of their visual appearance. 

Tamm-Dancoff Calculation for lh-lp States 

A glance at the expressions (VI. 104) will convince the reader that all the parts of the interaction 
Hamiltonian, except H+q, contain a destruction operator for a quasiparticle (in the present 
case, a quasiparticle is either a ‘hole’ or a ‘particle’) to the extreme right. Thus, if we operate 
on the ground state |0 O >» only the // 40 -part can produce a nonvanishing result; in fact, the 
discussion in Section 42B tells us that the result is a 2h-2p type state. Therefore, when the 
interaction is switched on, the ground state acquires an admixture of 2h-2p type states in the 
lowest approximation. What is important is that there is no term in the interaction Hamiltonian 
that can mix a lh-lp type state into This is a well-known result of the HF theory. 

The lh-lp Type states represent excited states of the Hamiltonian, and it follows, from 
our unperturbed Hamiltonian H 0 + H n , that such a two-quasiparticle state has an unperturb- 
ed energy E h + £ p , where E h and E p are given by (VI. 86a), and not by (VI.79). This is because 
the last term of (VI. 85) is zero for the HF theory, the product uv vanishing for both occupied 
and unoccupied states. Keeping in mind the special values of u, v for the hole and particle 
states, we have, from (VI. 86a), 

E h = — («* — A) = A-c„, (VI. 105a) 

A, (VI. 105b) 

where A is the energy of the fermi level. These results can be inferred if we remember that a 
paricltf state is above the fermi level , whereas a hole state is below it. Finally , from (VI. 105), 
we nave the unperturbed energy of a lh-lp type state, given by 

£*+ (VI. 106) 

All the lh-lp type states that are obtained by lifting a nucleon across one major shell have 
their unperturbed energies (VI. 106) lying within a few MeV of each other. The unperturbed 
energies of the 2h-2p type states are, on the other hand, roughly double this magnitude. 
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We next examine what happens to the lh-lp type states when the interaction H A is 
switched on. It is clear from the term H 2 2 in (VI.104e) that the hole-particle interaction part of 
it can give a nonvanishing matrix element connecting the lh-lp states with each other. 
Similarly, the term H 3i in (VI. 104c) can produce a nonvanishing matrix element between a 
lh-lp type state and a 2h-2p type state. The easiest way to see this is that Hy t has one destruc- 
tion operator to its extreme right, and hence the state it operates on must have at least one 
quasiparticle; each of the lh-lp type states has two quasiparticles, and hence meets this criterion. 
Further, creates three quasiparticles after destroying one, that is, it produces two additional 
quasiparticles; 2h-2p states have four quasiparticles, whereas lh-lp states have two, and hence, 
after the production of two additional quasiparticles, the lh-lp state changes naturally to a 
2h-2p state. This kind of argument, even though elementary, has been given here in detail so 
that a beginner in this subject understands the logic behind similar statements, subsequently 
made, without an elaborate explanation. 

According to the perturbation theory, therefore, the effect of the interaction is to produce 
a ground state and a set of excited states with the structure 

l*o>-H*;>-|*o >+ £ /** wWAp. *>')>. (VI. 107a) 

hph'p' 

I <Hhp)> -* l*'(* py> = i MP)> + 2 ghp. >')>. (VI. 107b) 

We have written here only the lo west-order perturbation terms. Hole-particle indices within the 
parentheses following a 0 specify the hole-particle excitations present in that particular basis 
state. The quantities / and g contain, according to the perturbation theory, the appropriate 
matrix clement of H 4 in the numerator and an energy denominator which is equal to 
(E h + E p + £V + E p >) for / and (£V + E p > — E h — E p ) for g. Since the energy denominator of 
g is much smaller than that of /, we can consider an approximate treatment of H A as follows. 
We neglect any modification of the ground state through the interaction, but consider the 
admixture of the lh-lp type states with each other. A calculation based on this point of view 
is called the Tamm-Dancoff Approximation (TDA). 

In fact, the energy denominator (£> + E p > — E h — E p ) can, in principle, even vanish 
when the energies £V + £y and E h -f E p are accidentally degenerate. At any rate, all the lh-lp 
type states across a given major shell form a near-degenerate group of levels, and hence their 
admixture is better taken into account by a matrix diagonalization (degenerate perturbation 
theory), rather than a perturbation treatment such as (VI. 107b). The calculation in the TDA 
therefore entails setting up the matrix of the hole-particle part of H 2 2 in the lh-lp space, 
adding the unperturbed energies along the diagonal and then diagonalizing the resultant 
Hamiltonian matrix. We proceed to write down the expression for a typical matrix element. 

The (u,vji/*v/)-term in the hole-particle part of (VI.104e) corresponds to the identification 

i » particle, j = hole, k = particle, / = hole; (VI. 108a) 

whereas the (v,Wyt>*u,)-term in the same expression needs 

i « hole, j = particle, k = hole, / * particle. (VI. 108b) 

We want the matrix element of these terms connecting the hole-particle state hjhl|0 o > with 
another holl-particle state, namely, <($o| b^b^. In the i)$ual shell-model notation, these states 
are denoted by | &-*/>> and <£'■>!, respectively. It should be observed that, according to 
(VI.70a), the hole creation operator b\ corresponds to s h C~ h s Cj, and hence it corresponds to 
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a vacancy in the shell-model state X (and not h). This fact accounts for the equivalent shell- 
model notation just mentioned. We record these correspondences for subsequent use: 

|S-'p> = fe>*l<Po>, (VI. 109a) 

<X'-y| = <0 c | Mv- (VI. 109b) 

We now take the operator b]b)bfi k from (VI.104e) and easily arrive at the results 

b,b k \K~'p> - 6,V>X|4>o> 

= (SkpSih — 8*a$/ p )|0oX (VI. 110a) 

<*'-VI bib) = <<J>o| b„b,b}b) 

= <^o|( w - S/*'S (VI. 1 10b) 

In deriving these results, we have made use of the anticommutators of the creation and 
destruction operators to permute the destruction operators on to | <P 0 y and the creation operators 
on to <d> 0 |, both of which are zero according to (VI. 36), When we multiply (VI. 110b) by 
(VI. 110a), the requirements (VI. 108a) and (VI. 108b) imply that two of the four terms are non- 
vanishing. Thus, putting (VI. 110b), (VI. 110a), (VI. 108), and (VI.l04e) together, we finally 
obtain 

| H 2 2 = — i (bkp&lh&lp'bjh' + bklfilp&lh'bfp'Xj’ k\ V V* 0 * 

Using the time-reversal invariance of V y we can easily convince ourselves that the two terms 
in this expression are equal, and the final result is given by 

<X'-yi h 22 |X-y> = -(/>', h\ v\ P , vy (vi.iii) 

It has already been mentioned that between the same two states the unperturbed part H 0 + H IX 
of the Hamiltonian gives, according to (VI. 106), 

<*'“V| (H 0 + H n ) | %~ l P/> = bhh'bpp’ifp — <h)- (VI. 112) 

The details of the angular momentum coupling (VI. Ill) and (VI. 112) are given in Appendix 
G (Section III). 

Alternative Derivations of TDA Equations 

There are -several ways of deriving TDA equations. We shall describe two such methods in 
this section. 

Commutator method with linearization In this method, we evaluate the commutator of H 
with b]fil. Being a number, H 0 commutes with it. We next evaluate the commutator 

[blb h 6>Jl] = bj[b h blbl). 

Since 

bfityh *= b f pb f h — b lb fit 

** &ipbl — -f b]filb if 

we have 


(VI. 1 13) 
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Therefore, 

[bfb f9 byb\] = 5 tpbjbl — b\ y 

and hence 

[//,„ blbl] m £ E,[b]b h bib Jt] 

= (E, + E h )blbl 

= («, ~ *h)blbl (VI. 114a) 

Finally, as a step towards evaluating the commutator with the hole-particle part of H u , we 
work out, with the help of (VI. 1 1 3), the result 

[b]b]b t b k , blbl] — b}b][b,b k , blbl ] 

= b]b](b,[b k , blbl] + [b„ blbl]b k ) 

— b\ b) (S kp bibl — S kk b,bl + & inhibit — & lk blb k ) 

= b, b](S kp 8u, — 5**5,, -f 8 kh blbi — 8 kp blb t -(- 8 lp blb k — 8, k blb k ). (VI. 1 14b) 

We are finally going to use the manipulation mentioned after (VI 9). When |<p 0 > appears to the 
right of (VI. 114b), the last four terms obviously produce zero. This is why, in the subsequent 
steps, we keep only the first two (erms of (VI. 114b) and obtain, from (VI.104e) and (VI. 108), 

[H 2 2 , blbl] = — i E [uiVjblb](j, p\V\h, i) — v t u,blb)(j, Aj V\ p, i)) 

». } 

= "i bl-bl[{h', p\V\h, p) {p\ h\V\p, ^')] - 

h’, P ' 

= - £ (/J|K|/>,S>X- (VI. 115) 

P’ 

Once again, we have used the time-reversal invariance of V to equate the two matrix elements; 
further, we have taken note of the fact that in the first term requires / to be a particle 
state p' and j to be a hole state //', whereas v t Uj in the second term imposes just the opposite 
requirement. In the second term, b\ Ay has been rearranged to —b\'b\>. The artifice of putting 
|0 O > to the right and < 0 1 to the left of the commutator has enabled us to discard terms 
that are not linear in the lh-lp creation operator hj/hj/. Therefore, this procedure is usually 
called the method of linearization. It should be noticed that the commutator method of diago- 
nalizing a Hamiltonian, described in Section 39, succeeds only if it is possible to obtain a closed 
system of linear equations connecting a given set of operators. This has been achieved in 
(VI. 115). Putting (VI. 114a) and (VI. 11 5) together, we are once again led, according to the 
general derivation of Section 39, to the diagonalization of the same hole-particle matrix of 
the Hamiltonian which we have described in (VI. Ill) and (VI. 1 12). 

Quasi-boson method In this method, we first introduce the operator A\ p which creates a 
hole-part xle pair: 

At, « blbl (VI.116a) 

The Hermitean conjugate of this operator destroys a hole-particle pair and is given by 

(VI. II 6b) 
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It can be easily verified from the anticommutators of b ht b pi b\ , b\, . . . that 

Al p = -Alt. A hp = -A ph , (VI. 116c) 

lA k „ A*,] = [Aj ip , Al v ] = 0. (VI. 117a) 

The commutator of a pair-destruction operator with a pair-creation operator can be similarly 
worked out with the help of (VI. 113). We obtain 

[A hp , Al, 1 = [b h b„, blbl ] 

= b„[bp, b',bl] + [6*. b\.bl'\b p 

— bpp'bhbl — &urbyb p 

— bhh’Spp- — Spp'bl’b), — S hhbl’bp. (VI. 11 7b) 

Introducing the abbreviated notation 

= brb it (VI. 11 8) 

we rewrite (VI. 1 1 7b) as 

l^hpy A h'p '] = &hh'&pp' ~ bpp'Nh'h — &hh’Np'p- (VI. 11 9) 

Once again, if we use this commutator with the state |0 O > to its right, then the last two terms 
produce zero and we obtain 

[A kp , At A l^o) = (VI. 120) 

Therefore, as long as we have the state |0 O )> to the right, the creation and destruction operators 
of the hole-particle pairS satisfy the commutation relations (VI. 117a) and (VI. 120) which are 
merely the commutation relations satisfied by a set of boson operators. The operators A hpy 
Ayy, . . . are called quasi-boson operators; the adjective “quasi” here is a reminder of the 
fact that (VI. 120) is not an exact operator equation for the commutator, its validity being 
restricted to the presence of |0 O > to the right. 

The commutator of these quasi-boson operators with the operator Av, of (VI. 118) is also 
straightforward to derive. We have, using (VI. 113), the result 

[M'„ Alp] = [b}.b h b'pbt] 

= bkb h b\b\) 

= mm - 

= SipAhr + bfhAfp' (VI.12la) 

From the Hermitean conjugate of this equation, we have 

(4s A hp ] = -(8 lh A rp + 8, p A hr ). (VM21 b) 

The next step in the derivation is to evaluate the commutator of Al P with the part of the 
Hamiltonian that is treated by the TDA. The part H 0 gives zero to the commutator; the parts 
Hu and the hole-particle part of H 2 2 are rewritten in terms of the new operators as 

//„ = Z E,fi, h 


(VI. 122a) 
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hole-particle part of H n = - J £ £ [(h'p"\ y \h'p')Al p .A h . p . 

+ ipV | V\ pl')A\,,A p . h .) 

~ ,f, (P'h"\ V | p"V)A\. p ,A h - p .. (VI. 122b) 

h p h p 

We have used here the time-reversal invariance of V and (VI. 1 16c). The commutators are now 
easy to evaluate w.th the help of (VI. 11 7a), (VI.119), and (VI. 121a). Once again, we shall 
multiply the commutator by |<J> 0 > from the right and <tf>| from the left in accordance with the 
artifice described in Section 39B, and hence the simpler result (VI. 120), instead of (VI 119) 
can be used. In this way, we have 


[tfii, Al p ] — (£* + E p )aI p = (e p — t h )Al p , 
Iff. 22, Al f ] = - £ (p'h I V\ph')Al p .. 

h'p' 


(VI. 123a) 
(VI. 123b) 


These equations are identical to (Vl.lUa) and (VI.115). Thus, the linearization described in 
the commutator method is exactly equivalent to using the quasi-boson commutation rule 
(VI. 120), instead of the exact result (VI.119). Once again, when we multiply the commutators 
from the right by |<P 0 > and from the left by <<f>|, the equations (VI. 123a) plus (VI 123b) become 
a system of linear equations for the amplitudes <<t>\ a\ p | 4> 0 > with all possible h, p admitted 
into the calculation. The solution to this system of equations is obtained by diagonalizing the 
TDA matrix in the hole-particle space. The amplitudes <($| A\ p \& 0 y are given by the elements 
of the eigenvector, and they clearly correspond to the amplitude of the basic hole-particle 
states present in the expression of the excited state |$>. 


RPA Calculation for lh-lp States 

It is clear from the discussion so far that the TDA calculation diagonalizes only a limited part 
of the interaction. The improvement over the TDA could be achieved by two alternative 
methods, (i) In the first method, we introduce states with a larger number of hole-particle 
pairs, or at least the 2h-2p pairs. Then the parts // 3l and // l3 become effective in connecting 
the lh-lp states with the 2h-2p states and vice versa; there is a second important consequence, 
namely, H 40 connects the state | <Z> 0 > with the 2h-2p states, and H 0i does the opposite. Therefore’ 
according to this approach, we must set up the matrix in the space of |0 O >, all the lh-lp states! 
and the 2h-2p states. |0 O > does not mix directly with the lh-lp states but does so through the 
intermediary of the 2h-2p states. Such a calculation is usually called the Higher Tamm-Dancoff 
Approximation (HTDA). Care has to be exercised in constructing the 2h-2p states in such a 
calculation, because a\ p A\' P , |0 o > for all /t, p and h\p are not nontrivial states; whenever 
h = h r and p = p\ such basic states do not exist due to the Pauli principle (that is, due to the 
anticommutation of fermion operators). While considering angular momentum coupling in 
these operators, we have to ensure that we keep only states in which hh and pp couple to 
even values of J for T = 1 and odd values of / for T = 0, where J and T are respectively the 
resultant angular momentum and isospin of the two holes or the two particles, (ii) In the 
second method, we do not explicitly introduce the states with a higher number of hole-particle 
pairs. Their«effect is indirectly taken into account by including correlations in the ground state. 

We shall now describe the second method. To understand the basic principle, let us write 
down the structure of the correlated ground state. In the lowest order of approximation, this 
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is given by (VI. 107a). In a similar manner, let us consider what happens to the mixed lh-lp 
states of the TDA in the next higher approximation when they mix with the 2h-2p states. For 
simplicity, we write a mixed lh-lp TDA state as 0(lh-lp). This state changes to |0'>, which 
is given by 

l*’> = l«(lh-lp)> + E 2 AW P\ h’p’i}. (VI.124) 

h’p* h“p m 

It is clear from (VI. 107a) and (VI.124) that the amplitude (<P'\ A\ p |0£> is large and of the order 
of unity. Because of the second term (which represents correlation in the ground state) in 
(VI. 107a), an amplitude of the type <(0'| A hp |0q)> is also nonvanishing and arises from the 
connection of <P(hp t tip) of (VI. 107a) with 0(lh-lp) of (VI.124) via the pair destruction 
operator. Such an amplitude is clearly of the order of i.e., of the first order of 

smallness compared with <(0'| A\ p |0i>. In the same manner, it is clear from (VI. 107a) and 

(VI.124) that an amplitude of the type <0 q| is quadratic in /, whereas < 0 '| N n | 0 £> is 

bilinear in /and/. Both these amplitudes are therefore of the second order of smallness when 
compared with the large amplitude < 0 '| a\ p |0£>, and one order smaller than <(0'| A hp |0q)>. 
Therefore, the natural extension of the TDA method is to construct a set of equations in which 
the amplitudes <(0'| A\ p | 0 <£> and (0'| A hp |0o> are retained while amplitudes of the type 

<0 j N n |0 O > are neglected. For simplicity, we shall omit in our notation the primes on the 
corrected ground and excited states, and denote them by *F 0 and V. 

The algebraic procedure, once again, is to evaluate the commutator of H with A f hpt and 
sandwich the result between <(!F| and |^ 0 ). From the resultant expression, we have to drop all 
the terms that are of a smaller order of magnitude than the amplitude <¥*( A hp |^ 0 >- In order 
to quickly recognize the terms that will be finally ignored, we carry out the following book- 
keeping type of work by suppressing the hole-particle subscripts on all A t- and ^-operators. 

A 

The ^-operators carry either two hole or two particle labels, and these too will be suppressed. 
An exception is made in the case of the hole-hole and particle-particle part of H 2 2 [the first 
line of (VI. 104e)], where the subscripts are explicitly retained on A t and A , because, in this 
case, these operators will carry two particle or two hole labels, as distinguished from A\ p and 

^ kp • * 

The terms H 40 and // 04 , as given by (VI. 104a) and (VI. 104b), have the structures 


Hu-^AU^ (VI. 1 25a) 

Ho 4 -»AA. (VI. 125b) 

Similarly, // 3 | and of (VI. 104c) and (VI.104d) have the schematic composition 

H u -+A*fii (VI. 125c) 

H xl -+fiA. (VI. 1 25d) 

The hole-particle part of H n has already been explicitly written down in (VI. 122b) and has 
the structure 

H 2 2 (hole-particle) A* A. (VI. 1 25e) 

In contrast to this, the hole-hole and particle-particle part of H 22 [the first line of (VI.104e)] 
appear as 

H 22 (hole-hole) A f hlht A hihtt (VI. 1250 
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H 22 (particle-particle) -* A\ lPt A PtPv (VM25g) 

We next use the commutators (VI. 119) and (VI.121a), and obtain from (VI.125a) to 
(VI. 125e) the schematic expressions 


[A/ 04 , A*]-* A + 9 A + AN, 
[H ilt A')-+A'A\ 

[//„, A'] -* A'A + N + NN, 

[H 22 (hole-particle), A'] -* A> + A*N. 


(VI. 126a) 
(VI. 126b) 
(VI. 126c) 
(VI. 1 26d) 
(VI.126e) 


Evaluating the commutators of (VI.125f) and (VI.125g) with A * requires a little extra work. 
First, we have to evaluate the commutators of A hih , and A PzPl with A' hp , which can be done in 
a manner analogous to (VI. 117b). This work is left as an exercise. Finally, we obtain 


[ 7/22 (hole-hole), A i ]^- A^N, (VI.126f) 

[H 22 (particle-particle), A*]-* A +JV. (VI. 1 26g) 

If we now put <!PJ to the left and |!F 0 > to the right of (VI. 126), we obtain, besides the 
amplitudes <!P| A< |«F 0 > and <«P| A |*P 0 >, the quantities 

<vH A in>, <*F| NN ,1P 0 >. <V\ | NA |f , 0 >. 


OH NA |!Po>, 


OH i^o>, <¥»| A'ti |y»o>, OH A f A |V 0 >, I I y 0> . 

It has already been remarked after (VI. 1 24) that <!F| A |IF 0 > is of a smaller order than <!P| A |«P 0 >. 

To examine the other amplitudes which are bilinear in the operators A\ A, and N, we follow 
the practice of introducing a complete set of states 27 |«F,><IP,| between the two operators. As 

n 

a demonstration of the type of arguments that follow this procedure, let us consider the case 
of <!P| A'N l!Fo>- After the introduction of the intermediate states, this term yields 

OH l^o> = f OH A* |1P 0 >OHJ fil jn>- (VI. 127) 


We recall that by our choice of notation the present V 0 is actually the same as <P ' 0 of (VI. 107a), 
and the first term in that equation represents the states with no hole or no particle. Thus, 

the second factor <¥ / „| N |n> of (VI. 127) gets, with the choice of the two-hole two-particle 
states for IP,, a nonvanishing contribution only from the second term of (VI.107a). In other 
words, this factor of (VI. 127) was already linear in the /-coefficients of (VI.107a), and hence of 
the same order as <!P| A |IP ( ,>. The other factor (V\ A' |^> of (VI.127) under the same 
circumstances (i.e., for !P, equal to a two-hole two-particle state) is extremely small (in fact, 
zero in the lowest approximation), because V is predominantly a linear combination of one-hole 

one-particle type states. Thus, the term A'N in the commutator of H with Al p can be ignored 
in comparison with the A f ~ and /4-term. In the same manner, it is possible to argue that all 

the other bilinear terms in A\ A, ft, with the exception pf <T| AN |IP 0 >and (V\ A'Ai |!P 0 >, can 

be ignored. We shall now see that the contribution of <5P| AN I^q) is kept in the RPA theory, 
whereas that of <!P| /4M f |!Po> is usually disregarded. 
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Going back to (VI. 126), we conclude that, in the RPA derivation, only the commutator 
with Ho* and the ,4 f -term in the commutator of H 22 (hole-particle) need be worked out in 
detail In fact the latter term has already been carefully evaluated in the TDA theory; hence, 
all we need to do here is evaluate (VI.126b) in detail. For this purpose, we go back to 
(VI. 104b) which we write as 
Hot — —i E 


-i 27 E (p’p | V \VV)A»pAr, 

h’p’ h’f’ 


. i E E (p‘p'\ V | I’I'WvsAh;: 
v? *■/>' 


(VI. 128) 


Next, we evaluate its commutator with Al„ using (VI.U9). If we decide to keep only the 
terms containing one ^-operator, we omit the last two terms of (VI. 119) and obtain 

[Ho,, Al„) = * E (PP'\ V \ll')A*„. (VI. 129) 

This result is, however, not quite right. The factor \ is actually absent in a more careful 
derivation The source of this error lies in the use of the quasi-boson commutation relation 
[the first term of (VI-119)]. In fact, if we had used the entire expression (VI.119), we would 
have obtirtned terms with the structure of the last two terms of (VI. 126b). 

We shall now show that terms of the type <9 / | AN |9'o) > have some (T\ A I'f'o) concealed 
in them. The terms that have to be added to the right-hand side of (VI. 129) are obtained rom 
(VI. 128) and the last two terms of (VI.119). These are given by 


— i E 2 (p'p'\ V \K’h')[Ar P (8,p-Nid,‘ + bui’Npp 

v/ h-p’ 


■) + A^p’(& fl /Nui' + ^ut'Hpp')]. 


(VI. 1 30) 

Let us examine the first term, A^Nue = b„b,b\b k : When we insert <Y\ and )¥%> to the left 
and the right and E in the middle, it appears that this term is always of a smaller 

order of magnitude" than <9 , | A l^o). because of the second factor <¥' 0 | MX™ are 
here considering the case «P B = V 0 ). It is, however, not apparent that there is a possibility of 
obtaining a nonvanishing result for the case IP. = V as well. To see this, all that we need is to 
rewrite, by permuting operators, 

Ak'p'Nw s b^bf/blbr = — bub\b P 'bh 0 = bh'blb^bpr. (VI. 131) 

With the choice ¥*„ = this expression yields <*P| bybl \'Py<V'\ b^b? l^o)- The first factor is 
large when h=*ti (actually equal to when V is normalized to unity), whereas the second 
factor is the amplitude <«P| A*, |n> This establishes the assertion we made regarding the 

concealed presence of <?\ A \V 0 > in <«P| AN |V 0 >. The second term of (VI. 130) can also be 
similarly handled to yield an amplitude of the type <!P| A |!P 0 >- An analogous attempt with 
the third and fourth terms of (VI. 130), however, fails to yield anything. In all this derivation, 

we have consistently to make the assumption that <1P| N |!P>, which is the probability of get ung 
a particle or a hole in the excited state, is of an order of magnitude smaller than I °/* 

The details of the algebra indicated, to be applied to the first two terms of (VI.130), ere e 
as an exercise. With this extra contribution, we finally obtain 


[Ho,, At,} , 


E {pp'\ V\ M’)Avr- 

vs 


(VI. 132) 
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Putting together (VI. 123) and (VI. 132), we have 
[H* Al p ] » ( € p — *h)Al p — £ (p'H | V \ph')Al*p' 

h'p' 

+ Z (pp'\ V\ Kh')A h .„. (VI. 133a) 

h'p* 

Taking the Hermitean conjugate and reversing the sign, we immediately obtain 

[H, = -(«, - t h )A hf + Z (pV | V | p'l)A„ - Z (*J'| V \pp')Al t .. (VI.133b) 

h'p' h'p ' 

In the usual way, the system of equations (VI. 133) gives rise to a set of linear equations for 
the amplitudes <!P| Al p |!P 0 > - x hp and (V\ A hp |!F 0 ) = y hp . The matrix to be diagonalized is 
clearly of the form (VI. 28b), with the definitions of A and B given by 

Ahp: h'p' = («, - <h)Zhh'?>pp' ~ (pk 1 V \p'h), (VI. 134a) 

Bk P . *v = (PP'\ V\W). (VI. 134b) 

Except for the phase factor, and the sign of the projection quantum numbers of the hole 
states, these definitions agree with (VI. 23). This slight difference in the hole states originates 
from the definition b\ = s h C_ h . 

C. THEORY OF VIBRATION IN BCS CASE 

The treatment of the quasiparticle interaction given in Section 42A in the case of a BCS type 
nucleus is now a straightforward generalization of what we have done in Section 42B. 

Definitions 

In analogy with the hole-particle pair and the number operators of Section 42B, we now 
introduce the quasiparticle pair and number operators 

AL = blbl, A m „ = b m b„, N n „ = blb n . (VI. 135) 

Using the basic anticommutation rules, we obtain 

blbl) = b,Jbl - bj>l (VI. 136) 

By a straightforward application of (VI. 136), we then derive the commutator relations 

[A,„ Al„) = [b,b„ blbl] 

= b,[b h blbl) + [b„ blbl)b, 

“ b) n blbl — b/mbfil + bj n b m b] btmbnbj 

- bjJ>,bl - b lm b,bl + sj) n , - b lm N ml (VI. 137a) 

= (blm&ln ~ + bj m N„i — SjgNml + ~ b,„N„]. (VI. 137b) 

The quasi»boson approximation entails dropping all the terms containing the number operator 
in (VI. 137b). In this approximation , we have, by virtue of the Krdnecker deltas within the 
parentheses in (VI. 137b), 

[A„,AJ, J-l, [A„,A],] = - 1. 

From the definition (VI. 135), we have 

A/l ™ —Ay, 


(VI. 138) 
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and hence the two equations in (VI. 138) are one and the same. Therefore, in spite of the two 
terms with the Kronecker deltas in (VI. 137b), the operators A, h a] } indeed behave as boson 
operators under the quasi-boson approximation. 

Once again, applying (VI. 136), we can derive the commutator 

[N.J, aL] = Mm/ - (VI. 139) 

Finally, we write down the obvious results 

[Alj, aL] = [A„, A mn ] = 0. (VI. 140) 

TDA Equations 

In the manner of Section 42B, we evaluate the commutator of the pair creation operator Al„ 
with H n and // 22 . Using (VI.139), we have 

[//,„ aL] = z E,[N„, aL] = (£ m + E n )Aln, (VI. 141) 

t 

where E m is the energy of the quasiparticle m. 

The operator in // 22 is clearly AjiA, kt and its commutator with A according to the 
quasi-boson commutation relation, is given by 

[4^ A/ a, A mt i] — A ji[Aj k , A mn ] 

= - ilAm). (VI. 142) 

Using (VI.142), together with the coefficient in (VI.104e), we obtain 

[#22. Amn] = £ E [{u lUj u m u n + v m v n )(ij\ V\ nm) 

u 

+ UiVj{UnVm(jn\ V | mi) - u m v n (jm\ V\ ni)} 

+ wA u m*Ajn\ V | mi) - u n v m (jm\ V \ni)}]A],. (VI.143) 

By interchanging the labels /, j and using Aji = — A^ u together with the time-reversal invariance 
of the matrix elements of K, we can easily establish that in (VI.143) (i) the first term in the 
third line is equal- to the second term in the second line, and (ii) the first term in the second 
line is equal to the second term in the third line. Therefore, we retain the second terms in the 
second and third lines of (VI.143) and delete the factor \ from these two lines. Thus, 

[#22» A™] = z [(UiUjUmUtt + v { vjv m v n )i(ij\ V I mn) - (u,vju m v„ + v,u jv m u n )(jm\ V \ni)]Al,. 

(VI. 144) 

(VI. 141) plus (VI. 144) give rise to a linear set of equations for the amplitudes a]j |^ 0 >- 
The matrix to be diagonalized is therefore the coefficient matrix on the right-hand side of 
(VI. 144) together with the quasiparticle pair energies (E m + E n ) of (VI. 141) along the leading 
diagonal. As in the hole-particle case of Section 42B, this TDA calculation is identical to the 
diagonalization of the unperturbed Hamiltonian plus the quasiparticle interaction in the space 
of all the quasiparticle pair states of the type Finally, in perfect analogy with the 

TDA theory of Section 42B, the use of the quasi-boson commutation rule in writing (VI.142) 
is justified by the fact that the remaining terms of (VI. 1 37b) produce zero when acting on the 
BCS state |*P 0 >. 
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RPA Equations 

As in Section 42B, the part H 40 of the quasiparticle interaction can mix four quasiparticle 
states into the BCS ground state !P 0 . The two quasiparticle excited states can also mix with 
the four quasiparticle states via H^. A higher TDA calculation can therefore be done by 
mixing zero, two, and four quasiparticle states. An alternative way to treat the effect of 
correlation in the BCS ground state is the RPA method, which admits two types of amplitudes 
C^l A Itn |1P 0 > and <*P| A mn |!Po>, ^0 being the correlated ground state. 

By arguments similar to that presented in Section 42B, we can show that the RPA treat- 
ment, in the present case also, requires the detailed evaluation of only one more commutator, 
namely, that of H 0 4 with Al n . 

According to (VI. 104b), the expression for H 0A is given by 

Hqa = i £ ( k , /] V | ij)UiUjvtv k A k ,A „. (VI. 145) 

As in Section 42B, if we keep only the quasi-boson terms of (VI. 137b), we obtain 

[#04, Al„\ (kl\ V \nm)(u m u n v k v, -f v m v^ k u,)A kh (VI. 146a) 

kl 

This, however, is not the correct result because the other terms in (VI.137b) give rise to % terms 
in the commutator of the type AN and NA of which the former yields some extra A kl type 
terms in the final result. Terms <>f the type NA, on the other hand, yield <(!P| N A |*P 0 )> 

which is of a smaller order of magnitude than <*P| A |^o) because the factor <*F|A|*P)>, 
representing the probability of getting a given quasiparticle in the excited state IP, must be very 
small compared with unity (*P being a coherent superposition of many quasiparticle pair states 

in the lowest approximation). Therefore, we write omy the extra terms of the type AN, and 
derive the extra contribution to the right-hand side of (VI. 146a) as 

i 27 (k7\V \ij)uiUjV\v k A k i(bj m f) nl — h Jn N ml + 8 fn N m j — S lm N„j). (VI. 146b) 

ijki 

For example, the first term of (VI. 146b) yields, when the summation indices k and /, in turn, 
are equal to n, the result 

AkiNni 5=3 b k bib\bi -* &i n b k bi + S kn b,bi. (VI. 146c) 

It should be noticed that, when / = n, k is necessarily not equal to / or n (because if k =» /, 
b k bi a» 0), and hence b k can be taken to the right of bl; the same observation holds for the 
case k » n, when bi can be moved to the right of bl without trouble. In fact, in (VI. 146c), we 
have substituted b t bl and bj>l in the two cases by S /n and S kn and omitted the other terms, 
namely, — blb t and — b\b k . These terms, together with the other two destruction operators, 

have the structure $A, and we have already argued that they lead to terms smaller in order of 
magnitude than <*P| A |*P 0 >« The type of work carried out. in (VI.146c) can be repeated for all 
the terms in (VI. 146b) which then yields a new set of >4* r terms. Adding these to (VI. 146a), 
we finally obtain 

Iffoo Al„] => 2 [i(£, /] V \nm)(u„u„v k v, + v m v„u k u,) + (£n| V \lm)u m v n v k u, 

- (£m| V \ln)9^,v k u,]A k i. 


(VI. 147) 
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(VI. 141), (VI. 144), and (VI. 147) together give the commutator {//, At n ] in the RPA approxi- 
mation. The commutator [//, A mH ] can then be written by taking the Hermitean conjugate and 
reversing the sign. Together they provide us with the required system of linear equations for 
the amplitudes <¥*1 Al, |!Fo> and <!P| A M |!Po>- The task of angular momentum coupling is 
tackled in Appendix G (Section III); the transition probability of the TDA and RPA states 
is also calculated there. For a complete understanding of these methods, this particular 
appendix must be read. 

43. REVIEW OF APPLICATIONS OF THEORY OF VIBRATION 
In this section, we shall review some of the calculations based on the theory developed in the 
preceding discussion. The purpose of this treatment being pedagogic, no attempt is made to 
survey the existing literature in a complete and comprehensive manner. In conformity with the 
attitude adopted in the introduction to this chapter, the material is divided into three cate- 
gories: (i) hole-particle states and their coherent superposition in closed-shell nuclei; (ii) quasi- 
particle states and their coherent superposition in spherical heavy nuclei, where pairing 
effects are important; and (iii) vibrational states in deformed nuclei, where too the pairing 
effects are quite significant. Some more details of the extension of the theory are also present- 
ed in the appropriate context while discussing specific applications. 

A. CLOSED-SHELL NUCLEI 

The nucleus that has been the testing ground of many theoretical calculations is O 16 . Some 
calculations have been done for Ca 40 and Pb 208 as well. 

The single-particle and single-hole energies needed in the calculation are invariably 
taken from the neighbouring odd nuclei (e.g., O 17 , F 17 and O 13 , N 13 ). In the Ca 40 region, it is 
very uncertain whether the low-lying levels of the neighbouring odd nuclei can ever be inter- 
preted as single-particle or single-hole levels. To that extent, the treatment of Ca^asa closed- 
shell nucleus is also doubtful. However, standard hole-particle diagonalization calculations 
for this nucleus have been carried out by several authors. 

The other necessary ingredient for the calculations is the two-nucleon potential. In the 
earliest work on* the subject, Elliott and Flowers 1 have used the Rosenfeld exchange mixture 
with a Yukawa-type radial-dependence: 

K = T 7fh l * Tj(0 - 3 + * ffj)> (VL ,48) 

where t and a are respectively the isospin and spin operators of the nucleon labelled by the 
subscript. These authors have used the IS-coupling representation for their calculation, and 
hence the spin-orbit coupling of the shell-model potential, namely, (h s, was also explicitly 
used as a part of the interaction while doing the diagonalization. The radial integrals of f 
were, however, chosen to reproduce the experimentally observed single-particle splitting of 
(</ 5/2 '- and (</ 2 / 2 )-level in 0 ,7 (F 17 ) and the splitting of the hole levels p 3 / 2 and pij 2 in N ,5 (0 13 ). 

The schematic 3-function potential described in Appendix G (Section III) has also been 
used with various types of exchange-dependence by several authors. One of the favourite 
formulas is the Soper mixture 

0.3 + 0.43 4* 0.27/> b , 

where P M and P B are respectively the Majorana and Bartlett exchange operators. 


(VI. 149) 
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The most extensive calculations have been performed by Gillet et al 2 and Green 3 who 
determined the potential by the least-squares fit to several levels. Their potential has a 
Gaussian shape and is given by 

Vo exp [-(rlf*) 2 ](W + BP» + HP n + MP M ) t (VI.150a) 

where P H is the Heisenberg exchange operator. The values of the various parameters, as 
determined by the least-squares fit, are given by 

M - W=0, M + W~B-H = QA 9 H — 0.4, (VI.150b) 

V 0 « —40 MeV, f*/b = 1.0, (VI. 150c) 

where b is the harmonic oscillator parameter, and was chosen to be 1.68 fm from the observed 
root-mean-square radius of O 16 . The four parameters W t A/, B t H obey the normalization 

W+M + B + H=*\. (VI.150d) 

In recent years, effective shell-model matrix elements of the Tabakin potential, and the 
hard-core Hamada-Johnston (HJ) potential have also been evaluated. Vinh-Mau has used the 
Tabakin potential to calculate the giant resonance of O 16 (J. P. Svenne, private communi- 
cation). Brown has referred to the calculation on the same states of Pb 208 , using the effective 
matrix elements of the HJ potential [see Proceedings of the Dubna Symposium on Nuclear 
Structure (1968), IAEA]. 

The structure of the various levels of O 16 that has emerged from all these calculations, and 
also from experimental observations, is summarized in Table VI. 1. It is clear from this table 
that there are many excited levels in this nucleus which are not of the lh-lp type. The experi- 
mental evidence on the deformation of some of these states and the several rotational bands 

Table VI. 1 States observed in O 16 


Energy (MeV) 

J 

T 

Proposed Description 

6.06 

0+ 

0 

Deformed 

6.14 

3- 

0 

lh-lp 

6.92 

2+ 

0 

Rotational on 6.06 MeV state 

7.12 

1- 

0 

lh-lp 

8.88 

2- 

0 

3h-3p 

9.59 

1- 

0 

3h-3p (deformed) 

9.85 

2* 

0 

Deformed 

10.36 

4+ 

0 

Rotational on 6.06 MeV state 

10.95 

o- 

0 

lh-lp 

11.26 

0 + 

0 

Deformed 

11.62 

3" 

0 

Rotational on 9.59 MeV state 

12.43 

r 

0 

lh-lp 

12.52 

2" 

0 

lh-lp 

12.78 

0“ 

1 

lh-lp 

12.96 

2" 

1 

lh-lp 

13.10 

1" 

I 

lh-lp 
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Table VI. 1 States observed in O 16 (cont.) 


Energy (MeV) 

J 

T 

Proposed Description 

13.26 

3“ 

1 

lh-lp 

13.98 

2“ 

0 


16.3 

0“ 

0 


17.3 

r 

1 

lh-lp 

19.5 

2+.- 



22.4 

1“ 

1 

lh-lp 

24.5 

1“ 

1 

lh-lp 


Source: Green, A. M., Rep . Prog. Phys. y 28, 113 (1965). 


they form are summarized in Fig. VI-11, which is taken from Carter et al 4 . In this figure, the 
solid and hollow circles correspond to positive parity levels, and the rectangles stand for odd- 
parity levels. Actually, the lh-lp type calculations that we are now describing do not apply to 
the levels of this category. Setting them aside, we are left with the (T = 1)- and ( T = 0)-state 
of J* = 1", 2", 3”. With the exception of the 2+ state at 19.5 MeV, all the other positive parity 
states listed in the table belong to the rotational bands and need a different kind of treatment. 



J 

Fig. VI. 11 Experimental results on rotational bands in O'*. 
[Following Green, A. M., Rep. Prog. Phys., 28, 135 (1965).] 


Amongst the most notable deformed odd-parity states are 9.59 MeV (1") and 11.62 MeV (3"), 
which are regarded as the first two levels of a rotational band. The other notable odd-parity 
level in this table that does not conform to the lh-lp picture is the state 8.88 MeV (2*); there 
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is direct experimental evidence that this state cannot be excited in inelastic proton scattering 
which rules out its having a lh-lp type structure. 

We shall now discuss the states / «* 1“, 2~, 3~ of T *=* 1 and T = 0, which are fairly well- 
described by a lh-lp type TDA and an RPA calculation. The general observations are: (i) both 
the TDA and RPA type theories explain the observed energies equally well, provided we adjust 
the overall strength V 0 of the two-nucleon interaction in the two cases separately; (ii) the 
agreement in the transition probability is better with the RPA theory in the cases of the 
collective states 3“ ( T = 0) and 1~ ( T = 1), which occur at 6.14 MeV (3~) and 22-25 MeV (1”); 
for the other odd-parity states, which do not show a collective enhancement of the transition 
probability, there is not much difference between the TDA and RPA predictions; and (iii) the 
agreement in energy in the hole-particle calculation is somewhat better for the (T = Instates 
than for the ( T «= 0)-states. 

There are two important discrepancies in the results of the calculations on the dipole 
states. An experimental situation is shown in Fig. VI.12, where the ordinate gives the (y, n) 



Energy (MeV) 

Fig. VI.12 Experimental results on giant dipole states in O 16 . 
[Following Green, A. M., Rep, Prog, Phys., 28, 127 (1965).] 


cross-section (curve A) and the (y, p) cross-section (curve B) in millibams. Most of the dipole 
cross-section is found to be located in the energy range 21-25 MeV. Theoretically, we get two 
strong, dipole states in this energy region from the following mechanism. Let us consider an 
idealized dipole state D|0 O >» where tf> 0 is the ground-state wavefunction, and D the dipole 
operator • 


• £(r P -R) 

P m\ 


N 1 

7 * r P 
*A p-t 


7 N 

A ft a* | 


(VI,151a) 



570 THEORY OF NUCLEAR STRUCTURE 


Here R is the coordinate of the centre-of-mass of the nucleus, i.e., R = A~ l Z r,; p denotes a 

/- 1 

proton and n a neutron; JV, Z, and A are respectively the number of neutrons, protons, and 
nucleons. In the special case of N » Z (for instance, O 16 and Ca 40 ), (VI. 151a) reduces to 

D = — J Z r,r 3 (/), (VI. 15 lb) 

i-i 

Tj being the third component of isospin of a nucleon. In analogy with the state Z>|0 O >» we can 
also consider an idealized state D o |<£ 0 ) > » where D 0 is given by 

D. - f (r lt 0 # Vr 3 (O. (VI. 151c) 

/-i 

Here a is the nucleon spin operator and (r, o) 1 is the tensor of rank 1, obtained by compound- 
ing r with a (it is actually proportional to r x o). Acting on the ground state 0 O . I>* generates 
a state of total angular momentum 7=1, parity tt = — 1 , and the total intrinsic spin S «= 1 
[by virtue of the presence of the spin vector a in (VI. 151c) and the fact that 0 O has S = 0], 
We therefore refer to the state D ff |<£ 0 > as the spin-flip dipole state. It is clear that if D |<3> 0 > is an 
exact eigenstate of the Hamiltonian, then all the dipole transition probability is exhausted by 
this state; and all the other states, by virtue of their orthogonality with this state, have zero 
El-transition probability to the ground state. However, in a more realistic situation (i.e., for 
the exact nuclear Hamiltonian), this idealized state may be shared between several actual states, 
all these states then producing a nonvanishing El-transition probability. In particular, the 
spin-flip dipole state D O |0 O > can mix fairly well with D|<P 0 > through the spin-orbit coupling; we 
then expect the dipole transition probability to be large for the two states that are mixtures of 
D|0 O > and DJ0 o >* This idea of a splitting of the giant dipole resonance into two strong 
components between 20 MeV and 25 MeV was first proposed by Ferrell, and later substantiated 
by Fallicros et al 5 , Pal and Lee 5 , and Lee 5 . In the detailed calculation by Elliott and Flowers 1 
and the schematic model calculations of other authors, the splitting into two strong peaks, one 
around 22 MeV and the other around 25 MeV, has been well-established. However, one of the 
discrepancies in experimental data, already mentioned, has reference to the distribution of 
dipole strength between these two levels. The results of the EIliott-FIowcrs calculation and the 
schematic model calculation are given in the first line and second line, respectively, of each 
datum in Table VI.2. The closeness of the two calculations is obvious. The experimental values 


Table VI.2 Dipole states of O 16 


Calculated Energy 

13.1 

17.3 

20.4 

22.6 

25.2 


13.7 

17.6 

20.0 

22.2 

25.0 

Transition Strength (%) 

0 

1 

0 

67 

32 


1 

1 

1 

68 

29 


of the strength for the energy region around 22 MeV (the integrated area under the curve re- 
presenting strength as a function of energy) and for the region around 25 MeV are more in 
the ratio 1 : 1 in contrast to the calculated ratio 2:1. 

The other discrepancy concerns she dipole sum rule. We shall derive the sum rule 
before discussing the discrepancy. The transition strength £(EL) for the multipole transition 
of order L (in the present case, L =» 1) is defined by 
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B Jt Jt (EZ.) = ij7 s 2 YjxJ(M ( \ Q l m 

1 1 Mi, Mr M 


(VI. 152) 


Here (JiMi) are the ground-state angular momentum and its projection; Q L M is the multipole 
operator, and specify the state that is decaying by the multipole transition. Only two 

of the summation indices M it M t , M are actually independent. B(EL) is an experimentally 
measure le quantity, and sum rules can be derived by summing it over all the possible states 
(a/f). A more useful sum rule is obtained by weighting (VI.152) with the energy involved in 
tne transition, i.e., ( E ( — £j), and then carrying out the summation over (aJ t ). In this way, 

5 t (£f ~ = i/T+1 M f M aJ f Mt (Ef ~ £ '')l< aJ f A/ rl (VI. 153) 

The left-hand side can be evaluated from experimental data, and the right-hand side can be 
estimated from theoretical considerations as follows. The factor (£ f - £,) in (VI.153) can be 
automatically produced from the commutator of Q L M or Qft with H. Thus, 

E (£, - Q r M \J iM ^ 

cutMt 

= ^ | Qft Kr^Xoy.il/.l Qft | J iMi > 

- i(£i - £■,)</, a/, | aft KA/ f ><«y f ji/ f | aft 


■■ i E [<y,A/.| Qft \ca ( M t X<xJ ( M ( \ {HQ'm ■ 


aftH) \j,Mi> 


- (J-M\ {HQ ft - QftH) Qft j/,A/,>] 

= Qft [ 11, 12*7] — [H, Qft \Q \i (VI. 154a) 

The operator H produces £ f and E„ by definition, when it operates on the states (aJ r A/ f ) and 
(/.A/i), respectively. The replacement of (£ f - £,) and (£, - £ f ) by the commutators is thus 
explained. In the final step of (VI. 154a), we have used the closure relation to carry out the 
summation over ( a-J,M ( ). Next, we recall that there is a sum over M in (VI.153) and, clearly, 

E [H, Qft]Qft s E {—\) M [H, Qi„]Qft 


= E(-l)“[H, Qft]QL M 


M 


E[H, Qft]Qft. 


M 


(VI. 1 54b) 

All we have done here is replace the summation index label M by -M. Using (VI.154)in 
(VJ.153), wc finally obtain 

£ (£ f - E t )B J{ (a y t) (E£) = 2(27iVfj M f M( [//) l-W>- (VI. 155) 

If there is no velocity dependence and space-exchange in the nuclear potential, then [H, 
can be substituted with [T, Qft], where T is the kinetic energy operator. In the special case of 
dipole transition, Qft is given, according to (VI. 151a), by 


D 


M 


V Z 7 N 

■ ~7 E r M (p) -jE r M (rt), 

SI nml 


p- 1 


where the Af-component of any vector A is defined by 
Aq ■ ■ A„ A ± i 


+ yj^Ax ± iAJ). 
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The kinetic energy operator T is equal to the sum over all the nucleons of the operator 
[— h 2 /(2/n)]V 2 , m being the nucleon mass. Using the basic commutation relations between the 
components of momentum and coordinate, we can easily evaluate S [£>*/, [7\ which is 

Af 

equal to ( NZ/A)(h 2 lm ). Thus, the theoretical estimate of the sum rules (VI. 155), with the 
approximation of no velocity dependence and space- exchange in the nuclear potential is given by 

(VI. 156) 

The actual two-nucleon potential, contained in H t has some velocity dependence and space- 
exchange. This part of V gives a nonvanishing commutator with D, and hence extra contri- 
bution to the sum rule (VI. 156). It is possible to make a reasonable estimate of this additional 
contribution. According to the hole-particle calculation of the giant resonance, we should 
therefore expect the sum on the left-hand side of (VI. 156), carried over all the dipole states 
(which are all below 25-26 MeV), to be fairly close to the estimate just mentioned. In practice, 
the experimental value of the sum is about a half of the estimated sum rule, if the sum on the 
left-hand side is restricted to states up to 25-26 MeV. The remaining half of the sum rule is 
therefore contained in rather high-lying states. In the hole-particle calculation, however, we 
have n<? such states. A way out of this discrepancy is to extend the hole-particle calculation by 
admitting states with a larger number of hole-particle pairs. Such states mix with the dipole 
state and are very high-lying in energy. The little transition strength that they acquire in this 
way, when weighted with the factor (£ f — £*), can very well account for the transfer of about 
a half of the sum rule to states above 25-26 MeV. 

The results for Ca 40 and Pb 208 will now be briefly described. Table VI. 3 lists the states 


Table VI. 3 States observed in ^Ca 


Energy (MeV) 

J" 

Proposed Description 

3.35 

0+ 

Deformed 

3.73 

3" 

lh-lp 

3.90 

2+ 

Rotational on 3.35 MeV state 

4.48 

5- 

lh-lp 

5.27 

3“ or I" 

3h-3p basis of an odd-parity rotational band 

5.62 

4+ 

Rotational on 3.35 MeV state 

5.89 

»" 


6.29 

3" 

Rotational on 5.27 MeV state and lh-lp 

6.56 

3- 

6.94 

1- 

lh-lp 

7.12 

<>*♦) 

Rotational on 3.35 MeV state (?) 

7.91 

4+ 


8.09 

2* 


8.37 

5- 

Ih-Ip or rotational on 5.27 MeV state 


Source: Green, A. M., Rep. Prog. Phys. t 28, 113 (1965). 
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MeV 

Fig. VI. 13 Energy ofoctupole state of Pb 208 
as function of number of hole-particle basis 
states used in setting up energy matrix. 
[Following Gillet, V., and Sanderson, E. A., 
Nucl . Phys. 9 54, 472 (1964).] 
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energy region 13.5-15 MeV. The theoretical calculations using Gillens potential or the effective 
potential derived from the HJ potential (see Brown cited earlier) push this state only up to 
about 11 MeV. To achieve a satisfactory result, we need an artificial bolstering of the overall 
strength of the two-nucleon potential by about a factor of two. 

Deformed States of Closed-Shell Nuclei 

The deformed states of closed-shell nuclei need special treatment, and the existing theoretical 
understanding of them is rather unsatisfactory. Almost all the experiments have so far been 
restricted to the deformed 0+ (6.06 MeV) state in O 16 . At one time, Ih-lp type calculations 
were done by several workers on this state. But it was soon realized that the monopole 
transition from this state to the ground state had no collective enhancement. Therefore, it was 
surmised for some time that this state has predominantly 2h-2p type configurations, although 
it was rather poorly understood at that stage why the 2h-2p type states should be so low in 
energy. Then there came a suggestion from Bohr and Mottelson that this state, and the similar 
low-lying 0 + state in many other even nuclei, may correspond to a deformed shape of the 
nucleus. If we consider the Nilsson single-particle level diagram, we immeditaely realize that, 
as we move on the positive deformation side, a single-particle level from the upper shell comes 
down cfose to the uppermost single-particle level from the lower shell, and the gap between 
the major shells is therefore almost destroyed as a result of the defprmation. Since the 6.06 MeV 
state has to have more than one hole-particle pair, it was suggested that it comprise primarily 
2h-2p pairs, and the reason for the state being so low was attributed to the tendency of the 
2h-2p state to acquire a deformation; as soon as the nucleus becomes deformed, according to the 
foregoing statement, very little energy is required to transfer a pair of nucleons from the topmost 
level of the /7-shell to the lowest level of the ($, d)- shell. Based on this suggestion, Brown and 
Green 6 have done a phenomenological type of calculation by mixing the deformed 2h-2p and 
4h-4p (7 = 0)-states with the spherical ( J = 0)-state (which has no hole-particle pair). They also 
considered the (7 = 2)-state by mixing the deformed 2h-2p and 4h-4p states. Let us denote the 
number of hole-particle pairs by TV, and the various states by \N, 7>. Then, according to 
Brown and Green (BG), there will be three matrix elements of the nucleon-nucleon potential: 

M x - <0, 0| V |2, 0>, M 2 = <2, 0J V |4, 0>, M> « <2, 2| V |4, 2>. 

The hole state of the deformed nuclei is taken to be 

^i/ 2 .*> + /|Pi/i.i>, (VI. 157a) 

and the particle state to be 

^5/2. (VI. 157b) 

where the second number in each basis state denotes the angular momentum projection. Brown 
and Green have taken the deformation for the 2h-2p state as p = 0.3, and for the 4h-4p state 
as p = 0.5. The values of x, y 9 z for a given value of the deformation are known from Nilsson’s 
work. For example, for 0 = 0.3, we have 

x= 0.828, y = 0.537, z = -0.160. 

Actually, for the hole state, instead of (VI. 157a), Brown and Green have used ttit following 
approximation. Vhe hole state was taken to be a pure jpi/j, state, but then the matrix 
elements were multiplied in the end by an overlap factor (»0.75 for 0 — 0.3) to take into 
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account the deformation of the state. In this way, they obtained the estimate 
Af, * —4.3 MeV. 

For the other two matrix elements, namely, M 2 and M h very rough estimates, based on the 
SUa-type wavef unctions, were used: 

M 2 - -1.8 MeV, M % = -1.6 MeV. 

The unperturbed energies of the states appearing in the matrix elements were also treated as 
empirically adjustable quantities. Denoting these by Ej(N ), Brown and Green chose the 
values 

4(0) - 2.31 MeV, £ 0 (2) = 8.51 MeV, 4(4) « 6.51 MeV, 

£ 2 (2) = 10.83 MeV, £ 2 ( 4) = 7.61"* MeV. 

The final results they obtained are summarized in Table VI. 4. 


Table VI. 4 Deformed states of O 16 

(a) Energy and wavefunction 


State 

w 

Energy 

(MeV) 

Amplitudes of Basis State | N, /> 1 

o 

II 

N= 2 

N = 4 

of 

0 

0.874 

0.469 

0.130 

of 

6.07 

— 0.262 

0.229 

0.937 

Of 

11.36 

-0.410 

0.853 

-0.323 

2f 

6.92 


0.377 

0.923 

2? 

11.52 


0.923 

-0.377 

V„ denotes the n-th state of angular momentum J. 



Table VI.4 

Deformed states of O 16 




(b) fl(E2)- values [in units of e 1 (fm) 4 ] 

. . . . 

- — 


£(E2)-Value 


Transition 


Calculated 


Experimental 


2 f (6.93 MeV) -> Of (0 MeV) 
2f(6.93 MeV) -*• Of (6.06 MeV) 
4f (10.36 MeV) -*■ 2f (6.93 MeV) 


5.3 

10.3 

152 


4.6 ± 1.0 
40 

117 + 10 


In gnite of the highly successful nature of the results in Table VI.4, we need a more 
fundamental calculation based on a lesser number of empirically determined quantities. The 
most interesting approach of this kind started with the initial work by Ripka and Bassichis . 
These authors considered statesof the type (VI.157) and determined the coefficients x,y,x,y. 
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and z by Hartree-Fock (HF) calculations. The closed-shell ground-state wavefunction, say, |0 O >» 
was taken as an inert core, over which 2h-2p and 4h-4p type excitations were allowed. The un- 
perturbed single-particle and single-hole energies (<) were chosen in such a way that an HF 
calculation yielded the correct single-particle spectrum of O 17 and O 15 . The two-nucleon inter- 
action ( V ) used for this purpose was taken to be a well-behaved Gaussian potential with a 
Rosenfeld exchange mixture, the same interaction that had already been used in the HF 
calculations on ($, </)-shell nuclei by other authors. The HF Hamiltonian r, for the self- 
consistent calculation of Nh-iVp states, is defined in the harmonic oscillator representation by 

N 

(nljniTi | r |n7'/mr 3 > = € nU S nn r8 ir S fr + 2 <nljm Tl ; p , | V \nVfmry />,) 

«r 

- Z <nljmr 3; /i,| V I ril'jmr^ h ,>, (VI.158) 

i-l 

where r 3 is the projection of isospin; ( nljm ) is a spin-orbit coupled harmonic oscillator state; 
and p t and h, stand for the quantum numbers of the particle and hole states. In the case of 
4h-4p states, the determinantal wavefunction to be considered has four holes in the state 
(VI.157a) and its time-reversed state, and four particles in the state (VI. 157b) and its time- 
reversed state. Such a determinant automatically has a total isospin T = 0. In the case of 2h-2p 
type states, this is not so, and Ripka and Bassichis have ensured the correct total isospin by 
suitable coupling in the determinantal wavefunctions. There are clearly three possibilities, 
(i) The two hole states are coupled to T = 1 and the two particle states are coupled to the 
same isospin, and finally these isospins are coupled to the total T = 0; the state of two holes or 
two particles with T = 1 has to be antisymmetric in the space-spin components, and hence we 
have only one possibility, namely, the two holes must be in different space-spin states [the 
state (VI.I57a) and its time-reversed conjugate], and the two particles also must be indifferent 
space-spin states [the state (VI. 157b) and its time-reversed conjugate], (ii) In the case of T = 0, 
on the other hand, the space-spin part of the two holes as well as of the two particles must be 
symmetric , and hence two alternatives exist: first, the possibility just mentioned, and second, the 
possibility of the two holes going to the same state (VI. 157a) and the two particles going to 
the same state (VI. 157b). For 2p-2h states, Ripka and Bassichis denote the possibility in (i) as 
a, and the two possibilities in (ii) as b and c. 

The self-consistent energy of the 2p-2h type states (cases a, b, c) and the energy of the 
4p-4h state are shown as a function of the strength of the two-body interaction in Fig VI. 14. 
These energies correspond to the energies of the intrinsic states. Assuming that every intrinsic 
state gives rise to a rotational band, we can find the energy of the observed 0+ state from the 
calculated energy of the intrinsic state by subtracting the value of JIJ 2 , where the parameter 
is obviously related to the moment of inertia of the deformed intrinsic state. Jl was 
calculated by Ripka and Bassichis from the cranking model expression, and then the energy of 
the O'* state was obtained from the solid line marked 4p-4h in Fig, VI. 14 by subtracting Jl(J 2 )• 
The dashed line labelled Eo was obtained in this way. 

It is clear from Fig. VI. 14 that, for suitable values of the interaction strength, the 
deformed 4h-4p state comes very much below the deformed 2h-2p type states. This explains 
why the 6.06 MeV state of O 16 is composed predominantly of 4h-4p states, rather, than 2h-2p 
states. The main interest that now remains in the calculation of the 6.06 MeV state is whether 
or not a reasonable two- body interaction really pushes down the 0* state to 6.06 MeV. From 
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Fig. VI. 14, it is clear that the Ripka-Bassichis potential with a strength around 32 MeV can 

°. t * •*”' however, it is currently believed that more realistic two-body potentials do not 
satisfy this criterion too well. 



Fig. VI. 14 Energy of ground state and 4p-4h states as 
function of strength of two-body interaction. [Follow- 
ing Ripka, G., and Bassichis, W., Phys. Letters , 15, 

320 (1965).) 

There is an interesting calculation by Stephenson and Banerjee 8 who have shown that it 
is likely that the 0+ state of O 16 has a deformed triaxial shape, rather than the axially 
symmetric shape assumed by earlier workers. The 4h-4p type state in a triaxial HF potential 
goes much lower than a similar state in an axially symmetric potential. Once again, such calcu- 
lations need to be worked out with a more realistic two-body interaction. 

B. SPHERICAL VIBRATIONAL NUCLEI 
Input Data 

Singl e-particle energies are usually taken from experimental data on nuclei with a closed-shell- 
plus-one-nucleon state in the neighbourhood of the nuclei being calculated. A smooth variation 
of these energies with the mass number (^), of the type A~ lli (i.e., the energy is inversely 
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proportional to the radius of the nucleus), is also allowed in many calculations. Wherever 
experimental data are not available, theoretical values of the single-particle energies calculated 
with the Saxon-Woods type average potential should be used; one set of energies and wave- 
functions is given by Blomqvist and Wahlborn 9 . 

The other type of input data concerns the two-body potential. Very little information 
was available from shell-model type calculations. The potential used in the earliest work, 
namely, that of Kisslinger and Sorensen 10 , consisted of the idealized pairing interaction 
K P , defined by (VI. 94b), and the schematic quadrupole potential, defined by (Gill. 43a) 
in Appendix G, with K — 2. The BCS equations are solved only with to obtain the in- 
dependent quasiparticles, and the vibrational equations in Section 42 are solved only with 
the model expression (GUI. 43a). In their first paper, dealing with single closed-shell nuclei 
(i.e., nuclei in which either the neutrons or the protons are in closed shells), Kisslinger 
and Sorensen used an adiabatic method, originally suggested by Bohr and Mottelson, to 
obtain the vibrational energy. In their second paper, dealing with nuclei having both neutrons 
and protons in unfilled shells (the unfilled levels of neutrons were, however, much above those 
of the protons so that, at the stage of calculating the quasiparticlcs, the neglect of the pairing 
interaction between neutrons and protons could be justified), they used a more sophisticated 
technique, very much akin but not exactly analogous to that described in Section 42. The 
strength of the pairing interaction used in their calculations was obtained by fitting the odd- 
even mass difference on the assumption that this is almost entirely determined by the pairing 
effect. To elucidate the procedure, let us consider the binding energies (BE) of three neighbour- 
ing nuclei and compute 

BE(Z, N — \) — 2BE(Z, N) + BE(Z, N + 1), 

where the letters within the parentheses denote the proton and neutron numbers of the nuclei. 
The nucleus (Z, N) is even-even, whereas the other two are even-odd (i.e., odd mass). If the 
effect of the residual quasiparticle interaction is ignored, then this quantity should be equated 
to 2£ m j n , where E m in is the energy of the single neutron quasiparticle state that represents the 
ground state of the two odd-mass nuclei. The strength of the pairing force determines the 
energy gap and through that the quantity £ min , thereby making possible a determination of 
the former. Kisslinger and Sorensen found that the strength of the pairing force G is given by 
(19 /A) MeV and by (23 1 A) MeV in the neighbourhood of Sn and Pb, respectively. The strength 
of the quadrupole force X was determined by fitting the energy of the first excited 2+ state. 
Instead o‘f treating X as an adjustable parameter for each individual nucleus, they tried to 
attribute a smooth ^-dependence to this parameter so that the trend of the 2 + level of a whole 
set of nuclei in a particular mass number region is fairly well-reproduced. The final value 
obtained by them is given by [5/(4ir)](n 4- J) 2 6 4 X = llCM -1 , where b is the harmonic oscillator 
constant and n is the number of harmonic oscillator quanta associated with most of the levels 
(i.e., with the exception of the level that comes down from the upper shell through the spin- 
orbit qpupling) of the unfilled major shell. 

In their second paper, Kisslinger and Sorensen made the pairing force strength of the 
neutrons G n equal to that of the protons G p . They ignored the pairing effects between a neutron 
and a proton as per the arguments already stated. The quadrupole force between two neutrons, 
between two protons, and between a 'neutron and a proton was assumed to hhve the same 
strength, i.e., X n = X p = X np . They took estimates of these quantities and G flf G p from their 
first paper. In addition, they used a short-range (8-function type) potential between a neutron 
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and a proton, and explicitly considered the effect of this interaction in changing the proton 
single-particle energy as the neutron number increases, and vice versa. This, in fact, amounts 
to considering only the contribution of the 5-function potential to the average potential acting 
on a proton or a neutron. Apart from this specific change in the single-particle energies with 
mass number, the smooth /l~ i;3 -type dependence of X n , X p , X np mentioned earlier, and another 
smooth ^-dependent term (representing the change in spin-orbit coupling effects with A) were 
also considered. For the details, the reader is referred to Appendix II of the second paper by 
Kisslinger and Sorensen 10 . 

Many of the later workers used more detailed forms of the two-nucleon potential. Arvieu 
and his colleagues 11 used a spin-dependent Gaussian potential, whose range, depth, and ratio 
of singlet-to-triplet strengths were treated as parameters in a least-squares fit to the energy 
levels of odd-mass nuclei. The same potential was then used to predict the 2+ state of the even 
nuclei. The work was done in the Sn- and Pb-region. 

In the Ni- and Sn-region, many different well-behaved central potentials have been 
used by Pal et al 12 and Savoia et al 13 . A set of phenomenologically determined two-body 
matrix elements due to the Argonne group have also been used by Pal et al 12 . 

Two-body matrix elements, starting from the realistic HJ two-nucleon interaction, have 
been calculated in the Ni-region by Kuo 14 and calculated and applied in the Sn-region by 
Gmitro and his coworkers 15 . The latter team used also the separable nonlocal Tabakin inter- 
ac ion. In both Lawson et al 14 and Gmitro et al 15 , the effect of excitation of the core nucleons, 
in renormalizing the two-bod> matrix elements, has been taken into account. 


Inverse Gap Equation Method 

Gillet and Rho 16 suggested a new way of supplying input to the quasiparticle calculation. This 
is now known as the inverse gap equation (1GE) method. To understand the principle of this 
approach, let us consider (VI. 102) and explicitly pull out the attractive strength — V 0 of the 
potential; then we denote the rest of the two-body matrix element by m Q (jj') t where the 
subscript refers to the total J . In this manner, (VI. 102) can be rewritten as 




L M fr A), 


(VI. 159a) 


where 


M,y 


1 

2 Er 


/2/ + I 

V 2j + 1 


»h U/)> 


(VI. 159b) 


- VomoUf) = UJJ = 0,M = 0\V \j-yj = o, M = 0 ). (VI. 1 590 

If the strength of the potential V 0 is treated as an unknown quantity at the beginning of the 
calculation, and m 0 (jj') and E for all j and /, are taken to be known, then (VI. 159a) becomes 
the eigenvalue-eigenvector equation for the known matrix M , of which V 0 1 is the eigenvalue and 
the quantities A, are proportional to the elements of the eigenvector. In general, M has many 
eigenvalues; however, the eigenvalue for which the elements of the eigenvector are all real 
positive quantities alone serves our purpose because the energy gap parameters must necessarily 
be rea and positive. Since the matrix elements on the right hand side of (VI. 159c) are 
attractive, the matrix M is positive definite and, by a theorem due to Frobenius, such a matrix 
has one and only one, eigenvalue for which the eigenvector has all the elements positive. This 
theorem guarantees the type of solution we want and, in view of the uniqueness of the solution, 
there is no ambiguity in the method. 
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It is clear, however, that the quasiparticle energies Ej for all j must be known at the 
beginning of an IGE calculation. Usually, we assume that the few lowest levels of the odd-mass 
nuclei are very nearly pure single-quasiparticle type states. Then their observed energies can be 
directly fed into the IGE method as input data for E,. The results will be unreliable to the 
extent that this starting hypothesis about the nature of the levels of the odd-mass nuclei is 

""^Theconsistency ^ ^ mcthod js usua „ y checked as follows. We have already remarked 
that the elements of the special eigenvector of A/, in which we are interested, are proportional 
to the energy gap parameters A } ; this is because the system of equations (VI. 159a), for ally*, 
forms a set of homogeneous equations for the unknown quantities A, and, as such, remains 
unaltered through the multiplication of any overall constant, say, {. Let us denote the elements 
of the eigenvector by A, and then Aj = f where ( has to be determined. For this purpose, we 
first write down («y — A) from E } and Aj as 

* («y - A ) 2 + A) - Ej 
or 

)„+(£?_ jr - tdi-rn'"- < VI|60 > 

To settle the sign of this expression, we have once again to take recourse to experimental data. 
The information needed is whether or not the occupation probability v„ of the level J< as 
measured in nucleon stripping or pick-up experiments, exceeds According to the interpreta- 
tion of A in Section 41 D, we know that (« ; - A) is negative or positive, depending on whether 
V 2 , is greater or less than $, respectively. Once the sign is settled in this manner, the expression 
(VI 160) for (*) — A) becomes specified to the extent of an undetermined £. The latter is then 
determined by using (VI.160) in (VI.81). Since E, has to be larger than A,, i.e., (A„ we 
conclude that the positive number ( must be less than (Ej/Aj). Very often, (VI.81) cannot be 
exactly satisfied with this restriction on (. In practice, we therefore use the value of f, subject 
to the aforementioned restriction, such that the departure of the right-hand side of (VI.81) 
from the given nucleon number A be a minimum. When («, - A) have been completely deter- 
mined for all the levels in this manner, we can easily calculate the energies *, of all the single 
particles (not quasiparticles ) with respect to one of them, say, « r , which will be treated as the 
reference state. If the whole procedure is repeated for a few odd-mass nuclei in a given region, 
then the values of *, relative to the reference state can be plotted as a function of the mass 
number For the internal consistency of the whole approach, we must expect that the 
dependence on the mass number of this curve be as smooth and as slow as possible. The result 
of this consistency check (see Gambhir 17 ) for the odd-mass Ni isotopes is rather disturbing; 
this in turn may imply that some of the actual levels of the odd-mass nuclei used in the 
calculation cannot be interpreted as fairly good one-quasiparticle states. 

Salient; Features of Numerical Calculations 

Both the IGE method and the straightforward solution of the BCS equations yield a set of 
values for the quasiparticle energies E, and the corresponding transformation coefficients uj 
and vj. With these quantities, we then solve the vibrational equation for the even nuclei. The 
single-quasiparticle energies can be cheeked against the energy levels of the odd-mass nuclei, 
and the lowest eigenvalue of the vibrational equation gives the energy of the first 1* state o 
the even nuclei. This geheral programme was carried out by Kisslinger and Sorensen an 
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Arvieu et al M . The £(E2)-values were also calculated for the decay of the 2 + state to the 
ground state. For the odd-mass nuclei, Kisslinger and Sorensen have calculated magnetic and 
quadrupole moments. The expression (GUI. 48b), in Appendix G, for any single-particle type 
operator can be used to evaluate its expectation value in a one-quasiparticle state. Only the 
first line of this expression contributes because the second line changes the number of quasi- 
particles acting on any state. We can easily verify that the magnetic and quadrupole moments 
of a single-quasiparticle state are equal to that of a single-particle state. Thus, the quasi- 
particle theory cannot provide any agreement to the observed values of these quantities, unless 
we use effective gyromagnetic ratios and an effective charge for the nucleon. An understanding 
of the latter quantities is, however, beyond the capability of a theory that tries to interpret 
the observed ground state of odd-mass nuclei as a one-quasiparticle state. For the magnetic 
moment, Kisslinger and Sorensen have used a S-function interaction to produce an admixture 
of other shell-model configurations which could then cause additional contribution to the 
magnetic moment. The switching on of the quasiparticle interaction is not of great help. This 
produces a mixture of the three-quasiparticle states with the one-quasiparticle state. There is 
a coherent mixture of two-quasiparticle states which is identified as the vibrational 2 + state 
(phonon state) of the even nucleus. So there is a special three-quasiparticle state that can be 
considered a single-quasiparticle state coupled to the phonon. The admixture of this state into 
the one-quasiparticle state was taken into consideration by Kisslinger and Sorensen. This type 
of admixture changes the electr.c quadrupole properties, but does not appreciably affect the 
magnetic moment. For all the detailed results, refer to the original papers of Kisslinger and 
Sorensen 10 and Arvieu et al 11 . 

Extension of RPA Work: Modified Tamm-Dancoff Method 

Tlk theory just reviewed is nearly powerless when we attempt to explain the levels above the 
first 2+ state in the even nuclei and the levels above the first few states in the odd-mass nuclei. 
According to the simple RPA theory, we expect to get states, at roughly twice the energy of 
the calculated 2+ state, which have a two-phonon (i.e., a special admixture of four-quasiparticle 
states) character. The other two-quasiparticle states, which are orthogonal to the one-phonon 
state, also occur in this general neighbourhood of energy. Hence, it becomes imperative to 
develop a theory that allows the admixture of two- and four-quasiparticle states. Since the 
zero-quasiparticle state is coupled by the part H 40 of the quasiparticle residual interaction to 
the four-quasiparticle states, we are led to the diagonalization of the quasiparticle Hamiltonian 
in the space of zero-, two-, and four-quasiparticle states. This procedure is usually called the 
modified Tamm-Dancoff approximation (MTDA) because it is a natural extension of the 
diagonalization in the two-quasiparticle space which is known as the Tamm-Dancoff approxi- 
mation (TDA). Just as the TDA can be generalized to the RPA by allowing both the creation 
and the destruction of quasiparticle pairs, the MTDA method can also be generalized by 
allowing the destruction of two- and four-quasiparticle states in addition to their creation. 
Such a treatment is called the higher random phase approximation (HRPA). For details of 
these methods, refer to Pal et al 12 and Sawicki et al 13 In the review presented here, we shall 
mention only a few important points of the MTDA approach. 

For odd-mass nuclei, the MTDA calculation should admix one-, three-, and five-quasi- 
particle states. In the calculations done so far, only the admixture of one- and three-quasi- 
particle states has been taken into account. 

One of the important points about the three- and four-quasiparticle basis states was first 
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pointed out by Sawicki 13 , who was the originator of the movement towards the HRPA and 
MTDA methods and calculations. It is well-known from the shell-model classification of states 
that antisymmetric states of three and four Fermions in the level span only a subspace of all 
possible states. The same result is true also for quasiparticles because they are also Fermions. 
Let us consider a three-quasiparticle state of the type [(£>/, b)) J \ b)) J My where J and M are the 
total angular momentum and its projection, J f is the angular momentum of the first two 
quasiparticles, and the third quasiparticle has then been coupled to J ' to produce the total J . 
According to our prior observation, many such states identically vanish, and sometimes two or 
more states with different J' but the same J are linearly dependent on each other. The same 
kind of observation holds for four-quasiparticle states. If we recall our work on the TDA, 
then the procedure for deriving the MTDA equations becomes pretty obvious: we have to 
evaluate the commutator of H with a one- and three-quasiparticle creation operator in the 
case of odd nuclei, and a two- and four-quasiparticle operator in the case of even nuclei. 
Since all three-quasiparticle creation operators of the foregoing type and similar four-quasi- 
particle creation operators are not independent, it is clear that we have to exercise caution in 
obtaining a set of equations involving a set of nonredundant operators. 

In the work by Pal et al 12 , a complete set of antisymmetric states of three- and four- 
quasij5article states has been constructed by standard shell-model methods, and the matrix 
elements of the quasiparticle interaction connecting different states have been obtained by a 
combination of shell-model and second-quantized techniques. Sawicki et al 13 followed a some- 
what different technique, based on the Schmidt orthogonalization procedure, to construct 
their nonredundant set of states. 

Another important caution that has to be exercised in this kind of work was also first 
pointed out by Sawicki and his collaborators. This relates to the elimination of spurious states. 
The existence of a spurious 0+ state in the two-quasiparticle space was fairly well-known to 
earlier workers. This spurious state can be derived as follows. Let us consider the effect of the 

total number operator N t operating on the ground state ¥V Since 

N = Z ClC a = Z vl -f Z (u\ — v\)b\b a + Z u a v a s a (blbi a + b„ a b a ) 

a . a a a 

and b\b a as well as b_J> a produce zero acting bn V y 0 , we have 
Wo> = + 2 UaV^bW-^o). 

a a 

In the quasiparticle theory, we equate Z v\ with the nucleon number A. Had there been a 

a 

strict conservation of the number of nucleons, wc would have obtained only the first term on 
the right-hand side; The second term of this expression, namely, 

I'D =» S u a v a s a blbl*\'t’o'>, 

a 

is thus an entirely spurious state. By doing the angular momentum coupling for spherical 
nuclei, where u at v a do not depend on the projection quantum number, we can easily show that 
this represents an angular momentum zero state. 

Any four-quasiparticle state that is obtained by coupling a two-quasiparticle state to the 
| !P> just mentioned is therefore spurious. A similar observation holds for three-quasiparticle 
states. There can also be more complicated spurious states in the four-quasiparticle case; for 

example, we can examine the result of N 2 on !F 0 » and identify an additional spurious state and 
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so on. Pal et al 12 explicitly projected out the spurious states arising from |?P>, as just defined. 
Sawicki and his team took care to eliminate some more spurious states. For all the mathe- 
matical details and numerical results, refer to Pal et al 12 , Sawicki et al 13 , and Sawicki 18 . Some 
important aspects of the results have been summarized by Pal 19 . 

C. VIBRATIONAL LEVELS IN DEFORMED NUCLEI 

In deformed nuclei, the single-particle, as well as the single-quasiparticle, states are not 
specified by given angular momentum quantum numbers. In the case of deformation with axial 
symmetry, only the projection quantum number is a good quantum number for these states, 
whereas for deformation having no axis of symmetry even this is not true. However, under very 
general circumstances, a single-particle state of a deformed nucleus and its time-reversed 
conjugate are usually found to be degenerate. This has been verified, for example, in all the 
HF type calculations done to date. So, we take for granted the degeneracy of a quasiparticle 
state m, and its time-reversed state m. Further, we keep in mind the general result (VI. 60b), 
namely, |w> =® — |m>. 

Since the single-quasiparticle states do not have given angular momenta, we do not do 
the angular momentum coupling in the quasiparticle pair creation and destruction operators, 
as we did for spherical nuclei. Instead, we use the RPA equations without this angular 
momentum coupling, derived in Section 42 and embodied in (VI. 141), (VI. 144), and (Vl.147). 
Because of the presence of a summation over k y l in (VI. 147), we can clearly rewrite the right- 
hand side, changing the summeuon indices to k y / throughout. The equation for the commutator 
[//, A m „] which can be easily derived from [H, A f tnn ], as mentioned after (VI. 147), can also be 
changed to an equation for the commutator [//, Am~„] t where 

Amn — brtib n. 

In the usual way, we define the amplitudes 

z!£ = y\ (AL ± a - m „) I'f'o). (VI. 1 61 ) 

Adding and subtracting the equations for [H, Am„] and [H, A „ »], placed between <^P| and llPo)*. 
we easily obtain the coupled equations [satisfied by the amplitudes (VI. 161)] 

EZW = (E m + E„)Z ( J + Z [(/>] V \mn)(u,u, + v,V))(u„u n + v m v„) 
ll, i ) 

- {(jm\ V \ni) + (im\ V \nj)}(u m v n - v m u„)(u,v, - (VI.162a) 

EZti = (E m + E n )ZW + ^ l(U\ V \ mn X u i u j ~ v,Vi){u m u n - v m v„) 

- KM V I ni) - (im I V \nj)}(u„,v„ + v m u n )(u,vj + v t uj)]Z\f . (VI. 162b) 

Here the parentheses enclosing the summation symbols ij denote that a given pair (i, j) is to 
be counted only once in the summation, and not twice as (1.7) and (7, /). 

In conformity with what was done for spherical nuclei, we can introduce models for V in 
order to simplify the general equations (VI. 162). The usual assumption is to ignore the matrix 
elements (ij[V\mn), and substitute the matrix element (;m| V\ ni) by a factorable form 

-(7*1 y |m) = Mj\ V I 6 <ml a? !»>• ( Vl - 163 > 
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This expression follows from a multipole potential of the type 

V l2 =K>Z flJ(l)Q**(2), (VI. 164) 

J* 

where 1 and 2 denote nucleon coordinates, k x denotes the strength of the interaction, and the 
multipole operator is usually taken to be 

flj(r) = (VI. 165) 

It is clear that, when we use the potential (VI. 164), the right-hand side of (VI. 163) actually 
corresponds to only the exchange part of the matrix element on the left-hand side of (VI. 163). 

The model potential, described by (VI 163), converts (VI. 162) into equations of the type 
(GIII.44d) and (GIII.44e) in Appendix G. (This task is left as a simple exercise.) The solutions 
of such equations are given by (GUI. 46) (see Appendix G). For this, a sum of quadrupole- 
plus-octupole-type potential for V is usually taken. The matrix elements are then obtained 
from (VI. 163) by adding the results for A = 2 and A = 3. The parity of these multipoles tells 
us that, in the case of A = 2, quasiparticle pair states such as (/w, n) and (/', j) which are 
coupled through (VI. 162a) and (VI. 162b) have even parity, whereas in the case of A = 3 the 
pair states have odd parity. Thus, the vibrational equations corresponding to these two multi- 
poles ift the potential are completely decoupled from each other, and can be solved separately. 
For details of the theoretical derivation and the properties of the nuclei calculated, refer to 
the work by Soloviev 20 . 

In this chapter, we have so far presented a systematic method of calculating vibrational 
states based on an expansion in terms of the number of quasiparticles; in applications, the 
expansion has been cut off at four quasiparticles for even nuclei, and three quasiparticles for 
odd-mass nuclei. No investigation has been made into the rapidity of convergence of this 
expansion. There is an alternative approach based on an expansion in terms of the number of 
phonons. Some of the pertinent references are given at the end of the chapter (see Belyaev 
and Zelevinsky 21 ). 

D. MOMENT OF INERTIA, HIGH ANGULAR MOMENTUM STATES, AND PHASE 
TRANSITION 

The moment of inertia formula (V.35b) needs to be changed in two ways in the quasiparticle 
formalism. First, the energy denominator (« p — c A ) should be substituted by the energy 
(E^ -f £ v ) of the state that has the two quasiparticles p and v. Second, the numerator should 
contain the matrix element of the many-body operator J x connecting the ground state with the 
two-quasiparticle state just mentioned. Writing 

J x = E <«|/,|0>c2c, (VI. 166 ) 

a. 0 

and then transforming C f a and C, in terms of quasiparticle operators, we immediately obtain 

<¥'„,! J, = 2 <a\jx |£>W’e(S,A, -0 - 

a.# 

= </*! jx |vX-tt.« v ) + <v| j x ¥>M 

= - u„«> v ). (VI. 167) 

Here we have used the fact that the operator j x changes sign under time-reversal. Thus, 
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(V.35b) gets replaced by 


3 = 2 2 
(e.v) 


M/,j 

+ 




( W vt^ - W M V v ) 2 


(VI. 168) 


The summation is over all the pairs (^, v) of quasiparticles. This expression gives values of J 
smaller than those given by (V.35b), which is based on holes and particles because of two 
reasons: (i) the quasipartide energy denominator is larger by virtue of the energy gap J and 
(ii) the numerator is smaller due to the overlap factor containing the coefficients u, v. Thus, 
the present theory modifies the cranking model expression for the moment of inertia in the 
right direction, i.e., more towards the experimental results. For detailed numerical agreement, 
refer to the original work of Nilsson and Prior 22 

It has been mentioned in Section 33B that the 1(1 4- Independence of the energy with a 
constant moment of inertia fails to fit the data as the angular momentum I increases. At the 
initial stage, several workers proposed various models containing an /-dependence of the 
moment of inertia. The most popular approach of this type is by Mariscotti et al 23 . These 
authors proposed an empirical expression for the energy of a level / to be given by 


Ei = \C( Si — Jo) 2 + 


(VI. 169) 


Here the first term represents a kind of vibrational energy due to shape changes in the nucleus 
with changing /, leading in its turn to changes in the moment of inertia (Sr Jo) as shown, 
C is a constant parameter representing the spring constant of the vibration; and the second 
term stands for the rotational energy with a variable moment of inertia (VMI). The authors 
then prescribed that the dependence of J, on 1 be such that the expression (VI.169) is 
minimized. This requirement leads to the equation 


0 = 


BE, 

BSt 


C(J, - Jo) - j jj/(/ + 1). 


This is a cubic equation for Si which can be solved in terms of the two parameters C and So* 
The value of Si thus obtained can be substituted in the parent expression (VI.169) and the 
energy levels fitted in terms of the aforementioned parameters. For the detailed data fitting, 
refer to Mariscotti et al 23 . 

In recent years, the data on rotational nuclei have been extended to very high angular 
momentum states, 20ti and beyond and, in some cases, to much higher values near 60-70ti. 
Even a Mariscotti-type parametrization has now been found to be inadequate. The experiment 
entails bombarding suitable target nuclei with a-particles or heavy ions having energy much 
above the Coulomb barrier so that a compound nucleus with a large angular momentum and 
excitation energy may be formed. Subsequently, the compound system de-excites by evaporating 
a few neutrons, each carrying 1 or 2 units (ti) of angular momentum. A typical case using A 
as the heavy-ion projectile and four emitted neutrons is shown in Fig. VI. 15. For each angular 
momentum I, the state of lowest energy is called the yrast state The figure depicts the yrast 
line which passes through the energies of the yrast states for different values of /. With i the 
emission of neutrons, the residual compound system gradually approaches this yrast line until 
it comes so close in energy to it that the emission of any more neutrons is not energetically 
possible. The nucleus then emits one or two y-rays and de-excites to the yrast state at the 
angular momentum concerned. Under suitable circumstances, this yrast stately !* an 
excited member of the rotational band and, from then on, a chain of y-rays is emitted due to 
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the transition to the successively lower members of the rotational band until the nucleus ends 
up in its ground state. Ideally, each of these y-transitions is expected to be of the E2-type and 
strongly enhanced due to collective effects. 



Fig. VI. 15 Diagram showing final arrival of product of 
(^A, 4n) reaction into yrast band of levels. [Following 
Stephens, F. S., Revs . Mod. Phys. t 47, 57 (1975).] 


The experiment entails making various measurements on the y-rays, such as the measure- 
ment of (i) the y-yield as a function of the bombarding energy (the so-called excitation 
function); (ii) the y-yield at various angles with the incoming beam; (iii) the half-lives of the 
y-transitions; and (iv) the y-y-coincidence. 

On the basis of the measured energies and multipolarity of the y-transitions, a level 
scheme of the nucleus is ultimately built up. 


E. IMPORTANT EXPERIMENTAL FEATURES 


Even-Even Nuclei 


Using an angular momentum dependent moment of inertia we can write the energy E, of the 
state of angular momentum / as 

and hence 


_h J 

2Jj 


dE, 


(VI. 170a) 


W Till' 

The derivative in (VI. 1 70a) can be evaluated from the experimental data only approximately 
in terms of finite differences as 


_?i _ Ei- E,-i 

2 Si 1(1 + 1 ) (7 — 2)(/ — 1) = 


E/ — Ei -2 
2 ( 21 - l) - 


(VI. 170b) 
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In the same way, the angular frequency «> 7 , for a given /, can be defined by 

= W/(/ + 1). 

Denoting V 1(1 + 1) by /, we easily get 

0£, H 2 f h 2 / 

— = ~ IT ~ ** w /t 

dl iSi Si 


(VI. 171) 


(VI. 172a) 


where, in the last step, the definition (VI. 171) has been used. The quantity wj can, once again, 
by taking the finite differences, be approximately evaluated from the data 


tlo >/ = 


El — Ej-2 


v7(7 + 1) — a/(/ — 2)(/ - 1)' 


i(£/ - £/- 2 ). 


(VI. 172b) 


For moderately large /, the difference in the denominator works out to be almost 2, and hence 
the last step. As long as Si is roughly a constant, the energy difference in (VI. 172b) increases 
with /, and hence o> 7 also increases. The experimental data show this behaviour for not too 
large values of /. As I increases, the experimental level spacing starts falling below th^t given 
by the 1(1 4 - l)-rule for E h and hence J 7 , evaluated according to (VI. 170b), starts showing an 
increase with / and, at the same time, <u 7 , evaluated with (VI.172b), shows a retarded growth. 
Eventually, a stage may com** when the energy difference in (VI. 172b) starts diminishing from 
/ to (/+ 2) At this time, w 7 will, in fact, decrease with /, and Si , according to (VI.170b), will 
simultaneously show a fast increase. 

This feature of the experimental data is shown in Fig. VI. 16. The data may be displayed 
simply on an £ r versus-/(/ -j- 1) plot, as shown in the curves in Fig. VI.16a. This plot must 


23! h 2 




(a) Energy versus 1(1 4 1) (b) Backbending plot of (2 J/ti 2 ) versus (ho>) 2 

Fig. Vl.16 Energy levels and backbending in l58 Er and l74 Hf. [Following Faessler, 
A., KFA (Jiilich) preprint, Xlth International School on Nuclear Physics, Predeal, 
Roumania, 1976.] 
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give a straight line with the slope equal to ti 2 /(2J) if the moment of inertia is a constant. A 
slight departure of the plot Hf 174 from the straight line indicates a dependence of J/ on / 
which is not too drastic. On the other hand, the curve for Er 158 indicates a marked change in 
the curvature at the values of I in the neighbourhood of 12. This fact has been demonstrated 
more emphatically in the (2J,/t» 2 )-versus-(hoj/) 2 plot in Fig. VI. 16b. In the case of Hf 174 , the 
increase in c o r with increasing / has been retarded and the moment of inertia has started 
growing somewhat faster. In the case of Er 158 , we notice that ioj has even started decreasing at 
/ = 12 while the moment of inertia has grown extraordinarily fast to a final value at 
/ = 16-18, which is two-to-three times larger than the earlier value around /= 10-12. This 
particular S-shaped J/-versus-<o/ curve is called the phenomenon of “backbending" and has 
been noticed in some cases. 

Odd-Mass Nuclei 

The backbending situation in odd-mass nuclei is somewhat similar to what is noticed for even 
nuclei, namely, it is observed only in some of the cases. The situation is also interesting when 
compared with neighbouring even nuclei. In Fig. VI. 17, the case of Er 159 is compared with 



Fig. VI. 17 Comparison of backbending plot for i58 * 160 Er with 
that of ,59 Er. [Following Stephens, F. S., Revs. Mod. Phys ., 47, 
64 (1975).] 
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Er 158, l60 . Although these even nuclei backbend, the odd neutron in Er 139 has the effect of 
washing out the backberding trend. On the other hand, each of the odd-proton nuclei 
Ho 137, i39, i6i shows backbending, as is apparent from Fig. VI. 18. The neighbouring even nuclei 
(Dy 156 , Er 138 ), (Dy 158 , Er 160 .), and (Dy 160 , Er 162 ) corresponding to these three odd-proton 
nuclei also backbend. 



Fig. VI. 18 Comparison of backbending plots of even- and odd-mass nuclei. 
[Following Stephens, F. S., Revs. Mod. Phys ., 47, 64 (1975).] 


In addition to the observations on backbending, there are several other interesting 
features of the data on odd-mass nuclei. As an examp’e, the level spectra of Er 161 * 163, 165 are 
shown in Fig. VI. 19. It is clear that the (P = 5/2)-band (Q is the projection of 1 on the 
symmetry axis) is normal in Er 165 , whereas in Er 161 neighbouring pairs of levels are inverted. 
The energy spacings also are quite different from the pure rotational ones. 

Another interesting feature of the data on odd-mass nuclei is shown in Fig. VI.20. Here 
the negative parity bands of La 125-133 are compared with the levels of the neighbouring even 
Ba-nuclei in the mass range A = 124-132. The levels of La are plotted relative to the (11/2)“ 
level (which is not always the ground state). Two facts are to be noted here: first, in the 
rotational sequence of these odd-mass La isotopes, every alternate member is missing and, 
second, the spectra of each La isotope bears a close agreement with the / = 0, 2, 4 spectra of 
the preceding even Ba isotope. 

F. THEORETICAL INTERPRETATION OF HIGH-SPIN STATES 

In Chapter IV, we have explained that a rotational band represents the collective rotation of 
a deformed nucleus as a whole, maintaining the intrinsic state of the nucleons. The same 
nucleus may display several rotational bands built on different intrinsic states of the nucleons. 
To understand the moment of inertia of the ground-state band, we have therefore to know the 
nature of the corresponding intrinsic state of the nucleons. Suppose there is an excited intrinsic 
state corresponding to a second band having a larger moment of inertia; the level spacings in 
this band are then smaller than those in the ground-state band. As a result, the two bands 
cross each other at some value of angular momentum / c , as shown in Fig. VI.21a. After the 
^crossing point, the levels of the ground-state band are higher than those of the excited band. 
If we concentrate on the yrast states, then we may conclude that, for these states, the moment 
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Fig. VI. 19 Experimental and calculated positive parity levels in odd-mass Er-nuclei. 

[Following Stephens, F. S., Revs . Mod. Phys ., 47, 48 (1975).] 

of inertia before and after the crossing point is different; the levels after the crossing point 
have a larger moment of inertia. At the crossing point, the angular momentum / c on the two 
bands is identical and, since it is equal to ( Ju>) for both the bands, the value of m for the 
ground-slate band at / c is larger than that for the excited band at the same angular momentum. 
This idealized picture of band crossing gives a very preliminary but qualitatively satisfying 
explanation of backbending, as depicted by the two lines with the sharp break (dashed line) 
between them in Fig. VI. 2 lb. 

In the nonidealized version, we have to put in ingredients that explain the mild changes 
in Si as a function of / before the backbending point, and mix the two bands near / c so as to 
reproduce a smoother change from one band to the other and, what is more important, to 
keep open the possibility of gamma-transition between the two levels on the two sides of / c . In 
Fig. VI.21a, the dotted and dashed curves represent the lower mixed band for strong and 
weak mixing, respectively. Depending on the strength of the admixture in Fig. VI. 21a, the 
transition in the backbending region is less distinct, as shown by the curves A and B in 
Fig. VI. 21b, and may even be completely washed out (curve C) for very strong mixing. 

The main point in the theoretical understanding is then the nature of the two intrinsic 
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Fig. VI. 20 Comparison of negative parity bands in odd-mass La isotopes with ground 
band of Ba-nuclei. [Following Stephens, F. S., Rew. Mod. Phys ., 47, 54 (1975).] 

states that give rise to the crossing bands. The ground-state band is pretty well understood. It 
corresponds to an intrinsic state of the Hartree-Fock-Bogoliubov (HFB) type [see Appendix G 
(Section II)] in which pairs of neutrons and protons are strongly correlated through a strong 
two-body pairing interaction. We have already learnt that the pairing correlation reduces the 
moment of inertia to a value that is half to one-third of the rigid-body value in keeping with 
observations. The mild variation of Si in the ground-state band as a function of / is a matter 
of detail that has to be reproduced by a self-consistent HFB treatment varying the deforma- 
tion and the pairing energy gap with changing /. 

Several alternatives have been suggested with respect to the excited band which has to 
have a larger moment of inertia than that of the ground-state band. Earlier treatments used 
an explanation emanating from a suggestion by Mottelson and Valatin 24 , proposed several 
years before the experiments on high-spin states. This explanation is now sketched. According 
to the pairing ideas, the nucleus is excited by creating pairs of quasiparticles for which a 
minimum energy 2d is needed, where d is the energy gap. We have also explained that it is 
this energy gap that accounts for a twofold-to-threefold reduction in the value of the moment 
of inertia, as compared with the value for a shell-model state. When the nucleus rotates very 
fast, the individual nucleon angular momentum j interacts with the angular momentum I of 
the spinning nucleus through an interaction proportional to I»j. This interaction has been 
popul|*ly called the Coriolis coupling. It tends to bring the j of every individual nucleon into 
alignment with I, and hence the strong pairing correlation between pairs of nucleons having 
the angular momentum projection m and -m gets destroyed. As / increases, this destruction 
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Fig. VI.21 Band crossing and backbending plot— idealized case. [Following Stephens, 
F. S., Revs. Mod. Phys., 47, 58, 59 (1975).] 
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of pairing correlation goes on, and ultimately we reach a completely unpaired intrinsic state 
for which the moment of inertia has the rigid-body value, i.e., two-to-three times the value of 
the initial paired intrinsic state. Thus, according to this model, the pair correlated BCS type 
ground state undergoes a phase transition to the normal state that has no pair correlation. 

Another explanation, which now seems most often applicable, was first suggested by 
Stephens et al 25 . To understand it, let us consider the core-particle coupling model of Section 
33C described by the Hamiltonian (IV. 123) whose coupling term is given by (IV.132). For an 
axially symmetric core, the coupling term simplifies to (IV. 134) and the rotational part to 
(IV. 137). Under the same circumstances, /, and j, have the same well-defined value, say, 0 . 

In the old treatment of the collective model described in Chapter IV, the coupling term 
was assumed to be very strong (the strong coupling assumption), and the motion of the collec- 
tive variables 0, y, and of the rotation angles, was taken to be slower than the particle motion 
(adiabatic assumption). Hence, the particle motion was solved by the Nilsson model for given 
values of the collective deformation variables. The effect of the Coriolis coupling term (/+;_ + 
IJ+), present in (IV. 137), was then included in some cases, especially in the case of the (k = £)- 
bands, by admixing the (k = f)-band through this interaction. 

Stephens et al 25 pointed out that the relative magnitude of the coupling and the Coriolis 
term should be carefully considered in every case. It is clear that in instances where 3 A small 
and 1 and j large, the Coriolis term can be quite large as compared with the coupling term. In 
such cases, a detailed diagonahzation has to be done to obtain reliable results, using a large 
number of bands. The experimental data in such a situation are shown in Fig. VI. 19, which 
also gives the theoretical results of the band-mixing calculation. 

An interesting fact pointed out by Stephens and his colleagues relates to those nuclei 
where the last odd nucleon belongs to the high y-orbital which intrudes into the major oscil- 
la, >r shell from the shell above and has a parity opposite to that of the other levels of the 
major shell, for example, h ll!2 in the major shell comprising {g 7]2y d 5!2t d 3]2t Ji^-levels, and 
/i 3/ 2 in the shell comprising (h 9J2 , f 7}2t f 5!2l p 3 j 2 , />i /2 )-levels. In the Nilsson treatment, such a level 
remains quite pure, except that only the various projection components split under the influence 
of the deformation term kpY$. For the projection state Q of angular momentum y, the matrix 
element of this deformation term is given by 

k &w i +T) l} ] (VU73a) 

and the (7, 2 -f y 2 )-term from (IV, 137) has the value 

- ^fl 2 . (VI. 173b) 

It is clear from (VI. 173a) that, for prolate (/3 = positive) deformations, smaller ^-components 
of j lie lower, whereas the reverse is the case for oblate (/3 =* negative) deformations. Moreover, 
by taking the fi 2 -terms of (VI. 173) together [the other term of (VI. 173a) is a constant for a given 
;], it is interesting to explore whether or not, in the prolate case, the coefficients can mutually 
cancel out each other. In that case, we conclude that the Coriolis term becomes very important 
and has to be treated carefully. Since the body has symmetry about the z-axis, there cannot 
be any rotation about this axis. The Coriolis term, which is equal to (IJ X + I y j y ) t can there- 
fore be replaced by /j«n, where n is the rotation axis. Thus, the single-particle eigenstates of 
the Coriolis term will be states of the type | j % a), where a denotes the projection of j along 
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the rotation axis n. This fact has been called the rotation alignment effect , which is the complete 
decoupling of the particle from the rotation of the core. It has been shown , from symmetry 
arguments, that (/ — a) must be even and a, of course, has values starting from J and ending 
with j. The energy of a nuclear state specified by (/, j, a) is given by 

E(l, j, «)-«, + ^(/ - «)(/ - « + I) + JU + 1) - « 2 ]- (VI. 174) 

Thus, the highest a-states have the lowest energy. Further, for each a, a set of rotational levels 
is generated with the moment of inertia J of the core and the quantum number (/ — a) play- 
ing the role of the rotation angular momentum. Since (/ — a) is even, we get a set of rotational 

levels in the band specified by a with the angular momentum / = a, a + 2, at + 4 For 

the lowest lying band, a = j and we have / = j 9 j + 2, j -f 4, . . . . All these observations explain 
the data in Fig. VI.20. 

In the case of even nuclei, the ground-state band is still the completely paired state. 
However, the excited band in this model has to be secured by considering excitations of two 
quasiparticles in the high y-orbital. The Coriolis interaction mixes the ground state and all 
these two-quasiparticle states with each other. The fit to the data is then a matter of detailed 
computation. At large values of /, the excited band is predominantly of two decoupled quasi- 
particles with their a-quantum number equal to j and j — 1 (because of the Pauli principle). 
In the odd-mass nuclei, the ground band at high spin has a decoupled quasiparticle a = j\ and 
the excited band has three quasiparticles a = jj — 1, j — 2. Referring back to Fig. VI. 17, we 
note that the odd-neutron nucleus !59 Er has an (a = 13/2, ii 3 / 2 )-neutron quasiparticle in the 
ground band, whereas in the excited band it has the (a = 13/2, 11/2, 9/2)-neutron quasiparticles 
decoupled from the core. Both the even nuclei I58, 160 Er, which have been compared with l59 Er 
in this figure, have a paired ground-state band and the excited band of (a =* 13/2, 11/2)- 
decoupled quasiparticles. The energy difference between the aforementioned one- and three- 
quasiparticle states is higher than that between the zero- and two-quasiparticle states. Thus, 
the band crossing in the odd-mass nucleus occurs at higher energies and angular momenta as 
compared with the even ones. This qualitatively explains the absence of backbending of l59 Er. 
The odd-proton nuclei ,37 ~ I61 Ho of Fig. VI. 18, on the other hand, have a proton quasiparticle 
in the ground state «and their excited bands can be had by exciting two neutron quasiparticles 
with <*= 13/2, 11/2 without violating the Pauli principle. Therefore, in this case, the energy 
difference between the one- and three-quasiparticle states for the odd-mass nucleus is identical 
to that between the zero- and two-quasiparticle states of the even nuclei. Thus, the back- 
bending behaviour of all the three nuclei is expected to be identical. 

The Coriolis, decoupling model is suited to all the cases where a high j single-particle 
level is involved. In other cases, the Mottelson-Valatin effect may still have to be invoked. The 
estimates of the critical angular momentum made by Mottelson and Valatin were around 14. 
Later sophisticated estimates place this value higher. If the later estimates are reliable, this 
explanation may still be invoked in cases where backbending (if found at all) occurs at / 20 

or higher. 

There are many detailed calculations (see Kumar 26 ) on the high-spin states based on the 
self-consistent HFB method. The projection of angular momentum, the correct number of 
particles, the various self-consistency requirements on the deformation and pairing parameters 
involved in this method are very cumbersome, and almost every group working on it has made 
some compromise. In an approximate version of this method, the Hamiltonian H — <*>J X is self- 
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consistently solved , treatin g <u as a Lagrange multiplier. It is determined for each 1 by requiring 
the given value Vl(I + 1) of the angular momentum </*>. where x is the rotation axis. This 
simplified microscopic method is similar to the Coriolis decoupling model in many of its physical 
contents. 

G. CURRENT TRENDS 

The Coriolis decoupling model has been extended and applied to cases where the departure 
from axial symmetry is important (see Meyer-ter-Vehn 27 ). 

There have been speculations that, at very high spins I ~ 60-70t», where the rotation is 
nearly classical, the nuclear rotation may give rise to an appearance of the oblate shape. This 
classical problem was studied long ago by Chandrasekhar 28 , and the backbending to be expected 
as a result of this sudden change in nuclear shape at very high spin is called giant backbending 
in recent work. 

At very high spin, the levels form a near continuum, and hence the experimental study of 
these levels in the (y-y)-coincidence work is difficult. The problem arises when we aim to 
proceed very much beyond the (/ = 24-26)-levels. Some progress has been made by Stephens 
and Diamond 29 and by Herskind et al 30 . 

Several good review articles exist on the subject of high-spin states. See, for Aample, 
Johnson and Srymanski 31 , Stephens 31 , and Faessler 31 . 
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PROBLEMS 

1. Derive the completeness relation for the eigenvectors of the RPA-matrix defined by (VI. 28). 

2. Define the pair addition and pair removal operators as Aly =» and Aw — CvC*, and 
use the* commutator method to obtain the linearized system of equations satisfied by them. 

3. Show, by semiclassical arguments, that 8Ej/dV J(J + 1) is the square of the angular velocity 
of a rotational nucleus in the angular momentum state J. 



Appendix A 

Angular Momentum 


I. ORBITAL ANGULAR MOMENTUM 

Let Lti denote the orbital angular momentum operator. The properties of the components of L 
and of the spherical harmonics Y l m (0 y $), which are the eigenfunctions of L 2 and L xt are 
discussed in standard texts on quantum mechanics (see, for example, Schiff 1 ). Some important 
results are listed here: 

L 2 Y' m ( 6 , 4 ) = /(/ + 1 )Y l n ( 6 , 4 ), 1= 0,1,2 (Al l) 

L,Y l m (B , 4) = mY' m (Q , 4), m— —I -> + / (integrally spaced), (A1.2) 

{L x ± iL,)Y'„( 6 , 4) = [(/ + m)(l ±m + l)] lli Y' m±l (d, 4)- (AI.3) 

The step-up and step-down operators L x ± iL, will frequently be denoted by L ± . The ortho- 
normality condition is given by 

J* d4 I' sin d dd Y' m ‘(d, 4)Y'm(», 4) = S lr & mm : (AI.4) 

The spherical harmonic can be broken up into a 0-part and a <£-part as 

YL( 8 , 4) = pU* os e)d> n (4), (AI.5) 

where 

<P m ( 4 ) = (AI.6a) 

V 2 TT 

PU 0 - ~ •>'• (Ai.6b) 

Here £ = cos 0 and [/] = 2/4- 1; the function P l m is called the associated Legendre polynomial. 
Renormalized Spherical Harmonics and Legendre Polynomial 

Renormalized spherical harmonics and Legendre polynomials are defined respectively by 

YU*, 4>) = JjfiYUO, 4) (A1.7a) 

and 

Pi COS 6) - y' 0 (B) = ± |j({ 2 - 1 )'. 


(AI.7b) 




1 


2 


±1 

0 

±2 

±1 

0 


It is clear from Table AI.l that 

'±1 s 4 ) = + 

r 0 s *) = z. 

Expression for Components 
r 8 

Li V‘ 

i a. . s, i a 2 

~ S51 Fe (s ' a v se’ + sin 2 e W 

Relationship with V 2 

The operator L 2 is related to V 2 as 



where 


(AI.8) 


in Table AI.l. 
harmonics 

yU e > 4) 

1 

+ -k sin 0 e ±u 
V 2 

cos 8 

±Vi sin 2 6 e ±2l + 

+ V} cos 6 sin 8 e* 1 * 
i(3 cos 2 8 - 1) 

(AI.9a) 

(AI.9b) 

(Al.lOa) 

(Al.lOb) 

(AI.lOc) 

(AI.l la) 


(AI.l lb) 
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II. ANGULAR MOMENTUM (General) 

The details on angular momentum may be obtained from Condon and Shortley 1 or any other 
standard text on the subject (see, for example, Rose 1 ). The angular momentum operator is 
denoted by Jh, and its components satisfy the commutation relations 

[ J x , J y ] = iJ 2 (and cyclic permutations of x, y % z). (All. 1) 


The simultaneous eigenstates of J 2 and J x are denoted by \jm) such that 


J 2 \jm> =j(j + l)|>w>. 

(All. 2a) 


(All. 2b) 

where j has either integral or half-integral positive values and m varies between — ; and +j 9 
integrally spaced. The step-up and step-down operators J ± yield 

= ((; + m)(j + m + 1 )Y l2 \j, m ± 1>, 

(AII.2c) 

■ f +\j< m=j'} = 0, J_\j, m = -;> = 0. 

(All. 2d) 

III. SPIN ANGULAR MOMENTUM 


Spin angular momentum is a special case of angular momentum (with j = 
the symbol s instead of J. The Pauli spin operator o is defined by 

^) for which we use 

• 

o = 2s. 

(All 1 . 1 ) 

The spin eigenstates are denoted by X^ 2 instead of |£, m where the superscript refers to j = J. 
The two substates m = + \ are called the spin-up and spin-down states. The results (All. 1) 
and (All. 2) apply. With the help of (AII.2a), (All. 2b), and (All. 2c), we can easily construct 
the matrix elements (X)l 2 1 s , IX^ 2 ), where z denotes any of the components x, y , z. It is more 
convenient to write the matrices for the components ot a which are given by 

-a -rj -cj 

(AIII. 2) 

Some Properties of Pauli Spin Matrices 


Vk^i + °i a k — 26 fc/ l, 

(AIII. 3a) 

a x°y a x 1=3 

(AIII. 3b) 

Tr a k = 0. 

(AIII. 3c) 


Here k t l are any two of the components x, y> z, and 1 is the 2 x 2 unit matrix. 


Arbitrary Spin State 

In the two-dimensional representation, used for the Pauli matrices, the basis vectors are the 


two eigenstates X* 2 with m = ± J. These states themselves are represented by 





has the value +1 and —1 for these two states; therefore, these two states correspond to spin 
alignment along the z-axis and along the direction opposite to the z-axis, respectively. It will 


now be seenUhat an arbitrary spin state 



with 


M 2 + l*l 2 - i 


(AIII. 4) 
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has spin alignment in a direction ( 6 , in space, determined in a particular way by the values 

of a and b . Let n be the unit vector in the direction (0, <f>) such that 

n x = sin 0 cos <f> t n y = sin 0 sin n g =» cos 0. (AIII.5) 


By our assertion, (a • n) has the value unity for the state 



, that is, 



(AIII.6) 


It is a straightforward exercise to obtain, from this equation, with the help of (AIII.2)and 
(AIII.5), the result 


a 

b 


e-H cot ; 


(AIII.7) 


Using (AIII.4), we get 

b — e* ( sin a = cos 

where'f is an arbitrary phase. For convenience, we choose ( = 2, and then 


a = cos ^ e-'W\ 


sin ^ e i( * l2 \ 


(AIII.8) 


(AIII.9) 


IV. COUPLING OF TWO ANGULAR MOMENTA 

If Jj and Ja denote two independent (i.e., commuting) angular momenta, each satisfying 
(AII.l), then the resultant J defined by 


Ji + J2 = J 


also satisfies (AII.2), and hence denotes an angular momentum operator in the quantum 
mechanical sense. In keeping with Condon and Shortley 1 , the product states \/iMi}\j 2 m 2 y are 
denoted by and the eigenstates of the coupled angular momentum by \j\j2jmy- 

Using the completeness of each of these two sets of state vectors, we obtain 


\jj 2 rn i m 2 > — £ \jJ2jmyOJ2jm \jij 2 m\M 2 >* 

Jm 

llUijm) = Z |y’| i / 2 « 1 w 2 )<y,y 2 m,m 2 |;,y2)m>. 

«i«i 


(AlV.la) 

(AlV.lb) 


can be 
is used 


With a suitable chofce of phase of the states, the transformation coefficients in (A1V.1 

made real, and then they become identical. Therefore, a common symbol | 1 

inti M2 mj 

to denote them. This coefficient is called the Clebsch-Gordon coefficient, and it is nonvanish- 
ing only when 

m x -f m 2 » m 9 (AIV.2a) 


Hi - h I < i < Ui + h). (Aiv.2b) 

The requirement (AlV.2b) is often called the triangular (A) inequality of j\, ji, and J- A few 
important properties of the Clebsch-Gordon coefficients are now listed. 
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Orthogonality Properties 
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(AlV.3a) 

(AIV.3b) 


Symmetry Properties 



h 

r 

= (_1 )h+h-l h 

7i 

j ‘ 

= (_iy.+/.-i| Jl 

72 7 1 

L m, 

m 2 

m. 

\- m 2 

m { 

m. 

L— m, 

— m 2 — mJ 






h 

m 2 



(AIV.4) 


Here, and subsequently, [a] = 2a + 1 and [abc . . .] = [a][&][c] . . . . 


Special Clebsch-Gordon Coefficients 



(AIV.5a) 

(AIV.5b) 


If m { =j„ m 1 =j 2 , j=m= y, + y 2 , then 

Clebsch-Gordon coefficient = 1. (AIV.5c) 

When m, = m 2 = m = 0, the Clebsch-Gordon coefficient is nonvanishing only if /, + j 2 + j is 
an even integer (=2 g with g an integer), and in this case it is given by 




1/2 

(g ~ jifl (g - 72)1 {g - j)\ 


AUiJJ)* 


where 


AU\hJ) = t 


(7i 4- h —JV- (J + 7 1 — 7a)l (72 + j — 7i)U i/2 
(71+72+7 + 1)! 


(AIV.6a) 

(A IV. 6b) 


Formula for Numerical Computation of Clebsch-Gordon Coefficient 

f 7 ' ; 1 = + rn,)! (y, - ro,)! (y 2 + m 2 )! (y 2 - m 2 )! (y + m)\ 

lm, m 2 mj 

X O' - m ) ! l ul ^ (- 1)1»1 0*1 + h ~ j ~ ")! 0 - ji + «1 + n)! 

ft 

X U -ji-m 2 + »)1 Oi -mi- n)\ (y 2 + m 2 - »)!]-«. (AIV.7) 

In this summation, the range of n, which is allowed to be zero or positive integers, is deter- 
mined by the fact that the arguments of none of the factorial functions be negative. 

* • 

V. COUPLING OF THREE ANGULAR MOMENTA 

The scheme of coupling, described in the preceding section, may now be further extended by 
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considering the coupling of three angular momenta 

J = Ji + Ji + Jj- 

Since the coupling of any two of these angular momenta can be done by the method given in 
Section IV of this appendix, we shall constantly deal in terms of such coupled states. 

Two types of states can be constructed: \(jxj 2 )j\i*h : 7 *h> anc * L/i» UijiVii • 7>w>, wherein 
the first pair to be coupled has been enclosed within the parentheses. Thus, the first state 
denotes a state of total angular momentum j and projection m obtained by first coupling (7J2) 
to obtain the resultant j i2 and then coupling j l2 and 7*3 to form the final j. On the other hand, 
the second state corresponds to the first coupling of {j\h) to formas and the second coupling 
of j { and j 2 3 to form j and projection m. In this section, we shall consider the transformation 
coefficients between these two types of states. 

The coefficients, which are specified by six angular momentum quantum numbers, are 
real and denoted by U. They are defined by 

KAfeVu* h : = 2 uUxNhJMh, (727*3)7*23 : y m / > » (AV.i) 

)u 

\ju (7273)723 : jrn> = 2 V(jJ 2 jh; jnhtWijiVn, h • (AV. 2 ) 

r, h* 

The angular momentum couplings contained in (AV.l) and (AV. 2 ) are 

J| + J 2 = Jl2» J|2 + J 3 = J 
J 2 4* J 3 = ^231 Jl + ^23 = J- 

The triangular inequalities for these four vector couplings must be satisfied so that the trans- 
formation coefficients (/(originally due to Jahn 2 ) may be nonvanishing. V is related to W (see 
Racah 3 ) by 

UUijijji'j 712)23) = [ 7 i 2723] 1 / 2 ( 7 i 72 77 * 3 * 712723)* (AV. 3 ) 

Orthogonality Properties 

2 UiJijijjh jnjnWUihJh* 7*12723) =* 8 j Ut 

in • 

2 UUdijjiJiajnWUtjziMjuhi) = 

Symmetry Properties 

W(jijijji, jajn) — fyUJijijtJidn) = ^{jhjiji< jnji}) 

= (- 1 yi+i-ht-Jn H'(j i j t 2 j 21 j 3 ; jj) 

— (- jjy). 

Specific Values for a Few Special Cases 

UlO in any of the first four numbers; j ti j 0 ) = 1 (provided A-inequalities are satisfied), 

(AV.7) 

mhhjh; P/21) - «/,/.«//,(- Ji)-' 12 . AV 8) 

rUiM* /ijP) *■ i) ,i+J, ~ lu Uth]~ il2 - 

It should be noted that the 8’s arise from the A -inequality requirements. 


= ^Uuhk, juju) 

(AV.6) 


(AV. 4 ) 

(AV. 5 ) 
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Clebsch-Gordon Coefficients and 67-Symbol 
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(AV.9) 


(AV.10) 


:] 


U(j\hjjs> 7.2723). .(AV.ll) 
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U(j 1 72773 i 712723). 


(AV.12) 


Special Sum Rules 

2; (2e + l)(_ iy+»*W(abcd-, ef)W(bacd; eg) = W(agfb; cd), (AV.13) 

27(2^4- l)H^(aV7c; ac')lV(bgec'; b'c)W(a'gfb-, ab') = W(abde\ cf)W(a’db'e; c'f). (AV.14) 

w 


Numerical Computation 

Numerical values of the Racah coefficients are obtained on the computing machine by using 
the expression (due to Racah 3 ) 

wUihiti, hhi) = (-1 ) /i+/,+/+/ ^(;\;Vi 2W0 u; 3;^02;W'23 )^(;'i 723 j /') 

x Z (-1 )"(n + 1)1 [(»-/, -h -7,2)! (n -7,2—73 -y')! 

n 

x (« — 7*2 -7s -y‘23)! (* — 7i -723-7 )! O'i +72 + 7+7*3 - «)! 
x (72 + 7l2 + 7 + 723 — w )! (7l + 7l2 + 7*3 + 723 — (AV.15) 

The J-functions appearing here have already been defined by (AIV.6b). The summation index 

ft, as in the case or the Clebsch-Gordon coefficient, goes over zero and positive integral values, 

subject to the restriction that the arguments of none of the factorial functions are negative. 

VI. COUPLING OF FOUR ANGULAR MOMENTA 

Continuing our scheme of coupling more and more angular momenta, we now consider coupl- 
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ing four of them as 

J = Jl + J 2 + J 3 + J4- 

The alternative schemes of coupling, to be considered now, are given by 

Jl + ^2 = Jl 2 > J 3 + J 4 = J34» Jl 2 + J 34 =“ J» 

Jl 4" J3 = Ji3» J2 + J4 = J24» J| 3 4* J24 = J. 

The quantum numbers corresponding to different angular momenta are denoted by the 
corresponding lowercase letters. The transformation coefficient connecting the two sets of 
states is called the 9/-symbol and is defined by 


r h h 

\Uiji)jn> UMjM'jmy = E I 73 j A 

ha, | 

Ul3 jl4 


'"l 

734 J IOV3)7i3 > (7274)724 -jm)' 
j J 


(AVI.i) 


The expression defining a state on the right-hand side of (AVI.I) in terms of the set of states 
on the ltft-hand side contains the same 9/-symbol as in (AVI.I) and a summation over ; 12 ,y 34 . 

A useful case is the transformation of an LS-coupling wavefunction to a //-coupling 
wavefunction or vice versa for a pair of particles. In this specific case, we have the orbital, 
spin, and total angular momenta of the two particles. In obvious notation, we have 


l(/ii)7i,(/2i)72:JM>=^ 

LS 


h i Ji 

h i ji 
_L S / 


\Wi)U (i h)S:JM\ 


(AVI. 2) 


[h i 7il 


\(hh)L, (* i)S : JM> - 27 

Jih 


h 

L 


i 7a 
S J. 


l(/.i)7i(/ai)7a :JM>. 


(AVI. 3) 


5 can have two possible values, namely, 5 = 0 and 5=1. These two 9/-symbols are very 
simply expressed in terms of the 67-symbol, i.e., the W- function, as 


i' i r | = wQi'jj'- Lj), 

L 0 J^ 


(AVI.4) 


i * J ( i— 

| r j / j = i-vJW fv-W 1; 1A0 

U 1 /J 

r— nA-i/2 

X mjj Ki; Jl'mtl'Kb Lj) + WiJl% jj% (AVI.5) 

where 2 is the sum of all the nine angular momenta and K «■ + /) if L # / and K — L + l 
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Orthogonality Relations 
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(AVI. 6) 
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(AVI. 7) 
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j J 

Jii 

ju 

7 J 




Symmetry Property 

The symmetry property is better stated in terms of an associated 9>symbol defined as 


~7i 

ji 

jii 

\ Jl 

jl 

j 

ji 

ji 

Ju 

= Ijiijujuju] 1 ' 2 * ji 

ji 


Ju 

ju 

j - 

l/n 

jii 

ii 


In this new 9y-symbol, enclosed within the braces, the exchange of any two rows or columns 
gives rise to a phase factor = (— l)^, where E = the sum of the nine j* s. 


Expansion in Terms of 6y-Symbol 

ii ji2~\ 

ji j 4 j)4 | = (- 1 )' 1_/ "' ,n £ (- 1 yUUnjijU, rjuWUiijriti rjuWUiji'ji) juju). 
Ju ju j J 

(AVI. 9) 

Here the summation index r takes all possible values consistent with the various angular 
momentum couplings in the {/-functions. This expression, supplemented by a code for the 
computation of the Racah coefficient, enables us to evaluate the 9 < /-symbol. 

In particular, when j = 0, we have, from (AVI.9), 


~ J\ j2 7l2~ 

h Ji Ju 

— Zl3 ju 0 _ 


Mi). 


(AVI. 10) 


VII. TABLES OF ANGULAR MOMENTUM COUPLING COEFFICIENTS 


Square of Clebsch-Gordon Coefficient 


7 

jn 


.# 

J 

m 



To evaluate a Clebsch-Gordon coefficient, we should first write the square-root of the corres- 
ponding expression and then insert numerals. Finally, we should insert a multiplicative factor 
of — l if an * appears in the table. 

Coefficients will now be tabulated only for the positive values of m\ Those for — m ' will 
be obtained from the values of m by the symmetry relation (AIV.4). 
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Tabic AVII.l / = | 



Table AVII.2 / = 1 
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Tabic AVII.3 / = J 
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Square of 6/-Coefficlent W(abJj\ cJ') 

In evaluating the coefficients, we should first take the square-root of the expressions and then 
insert numerals. The * appearing in front of some terms corresponds to a multiplication by —1 
after the evaluation of the coefficient. For any given value j, the H'-coefficients that do not 
appear in the table can be evaluated from the tabulated ones by using the symmetry relations 
(AV.6). In all the tables that follow, s = a + 6 + c and X — 6(6 + 1) + c(c + 1) — a(a + 1). 


Table AVII.5 y = $ 

J J' 


b-i 


c-h 


b + i 


(s + !)(■? - 2a) 

26(26 + 1 )2c(2c + 1) 

(j - 26)(s - 2c + 1) 

(2b + 1 )( 2 b + 2)2c(2c + 1 ) 


Table AVII.6 )= 1 


J J' 


s(s + \)(s -2a- l)(s - 2a) 

(2 b - 1)26(26 + l)(2c - l)2c(2c + 1) 

2 (s + 1)(j- 2a)(s - 26)(j - 2c + 1) 

26(2* + 1)(26 -I- 2)(2c - l)2c(2c + 1) 

(s - 26 - \)(s - 2b)(s -2 c + l)(r - 2c + 2) 

(26 + 1)(26 + 2)(26 + 3)(2c - l)2c(2c + 1) 


2X 1 

6(26 + 1 )(26 + 2)2c(2c + l)(2c + 2) 


c 


b 
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Table AVII.7 j~ f 
J J' 


. _ , (J -1)5(5 + 1)(5 - 2a - 2)(j - 2a - 1)(5 - 2a) 

* (26 - 2)(26 - 1)26(26 + l)(2c - 2/(2 c - l)2c(2c + 1) 

. _ . 3 s(s + 1)(5 - 2a - 1)(5 - 2a)(s - 2b)(s - 2c + 1) 

4 (26 - 1)26(26 + 1)(26 + 2)(2c - 2)(2c - l)2c'(2c + 1) 

, , 3(5 + l)(j - 2a)(5 - 26 - 1 )(j - 26)(s -2 c + 1)(5 - 2c + 2) 

+ 4 ' 26(26 + 1)(26 + 2)(26 + 3)(2c - 2)(2c - l)2c(2c + 1) 

. . (s — 26 — 2 )(i - 26 - 1)(J - 2b)(s - 2c + 1)(5 - 2c + 2)(s - 2c + 3) 

+ f (26 + 1)(26 + 2)(26 + 3)(26 + 4)(2c - 2)(2 c - l)2c(2c + 1) 

A , [2(5 - 26)(5 - 2c) - (5 + 2)(s - 2a -1)] 2 (J_+ 1)(J — 2a) 

4 (26 - 1)26(26 + i)(26 + 2)(2c - l)2c(2c + l)(2c + 2) ~ 

L [(j - 26 - 1 )(j - 2c) - 2 (j + 2)(5 - 2a)] 2 (5 - 2b)(s - 2c + 1) 

+ 4 * 26(26 + 1)(26 + 2)(26 ~+ 3)2c(2c + l)(2c + 2)(2c - 1) 


Table AV1I.8 j= 2 


(5—2 )(s— 1 )5(5+ 1 )(s— 2o— 3 )(j— 2a— 2+5— 2a— 1 )(s—2a) 

(26— 3)(2A — 2)(26 — 1 )2A(2*-+- 1 )(2c— 3)(2c— 2)(2c— I )2<r(2c+ 1 ) 

4(5- 1 )5(5+ 1 )( 5 - 2a- 2)( J- 2a- 1 )(5- 2 a)(5- 26)(5- 2c+ 1 ) 

(26-2X26- 1)26(26+ l)(26+2)(2c-3)(2c-2)(2c- l)2c(2c+ 1) 

65(54- 1 )(5— 2a- 1 )(5— 2b - 1 )(5— 2a)(5— 2 b)(s— 2c + 1 )(5— 2c4- 2) 

(26-1)26(26+ 1 )(26+ 2)(26 + 3)(2c— 3)(2c— 2)(2c— l)2c(2c+ 1) 

4(s+ D(f-2fl)(5-26-2)(j-26-l)(5-26)(5-2c +lXi-2c-f2)(5-2c4-3) 

26(26+ l)(26+2)(26+3)(26+4)(2c—3)(2c—2)(2c—l)2c(2c+l) 
(j-26-3)(5-26-2)(5-26-l)(5-26)(s-2c+l)(5-2c+2)(5-2c+3)(5-2c+4) 

(2/>+1)(2H2)(2H3)(2H4)(2H5)(2c-3)(2C“2)(2c-1)2c(2c+1) 

, , 16((a+6X<J-6+l)-(c-l)(c-6+l)] 2 5(5+l)(5-2a-l)(5-2a) 

b ~ l *(2b—2)(2b— 1) 26(26 + l)(26+2)(2c-2)(2c- l)2c(2c+ l)(2c+2) 
t 24[(a+6+ 1)^-6)-^+ 1 ]*(5+ l)(i - 2a)(5- 2 6)(s-2c+ 1) 

b *(26-1)25(26+ 1)(26+2)(26 +3)(2c-2)(2c- l)2c(2c+ l)(2c+2) 

. , 16 f(tf+ 6 + 2 ){a— 6— 1 )— (c— 1)(6 +c+2)] j (j— 26— 1)($— 26)(j— 2c+l)($— 2c+2) 

6+1 * 26(26+l)(26-f2)(26+3)(26+4)(2c-2)(2c-l)2c(2c+l)(2c+2) 

• 4[33T(y-l)-46(6+l)c(c+l)] 1 

b (26"-“l)26(26+l)(26 + 2)(26 + 3)(2c- l)2c(2c+ l)(2c+2)(2c+3) . 


b — 2 
6-1 
c — 2 6 

Hi 
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The algebraic tables (i.e., the type given in this appendix) of the Clebsch-Gordon coeffi- 
cients have been given for j' = f by Melvin and Swamy 4 , for j' — 3 by Falkoff et al 5 , and for 
/ = i by Edmonds and Flowers 6 . Numerical tables for the Clebsch-Gordon coefficients have 
been given by Alder 7 , Simon 8 , and Rotenberg et al 9 . 

Algebraic tables for the 6/'-coefficients W(abJj\ cJ') corresponding to c = 3, 4 are contain- 
ed in the Annals of the Tokyo Astronomical Observatory 1 ®. The same annals contain numerical 
tables too. Numerical tables have been given also by Sharp", Biedenham 12 , and Rotenbergetal 9 . 

Numerical tables of the ^-coefficients have been given by Sharp", Kennedy 13 , Matsunobu 
and Takebe 14 , Stephenson and Smith 15 , and Rotenberg et al 9 . 
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PROBLEMS 

1. Construct the Pauli matrices of (AIII.2) with the help of the general results (AII.2a), 

(AII.2b), and (AII.2c). 

2. Evaluate the trace of the product of any three and any four Pauli matrices. 

3. Derive the values of a and b by solving (A1II.6) and (AI1I.4), where the components of u 

are given by (AIII.5), and hence verify the results of (AJII.8). 

4. If 'Pm — 27 C a (J, M)4 >m, prove that C a (J, M ) is independent of M. [Hint: Operate with J± ] 

a 

Note The result proved in Problem 4 explains why the (/-coefficient in (AV.l) and (AV.2) and 
the 9/-symbol in (AVI. 1 ) have been taken as independent of the projection quantum number. 



Appendix B 

Rotation and Irreducible Tensors 


I. ROTATION 

When a coordinate system is rotated, the coordinates x, y, z of a point change to x\ y\ z '. 
Denoting the three components by a subscript which can take the values 1, 2, 3, we write the 
transformation equation as 

*/->*; =* Z a n xj, (BI.l) 

i 

where a denotes the transformation matrix. In the case of rotation, it is a real orthogonal 
matrix with 

aa — aa = 1, (BI.2a) 

det a = 1. (BI.2b) 

Here a is the transpose of the matrix a, and 1 is the unit matrix. 

The most general rotation of the coordinate frame may be described by the three 
Euierian rotations: first, a rotation a about the z-axis; then, a rotation about the new >>-axis 
(to be called >vaxis); and, lastly, a rotation y about the final z-axis (i.e., the z'-axis). 

If we refer a body to a coordinate frame and rotate the latter about any axis in a 
certain direction through an angle a, the coordinates x, y f z of a point on the body undergo 
the transformation (BI.l). It is geometrically obvious that, if we keep the coordinate frame 
fixed and rotate the body about the same axis in the opposite direction through the same 

angle a (i.e., give the inverse rotation to the body), the point on the body reaches the same 
final orientation with respect to the coordinate frame. Thus, any rotation of the coordinate 
frame is equivalent to an equal and opposite rotation of the body. In what follows, we shall 

confine ourselves to transformations under a rotation of the coordinate frame. If the trans- 
it 

formation corresponding to the rotation of a body in a fixed coordinate frame is required, all 

the results we give will be applicable with a change in the sign of the rotation angles. 

Under a rotation of the coordinate frame, any function F(x, y f z) undergoes the change 

F(x, y, z) -+■ F(x', y, z) = RF(x, y, :). (BI.3) 

This relation defines the rotation operator R. 

An infinitesimal rotation < about any axis n is produced by an infinitesimal rotation 

operator 

/? n (c) a 1 — ;«n . L, (BI.4) 

where L is the angular momentum operator. A finite rotation <x can be generated by applying 

this infinitesimal operator N times in succession such that c = a/N. By letting N oo, < 
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indeed becomes infinitesimal. In this way, 


*n(«) ' 


■ Lt (1 - i ■ , 

AT-*-® ™ 


o • L)* i 


-/ocn-L 


(BI.5) 


In particular, the spherical harmonics Y ! m (0 t when subjected to the three successive 
Eulerian rotations a, ft, y undergo the transformation 

YL(e\ </>') m RY'„(6, 4>) 

= exp (-iyLr) exp (~ipL n ) exp (-i<xL t )Y‘ m {6, <f). (BI.6) 

From the geometry of Eulerian rotations, it can be established that the three rotations a, p, y 
as given in (BI.6) are exactly equivalent to rotating first through y about the z-axis, then 
through p about the .y-axis, and finally through a about the z-axis. (It should be noted that all 
these rotations are about the old axes z and y.) Therefore, we replace (BI.6) by 

Y'jp, 4') ■ RYL(0, 4), (B1.7a) 

where 

R «= exp (— iotL x ) exp (— ipL y ) exp (— iyL x ). (BI.7b) 

The rotation operator R is clearly unitary, that is, 

R1R = RRl = 1, R « jRt. (BI.8) 

Using the completeness relation of the spherical harmonics, we then obtain, from (BI.7a), 

yL{0'. 4’) = z Y‘ m ,{6, 4) f 2 * d4 f +1 d( cos 6) 4)RYUe, 4) 

I'm' J 0 J -l 

= 2 Yl(6, 4Yl'm’\ R | Ini) 


= Z yL-( 6, 4YJm ‘ | R |/m> 

m* 

= z p, Y)Y' m .(e, 4), 


(BI.9) 


where 


P, V) - <lm\ R |/m>. (BI.10) 

In an intermediate step in (BI.9), we have omitted the sum on /' because the operators L y and 
L contained in R are diagonal in the quantum number /. All these results are applicable to the 
case of a general angular momentum state | jm) when L is replaced everywhere by J, and 

Y' m (6, 4), i.e., the state |/m>, by The state after rotation is then denoted by \jrn} R . Thus, 
R = tx p {-iaJi) exp (-#/,) exp ( -iyJ , ), (Bl.lla) 

i;m> Jt = R\jm> (Bl.llb) 


z P, y)\jm>. 


(BI.llc) 


where 

P, y) = <y«'| R | jm). (BI. 1 Id) 

This expression for the ^*-matrix can, by using (BI.7b), be simplified to 
4#rn(«, P, y) «■= <M\ exp (-/«/,) exp (-ipj,) exp (-iyJ,) \jm> - 

(BI.12a) 
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where 

dL'm(P ) = O'l exp (-ipjy) \jm>. (BI.12b) 

The expression that follows, which is due to Wigner, shows that d' m 'm(P) is a rea ' function: 

dbmiP) = [U + rn)\ U - m)\ (j + m‘)\ (j - m')!]*' 2 

( l) r+m - ff|, ( COS (BI.12c) 

X r r! (; + m' — r)! (j — m — r)! (r -f m — m')!’ 

In view of the reality of dL'mil 3)> we obtain 

ft V) = e»”'*dL m {P)e‘ m . (BI.12d) 

Using the unitarity property (BI.8) of R and the definition (BI.12d) of the <3V*matrix, we can 
easily invert the relation (Bl.llb) and obtain 

| jm> = W \jm> R = Z 3)Li<x, ft y)\jm") R . (BI. 1 3) 

m' 


Properties of <Z)-Function 

dLiP) = (-1 r-*dLm = (-i ) m - m, dLi-P) = (-i 

JL'W = ( — l)*~ m S m ', - m> 

3)JU*, ft y) = (— 1 -m'(a> 13, y), 

r <DL*mS)L’m- = 2-’ S)mm'3)L-m’ = „• (unitarity), 

m' w' 

o( a > ft y) = ^(ft a )’ 

J8. V) - (-irVjjrttf. y). 

3)oA», ft y) = = ? '( cos ft- 


Coupling of ^-Functions 


(J) ix ' = £ 


3)mm ' = £ 


;'i it ilfii h i ] 

mi m2 m\im{ m 


5) mm', 


y« yj 

m,m; lm, m - m ( m 
All these ^-functions refer to the same angles a, 0, y. 


y j* j (T) lx rO) 1 ' , > 

mJlmi m - mi m J 


j;BI.14) 
(BI. 15) 
(BI. 16) 
(BI.17) 

(BI. 18a) 

(BI.18b) 

(BI.18c) 


(BI.19a) 

(BI. 19b) 


Integrals of iD-Fiiiictions 

Let us denote the integration 
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by J d(at, p, y) for brevity. Then 

J* d(pi % Pt Pt y) 03 $m, Q$m\ O&J, O^ 3 , 

j* d(ot t p f y)3)^ lxm ' i (oty Pt y)3)m % mi( a > p» y) B= * 

J d(oc, p, ?)$%„{«, p, r)<DLi«, p, y)^V;( a - P- r) 

= 8tt 2 r 72 j j\ ][ y *2 7 7i 

[7i] [m 2 m miJLmj m m[\ 


(BI.20a) 

(BI.20b) 


(BI.20c) 


Spherical Harmonics Addition Theorem 

z Y' m (B u h) YZy 2, h) = ^;(c°s 0 12 ), (BI.21) 

where (0 l9 tfa) and (0 2 , ^ 2 ) denote any two directions in space and 0 12 denotes the angle between 
these two directions. A proof of this theorem is based on the transformation of the left-hand 
side ok (BI.21) to another arbitrary coordinate frame with the help of the iZ)- functions, and 
then showing that the form remains invariant. We thus note that the left-hand side of (BI.21) 
can be evaluated in any coordinate frame. For a convenient frame leading to the expression 
on the right-hand side of (BI.21), we have to choose the direction (0, f fa) to be coincident with 
the z-axis, and fix the x-axis in such a way that fa becomes zero. 


II. IRREDUCIBLE TENSORS 

Under a rotation of the coordinate frame, the coordinates undergo the transformation (BI.l) 
subject to the property (BI.2) of the transformation matrix. A reflection of either (i) all the 
three or (ii) one of the axes of the coordinate frame is also described by a relation such as 
(BI.l), where the transformation matrix a is much simpler. All the nondiagonal components of 
a are zero, whereas a diagonal component is —1 or +1, depending on whether or not the 
corresponding axis has been reflected. It is clear that the matrix a is still real orthogonal, but 

for both the cases of reflection just described 

det a — 1 (reflection). (BII.l) 

It should be noted that if two of the axes are reflected, leaving the third unchanged, 
deta — +1; this is because this particular reflection is actually a case of rotation through ir 

about the unchanged axis. 

A vector A is defined to have the three components A t (/ = 1, 2, 3) transforming, under 
the rotation and reflection of the coordinate frame, in the same manner as the three compo- 
nents x, (/— 1, 2, 3). However, the vector product P = (A x B) of two vectors does not 
change sign under reflection simply because each of the vectors A and B does. Such a three- 
coraponent quantity P is called an axial vector or a pseudovector. It can be shown, from the 
orthogonality property of the transformation matrix a, that a quantity, C.g., 5 = A»B, 
remains invariant under rotation and reflection; it is called a scalar. On the other hand, the 
scalar product A • P of a vector A and an axial vector P obviously changes sign under reflec- 
tion (because A does so, whereas P does not); under rotation, however, A • P remains unchanged. 
Such an entity is called a pseudoscalar. 
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A vector and a scalar are called tensors of rank 1 and 0, respectively. In general, a tensor 
of rank K has 3* components, where 3 denotes the dimension of the space. The components 
are therefore labelled by K subscripts. If we are given the transformation property (BI.l) for 
the coordinate vector, the components of the tensor of rank K may be defined to obey the 
transformation law 

T'u " ,k — £ au'a } )' . . . aick'Ti'j ' . . (K labels in all), (BII.2) 

vy . . . k* 

where there are K factors such as a } y t . . . corresponding to the K labels of the tensor 
component. Basically, any component of a tensor of rank K is a product of the components of 
K vectors. Thus, products such as A t Bj of the components of the two vectors A and B are 
components of a second - rank tensor. 

Example of Reduction 

Taking the foregoing example of a second-rank tensor constructed from the two vectors A and 
B, we note that the products A,Bj are nine in number. These are the 3 2 components of the 
tensor of rank 2. We now make linear combinations of the nine components: 

(i) £ AiB { s A • B (a scalar). 

(ii) (AfBj — AjB,) with i j (an axial vector); there will be three such combfnations 
and they are clearly the three components of the vector product (A x B). 

(iii) i(A ( Bj -f AjBf); the. e will be three such nondiagonal components with i ^ j t and 
three diagonal components with / = j. Of these six components, five are independent because 
the sum of the diagonal components (called the trace) is equal to A • B and is already included 
in (i). Thus, of the nine components of a second-rank tensor, the five components of the 
ti aceless symmetric second-rank tensor 

h(A t B, + AjB ,) - A . B (BII.3) 

cannot be further reduced to tensors of lower rank. These live components define an irreducible 
tensor of second rank. 

General Case 

In the general case of a tensor of any rank A, it can be shown that linear combinations can be 
obtained from the 3 A components to form tensors of lower rank. However, there always 
remain (2AT-f 1) components which behave as a tensor of rank K and cannot be further 

reduced. These (2K + 1) components are symmetric in any two indices, and also traceless with 
respect to any two indices (i.e„ if we make any two indices identical and sum over that index, 

the result is zero), and they form the components of an irreducible tensor of rank K. 

Spherical Components 

So far, we have defioed vector, tensor, ... in terms of their cartesian components. As far as 
the foregoing process of constructing irreducible tensors is concerned, it is much more conve- 
nient to work in terms of the spherical components, which are defined for the coordinate 

vector r by the three components r m m = ± 1, and 0, in accordance with the expressions 
(AI.9). Since the magnitude r does not change under rotation, the components r„ clearly 
transform is the spherical harmonic y,i,(0, ^), i.e., according to 

I’m ~ ■ 


(BH.4) 
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The spherical components of any vector A are defined to transform in accordance with (BII.4). 
The quantity A m B„ where m and n denote spherical components of the vectors A and B, then 
transforms according to 

A' m B‘n = E 3) l n?mA n . E 0ft 

m f n' 

Using (BI.16) and (BI.19a), and the new labels M = m + n, M' = m! + n, we directly obtain 

2 ri i nri 1 r 


2 n 1 •/' ir 1 1 J '\ t n 

A' m B' M - m = E E\ , I 

7'«o Lm M — m M Mm M — m M J 

Multiplying both sides by [ 1 1 summing over m t and using (AlV.3a), we get 

Lm M — m A/J 


(A', B')i = £ A, 


(BII.5) 


C (A, B)a/ = 77 [ ‘ 


1 1 J 1 

.m A/ — m A/J 


(BII.6) 


A similar definition holds when A, B are substituted by A', B'. Using explicit values of the 
appropriate Clebsch-Gordon coefficients from Table AVII.2, we easily verify 


(A, B)g = A . B, 


(BII.7a) 


(A, B)i, - -^ 2 (A x B) m . (BII.7b) 

The linear combinations of the second-rank tensor components, as defined by (BII.6), there- 
fore contain the scalar ( J = 0) and the axial vector (J = 1). The remaining five components 
corresponding to /*= 2 belong to the irreducible tensor of second rank. The five spherical 

components of this irreducible tensor can be related to the five cartesian components, earlier 
defined by (BII.3), through a detailed algebra which uses explicit values of the Clebsch- 

Gordon coefficients. 

In general, we can construct spherical components of tensors of arbitrary rank K, and 

subdivide them into groups of irreducible tensors ranging in rank from J = 0 to / = K. In 

analogy with (BH.5), the irreducible tensor of any rank J has (27 4- 1) components transform- 
ing amongst themselves with the jjy^-matrix, i.e., in the manner of the spherical harmonic of 

the same rank. From this definition, it follows that, given two irreducible tensors T Ki and U Kt , 
it is generally possible to form an irreducible compounded tensor according to the definition 


(F‘, Z [*' Kl K Tjl/J. ( BIL8) 

1/2 Qi 

A special case of (BII.8) corresponds to K\ = Ki = k and K ■» 0, when, using the explicit value 
of the Clebsch-Gordon coefficient, 

(7* U*)° 0 => (_1)'[*]-*' 2 E 


(B1I 9) 



78 ( 45 - 122 / 1977 ) 
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The scalar product of the two tensors T k and U k is defined by 

T k .U k = 2 (-lyT^Uig. (B1I.10) 

Q 

It should be observed that, when k = 1, this definition agrees with the usual definition of the 
scalar product of two vectors. 

Vector Spherical Harmonics 

The spherical components of the unit vector e can be defined in accordance with (AI.9). We 
can combine the spherical harmonic Y%(0, <j> ) with the vector e to form a compounded tensor 
according to the general definition (BII.8), namely, 

Tfl 11 * ss (Y k , e)o = 2’ [ 1 (BII.ll) 

h IQ — n ft Q J 

The tensors T^ 1 ** are called vector spherical harmonics. 

III. MATRIX ELEMENTS OF IRREDUCIBLE TENSOR OPERATORS 

It follows from some algebra involving the iD-matrices that the matrix element of an irreduc- 
ible tensor operator connecting eigenstates of angular momentum is given by 

<M T k \j'm'y = [ 7 . A J ]<J\ 1 7*1 |/>, (Bill. I ) 

L m q ml 

where the double-barred quantity \T k \ | ]'> is independent of the projection quantum 

numbers m, m and the component label q of the tensor. This result is popularly known as the 
Wigner-Eckart theorem. The Clebsch-Gordon coefficient immediately yields, for the nonvanish- 
ing of the matrix element, the selection rules 

m' + q = m, | / - *| j < (/ + k). (BIII.2) 

In practice, the reduced matrix element is worked out, once and for all, by directly 
evaluating one matrix element with convenient values of m, m\ and q and then equating that 

result with the right-hand side of (BIH. 1). 

Examples 

Spherical harmonic between orbital angular momentum states Use m = m = q - 0, and then 

</0l Y k o |/'0> = j* sin 6 d9 ^ Yl*(9, <f>)Y k 0 (9, rf) 

= {[W ] ji, 2 2jr j' S i n g m />,( cos 8)p k ( cos 8)P,(m 8), 

The integral of the Legendre polynomials can be directly evaluated. Using that value and the 

Wigner-Eckart theorem, we then obtain 

f/Mm IT k I" 

<'liniD^)"’[ 0 0 0 j- (Brn.3, 

The same expression follows from using (BI.18a) for each of the three spherical harmonics, 
and then using (BI.20c) for the value of the integral. 
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The matrix element of the spherical harmonics can be used, together with their complete- 
ness relation, to establish 

Y‘ m YZ> = 2 Y l m (LM\ Y'„ I I'm'} 


LM 


= 27 

L 


r r i l 

m! m m + m J l 4w[£] 




J 


yL 

1 m-t-ffl' 


Therefore, using the expressions (BII.8) and (BIII.4), we get 


Ill 

z 

I 


r 

L \ Y l ,Y'v- t 



M 

— t* 

M J 

= 


> l,a | 

\ r ' 
Lo o 

oV" 

\L]4* 

) ,/2 l 

r 

/ 

T 

*1‘ r 

min 

/ I 

LO 

0 

OJ 

M U M fX 


(Bill. 4) 


jnn/-,. (Bin. 5) 

The results (BIII.4) and (Bill. 5) are very useful when working with spherical harmonics. 


Spin operator between spin states Use m — m — \ and q — 0, and note that a, 1 , = o z = 2 s 2 \ 

then 

<i il«ol* i>= 1- 

The application of the Wigner-Eckart theorem then yields 

<il M li> = V3- (Bill. 6) 

Angular momentum J between angular momentum states Once again, using m = m =j and 

q =* 0, we obtain 

01 |J|U> = VJu + T). (Bin. 7 ) 

Operator V between orbital angular momentum states For this differential operator, we have 

Vs ^ = mi Fr~l ,i °'W (8 “ U> 


Using m = tri = 0, wt botain 

</01 V, |i'0) = j’ sin t dt r # ri*(»)(cos * | sin I fyrftt). 

This integral can be directly evaluated. Then, with the Wigner-Eckart theorem and an explicit 

value of the relevant Clebsch-Gordon coefficient, 

<i\ \v\ i /'> = + lilr .. !! ! ! 1 !], <biii.9) 

where 


2g «=/ + /' + 1. 
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Matrix element of compounded tensor By the Wigner-Eckart theorem, 

CM (r*s u«>) k |/m'> = \ J k J \<j[ | (r*>, u k ^f\ |/>, (biiuo) 

j m q m\ 

where 

01 \(T\ £/*•)*! I /> = r (- \) k '+ kt ~ k U(k\k2jj'\ kj'Kj I |7*>| l/X/l l^‘l l/>. (BUI. 11) 

The result (Bill. 11) is derived by using, on the left-hand side of (Bill. 10), the expression 
(BII.8) for the operators, then a complete set of states 

2 : irm'X/'M'l 

I'm ' 

between the two operators, and finally the Wigner-Eckart theorem for each of the two matrix 
elements. The sum over the appropriate projection quantum number of the product of the 
three Clebsch-Gordon coefficients is carried out with the help of (AV. 12). 

Matrix Elements between Angular Momentum Coupled States 

Let the angular momentum coupled states be denoted by \j\j 2 jrny, In what follows, the 
number 1 or 2 enclosed within the parentheses after the operator denotes whether the operator 
acts in the space of y 1 or j 2 , respectively. The application of the Wigner-Eckart theorem yields 

a reduced matrix element connecting the coupled states. The main point lies in simplifying 
this reduced matrix element in terms of a simpler reduced matrix element in the space of the 

appropriate angular momentum to which the operator belongs. For example, 

</i/jM 7,*(2) l/Z/W) = [', * J ]oM l^«(2)| \titif), (Bill. 12) 

L m q m 

where 

</ 72/ m2)! |/i//> == Sjj UUMJk J'hKM in \n> (Bill. 13) 

The simplification leading to (BIII.13) will net be explicitly demonstrated. The result similar 

to (BIII.13) for the operator 7*(1) is 

C/iA/i in i)| \aat> = ijji-iV'-M-'uuiAjkifJi ) Oil ini Vo- (biii.h) 

The results for more complicated operators are 

O.AM T k ( 1 ) • U k (2) {j'ljij’tn'y = — 1 ) /l + '* - V [/H/] W(jijiji ji> jk) 

x<h\\T k \\j\Xh\\V k \\j2)> (BUI-15) 

h h f\ 

<jJd\\{T k >(\),U k '(2)) k \\j[/2j'>= k 2 k | <y,l |7*.| l/X/l KM |/>. (Bill. 16) 

Jl h J J 

Examples 

Matrix elements of spin operator connecting states | l\jm) Here the operator belongs to the 

space of the second angular momentum, and hence we have a case for applying (Bill. 12) and 

(BIII.13). . 

Matrix elements of spherical harmonic connecting states |/|jm> This is a case for applying 
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(Bill. 14). It so happens that here the properties of the particular {/-coefficient lead to the 
simplified result 

</*y| 1 y*\ = ^{1 -h (— i)»+''+*x_ l)*[^ * ^ <BIII.17> 

Wc have used the renormalized spherical harmonic y* instead of the spherical harmonic 
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PROBLEMS 

1. An orthogonal transformation keeps E xf invariant. Use this fact in (BI.l) to prove (BI. 2a). 

2. Write down the transformation matrix a corresponding to a rotation through ot about the 

Z-axis. 

3. Construct the matrix a for the full Eulerian rotation (a, /3, y), as defined before (BI.3), by 
multiplying the matrices for the three rotations in succession. 

4. Obtain the transformation matrix for the spherical harmonic Y l m (Q y <f>) by applying to (x, y, z) 
the transformation matrix obtained in Problem 3. [Hint: Use (AI.9).] Work out <jC»,(a, 0, y) 

from (BI.12c) and (BI.12d) and verify its equality with what you have derived. 

5. Derive j8, y) without using the standard expression (BI.12c). 

6. Prove (BI.19a), (BI.l la), (BI.l lb), and (BI.llc). 

7. Derive (BI.12) by following the directions given after those equations. 

8. If a tensor of rank K has to be symmetric in any two of its K indices, and also traceless 

with respect to any two indices (i.e., if we make any two indices identical and sum over the 

common index, the result is zero), show that it can then have only (IK -f 1) independent 
components. 

9. Use the definition of an irreducible tensor given before (BII.8) and show that the left-hand 
side of this expression indeed transforms as an irreducible tensor of rank K. [Hint: Use the 

properties of the ^-matrices.] 

10. Prove the Wigner-Eckart theorem (BUI. 1). [Hint: Insert R'R> where R is an arbitrary 

rotation operator on both sides of if, and then use the transformation properties of the stares 

and the operator under /?.] 

11. Derive (BIII.1I), (BIII.13), (BIII.14), (B1II.15), (B1JI.16), and (BIII.17). 



Appendix C 

Solutions of Special Radial Schrtfdinger Equations 


I. RADIAL EQUATION FOR r -► oo: SPHERICAL BESSEL, NEUMANN, AND HANKEL 
FUNCTIONS 

In this appendix, we shall list the properties of the solutions of the radial Schrodinger equation 
(1.49) for a particle moving freely in space (i.e., no potential). A short-range potential vanishes 
at large r, and hence the Schrodinger equation in such a case, for large r, has the desired 
property. The solutions are (see Schiff') 

krj,(kr), krni(kr), 

where jttjkr ) and /i/(fcr) are respectively the spherical Bessel and spherical Neumann functions. 
These functions are related to Bessel functions of positive and negative half-integral order as 


Mx) - (~)' /2 -A, +lu (x), 

= (-l) ,+, (^) u V_,_ iy2 (x>. 


(CI.l) 

(C1.2) 


The exact expressions for the spherical Bessel and spherical Neumann functions for 

/ = 0, 1, 2 are 


Mx) ■■ 


sin x 


n o(x) — — 


COS X 


t sin x cosx , cosx smx 

m—r—p ;? p 

AW - (a - ;) sin * - 3 <w *. »aW - -<3 - b 1 si " *• 

A A « A A 


(C1.3) 


The behaviour of these functions for * -*• 0 and x -> oo is very important and is given by 


X 1 

x-tO, 

-4- 

<4 

11 

n l\X) 8=3 x !+l » 

o 

t 

H 

II 

i 

1 

X400, 

1 

n,(x) = -x -1 cos (x - ili t), 

X -*► oo. 


Therefore, the solution j^kr) -► 0 as r -*■ 0, whereas n,(kr) blows up at the origin. 


(Cl .4) 
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Some standard results in terms of //(*), where f t (x) can be both ji(x) and n/(x), are 
//-i(*) +/41W == ^ fii x )> 


= 2 7 ^ 1 [//,-,(x) - (/ + !)//+, (*)], 
] = x' + '/,-,(x). 


The spherical Hankel functions of the first and second kind are defined by 
hy\x) — J,(x) + I>»;(X), 

AJ 2 ) (ac) = j,(x) — *>*/(*)• 

For large x, these functions behave as 


(Cl. 6) 


hY\x) =» —ix~ l e ilx (l/2)/7rl , x -> 00, (Cl 7 ) 

«-/»/ 2) (jc) = x — ► 00 . 

These functions are useful in waiting the solutions of the radial Schrodinger equation in the 

absence of a potential for a particle of negative energy. In other words, the equation we have 
in mind is that of a bound state in the region of large r where the potential goes to zero. In this 

case, k 2 = — y 2 or k = iy. Therefore, for large r, the two solutions h { ,'\iyr) and h\ 2 \iyr) behave, 
according to (CI.7), as e _yr and e yr , respectively. The solution h\ x \iyr) is well-behaved at r -► 00 . 

For / = 0, 1, 2, the exact expressions of this function are obtained from (CI.6) and (Cl. 3) as 


iyrh ( a l \iyr) = — ie yr , 

iyrh\'\iyr) = -(1 + ^)r rr , (CI.8) 


mh ( 2 '\iyr ) = »[1 + + ~ji\ e 


Expansion of Plane Wave in Terms of Partial Wave 

The Schrodinger equation for a free particle of positive energy is given by 

(V 2 +i ! )f = 0 

which immediately yields the plane-wave solution 

tflr) = e lk - r = e" 1 ' 1 , ( CI - 9 ) 

where f = cos 9, and 9 is the angle between the vectors k and r. Clearly, this function can be 

expanded in a complete set of the Legendre polynomials Pi(() t and the radial function for the 
/- th partial wave, namely, jf(kr), described earlier in this appendix. Thus, 

*/k.r = e ikri = | c t j t (kr)Ptf), (CI. 10) 

/- o 

where the coefficients c { are to be determined. Using the orthogonality property (AI.8) of the 
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Legendre polynomials, we immediately obtain 

n 4- i r+i 

C'jiikr) = j i e lk 'tp,(S) d(. 


(CI.I1) 


This result, being true for all values of r, yields, in the limit of r-> 0, with the help of the 
first expression of (Cl. 4), 


(kr) 

(21 + I)!! 


2 l+\ 
2 


CO 

Lt Z 


r -+0 /»- 0 


(Her)" 

n\ 



mi) di. 


(Cl. 12) 


The integral vanishes when n <: /. In view of the limit r — *► O, we need only the leading non- 
vanishing term, i.e., the term for n — /. The value of the corresponding integral is given by 

f '/MO di _ ( -3 r+ ? m • (CI . 1 3) 

Substituting (Cl. 13) in (Cl. 12), we have the final result 


c, — i\2l 1), 
and hence 


(CI.14) 


e f ** r — £ i l (2l -f \)jt(kr)P ,( cos 0). 

/— o 


(Cl. 15) 


il. CONFLUENT HYPER GEOMETRIC EQUATION AND ITS SOLUTIONS 

The radial Schrddinger equation for a Coulomb potential is solved in terms of the confluent 

hypergeomctric function, some standard results of which are summarized here. For more details, 
see Morse and Feshbach 2 . 


The confluent hypergeometric equation is given by 


d 2 F 
d? ‘ 


1 dF (2 

~{c - z)~ — -F = 0 
z' dz z 


(CII.1) 


of which z - 0 is a regular singular point and z = oo, an irregular singular point. A series 

solution around the point z = 0 is valid up to (but not including) z = oo. In the usual way, the 
indicial equation and the recurrence relation lead to the two solutions 

f(fl, c; z), z l ~ c F(a + 1 - c, 2 - c; z), (CII.2) 


where 


F{m, n;z) = l + ^z + 

n 


m(m + 1) 

n(n f 1) 2! + 


(CII.3a) 


F(n) * JX m + r ) 

r(m) rtn r(n + r) r!‘ 


(CH.3b) 


Clearly, the infinite series reduces to a polynomial when m is zero ora negative integer, where- 

as the series blows up (hence is undefined) when n is zero or a negative integer. Therefore, one 

of the two solutions (CII.2) becomes undefined when c is zero or an integer (positive or 

negative); in the special case of c = 1, although both solutions remain well-defined, they are 
obviously identical. Thus, for integral values of c, we have to find another linearly independent 

solution by # $ome other means. Another problem faced in the series solutions (CII.2) is that, 
although their values for z -► 0 are well-defined, the behaviour for z oo is difficult to deter- 
mine from the infinite series. 
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Two other linearly independent solutions of (CII.l) are best written in the integral forms 


as 


Ui(a, c; z) = 


T(c - a) 

U 2 (a, c; z) = J* du 1 + 


du e- u tf- a -\\ - = 2 °-*?, 


z oo, (CII.4a) 


(CII.4b) 


The asymptotic forms for z > oo of these two functions, as just shown, follow easily from the 
integral expressions by noting that the integrals are respectively JT(c — a) and /~(a) in that 
limit. 

Similarly, an integral representation for F(n, c; z ) is given by 

c; z > = 


dt 


(Cl 1.5a) 


r M uda - « *>+ c; z) - 


(CII.5b) 


(CII.5b) follows from (CII.5a) by suitably deforming the contour of integration and then using 
(CII.4) The two signs + and — in the phase factor e ±iva in (C11.5b) hold for z lying in the 

upper and lower half-planes, respectively. The asymptotic form for z -> oo is then given by 


F(a c‘ z) — — C - z a - c e* 4- E^Sl e 

F(a, c, z) - f(a) z + r(c _ fl) 


,±1*0 a 


- 00. 


(CII.5c) 


A second linearly independent solution to go with F(a t c; z ) can then be chosen as’ 

(CII.6a) 


G(a, c; z) = £gt/,(c, c; z) - c ; z) 


_ _ 
_ A«) 


A<0 

Ac - a) 


(CII.6b) 


The final problem that remains is to find what happens to G(a, c; z) in the limit z -► 0 

for integral values of c. We have to first express z l ~ c F(a -f 1 — c, 2 — c; z) in terms of U t and 
t/j, using (CII.5b), then solve for U t and U 2 in terms of the two solutions (CII.2), and finally 

substitute the results in (CII.6a). Some further tricky manipulations then lead to the final 

expression 

e ±2hta | __ 

G(a, n; z) = ± — ^ [{2 In z + n cot va + in}F(a, n; z) 


2 S{i(r + 


1) + <l>(n + r) - ijjia + r)} 


r(a 4 - r)r(n) z r . 

r(a)f(n + r) 7r 


- 2e»" r M n 2 


m 


f(fl) ,-i r(n-s)r{s-a-\) 


r*. 


(CII.7) 


The + and — signs are applicable for z in the upper and lower half-planes, respectively. The 
function ^x) is the log-derivative of the gamma-function, i.e., 


such that <!>(_ 1) -■ — y, where y is the Euler constant 0.5772 .... The expression (CII.7) 

enables us to write Gfa, n; z) in the limit z -»• 0. 
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III. PARTIAL-WAVE EXPANSION OF COULOMB WAVEFUNCTION 
We shall here give all the algebraic steps in the derivation of C { appearing in the partial-wave 
expansion (1.133) for the Coulomb wavefunction. We start with the expression for C h given in 
(1.135) as 

r - v/Tfi „„ Al+to) nil +2) 

Cl - Vir[/] exp (‘Vi) r(l , J . i(t ) nky 


T(l + 1 + la) (2k) 1 

Lt r~‘ f +1 dx e-' k ’<'-*'F( — iat. J; ikr( 1 — x))P,(x). 

r-*0 J —l 


(C1U.1) 


For some time, we shall consider only the integral appearing in (CIIJ.l). Making power series 
expansions of the exponential and the confluent hypergeometric function [see (CII.3b)] and 
denoting the integral by /, we obtain 




rp) • r{ — i ac ± n) t 
r( — ia) „_o f{l Hr n)n\ 


(/Ar) n ( 1 — xy. 


As argued after (Cl. 12), the lowest power of x that gives a nonvanishing integral with /*,(*) is 
/. Therefore, the lowest value of m -f- n is /. The power of r multiplying that term is also seen 

to be m + n = /. Higher values of m + n also produce a nonvanishing integral, but the power 
of r with such terms is larger than /. Since we have to evaluate the limit Lt r~ l I , only the 

r -+0 

leading r'-term of /can contribute a nonvanishing result in (CIII.l). Thus, we evaluate I for 

only m + n = /, and get 


(-1 )<i'(kr)< f +1 dx p (xMX xV j. , XY n-i « -I- n) 

1 - ~TC- .«) J _ , X P ‘ ( )( ' X) „£o ( * 1 (/ - «)! (n!) 2 ' 


Since only the (— l)'jt'-term of (1 — x )' contributes to the integral, we obtain, with the help of 
ti:o! standard result (Cl. 13), 

/_ 2 . , ' r( -ia + n) 

, “f(-/*)( 2 /+l)!r fl V (/-»)! (il!) 2 ' 

Substituting this result in (CIII.l), we get 

A1 + ice) 


C, = iW 4tt[/] exp (/’?,)[ 




where we have already used the expressions 

r(2/ + 2) = (2/+l)! = 2 , (2/+l)!! /!, 


(C11I.2) 


/! 


= 'C„ 


(the binomial coefficient). 


(/ — m)!~w! 

The expression enclosed within the square brackets in (CIII.2) can easily be seen to be 

equal to unity for the two lowest values of /, i.e., / = 0, 1. Actually, it is so for any arbitrary 

value of / (see Problem 5 of Appendix C), and hence we write the final result as 

(C11I.3) 


C, = /V4ff[/] exp (ty). 
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PROBLEMS 

1. Derive the result (CI.13). [Hint: ( = cos 6 = y' 0 (6), hence ? = ...y l 0 (/-factors); use 

(BIII.4) repeatedly in this expression to find the coefficient of y 0 in the final result.] 

2. Obtain the series solutions (CII.2) of the confluent hypergeometric equation. 

3. With the help of the integral expressions (C1I.4), prove that 

z l ~‘U,(a + 1 - c, 2 - c; z) = U,(a, c ; z), 

where i = 1, 2. [Hint: Make a binomial expansion, express the binomial coefficients in terms 
of T-functions, and use the standard result r(x)F(\ — x) = W( sin "*)•] 

4. Express z l ~ c F(a + 1 - c, 2 — c; z) in terms of l/,(a, c; z) and U 2 (a, c; z). 

5. Prove, by the method of induction, that the expression within the square brackets m 
(CI1I.2) is equal to unity for any value of / (i.e., assume it to be true for l = L, an t en 
prove the validity for / = L + I). 



Appendix D 

Time-Reversal in Nonrelativistic Quantum Mechanics 


Some basic results on time-reversal are summarized in this appendix. The reader is referred 
to Sachs 1 for more details. 

From the Schrodinger equation 


iti 


ay(r, t) 

dt 


« W(r, 0, 


(DA) 


it is easy to see that ^(r, — f) and ‘/'♦(r, t) satisfy the same equation. Thus, the effect of time- 
reversal on the wavefunction can be described by complex conjugation. Under time-reversal, 
it is expected, from common sense, that the operator r should remain invariant, whereas the 
operator p which contains dr/dt must reverse its sign. Since p = — zhV and V is real, we notice 
that this anticipation is true as long as time-reversal produces complex conjugates of these ope- 
rators. Similarly, we expect the angular momenta /, o, and j to change sign under time-reversal. 
The case of / is easy to check because it is equal to rxp. However, if we take merely the 
complex conjugates of the Pauli matrices, we notice that only a y changes sign but o xt a x 
remain the same. Thus, we conclude that in the case of spin the process of time-reversal must 
do more than complex conjugation. In general, we then write the time-reversal operator T as 

T-*UK, (D.2) 

where K produces complex conjugation, and U operates only on the spin wavefunctions and 
spin operators. Since K keeps unchanged, it is unitary; thus, T will be unitary, provided 
we choose U to be so. According to our requirement, 

ToT~ [ = -a 


or 

Ua*U~ l = —a. (D.3) 

In terms of the components, (D.3) yields 

Ua x V~ l = -a,, U<j y U~ x = Uo z V~ x = -a,. (D.4) 

Clearly, the operator c<t, for U t where c is an arbitrary constant, satisfies the three equations 
in (D.4). The choice c = — / leads to the unitary operator 

V == —/a, =s exp (— ^rcr,) = exp (—fas,). (D.5) 

Operating on the eigenfunction X l J 2 of spin, the time-reversal operator then produces 
TX'J 2 = Ux'J 2 = exp (-hs y )x'J 2 = (-D'^xL'i. 


(D.6) 
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Here the reality of the spin state and the result (BI.15) have been used. 

The orbital angular momentum eigenfunction Ym(9 t <f>), on the other hand, transforms 
, under T as 

TYUe, <f>) = YL*(6, +) = (- 1)“ Yi m (6, i). (D.7) 

In order to make (D.6) and (D.7) look identical, we need an additional phase (—1)' in the 
latter equation. This can be obtained if we work with the redefined angular momentum 
eigenfunctions 

*) « i'YUe, *). ( D - 8 > 

In that case, 

T<p' m (8> <t>) = Q'mW, 4>) = <t>). (D.9) 

Since i‘ in (D.8) is an overall phase, <t>'„ can be coupled with the spin function Xj' 2 in the 
usual way with a Clebsch-Gordon coefficient, and the resultant states denoted by \l\jm) p , 
where p is a reminder of the extra phase factor i 1 in the orbital angular momentum part of 
this state. Under time-reversal, this state can be proved, with the help of (D.6) and (D.9), to 
undergo the transformation 

T\l\jm> p = (- iy-m -m>,. ( D - 10 > 

It should be noticed that, for the state |%>w>, where the orbital angular momentum part is Y‘ m 
without the phase factor i‘, the same kind of transformation is produced by a rotation v about 
the y-axis: 

exp (-inJMJmy = (- 1) —my. (D.l 1) 

In nuclear literature, the transformation exp (-»V/,) of the states | l\jmy is sometimes loosely 
called the time-reversal operation. 

The effect of time-reversal on isospin is once again deduced from common sense. Since t x 
represents the charge of the particle, it is required to remain invariant under T. Therefore, T 
can be only a rotation about the z-axis in the isospin space. In that case, operators such as 
(t,.t 2 ) and (x, xtj), remain invariant under time-reversal. 

REFERENCE 

1. Sachs, R. G., Nuclear Theory, Addison-Wesley, Reading, Mass., 1953, p 353. 

PROBLEMS 

1. Change t-+—t in (D.l), and also write the complex conjugate of the same equation, 
assuming H to be real. Verify that ^(r, -t) and ^‘(r, t) satisfy the same equation. 

2. Simplify exp (- $0o,), where 6 is any arbitrary angle. [Hint: Expand in a power, series and 
group the odd and even powers of 6 separately; simplify, using the properties of o y .\ Hence, 
verify —ia, = exp (—\ina y ). 

3. Write \l\jmy p of (D.10) in terms of the Clebsch-Gordon coefficients and verify this equation 
by using (D.6) and (D.9) and the properties of the Clebsch-Gordon coefficients. • 

4. In the same way as in Problem 3, expand \l\jmy of (D.U) in terms of the Clebsch-Gordon 
coefficients and verify (D.ll). 



Appendix E 

Nuclear Size and Charge Distribution 


I. ELECTRON SCATTERING BY NUCLEI* 

The scattering amplitude f(6) for the scattering of a particle of mass /a by a potential V(r) is 
given by (see Schiff 1 ) 

/(<?) = ^ | exp (- ik f . r)i’(r)^(r) d } r, (EL 1 a) 

where 

c(r) = - ?? K(r) ,(EIlb) 


and ^(r) is the exact wavefunction. The quantity k t represents the final momentum of the 
particle. In the Born approximation (see Schiff 1 ), the exact wavefunction is substituted by the 
incident plane wave exp(/kj«r), where k, is the initial momentum of the particle, and we 
obtain 


/b(0) = ^ | d 3 r exp (-ik f *r)»(r) exp (ikj.rV (EI.lc) 

We first apply the Born approximation formula (EI.lc) to the scattering of an electron 
by a point charge (subscript or superscript P) Ze. The attractive Coulomb potential is given 
by —Ze 2 /r, and hence 


t>p(r) = 


2/a Ze 2 
Ti 2 r 


When this potential is substituted in (EI.lc), it gives rise to the Fourier transform of 1/r: 

jtm (Eu> 

where q is the momentum transfer (kj — k f ). When |kj| = |k,| = k, we easily obtain 

q =» 2k sin (EI.3) 

where 6 is the angle between kj and k f , i.e., the scattering angle. 

Let us denote the Fourier transform by £F(q), that is, 

By the inverse Fourier transformation, 

j | e *P ( -/< l * r )- 
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Therefore, 

V 2 (p) = | d *<l ff(q)V 2 [exp (-rq . r)] 

= ~ ( 2^3 1 dS 9 exp (-/q . r). (EI.4a) 

The left-hand side of (EI.4a) is also directly given by Poisson’s equation for the electrostatic 
potential at a distance r from a unit point charge as 

V 2 (;) = -4*3(0. 


Using the familiar integral expression of $(r), vrfe get 

= ~ (^3 j eX P (“'I* 1 )- 

Equating the right-hand sides of (EI.4a) and (El. 4b), we easily obtain 



Therefore, (El. 2), with the expression (El. 3) for q , yields the final result 

jp- ~2 = C0Sec2 i e 

Ze 2 2 , fl 
= 5-3 cosec 2 \6. 


(EI.4b) 


(El. 5) 


It should be noticed that o(B ), computed from this expression, is identical with the Rutherford 
expression (1.122) derived in Section 8 from an exact solution of the Schrodinger equation. 
While making this comparison, we have to remember to replace e 2 and M of (1.122) by Ze 2 and 
2 * 4 , respectively, because that equation was derived for the case of p-p scattering. The exact 
expression (1.121) of /(0) obtained there, however, differs from the Born approximation 
expression (EI.5) “through the energy-dependent phase factor exp (2/*? 0 ) exp [— i* In sin 2 (0/2)]. 
It is just an accident that the exact and the approximate Born approximation results for the 
scattering amplitude of a Coulomb potential differ only through a phase factor, and hence, 
perhaps a bit paradoxically, give rise to the same expression for the differential cross-section. 

We next derive the Born approximation scattering amplitude of an electro*, scattered by 
the Coulomb potential exerted by an extended charge distribution of the nucleus. The charge 
density at any point f of this distribution is denoted by Zep( r'). Since the total charge of the 
nucleus is Ze, we obtain the normalization of our density distribution function p as 

Zej p(r') d 3 r' = Ze 
or 

j P(r') dV = 1, (EI.6) 

where the volume r denotes the extent of the nuclear charge distribution. The potential energy 
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of the electron located at r is evidently given by 

or 

CE..7, 

Wc substitute (EI.7) in (El. lc) and obtain 

/.<« - h-& \ * «p j , ^ i^ r < e, - 8 > 

This expression takes a more convenient form if we make the coordinate transformation 
R = r — r', 5 = r\ 

The Jacobian / of this transformation can be easily shown to be unity. Therefore, 

<Pr dV e J d'R d>( = d'R d>(. 

Introducing the foregoing transformation in (El. 8), we easily obtain 

/.<»> - r, } ** j, « *S> exp <* • 5). ‘ (El ■»> 

Since R is a dummy integration variable, the first integral, multiplied by the constant factor in 
the front, exactly agrees with the expression (El. 2) for the point-nucleus scattering. Therefore, 
(El. 9) finally reduces to 

/b(«) =/a P («)f(q). (El. 10a) 

where the nuclear form factor F(q) is given by 

F( q) = j d}r p(r) exp (iq *r). (El. 10b) 

The differential cross-section is therefore given by 

= « R (Wq)I 2 . ( EIJ1 ) 

where the subscript R stands for Rutherford scattering. 

The expression (EI.l 1) is, however, not quite right for the scattering of a very high-energy 
(several hundred MeV) electron. The electron has to have a high energy so that its De 
Broglie wavelength can be very small compared with the nuclear dimension; then, and then 
only, the electron penetrating the nucleus is able to probe the details of the nuclear charge 
distribution. The electrons of several hundred MeV are highly relativistic, and hence we should 
have applied the Dirac equations to describe their scattering. In the Born approximation, 
instead of using the Schrddinger plane waves exp(/k*r), we should have applied the four- 
component Dirac wavefunctions for a free particle. We shall not give the details of the 
rela'iyistic Born approximation calculation, but we shall state only the results. For a point 
nuclebs, the Rutherford expression <r R (0) gets multiplied by a factor of cos 2 (0/2); the result 
quoted in (11.48) is called the Mott scattering cross-section. For an extended nuclear distribu- 
tion and relativistit electron energy, (EL 1 1 ) gets modified by the replacement of <r R (0) by a M (0), 
M standing for Mott. 
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For very heavy nuclei, even the relativistic Born approximation turns out to be inade- 
quate. The most rigorous method entails considering the Dirac equation for the electron in the 
presence of the potential due to an extended charge distribution, and then computing the 
scattering cross-section by detailed calculation of the phase shifts. 


Theoretical and Experimental Results 

Experiments have been done on many nuclei, for instance, p, n, d, a, Li, Be, C, Mg, Si, S, A, 
Sr, Ca, V, Co, In, Sb, Hf, Ta, W, Au, Bi, Th, and U. 

As a typical example, the experimental curve for C 12 , together with the theoretical Born 
approximation curve, and the exact phase shift results, are shown in Fig. E.l. It can be easily 
derived from the harmonic oscillator radial functions in Section 17C that any Op-shell nucleus 
with charge Ze, having a ground-state spin equal to zero, has a charge distribution given by 

P(') = ex P + KZ - 2)p), (El. 12) 

where b is the harmonic oscillator parameter that makes r dimensionless. With this charge 
density, the form factor F(q) in the Born approximation works out to be 

'^(q) = J <Pr exp O'q • I’M') 

- 4w Z(^? £ rJ dr exp W + « z - 2) P> 

= Z^«||o d ' Si “ CXp 72)17 + K Z ” 2)73 1’ (El. 13) 

where 7 = r/b and q = bq. Working out the integral explicitly, we obtain a very simple 
expression, namely, 

f(q) = (1 - Z -^ g 2 ) exp (-i<7 2 ). (EI.14) 

This expression vanishes at 


Thus, the Born approximation cross-section for the Op-shell nuclei becomes exactly zero at 
some angle. We shall refer to this as a diffraction minimum . The Born approximation results for 
heavier nuclei are characterized by several such diffraction minima. The experimental data for 
C ,a and the phase shift fit (solid line) to it are also shown in Fig. E.l. It is clear that the exact 
zero at the diffraction minimum, predicted by the Born approximation (dashed line), is in reality 
considerably filled up, and only a dip in the cross-section appears in the experimental or the 
exact phase shift curve. The failure of the Born approximation is very much marked at the 
diffraction minima and becomes more spectacular for heavier nuclei. 

An important effect which we have to mention concerns the angular deformation in the 
charge distribution of certain nuclei. The experimental data for several nonspherical nuclei are 
shown in Fig. E.2. In these curves, the diffraction minima are almost non-existent. These 
deformed nuclei appear so when viewed in a coordinate system attached to»the surface of th# 
nucleus. With respect to a coordinate system fixed in the laboratory, the nuclear surface rotates 
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Fig. E.l Differential cross-section for scattering of 
420 MeV electrons on C 12 . [Following Hofstadter, R., 

Ann. Rev. Nucl. Sc., 7, 231 (1957).] 

with time, and the effect of averaging over all orientations is a spherical density with a surface 
region much thicker than the usual extent of the surface of a spherical nucleus. 

There are other nuclei whose charge distribution is deformed even with respect to a 
coordinate system fixed in the laboratory. A nucleus such as N 14 , for example, has a ground- 
state spin 1, and hence the static ground-state charge density can have a quadrupole component. 
The scattering due to the quadrupole part of the charge distribution makes itself strongly felt 
in the region of the diffraction minimum, and has, once again, the effect of filling up the 
expected diffraction dip. Such analyses of N 14 data, which give a good idea about the quadru- 
pole moment of this nucleus, have been made (see Pal 2 ), the charge density, calculated 
according to the shell model using the Op-level only, has a quadrupole moment that is too 
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Fig. E.2 Experimental data for nonspherical nuclei. 
[Following Hofstadter, R., Revs . Mod. Phys ., 28, 
214(1956).] 


small to explain the observed extent of filling-up of the diffraction minimum. The extra 
quadrupole moment necessary for this purpose has been estimated, and attributed to the effect 
of excitation of the nucleus from the lowest shell-model configuration to higher orbitals (see 
Pal 2 ). 

As a general summary of the charge distribution of nuclei, obtained from the. analyses of 
electron scattering data, we mention that (i) the light nuclei do not show a marked dependence 
on the model of the charge distribution, and usually good fits are produced with a charge 
density calculated from barjnonic oscillator wavefunctions; and (ii) for heavier nuclei, there is 
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a definite preference for the fermi-type charge distribution [see (11.58)]. For a summary of 
charge distribution, the reader is referred to Hofstadter 3, 4 . 

Finally, we give a special description of the information revealed in the scattering of 
electrons by the nucleons themselves, i.e., proton and neutron. For the nucleons, the scattering 
due to their intrinsic magnetic moments becomes quite important, especially at large angles 
where scattering due to the charge becomes small. The expression of square of the form factor 
is given by 

F? + ^ ‘ a n 2 ¥ + fall (El. 1 5) 

where F { and F 2 are the charge and magnetic form factors, respectively, and ^ a is the anomalous 
part of the nucleon magnetic moment, i.e., ^ — 1.78 nM for the proton and fx a = —1.91 nM 
for the neutron. Although the charge of the neutron is zero, its charge form factor does not 
vanish because of the meson cloud surrounding it. The total charge contained in the cloud and 
inside the core region of a neutron must be zero; but since there is a distribution of charge in 
space, and the high-energy electron sees the details of this distribution, there is a corresponding 
non-zero form factor even for the neutron. Experimental data at small values of q 2 determine 
only the root-mean-square radii of the charge and magnetic moment distributions of neutron 
and proton; the data at higher values of q 2 give more details about the distributions. * 1 

A theoretical model has helped the proper interpretation of experimental results. The 
picture that emerges is one of a core region of the nucleon, in which a part of the charge and 
magnetic moment is located, followed by a meson cloud which contains the remaining charge 
and magnetic moment. The theory considers, instead of F, n , F, p , and F 2 (the superscripts 
n and p stand for neutron and proton, respectively), the more fundamental quantities 
F ? , Ff, Fi , and F 2 , where S and V refer to the isotopic scalar and the third component of the 
isotopic vector, respectively. In terms of these quantities, the nucleon form factors are given by 

F? = + F'i), FI = J(F? - Ft'), 

1.79FS = i(— 0.06Ff + 1.85FJ), (El. 16) 

1.91FT = i(0.06Ff + I. 85 F 2 ). 

The opposite signs of Ft and F2 occurring in the neutron and proton form factors are due to 
the fact that these quantities originate from the third component of the isotopic spin vector. 
The isoscalar and isovector form factors owe their origin to meson clouds. The mesons for the 
two types are respectively T — 0 (isoscalar) and T — 1 (isovector), and both have /= 1. The 
theory suggests that the former is a resonance state of three pions, whereas the latter is a 
resonance state of two pions. The theory gives, for each of the scalar and vector form factors, 
the functional form 

F(q 2 ) = (!-*) + 1 . (El. 1 7) 

1 + a-* 

where <£ is the mean-square radius of the corresponding meson cloud, and a and (1 — a) are 
the fraction of charge or magnetic moment contained in the cloud and in the core, respectively. 
It is further assumed in the form (EL 17) that the fraction (1 — a) belonging to the core is 
concentrated at a point. The accuracy of the experimental data also is not sufficient to make a 
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finer study of the core region; it cannot be conclusively said whether the charge or magnetic 
moment of the core is located at a point or distributed over a distance of the order of the 
Compton wavelength of the nucleon. 

The experimental values of the parameters a and a for the scalar and vector form factors 
are listed in Table EI.l. If we make use of an expression such as (El. 17), with the appropriate 
values of the parameters from this table, and substitute in (El. 16), then it is clear that each of 
the proton and neutron form factors consists of one constant term plus two terms of the type 
a[\ + (6a)“ 1 fl 2 0 2 ]“ I . The Fourier transform of the constant term in the coordinate space is a 
delta function at the origin, and the Fourier transform of each of the other terms is a Yukawa 
function. Thus, the foregoing analysis of the form factors implies that a nucleon consists of a 
localized charge and magnetic moment surrounded by an isovector and an isoscalar meson 
cloud, each of the Yukawa-type spatial distribution. 


Table ELI Parameters of nucleon form factors 


Form Factor 

Measured 

Parameter* 

Column 1** 

Column 2| 

F? 


0.56 

0.58 


1.13 fm 

1.16 fm 

F? 

«r 

1.20 

1.10 

1 

a, v 

0.77 fm 

0.85 fm 

FI 

4 

-3.0 

-1.5 

a ! . 

1.13 fm 

1.16 fm 

n 

“I 

1.20 

1.14 

*2 

0.77 fm 

0.85 fm 

F? 


0 

0 

R ' 

4 

0.85 fm 

0.88 fm 

FI 

4 

0.76 fm 

0.87 fm 

F5 

a? 

0.94 fm 

0.95 fm 


‘Parameters are described by the theoretical model of Bergia, $., Stanghellini, A., 
Fubini, S., and Villi, C., Phys. Rev. Letters , 6, 367 (1961). 

“Data correspond to the experimental determinations in Hofstadter, R., and 
Herman, R., Phys. Rev. Letters , 6, 293 (1961). 

tData correspond to the experimental determinations in Littauer, R. M.,Schopper,* 
H. F., and Wilson, R. R., Phys. Rev. Letters , 7, 144 (1961). 
fThis quantity was required to be zero in the fitting process. 
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Because of the finite size of the nucleon charge distribution, the analysis of the experi- 
mental data, in terms of the form factor of various nuclei, has to be slightly extended. In 
practice, however, this modification is important only for light nuclei; for the heavier nuclei, 
the nucleon size as compared with the nuclear size is insignificant, and practically no difference 
is obtained by including the nucleon-size effect in the computation. In the case of nuclei, for 
instance, deuteron, alpha-, and the Op-shell nuclei, the nucleon-size effect produces appreciable 
changes in the interpretation of data. 

First, let us consider how the experimental analysis goes. The differential cross-section 
is experimentally measured, and then the experimental quantities are divided by the Mott 
cross-section; in this way, experimental values of the form factor F(q 2 ) are obtained. At small 
values of q 2 t the form of F(q 2 ) is given by 

F(q 2 ) » 1 - Wq\ 

where a 2 is the mean-square radius of the nuclear charge distribution. We shall refer to a 2 , 
obtained in this way, as the experimental mean-square radius. If we now take a theoretical 
expression, such as (El. 12), for the nuclear density, and compute F(q 2 ) corresponding to it [see 
(El. 14)], the corresponding expression will also yield a value of a 2 . But this value should not 
be directly compared with the experimental value of a 2 just described because, in constructing 
the theoretical expression for the charge density, we have assumed point nucleons; on thfe other 
hand, the actual charge density, whose Fourier transform is the experimental F(q 2 ) f is set up by 
nucleons having a finite size. We shall therefore put a subscript P on the charge density, form 
factors, mean-square radius, etc., calculated for point nucleons to distinguish them from the 
same quantities (without the subscript) pertaining to real nucleons. 

By the definition of charge density, the many-body operator standing for it is given by 

WO-Z- 1 i S(r-r,), (EI.18) 

/-i 

where a point nucleon is located at the various points rj, r 2 , . . . , r h . . . .If the nucleon has a 
finite extent defined by a density operator p v , where v stands for a nucleon, then the nucleon 
centred at r/ contributes ?v(r — r,) to the density at a point r inside a nucleus. Summing the 
contribution of all the nucleons, we get 

p(r) = Z“* J p v (r — i>) 

= Z-' J dV ? v (r - r') l S(r' - r,) 

= J </V p v (r — r')pp(r'). (EI.19) 

That the second step here is equal to the first can be checked by doing the d 3 r '-integration with 
the well-known property of the Dirac delta function. In the last step, we have made use of 
(EI.18). The charge densities corresponding to the operators £p(r) and p( r) are the expectation 
values of the operators. We denote these expectation values by removing the *. Thus, 

p(t) - <?(r)> - <[ dY h(t - r')Pp(r')> 
ss j dV p v (r - r>p(r'). 


(EI.20) 
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Clearly, an approximation is involved at the last step; we have replaced the expectation value 
of a product of two density operators by the product of their expectation values. The Fourier 
transform of p(r), namely, F(q 2 ), can be identified with the experimentally observed F(q 2 ), 
whereas the Fourier transform F ? (q 2 ) of p P ( r') is what we evaluated in (EL 14). Taking the Fourier 
transform in (EI.20), we get 

F (q 2 ) = | exp (iq • r)p(r) d*r = J <Pr J dY exp [iq • (r - r')]p v (r - r') exp (jq . r ')/>p(r'). 

Making the same coordinate transformation as described following (EI.9), we easily obtain 

- F(q 2 ) = Fp(q 2 )Fv(q 2 ), (EI.21) 

where F^(q 2 ) is the charge form factor of the nucleon. Making an expansion for small q 2 , we 
immediately prove 

1 - = (1 - }apq 2 ){\ - lalq 2 ) ~ 1 - J(aji + al)q 2 

or 

a 2 = 4 + al (El. 22) 

(El. 22)^ enables us to determine the mean-square radius a\ of the nucleus, corresponding to 
point nucleons, from the experimental value a 2 , and the nucleon mean-square radius o 2 The 
value of up, obtained in this way, must then be understood from model charge distributions, 
such as (EI.12), which are valid for point nucleons. Actually, the mean-square radius of the 
nucleus determines the value of the harmonic oscillator parameter b, and the important point 
to remember is that the mean-square radius u P , determined from (El. 22), must be used for this 
purpose, and not the a 2 that the experimental data directly give. 

II. ALTERNATIVE METHODS OF NUCLEAR SIZE DETERMINATION 
The electron scattering method, described in Section I of this appendix, provides the most 
elaborate information so far available on the size and detailed shape of the charge distribution 
of nuclei. There are several other methods, most of which are historically older than the 
electron scattering method. These methods usually determine the value of only one parameter — 
the radius — of the distribution. Some of them do not directly determine the charge or matter 
distribution inside the nuclei; the parameters that they determine pertain to the average nuclear 
potential inside the nucleus. 

The oldest determination of nuclear size was, of course, done by Rutherford and his 
collaborators in their a-scattering experiments, which revealed that the nucleus occupies a 
dimension ^10“ 12 cm at the centre of the atom. In later a-scattering experiments, done with 
higher-energy alpha-particles, much more information has been revealed on the shape and 
parameters of the optical potential. Similar scattering experiments done with neutrons and 
protons have also given some information on the potential. A summary of this type of informa- 
tion on the potential has been given in Section 17. 

Another old method, which is applicable to naturally radioactive a-emitting nuclei, is 
based on the barrier penetration probability of the a-particles. The barrier is determined by 
the combined Coulomb and nuclear potentials, and the penetrability gives one radius para- 
meter of this potential. The relationship of this radius parameter, or that for Jhe optical 
potential, and the root-mean-square radius determined in electron scattering experiments, is, 
however, quite obscuie. 
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In Section 14, we have also discussed the Coulomb energy of nuclei. In particular, the 
difference in Coulomb energy between mirror nuclei has been treated with the specific aim of 
determining one radius parameter for the nucleus. 

There are several methods based on atomic spectroscopy (optical and X-rays). In the 
usual spectroscopic calculations, the electron energy levels in the field of a point nucleus are 
calculated. The extended charge distribution of the nucleus causes a shift in these energy 
levels with respect to their positions for a point nucleus. Since different electron energy levels 
are affected to a different extent, it is possible to get information on the nuclear charge 
distribution from the energies of X-rays or optical transitions that correspond to the differen- 
ces in energy between two such electron levels. Usually, such measurements determine the 
expectation value <(r 2 °) for the nuclear charge distribution, where a 2 ss 1 — (Z/137) 2 . For 
nuclei with small Z, (r lo y actually becomes almost the same as the mean-square radius. The 
value of r 0 determined from this mean-square radius, however, has a rather small magnitude 
as compared with the value determined by electron scattering and other methods. The reason 
for this is understood to be a significant correction due to the finite nuclear compressibility. 

A method that compares very favourably with the electron scattering method is the one 
based on the observation of the X-ray energies emitted by p - mesonic atoms. The only inter- 
action that the negative /i-meson undergoes with the atomic nucleus is of the electromagnetic 
type. When the /x-meson is absorbed by an atom, it is usually captured at first in one of tie outer 
orbits having a large value of n and /. From this level, it starts cascading to the lower levels 
by the emission of Auger electrons from the atom. Finally, it reaches the innermost orbits 
2P t 15, . . . , at which stage the transition between the levels is predominantly radiative. The 
transition from the 2P- to the 15-level, in particular, corresponds to an X-ray frequency. The 
most important point here is that these orbits have significantly smaller radii as compared with 
the radii of the corresponding orbits of an atomic electron. The radius of the orbit is inversely 
proportional to the mass of the particle, and hence more than 200 times smaller for the /*- 
meson. As a matter of fact, the radius of a ^i-meson orbit with the quantum number n is given 
by [m«a 2 n 2 /(m M Z)] cm, where the subscripted m’s denote the corresponding masses, Z denotes 
the atomic number of the absorbing atom, and a the fine-structure constant. A rough calcu- 
lation will show that for Pb the radius of the orbit for n = 1 is about 3 fm, and that for n = 2 
is roughly 12 fm, the latter being just outside the nuclear surface. The ji-meson in the state 15 
therefore spends most of its time right inside the Pb-nucleus. The predicted 2Pij 2 -> 1 S transi- 
tion for the /x-meson in Pb corresponds to an X-ray of energy 16.4 MeV, whereas the value 
expected for a point nucleus is only about 6 MeV. Thus, the discrepancy is so large that a 
precise measurement of it, experimentally, can ultimately lead to a great precision in the 
determination of the nuclear charge distribution. In the early experiments for light nuclei, 
only one parameter of the distribution used to be determined, whereas in later experiments on 
comparatively heavy nuclei detailed information on the actual distribution p(r) has been 
secured. The analysis rests heavily on the theoretically computed energies of the 15- and 2P- 
level. The first step corresponds to numerically solving the potential V(r) on the ft-meson due 
to the extended nuclear charge distribution. Then this V(r) is used in the Dirac equation, 
which leads to two coupled radial equations in the usual way. Finally, the numerical solution 
determines the energy levels. 
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PROBLEMS 

1. Derive (EL la) for a Op-shell nucleus of charge Ze with the help of the harmonic oscillator 
radial functions given in Section 17C. 

2. (a) Work out the integral 

j cos qr e~ r * dr. 

Jo 

[Hint: Use the gamma-function to expand the cosine in a power series and integrate term by 
term. Sum the resultant series.] 

(b) Evaluate 

Too f«o 

I r 2 * cos qr e~ rt dr, I r 2,1+1 sin qr e~ r * dr, 

Jo Jo 

where n is a positive integer. [Hint: Differentiate the integral in Problem 2a successively with 
respect, to q.] 

3. Use the Dirac plane-wave function and derive the Mott scattering formula for an electron 
on a point nucleus. 
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Appendix F 

Harmonic Oscillator Brackets 


Harmonic oscillator transformation brackets are defined by (11.85). In this appendix, we shall 
list the necessary expressions for their numerical evaluation. The detailed formula will be 
given first for the case n { = n 2 =» 0. The case of higher values of tii can be tackled by the use 
of a recurrence relation that connects several transformation brackets for any given (n h n 2 ) 
with a single bracket for (n, + 1, n 2 ). The stepping up of the value of n 2 can be done by the 
combined use of the same recurrence relation and a symmetry relation that allows interchanging 
the quantum numbers /i, and n 2 within the bracket. For the derivation of all these expressions, 
refer to Moshinsky et al 1 (see, however, the problems at the end of this appendix fcr hints 
on the derivation). 

In the case of n x = n 2 = 0, the expression is given by 


aiX, nl : L\ |0 /„ 0/, : L> = (- 1)»+"[ Wf^WUT+W^^ ' 2 


yctfmya i? 

TMiy 


V &(.!+]), (U+lAi+i). Vi+l,-2m-X) 
1-0 1-0 


where 


x(-iyfl(/„ i)B(l 2 ,j) 


h-i h-j _rir* j r 
. 0 0 oJlo 0 0. 


X 


"/«-/ i ti- 
ll — j j h » 

x t i 


(F.l) 


B ( ! ’ l) " (2/)! (21 - 2 /)!' 

The recurrence relation is given by 


(F.2) 


CJII, nl : I)| |(«, + l)/„ n 2 l 2 : !>[(« i + 1)(», + /, + !)F 
- - 2 2 CM, nl : LM\ i(R 2 + r 2 + 2R . r) | Jl'X', n'l' : ZJW> 

Jl'-C' *'/' 

• x ai'X', n'l ' : L\ Mi, n 2 l 2 : I>, (F.3) 

where R and r are the centre-of-mass and relative coordinates. The nonvanishing matrix ele- 
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meats on the right-hand side of (F.3) are 

-CJlJC, rtl : LM\ i(R 2 + r 2 + 2R • r) \7l'X, n'l' : IM> 

ri [71(71 + X + i)P for VI' = 71 - 1, X' = X, n' = n, V = / 

J[n(n + l + i)] 1 ' 2 for 7V = 7l,X' = X,n'=n-\,l' = l 

+i,l-\,X, /; L, l)[3?(X+ i)(n + / + *)/]■'* 

for 71' = 71 - 1. X = X+ 1, n' = n, l' = / - 1 


1, /+ 1, X /; L, l)[7l(X + 1)«(/ + l)] 1 ' 2 

for 32' = 31-1. X' - Xfl. «' = »-l, /' = /+! 


1, / - 1, X /; L, l)[(7l + X + i)X(« + / + i)/] 1 ' 2 
for 7l' = 7l,X' = X- \,n=n,l' = l-l 

(-l)-c+>-W(X- 1, /+ I. X /; I, l)[(3i + X + i)X*(/ + 1)] ,/2 

for 3J' = 31, X - X- 1. »' = «- 1. /' = /+ i 


Symmetry Relations 

Before stating the symmetry relations, we emphasize that there are two concepts behind the 
Moshinsky brackets: (i) the quantum numbers for the two particles and their centre-of-mass and 
relative motion, and (ii) the coordinates of the particles r,, r 2 and their centre-of-mass and 
relative coordinates R and r. The brackets being overlap integrals, the coordinates present in 
them have already been integrated upon. Considered in this way, the bracket stands for the 
expression 

<Ul£rtl:L\ \nil i9 n 2 l 2 :L> 


[ 1 1 T 

i h n 

LA / — m m Mllrr 

t t M — mi M\ 


xj d*r x | ^5x<M-m)(R)^?/«(r)^ ni / imi (ri)^ < » 1 / t (M-.m l )(i , 2)» (F- 5 ) 

where each <f> stands for the harmonic oscillator radial function times the appropriate spherical 
harmonic. The integration in (F.5) could have been equally well taken over J d 3 R / d 3 r. In 
writing (F.5), when we associate the coordinates with the four states appearing in the bracket 
notation we have kept a definite convention in mind, namely, that the first and the second 
state within the ket correspond to the two particle coordinates rj and r 2 , respectively, whereas 
the first and the second state within the bra correspond respectively to the coordinates R and 
r. This association has been explicitly used in deriving the algebraic expressions for the 
brackets, and hence it must be kept in mind while interpreting the symmetry relations which 
we shall derive. To illustrate what we mean by this statement, let us consider the bracket 
</?/, |n,/j, n 2 h : £>. This bracket means that the quantum numbers nU associated in 

(F.5) with r, are now associated with R, whereas the reverse is true for Jl£. In a similar 
manner, the bracket n 2 \ 2 : L\ \ Jl£, nl : L> corresponds to the case where ri, r 2 are asso- 
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ciated with the quantum numbers 'JIX and nl because they now appear in the ket, whereas 
/!,/, and rtj/j having occurred in the bra go with the coordinates R and r, respectively. 

We now try to get the bracket <$l£, nl ■ L\ |« 2 / 2 , nj , : L> from the bracket occurring 
in (F.5). The new bracket is also given by an integral of the type (F.5), but now 

r / 2 /, L 

l / l ni/imi(r 2 )i£/!|/ t {M-m 1 )(r [) .. 

L M — tn i M 

replaces the corresponding factors on the right-hand side of (F.5). The Clebsch-Gordon coeffi- 
cient can be immediately brought to the form of (F.5) by inserting a phase factor (— l) , i +/ *” L 
or, equivalently, (— \) £ + l ~ L . Since r t and r 2 are dummy integration variables, we can interchange 
them, which gives back ^ l / 1 m 1 (ri)^/, t ^M-m 1 )(r 2 ); but, at the same time, this interchanging 
changes r to — r, leaving R unaltered. Next, — r can be brought back to r, whereupon the 
spherical harmonic contained in r) gives a factor ( — l) 7 . Putting all these results 

together, we obtain 

(VII, nl : L\ \n 2 l 2 , n x U : I> - (- 1 ) X ~ L (VII, nl : L\ \nj u n 2 l 2 : L>. (F.6a) 

This is the symmetry relation we mentioned while describing the use of the recurrence 
relation. 

The bracket (nl, VI X : L\ \n { l h n 2 l 2 : L> can be similarly related to that in (F.5). # Here 
the change needed is r 2 -► — r 2 , which gives a factor ( — l) 7 * from the state of r 2 ; this trans- 
foimation simultaneously changes R -> r and r-> R, according to their definitions, in terms of 
r, and r 2 . An additional phase factor (— l)- £, + / - L = (— l)fi +/ *~ L comes from the Clebsch-Gordon 
coefficient. Thus, 

(nl, mX: L\ | n x l u n 2 l 2 : L> = (-1 )^ L (JIX 9 nl : L\ | n x l { , n 2 l 2 : L>. (F.6b) 

Finally, since the transformation 
-> R, r 2 r 

automatically implies 

R-+r„ r->r 2 , 

we can easily show, by such relabelling of the variables, that 

<*i/„ n 2 l 2 : L\ \Jl£, «/:£> = Q\£ nl : L\ \n ,/„ n 2 l 2 : L>. (F.6c) 

Once again, we remind the reader that the bracket on the left is not to be interpreted as the 
complex conjugate of that on the right; it is interpreted according to (F.5) by letting (7l£), 
(nl) go with ri, r 2 and (hiA), (n 2 l 2 ) go with R, r respectively. 
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PROBLEMS 

1. Let A be any vector with the polar coordinates A, 6, <j>. Prove that 
[Ay\{6, t)Y = * ] - 

Here y is the renormalized spherical harmonic defined by (AI.7a). [Hint: Multiply Ay\(B, <f,) in 



644 THEORY OF NUCLEAR STRUCTURE 


succession A times; at each stage, use (Bill. 4) and note that, since the projection quantum 
number is the maximum, there is only one spherical harmonic on the right-hand side at each 
stage. Further, the Clebsch-Gordon coefficient 

ri K K+V 
Ll 1 AT -h 1- 
has the value unity.] 

2. Use the basic definitions of t u r 2 , R, and r to obtain 


riy\(6i, <h) = 0) + ry\(8, *)]. 


where the angles in each spherical harmonic correspond to the vector whose magnitude appears 
in the corresponding term. 

3. Use the result of Problem 1 to write [r|j>l(0i, <f> 0]'* directly. Also, use the binomial expansion 
on the right-hand side of the expression in Problem 2, followed again by the result of Problem 1 
for the powers of Ry!(6, &) and ry\(6 , fa. In this way, prove 


r','y'\(8 h) = 


1 f Oil Hi: ) 1/3 y UC l ill 'll '■ y 

VW /,! > ,to 'X2/.-2.- 1)!! (2/ — l)!r 


1/2 


X <P), ^( 6 , 0)]!;, 

where the last expression within the square brackets is a compounded tensor of rank /, and 
component I t . 

Note The last expression being a relation connecting the ^-component of tensors, it should 
hold in general for any component m. 

4. Derive a relationship similar to that in Problem 3 for r ] {y\ J(0 2 , fa) and again note that the 
result should be true for any component of the tensor. 

5. Multiply the expressions from Problems 3 and 4 and do the necessary angular momentum 
coupling on the left-hand side to obtain 

<h), ?' (<> 2 , 

On the right-hand side, recouple the angular momenta using a 97-symbol such that the two 
spherical harmonics of (0, <P) are coupled together and those of (6, if>) are coupled together. 
Convert the left-hand side to |0/ lt 0 1 2 : LM) by multiplying with suitable factors. 

Note The right-hand side now consists of a sum over terms such as 


where i and j are summation indices. Further, this expression has to be written in terms of 
\Jl£, n/ : LM) and then their coefficients can be identified as the harmonic oscillator bracket 

(F.l). For this purpose, we proceed to Problem 6. 

6. Let [r»V> denote a harmonic oscillator state of radial function jR„ A (p) and angle function 
Yi, to be written simply as |A Then, expanding in terms of the complete set, we obtain 

et-'W'V* |V>= Z |rity><"*Vl |V> 

WAV* 

= Z |nV> f* dp. 
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Use the radial function (<R„>) from Section 17C to evaluate the integral appearing in this 
expression. 

7. (a) If | niy denotes the radial function <R 0/ (r) for the harmonic oscillator, prove that 

rV> = (2 n + l + |)|b/> + [(n + l)(n 4 / 4 *)] I/2 |* 4 1, /> 

+ M* 4 / 4- i )) l,2 \n - 1, />. 

[Hint: Use the Laguerre polynomials and the normalization constant for the radial functions 
appropriately.] 

(b) Evaluate the matrix elements (n t l\ r \n\ / 4 1)> and < n i /| r \n, l — 1>. 

8. Write the expression for — r]\n x l u n 2 l 2 • Lhfy with the help of the result in Problem 7a. 
Multiply from the left by (JIX, nl : LM\ 9 where "SIX and nl are such that 

(2 SI 4* X 4~ 2w 4 /) = 2(it i 4" 1) 4* l\ 4* 2/i2 4* ^2* 

In this way, obtain the relation 

(SIX, nl : L| gni + l)/„ n 2 l 2 : L){(n t 4 /,)(*, 4 h 4 !)] 1/2 
= - Z £ (SIX, nl : LM\ \(R 2 4 r 2 4 2R • r) \Sl'X\ nV : LM^ 

Tl'X' n*l f 

x (SIX', nT : L\ \n { l h n 2 l 2 : L>. 

Use the result from Problems 7a, 7b and the standard result (Bill. 15) to evaluate the matrix 
element on the right-hand sic e. 

Note The final result thus obtained is the recurrence relation (F.4). 



Appendix G 

Some Algebraic Details of Microscopic Theory of Structure 


I. CONDITION FOR A HARTREE-FOCK MINIMUM AND POSITIVE 
DEFINITENESS OF M 

If the equilibrium Hartree-Fock (HF) state corresponds to a genuine minimum point on the 
energy-versus-deformation curve, then, after the perturbation has been introduced, the ground- 
state energy must, by definition , be larger than the equilibrium HF energy We shall calculate 
the change in energy, requiring that it be positive. 

The expression for the ground-state energy is given by [see (V.5a)] 

= Z </*| T | A> + i Z ( hh'\ V \hh\ (GI.l) 

where the notation h, h' . . . stands for occupied states. If we use the arbitrary representation 
(VI.36) and the defining equation (VI. 38a), then this expression can be easily rewritten in a 

more convenient and general form [ace (V.lld) and (V.6b)] as 

<tf> - z <«| T \PXP\ H«> + i z V |ySKS| p \PXy\ p |*>. (Oi-2) 

a, 0 a. 0 . v. « 

If we use the equilibrium value of p in this expression, we get the equilibrium value of the 
ground-state energy. On the other hand, using the perturbed density 

t-P+p»+p» + ... 

in the same expression, we get the energy of the perturbed state. We denote this energy by 

and obtain 

<#>= Z Ol T {p + ?<•> + p< 2 >} |«> 

«. 0 

+ } Z W|K|/8K8|{l> + p" l + f <! ')|?X)H(’ + P" l + P ,J ’)»- (GI.3) 

a, fi, y,8 

We have used up to the second-order terms in p , and hence are satisfied by evaluating </?> to 
the second order. The zero-order term in (GI.3) comes everywhere from p, and hence exactly 

agrees with the equilibrium value <7J), as given by (GI.2). We shall explicitly write the first- 

and second-order terms of (GI.3). Denoting the order by the corresponding superscripts, we 
have 


<$"> = i <«| r |0><fl ?<» |«> + z ( 0, ' 4 > 

«# 0 CL, 0,Y, 9 

In writing the potential energy term in this equation, we notice that there are two first-order 
terms, namely, <$| |0><y| p |a> and <$| p |/3> <y | £ (l) |a>. Because of the summation over 
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a , y> these two terms lead to identical results. We have therefore kept one of these factors 
in (GI.4) and have cancelled the factor \ in (GI.3) with the factor 2 acquired from the identity 
of the two terms. In a similar manner, we collect the second-order terms of the type pp (2) f p (2) p t 
and p (1) p ( i) from (GI.3) and obtain 

<£<»>= E <«| T |0><P| ? (2 > |a> 

a. 0 

+ Z («flF|y8)<S|Hi8><r|XK> 

a, 0 , y. a 

+ i Z KJySKSl p (1> l/3><y| P u> 1*>- ( GI - 5 ) 

«. s. y, » 

We shall first simplify (GI.4) and show that the first-order change in energy is zero. To 
do this, we first insert the definition of the HF potential CV from (V.6b) in the second term of 
(GI.4) and obtain 

<//<»> = Z <«| T |/3></3| p“> |«> + Z <«| CV |y><y| |«> 

at. 0 «. v 

= Z <«| (T+ CV) IPX0I ?«> |«>. 

Ot. 

K should be noticed that this form is actually a trace of (T + CV)p (1> in our arbitrary 
representation a, 0, . . . . Since the trace is invariant with respect to the representation, we 

examine this expression in the HF representation, where the HF single-particle Hamiltonian 
{T -h CV) is diagonal, and has only nondiagonal matrix elements connecting a hole state 

with a particle state (see Problem 1 at the end of this appendix). In the HF representation, 

<//<”> - £ <i| (T 4- <V) U><y| p (,) |/> 

i. I 

= Z X |i> - 0 (GI.6) 

i.i 

because the requirement 8 t) is contradictory to the property of p (1> just mentioned. Here », is 

the energy of the HF state i. 

We next examine the second-order expression (G1.5). Once again, we use the definition 

(V.6b) of CV and obtain 

<//<*>> = Z <«| (T + q/) | 0 X 0 | X |a) + f Z (a0( V |y5)(5| X |0><y| X |<*>. 
m , 

Now we use the HF representation, together with the properties of the matrix elements of 
and X (to be proved in Problems 1 and 2 at the end of this appendix). This gives, for the first 

line of <// (2) >, 

Z <A| (T + CV) |A></t| p< j > \h) + Z <p| (T + CV) !p><pj p< j > |p> 

h P 

-t s (*, - «*)<A| X IpXpI X l^>> 

*. p 

where («, — **) is the energy of the unperturbed hole-particle state with respect to the ground 
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state. Combining this with the second line of we obtain the final expression 

<# J >> - 27 <A| P<" | PXP\ P (l) |*X«, ~ «*) 

Kp 

+ i 27 27 ((pp'\ V\h‘h)(h\V" | p><A 'p«)|p'> 

A. P' 

+ (* # *| ^Ip'pKp! p (1) I*Xp1 p (,) I*') + (*>l r Ip'axW p (,) IpXp'I p (1) 

+ (p # A| k I^pKpI p ( i) l*X*'l p (1) Ip')]. (Gi.7) 

The results (GI.6) and (GI.7) have an interesting physical meaning. We notice that, when we 
disturb the nucleus from its equilibrium, the first-order change in density cannot generate any 
first-order change in energy. The lowest-order change in energy is given by (GI.7), and it is 
quadratic in the density fluctuation p (1) . This has a classical analogy in terms of what happens 
to a vibrator. 

We introduce the simplified notation 
<P\ P (i) l*> — 
and hence 

</»| p<" \p> - xt P 

since p (l) is Hermitean. Using the definitions (VI. 23), we can write (GI.7) as 

^ ^ p t^p' ^ X ^ pJ * hp ' h ' P' x * & 4 - X hpAhp. h' p’Xt'pr X* p Bhp. h’p'Xfcp' X hpBtp. V p'Xh'jA 


*)(■ 


A B 
B* A* 


(GI.8) 


where X and x* are vectors having the components x hp and xg p , respectively. The condition for 

a genuine HF minimum then guarantees that (GI.8) be greater than zero, i.e., 


(*• 


€)>»• 

If be any eigenvector of M having the eigenvalue m, then 

Axj-By = mx, 


(GI.9) 


B*x + A*y « my. 

Since the eigenvalue m of the Hermitean matrix M is real, we get, by taking the complex 

conjugate of these two equations, 

Ay* + Bx* « my* 9 

B*y* + A*x* = mx*. 

As a matrix equation, we therefore have 
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So every eigenvalue of M is at least doubly-degenerate. The existence of an eigenvector 


automatically ensures the existence of another eigenvector 


o- 


as just proved. Any linear 


combination of these two vectors is also an eigenvector of M belonging to the same eigenvalue. 
Thus, in particular, 


(X + 

/ i(x - y *) \ 

V + X*/’ 

l — i(y — x*)/ 


(GI.10) 


are eigenvectors belonging to the same eigenvalue. Both these vectors have the form of the 
special vector appearing in (GI.9). Because of the different signs in the two vectors of (GI.10), 
at least one of them is nonvanishing. Therefore, we have proved, with the aid of (GI.9), where 
x is arbitrary, that for every eigenvalue m of the matrix M there is at least one eigenvector in 
the special form of (GI.9), and hence (GI.9) shows that every eigenvalue of M is positive definite . 


Eigenvalues of M ' Are Real 

The positive definiteness of the eigenvalues of M enables us to show that the eigenvalues of Af ' 

are real. From the definition (VI. 24), if we use an eigenvector ^ ^ of Af' belonging to the eigen- 
value tlo», we have 

(X* r*)Af(^)- M** r*)(_*y) 

= t>«o(m 2 -| yf). (oi.ii) 

But since all the eigenvalues of the matrix M are real and positive definite, the left-hand side 
of (01.11), which is the expectation value of M for an arbitrary state (i.e., not an eigenstate 
of A/), must also be real and positive definite. Therefore, 


tia>(|Af - |y| 2 ) is real and > 0. (Gi.12) 

Since the quantity enclosed within the parentheses is explicitly real, we prove that ho>, the 
eigenvalue of M', is also real. The inequality in (GI.12) then requires that 


|rp-|f| 2 >o 

<0 


(when hw > 0) 

(when ho> < 0). 


(GI.13) 


II, HARTREE-FOCK-BOGOLIUBOV equations 

We shall now give the derivation of the Hartree-Fock-Bogoliubov (HFB) equations. These arc 

the equations satisfied by the transformation coefficients x' a and yl of (VI. 55). One possible way 
Of arriving at these equations is to minimize the expression (VI.54a) for the ground-state 
energy. A much simpler derivation can be obtained by posing the problem as follows: we 
want for our Hamiltonian (VI. 32) an excitation mode of the type (VI. 55), which is a linear 
Superposition Of the creation and destruction operators C£ and C a . According to the results 

in Section 39B, the existence Of such a mode requires that the commutators of all the Cl and 
c« with. the Hamiltonian (VI. 32) give rise to a linear sum of these operators. If such results 

can be proved, then the quasiparticle operators i>? can be constructed from all the Ci and C„ 
[according to (VI.7)]. This is the programme we shall follow in this section. 
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By straightforward algebra, and using standard anticommutation rules, we get 
[Cjc s , Cl] = ClCfil - cjcjc, 

= hA - (cicl + clcl)c, 

= (OIL la) 

[d.c\c B c y , Cl] = clcl[c t c Y , Cl] 

- ctcl(c t c r cl - clc,c y ) 

— dcl(s Yl ,c t — c B clc y clc t c r ) 

= ClC^C, - S 4 ,C y ). (OIL lb) 

Using these results with (VI. 32), we obtain 

[H, Cl] = Z <a| T | p>Cl + i Z («/3| V I^CjC^C, - S ty C y ) 

a apvfl 

= Z <a| T \ h ycl + i Z (<xf}\ V I rv)C' a ClC y . (GII.2) 

a afr 

An interchange of the summation indices y and 8 in the (8^C y )-term would easily convince 
the reader that this term is equal to the (8^C a )-term. This accounts for the factor \ in the 
final step of (GII.2). 

The exact result (GII.2) tells us that the commutator of Cj with the Hamiltonian does 
not give rise to a linear sum of single creation and single destruction operators only. Such a 
linear sum is a prerequisite for a quasiparticle excitation mode of the type (VI. 55). Therefore, 
we conclude that the quasiparticle mode is an approximate mode of the Hamiltonian H. The 
approximation necessary for this purpose will now be discussed. 

In analogy with the results contained in (VI. 38) and (VI. 39), we can write the exact 
expression 

C\C\C y = :clc;c y . + <c|c y >cl - <ClC r >C* + <C'Cj>C y . (GI1.3) 

The first term, by definition, contains three operators and cannot be reduced to single creation 

or destruction operators. On the other hand, the remaining terms in (GII.3) are linear in the 
operators Ci, C y , ... . Thus, the required approximation for the quasiparticle mode entails 
neglecting the first term in (GII.3). This approximation is often referred to as the lineariza- 
tion of (GII.3). 

With the linearization approximation, (GII.3) reduces to 

[H, Cl] =.Z<a\T]^Cl + i Z (ap\ V )/»y)«CjC y >C« - <C'C y >Cj) 

a apv 

+ i z (*/3| v\^xdclyc y 

= Z (a\T | X>Cl + Z(ap\V | pyYC\C y yCl + J Z («j8| V |^KC'Cj>C y . (GII.4) 

a a fiy cLpy 

Once again, we have used the stratagem of interchanging the summation indices a and p to 
show that the term involving — <ClC y >C* is equal to the term containing <CjC y >Ci; hence, the 
final step in (GII.4) follows. 

We next use the definition (V.6b) for CV 9 and the definition (VI.45) for J, and rewrite 
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(GI1.4) as 

[H, Ct | = E Ol (T + <V) | M >cJ + £ (GII. 5) 

a a 

Since we are doing a particle number nonconserving theory (for the reasons explained in 
Section 41C), we should have actually worked with the Hamiltonian 

77(A) ~ 77 - A r clc a , 

a 

instead of J7. According to (GII. la), the extra term in H( A) contributes —A to the 
commutator, and hence we finally obtain 

[//(A), cl) = r <*| (r - ai + q/) |^>cl + s a%c, 

a a 

= E Ol (T - A1 + CV) | a >*Cd + 2: A%C a . (GII .6a) 


Here we have used the hermiticity of the operator (T — Al + C [ /). 

To get a closed system of linear equations such as (VI. 5), we need also the commutator 
of 77(A) with C u , which is easily obtained by taking the Hermitean conjugate of (GII.6a) and 
reversing the sign. Therefore, 

[H(X), C J = — £ — 27 < M | (7- — At + <V) |*>C«. (GII.6b) 

a a 

We now compare the set of equations (GII. 6) with (VI. 5). Let us assume that we have at 
our disposal N creation operators Cl and N destruction operators C a . These 2 N operators 

here take the role of the N operators A] (i = I, 2, . . . , N) of (VI. 5). The matrix M in the 
present case can be written down, with the help of (GII. 6), as 


UT - Al + cy)* 

* ) 

l -A 



(GII.7a) 


This is clearly a IN x 2N matrix, and each of the submatrices, J, J*. (T — Al + G[/), and 
(T — Al -f* CV)* is Nx N. According to Section 39B, our immediate task is to diagonalize M 
which can be obtained from (GII. 7a) by interchanging the rows and columns and then taking 
the transpose of each submatrix. Remembering that J = — A and /' t = r , i.e., r = r* 9 where 

r bs (T — Al + q/), we obtain 


M = 


(GII.7b) 


/T - Al -f CV d \ 

\ — j* -(T- Al + q;)*/* 

From the properties of the matrices f and J just stated, we can show that M is a Hermitean 


matrix. While taking the Hermitean conjugate of M, we have first to interchange the rows and 
columns in (GII. 7b) and then take the Hermitean conjugate of each submatrix. This Hermitean 
matrix has real eigenvalues. 


Let us consider the eigenvector 



corresponding to the eigenvalue E t . Each of the 


quantities x 1 and y consists of N elements of the type x*, . . . . Writing out the eigenvalue 

equation in detail, we obtain 



(GII.8a) 
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or 

TV + jy = (GII.8b) 

-jv - ry = ( GII * 8c ) 

If we take the complex conjugate of these two equations, and reverse their signs throughout, 
remembering that E* = £/, we then obtain two equations that are equivalent to 



(GII.9) 


Therefore, the eigenvalues of the matrix (GII.7b) occur in ± pairs. Given the vector for a 
positive eigenvalue, we can easily obtain the vector for the corresponding negative eigenvalue 
through the relationship expressed by (GII.8a) and (GII.9). 

Let us consider a positive eigenvalue E t and the corresponding eigenvector as appearing 
in (GII.8a). According to (VI. 7), we can construct the step-up operator 


b? — 22 H- 

a 

(Gll.lOa) 

and its Hermitean conjugate 


*b t — 27 -h x'+CJ 

(GII. 10b) 

having the properties 


Hblyp 0 y — iEo Ei)b7yp 0 y, 

(Gll.lla) 

b,\Wo> - o. 

(Gll.llb) 


where |^ 0 > is the ground state of H having the energy E 0 . The state b] |Y / o> which has the 
energy E, above the ground state is a one-quasiparticle state, the quasiparticle being 
in a state i. The operator bt is the destruction operator for the quasiparticle, and (Gll.llb) 

guarantees that the ground state |*P 0 > does not contain any quasiparticle to start with. It 
should be noticed that the eigenvector corresponding to — E h as given by (GII.9), would 
have led, according to (VI. 7), to the linear combination (GII. 10b); therefore, in general, 
the linear combination (GII. 10b), operating on any eigenstate of H, gives rise to another 

eigenstate with ah energy stepped down by — E t . This further confirms the interpretation of 
the operator b , as the destruction operator of a quasiparticle of energy E t . In general, the 
2Nx2Jf matrix M yields IN eigenvalues, of which N are positive, and the remaining N, the 

negative partners of the positive set. Linear combinations such as (GlUOa) for the n positive 
eigenvalues are interpreted as $ different Quasiparticle creation operators, whCTCftS Similar linear 

combinations, namely, (GII. 10b), corresponding to the negative eigenvalues give the destruc- 
tion operators for the same set of N quasiparticles. 

Written out in detail, (GIl.Sb), (GII.Sc) for the quaaipariicle tiansfonnation coefficient. 

read respectively as 


r«a| + < GIL,2a) 

f 

z M + oi r* i 0 >/,) - -£d 4. (GU.12b) 

These equations are called the Hartree-Fock-Bogoliubov (HFB) equations. Their appearance 
as linear equations as rather deceptive because, by definition, the matrix elements of T and A 
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contain the density and the pairing matrix, respectively, and the latter are quadratic in the 
transformation coefficients themselves. In close parallel with the HF case, the HFB equations 
also require a self-consistent treatment due to the properties of r and as just stated. We 
now proceed to derive the expressions for the density and pairing matrix elements such that 
the self-consistent method can be described in detail. 

We first write down the orthogonality properties of the eigenvectors of the Hermitean 
matrix M. The orthogonality of an eigenvector of positive eigenvalue E ( and another of negative 
eigenvalue -2j y is expressed, according to (GII.8a) and (GII.9), by 

(/ *')(*) = 0 

or 

^ (yLx'a + xlyl) = 0. (GII.l 3a) 

Similarly, the scalar product of two eigenvectors, belonging to two different positive eigen- 
values E, and Ej, is also zero. However, when E, = E J% i.c., when the scalar product of an 
eigenvector of positive eigenvalue is considered with itself, the result can be normalized to unity. 
Thus, 

<-*'* >"*>Q - s <> 

or 

£ (*£*■*« + y<?>4) == 8tj. (GII.l 3b) 


.t is trivial to verify from the definitions (GII.10) and the anticommutator relations of C*, 
C fi , . . that the summation on the left-hand side of (GII.l 3a) is equal to {b Jt b f } and that on the 

left-hand si<Ie of (GIL 13b) is equal to {bj , bf). Thus, the orthogonality properties (GIL 13) of 
the eigenvectors of M automatically guarantee that the quasiparticles also satisfy the Fermion 

anticommutation properties 

{bj,bi} — 0, [b], b t ] = &/). (GII.l 3c) 

(GII.13a) and (GII.13b) further guarantee the result 


r x y\/x yY_(* M/** / xxt + yy* 

\f X*l\f X*! V X *’T W + **J ?t 


xy + yx \ _ /I 0\ 

f x*x! \0 1/ 


(GII.14) 


in this equation, we have treated x and y as matrices having the elements x « and y where i 

stands for the index specifying the row and a for the one that specifies the column. 

It should be noticed that the transformation equations (Gil. 10) can be written as 



(GII.l 5) 


Here M ttnd b stand for columns having the elements b) (1=1,2,..., N) and b, (i = 1, 2, 
. . . , N). Similarly, C 1 and C also stand for columns having the elements Cl (a = i, 2, . . . , N) 
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and Co, (a = 1, 2, .... N). It is clear from (Oil. 14) that the inverse of this equation is given by 


(cK. sq 


C f = x'b' + yb 


or 

cl = 2 + Cy)a t b,} 

l 

= Z {x‘*b] + y‘*b,). (GII. 16a) 

I 

Hence, 

C a = 2 (y'*bj + xlb,). (GII. 16b) 

(GII. 16) and (GII. lib) now enable us to calculate the density and pairing matrices. In a 
straightforward manner, using (GII. 13c) whenever necessary, we obtain 
*Ol P |/3> = C'f'ol CpC a |V / o> 

-ZyW?> (GII. 17a) 

“try — <^o| C a C y |!F 0 > 

= Z x‘ 8 y‘y*. (GII. 17b) 

t 

These expressions, together with the definitions for C\J and d, completely determine the HFB 
equations (GII. 12). 

A practical procedure for solving the HFB equations self-consistently is as follows: 

(i) Solve the HF problem self-consistently. 

(ii) Start the HFB solutions with a value of the chemical potential A in the neighbour- 

hood of the highest filled HF level; the starting density matrix elements are also taken from 
the HF results. Take some reasonable values for the pairing density %. 

(iii) Find and A from the starting p, k and the given two-body matrix elements. 
Diagonalize the HFB matrix M. 

(iv) Recalculate p and k from the eigenvectors. Repeat the entire procedure until the 

matrix elements of p and * in two successive iterations remain unaltered to the desired degree 
of accuracy. 

(v) Check, with the final self-consistent eigenvector, whether or not the equation for 
the chemical potential 

.4 =2:<<*| ,>|a> = 27 |/ a | J (GII. 18) 

a / 

is satisfied. Here A is the number of nucleons in the nucleus we want to calculate. In general, 

(GII.18) is not satisfied at this stage of the calculation. 

(vi) Suitably change the value of A, and repeat the entire procedure until (GII.18) is 
satisfied to the desired accuracy. 



APPENDIX O/SOME ALGEBRAIC DETAILS OF MICROSCOPIC THEORY OF STRUCTURE 655 


A complete HFB type calculation for a heavy nucleus is still computationally difficult on 
most of the present-day electronic computers, if we wish to keep all the nucleons in achieving 
the self-consistency. In most practical calculations, we therefore omit the nucleons in the 
filled major shells of the interior, and do the self-consistent calculation only for the outer 
nucleons in a few major shells near the fermi surface. In such calculations, the matrix element 
<a| T |/T> of the kinetic energy is to be replaced, for obvious reasons, by « a S a/} , where c a is the 
single-particle energy of a single nucleon in a state outside the omitted major shells, and the 
quantity A of (GII. 18) then stands for the number of such nucleons. 

HFB calculations for determining the self-consistent energy of the nucleus as a function 
of deformation parameters have been done by Kumar and Baranger 1 . These authors used the 
self-consistent energy as the collective potential energy in computing the spectra of nuclei 
by the collective Hamiltonian method of Section 33A. The moment of inertia and the mass 
parameter needed for these calculations were also computed microscopically. Many other 
authors (see Warke and Khadkikar 2 and others 2 ) did HFB calculations with angular momentum 
projection and sometimes also with the projection of the correct number of particles. In calcu- 
lations for the high-spin states, the HFB method has been used as described in Section 43D. 

III. ANGULAR MOMENTUM COUPLING IN TDA AND RPA THEORY 

-> 

Angular Momentum Coupling in Hole-Particle Calculation 

1 he hole-particle calculation has been dealt with in Section 30B. The expressions (III. 147) have 
now to be simplified by commuting CjC_* (the notation j p m p and j h , —m h has been simplified 

with p and — /», respectively) from the extreme right to the extreme left and CIa-CV in the 
opposite direction. We have to make use of the obvious results 

C,\V o) = c!v|!Po) = 0 , (JPolc; = M >| C * - 0 

in achieving the simplification. The final results are given by 

(III.! 47a) = 8**<p'| T \py - S„<-*l T + 8 w S P X^ol T l^o), (GIII.l) 

occ 

(III. 147b) = -(/>', —h\ V\p, —ti) + X (p'a | V\pa) — & pp - S (a, -h\ V\<x, —h ) 

+ V m>. (GIII-2) 

Making use of the definition of the single-nucleon energies given by (III.101) and (III.102), we 

easily obtain 

(III. 147a) + (111.147b) = + «,- «»] - {P> -*| v I P> ~ h ')> (GUI-3) 

where 

Eo = <y 0 | ZT,+ i: V„ m>. 

i ki 

It should be observed that when we include the phase factor of (III. 146b), the states —h and 

—ti of (GUI. 3) change to X and X' and then (GUI. 3) agrees exactly with the sum of (VI. Ill) 
and (VI. 1 12), except for the occurrence of the total energy E 0 of the closed-shell state «P 0 in 

(OIii.3). However, the constant diagonal term Eo can be trivially dropped in the computation, 

meaning thereby that the computed energies are simply measured with reference to the energy 

of the closed-shell state. 

Thus, the angular momentum coupling in the TDA expression (VI. Ill) plus (VL112) is 
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the same as that confronted in (III. 147). Using (GIII.3) and the appropriate phase factors and 
the Clebsch-Gordon coefficients from (III. 146b), we easily obtain 


jh jp 


J F 71 

.m h m p A 

i llm# 

my Ml 


(h'~ { p'JM\ (Hu + H 22 ) | hr'pJM') = E E 

m h m p m^ntf 

X — «a) — (p\ X| V\p> X')}. (GIII.4) 

In view of the Kronecker deltas, and the standard result (AIV.3a), the first term reduces to 

<Ji-'p'JM\ H n | h-'pJM> = h ] k j h fi] p j p kp - «*)• (GIII.5) 


To work out the summation over the magnetic quantum numbers in the second term of (GIII.4), 
we first make the replacement 


\h 

jv 

n\ j * 

jh 

j" 

L m p 

-m h - A 

riimp- 

—ni h 

M'. 


C P\ *| V\p, X') = ( — 1 )4 ~ m h( — ■ 1 )/iv ~ m * E 

J’M' 

x UsJkJ'\ v \j p jvJ'y (Giii.6) 

In (GIII.4), the quantum number M being given, only two of the summation symbols are 
independent; they satisfy -f m p = + m p > = M. Similarly, in (GIII.6) the summation 

over At' is actually redundant because M' is required to be equal to (m p > — m h ) = (m p — m*). 
The two- body matrix element in (GIII.6) is actually independent of A/', and henc/we have 
omitted M’ in this matrix element. Substituting (GIII.6) in (GIII.4), and using (AV 9) to carry 

? U . 1 thC * su “ mation . of the product of the four Clebsch-Gordon coefficients over the two 
independent magnetic quantum numbers, we obtain 


<(h'-'p')JAf\H22 \(h~ l p)JM> 

"■ — (— 1 yth+fo+Jp+Jy z (2 j' -h \)wUhjpj P 'jh \ (Gin. 7 ) 


The result, with the isospin coupling, can be easily derived, and is almost obvious from 
(GUI. 7). We simply quote it here: 

<(h'~'p')JAf; TM t \ H 22 \(/r'p)JM; TM t > 

= -(-iy*+WV Z' (27' + l)(2r + 1 )WUtM,to Jf)W( i } J i; m 

x Uhjp’JT] V \jkjjT'). (GIII.8) 


So, given the two-nucleon matrix elements of V, we can easily carry out the summation shown 

in v (GIII.8) and. obtain the hole-particle matrix elements. Because of their very frequent 
occurrence in nuclear structure theory, they are denoted by the special symbols G and F which 

are defined as 


G(abcd; JT ) m (abJT\ V \cdJT), (GIII.9a) 

F(abcd\ JT) ■ <(a~ l b)JT\ H n \(c-'d)JT). (GIII.9b) 

G can be calculated either by taking a well-behaved V or, in the case of a realistic two-nucleon 
potential, by assuming that it is equal to the reaction matrix elements dealt with in Sections 
20 and 22. 

We would also be led to the result (G1II.8) were we to use the more sophisticated 
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equations (VI. 123). We first introduce the angular momentum coupled pair creation operators 


A\hpJM\ TM t ) = Z e 


[A 

Jp 

J ] 

i 

i 

T 

lm h 

m p 

M J 

■Fh 

Ft 

M t \ 


■ b }tm t ii p b ) h m hl i h > (GUI. 10) 

T 


« p n - y " r • r V ■* 

where and #*, are the projection of isospin for the hole and the particle. In defining b) „ , 
we shall now introduce an extra phase due to isospin, i.c., h h h 

- <-»*— <-iV .... 

where C is the destruction operator for a state specified by the subscripts. 

We shall now introduce the Clebsch-Gordon coefficients of (GUI. 10) in (VI. 123) and carry 
out the indicated summation. This produces [H, A\hpJM; TM t )] when the left-hand side of 
(VI. 123a) and that of (VI.123b) are added. On the right-hand side of (VI.123a), the summation 
produces A ( hpJM ; TM r ), provided of course the energies t p , t h are independent of the projec- 
tion quantum numbers (true for spherical nuclei). On the right-hand side of (VI. 123b), the 
summation yields the second term of (GIII.4), multiplied by A\h'p'JM ; TM t ) with two 
analogous Clebsch-Gordon coefficients containing isospin. The rest of the procedure entails 
using, (GIII.6), with of course the inclusion of isospin, and obviously the final result is 
F(hph p; JT) multiplied by A\h'p'JM; TM t ). We write all these results finally as 

[H, A\hpJM ; TM t )} .. (,, _ t „)A\hpJM- TM t ) + 27 F(hph'p’; JT)A\h'p'JM ; TM, ). 

h* p' 

(GIII.l 1) 

Introducing <¥>1 and to the left and right of the operators on both sides of (GIII.l l), we 

obtain the system of linear equations for the amplitudes <^| A\h'p'JM ; TM r ) |*F 0 >. The coeffi- 
diagonaf 11 ^ l ° ^ dia ® onal,zed * 8 clearl y the hole-particle matrix F with {* p — t h ) along the 

We next move on to the angular momentum coupling in the RPA equations (VI. 133). The 
first line of (VI. 133a) obviously leads to (GUI. 11) because this line is nothing but the TDA 

c ? ua V on * To Uck,e the second line, we introduce the operator A(hpJM; TM r ), which is just 
the Hermitean conjugate of (GUI. 10): 


A(hpJM; TM t ) = 


' h 

JP 

y 

'1 

i 

T 

.m* 

m p 

u. 

■Fh 

Fp 

M T 


tyhmmtytmpii,- 


(Gin. i2) 


While indicating some of the steps in this angular momentum coupling, we shall first omit the 

isospin coupling, which can be introduced into the final result by analogy. As a result of the 

coupling A\hpJM), to be done on the left-hand side of (VI. 1 33a), we acquire, for the second 
li >e on the right-hand side, 


,f £ P* i’ % W)-W (GIII.I3a) 

Jh'Jp' m h' m p f Mp M 

Using the definition (Gill. 12) in the reverse direction, we obtain (with the omission of isospin) 

die identity 


(Gill. 13a) 


' }» jf r 

. m *» m? M 


]w P 'r* 


(GIII.13b) 
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Since we have already coupled A\, to JM on the left-hand side of (VI.133a), only the term 
(J' = J, M' — — M) in (Gill. 13b) contributes to the final result (because H is a scalar). H times 
A\hpJM) transforms as a tensor of rank J and component M. The part of (GUI. 13b) that has 
a similar transformation property actually corresponds to J' - /, M' *= —M. That M' and M 
have opposite sign is due to the fact that A(h'p'J'M') is a destruction operator whereas 
A f (hpJM) is a creation operator. Using only the (/' — A/)-term of (GUI. 13b) in 


(GIII. 13a), we obtain 

z z z z\ h ip 1 IP* ip ' J ]\ Jp j, ‘ J ]\ h 

J' Jh'jp' m w m p f m h m p *‘ mh m p my M\lm p tn p * M JL m a 

x( _i)A- m * ( _iyv-'"*' 0Wp ,r| V \ jjvWp’j, —M). 


iw r | 

-m w M'\ 
(GIII. 13c) 


The third and fourth Clebsch-Gordon coefficients and the summation over J’ in this expression 
have resulted from the replacement of the matrix element of Fin (GIlI.13a) by the angular 
momentum coupled matrix elements of Fin (GIII.13c). The phase factors have resulted from 
the X and X' in (GIII. 13a). Once again, M' is not independent, and only two of the magnetic 
quantum number summations in (GIII. 13c) are independent. We carry out these summations 
by standard algebra and use the definition (GIII.9b) of the F-matrix to obtain 

C (GIII. 13c) = — S F(hpp'h'\ y)( — l)A'+/p'— — iy* u A(h’p’J, — M). (GIII.13d) 

jh'jp/ 

The extension, which has to include isospin coupling, is obvious. The result obtained in this 
way has to be added to (GUI. 11) to produce the final equation for RPA, namely, 

[H, A\hpJM\ TM r )] = («, — t h )A\hpJM; TM r ) + S {F(hpKp\ JT)A\h'pJM, TM t ) 

iwlp 

+ Ffhpp'h'; JT)(,— 1 ) itf r (— I ) J+ M+ T+ M r 

X A(h'p'J, —M; T, —M t )). (GIII. 14) 


The equivalent of the phase factor (— 1 >A' + /f J , appearing in (GIII. 13d) and (GIII.14) in the 
case of isospin coupling, is (— i)U 2 +i/i-r. this phase explains the change in the overall minus 
sign of (GIII. 1 3d) to a plus sign of the corresponding term in (GIII.14), and the appearance 

of the phase factor It should be noted that (-\) J+M+T+MT A(h'p'J, -M\ 

T, Mt) appearing on the right-hand side of (GIII.14) and A^(hpJ M\ TMt) on the left-hand 

side of the same equation have identical transformation property under rotation. 

(GIII.14) enables us to write down the expression for lH t A(hpJ,-M;T t -M T )] 

x( «l/+^+^s With the help of its Hermitean conjugate. Thus, 

(~\) j+m+t+m t[H, A(hpJ, -M; T, -M t )} 

= (., - <>)A(hpJ, —M; T, -M t )(-1) J+M+T+Mt 

- E {F(hph'p'; JT)A(h’p'J, —M\ T, -M t )(-\) j+M+T+Mt 

iviff 

+ (_l )b + 1*- J - T F(hpp'h'; JT)AWl -Ml T, -M r )}. (GIII.15) 

In the usual way, (GIII.14) and (GIII.15) give rise to a set of linear equations for the ampli- 
tudes <«F| A\hpJM\ TM r ) l^o> and (-1) j+m+t+Mt <W\ A(hpJ, -M; T, -M r ) \^o>. The 



APPENDIX O/SOME ALGEBRAIC DETAILS OF MICROSCOPIC THEORY OF STRUCTURE 659 


matrix to be diagonalized can be identified from (GUI. 14) and (GUI. 15) and is given by 


«' - I s + F ' V 

(Gill. 16a) 

1 

1 

I- 


where £ and F are matrices defined by 


Ghp\ h'p f **= (*p — *h)Shh'&pp't 

(Gill. 16b) 

F(hph'p; JT) = (-1 )^' + ^- J ~ T F{hpp'h'\ JT). 

(GIII.16C) 


It is easy to establish that the matrix M ' of (GUI. 16a) has all the properties of M\ defined by 
(VI.28b). If we denote the amplitudes with and A by X hpJT and Y hpJTt it follows that these 
amplitudes satisfy the properties (VI.29)-(VI.31). 

Angular Momentum Coupling in Quasiparticle Calculation 

The angular momentum coupling in the equations of Section 42C is fairly straightforward. 
We shall specifically deal with the case of spherical nuclei where the coefficients u h v } are 
independent of 'he projection quantum number. The quasiparticle energies also have the same 
property. In most applications of the theory derived here, the quasiparticle pair is taken to be 
either a pair of proton or a pair of neutron quasiparticles. This is because the special BCS 
type transformation we are considering treats only the {J = 0)-part of the two-nucleon inter- 
action [which is the strong force for only a pair of protons or a pair of neutrons; for an n-p 
pair, the interaction in the K J - 1, T = 0)-state is stronger than that in the (7 = 0, T — 1 )- 

state] at the stage of producing the independent quasiparticles. Since a pair of proton or 

neutron quasiparticles always has T = 1 , the isospin 7 becomes a redundant quantum number, 

and it is necessary and sufficient to couple the angular momenta j m , j n of the pair of quasi- 
^articles. 

We introduce the obvious definitions 

" 'k X. (GUI. 17a) 

mv L fi v Ml 

= £ P” " (GIII.17b) 

mv L/x v Ml 

Following a procedure similar to that adopted for the hole-particle case, and using the defini- 
tions (GUI. 17), we easily obtain (the details are left to the reader), from (VI. 143), (VI.145), 

and (VI. 148), 

[H iU A'(mnJM)] = (E„ + E„)A^nJM), (GIII.18a) 

[H 2 2 , A\mnJM)] = Z [{u a ^b u m^n + v a r b r m v„)G(mnab; J) 

<«,*) 

+ (W< + u a v b v m u n )F{mnba; J){- l) a+w 

- {u a v b u m v t + v a u b v m u„)F(mnab; J)\A\abJM), (Gill. 1 8b) 

[ffo 4 > A\mnJM)\ = - 2 [(u a »» v « v i „ + v a v b u m u n )G{abmn\ J) 

M) 

- (W„v m + v a u b v„u m )F(abmn; J ) 

+ (m + u„v b v n u m )F(bamn-, J){-\)^](-\) J * M A{abJ, -M). 

( GIII.18C) 
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In (GIII.18b) and (GUI. 18c), the summation (a, b) implies that it has to be carried out over a 
particular pair ( a , b) only once, and not twice as a , b and b t a. In order to have a pair only 
once, we have used the obvious symmetry relations between A*(abJM) t A*(baJM) and 
A(abJ t — M ), A(baJ , — Af), which follow from the property of the Clebsch-Gordon coefficient 
in (GUI. 17a) and (GUI. 17b). A similar symmetry relation between G(abmn; J) and G(bamn\ J) 
has also been used. (GUI. 18a), (GIII. 18b), (GUI. 18c), when added, give [H t A\mnJM)]. As in 
the hole-particle case, weare^lcd to the diagonalization of a matrix such as AT of (GIII. 16a) 
in which F(hptip JT) and F(hptip ' ; JT) are replaced respectively by the expressions enclosed 
within the square brackets in (GIII. 18b) and (GIII. 18c). Similarly, the diagonal matrix 
elements of <?, instead of being given by (GUI. 16b), are given by ( E m -f £„) as appearing in 
(GIII.18a). The eigenvectors of the matrix M ' now determine the amplitudes X mn) and 
where 

Xnv,j « 0F| A\mnJM) |<P 0 >, 

Y^j - <T 1 A(mnJ y -M) \V 0 >(- !)'♦*. 

Calculations Using Schematic Models for Two-Body Potential 

Some general features of the theory of vibration, as worked out here, can be very elegantly 
demonstrated by using schematic models for the two-body potential. The oldest such model is 
the 3-function potential. The G-matrix elements of the 3-function potential are given by 
(III.97), where the/- and g-coefficient are defined by (III.94b) and (III.95b), respectively, and 
the radial integral 3 is given by (III.90). 

The hole-particle matrix elements F(hph’ p ; JT) corresponding to the G-matrix elements 
of the 3-function potential can be computed by using the definitions (GIII.9b), (GIII. 9a), and 

(GIII.8). For a given value of /(= 0 or 1), the r'-summation in (GIII.8) can be explicitly 
written out, using known numerical values of W(l I i i; TV) from (AV.8) and Table (AVI1.5). 
Substituting the G-matrix elements for the two values of T from (III.97) in (GIII.8), we 
confront three types of expressions to be summed over These are 

fihp'JWpJ ') (type 1) (GIII. 19a) 

(-ly+v+r+p' z Jypmh'p'ph-, JJ') x ■ g{hp'J-)g(h'pJ') (type 2) (GUI. 19b) 

[(-iy’g(hp'J')g(h'pJ') (type 3) (GIII. 19c) 

The steps involved in the ./'-summation in the three cases will now be outlined. 


Type 1 We use the symmetry relations (AIV.4) to rewrite the Clebsch-Gordon coefficient in 
f(hp'J) as 



We keep the Clebsch-Gordon coefficient in fQfpJ') as it occurs, and then note that the dimen- 
sionality factor [/'] cancels out in (GIII. 19a). We substitute the product 

ti p ry h f 

■1 i 1 -111 -I 1- 

with the help of ( AV. 10) and then carry out the sum over J' in the product of the two U- 
functions by uaing (AV.5). In this way, we are left with the product of the two Clebsch-Gordon 
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coefficients 


\p * -nr*' j A 

U -i oJLi o *J 


\h p n 

h' p' /] 

U -i oJ 

N*- 

1 

14- 

o 


which, by using (AIV.4), can be changed to 

Collecting the various factors as just outlined, we finally obtain 
(GIII.19a) = g(hpJ)g(h'p'J), 

where 

g{abJ) = (— 1 ) l ‘g(abJ). 


(GUI. 20a) 
(GUI. 20b) 


Type 2 


In the same way as in Type 1, we change 


of g(hp'J') to 


\ h P' 

U -* oj 

/') to 

( _ my h ?] 

{ } v/ {/>'] Lo -i 


■i 

and leave the Clebsch-Gordon coefficient of g(h'pJ') unchanged. We proceed exactly as in 

Type 1, and, after summing the ^/-functions, obtain the product of the two Clebsch-Gordon 
oefficieiits 


p h J w 

J P' 1 

1-1 -i -iJl: 

\ -1 -JJ 


which can be changed bv (AIV.4) to the form 

'-w§[; ; ;i; ; ;i 

The final result, obtained in this way, is given by 

(GUI. 19b) =}(hpj)j(h'pj), 

where 

J(obJ) = (-1 iftdbJ). 


(GIII.2la) 


(GUI. 21b) 


\ 


of Type 2 to 


Type 3 This is distinguished from Type 2 through the occurrence of the additional phase 

[ J h 

/ ' L J“\ 

9 Once the /-dependent phase factor is cancelled out, the rest of the 

.o i ii 

derivation will go as in Type 2. The final result thus obtained is then given by 
(GUI. 19c) = -(-1 Yg(hpJ)g{h'p'J). 


(GUI. 22) 
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Using the results (GIII.20), (GUI. 21), and (GUI. 22) in (GUI. 8), we finally obtain 


F(hph'p- JT) - c T j(hpJ)J(h'p'J) + c' T g(hpJ)g(h'p’J), (GUI. 23) 

where 

cr-o = -iJ(hph'p')[2V‘ + (— l) y ir(F* + 3 F.*)], (GIII.24a) 


c't-o - iJ(hph'p')0 V; - V, c ), (GIII.24b) 

cr-, = J J(Ap/.>’)[2K* + (-l)-yr - F,*)], (GUI. 24c) 

Ct- 1 = iJ(hph'p‘)(K° + F. e ); (GIII.24d) 

for simplicity, Fo' ‘ and V <>• * of (111.97) have been written as K,* and F,®. 

From the symmetry property of the Clebsch-Gordon coefficients, we obtain 

Kp'h'J ) = (— I) 7 * + (GUI. 25a) 

g(p'h'J) = — (— I)V+V(— l)*' 


= -(-U*'^(Ayy>. (GUI. 25b) 

Using the expressions (GUI. 25) together with (GUI. 16c), we can easily prove that 

F(hph'p’- JT) = CM - 1 ) T ]{hpJ)Kh'p'J) - c' T (— l) J * T g(hpJ)g(h'p'J). (Gill. 26) 

The schematic model can be further simplified by following either of two assumptions: 
(i) Brown-Bolsterli assumption — the radial integral 3 is independent of the single-particle 
quantum numbers; (ii) Moszkowski’s surface delta-interaction— assume that the radial part of 
the 8-function potential is such that it is nonvanishing only at the nuclear surface r { = = R 0 , 

where R 0 is the nuclear radius. This implies that in the radial integral we have the additional 

factor S(r — R 0 ) and the integral then reduces to R^R^(R 0 )R p (R 0 )Ry(Rn)RA R o)- 

Under either of the foregoing two assumptions, the matrix elements (111.97) have the 

general form 


Gkl = x ihfi + x t gKgu 


(Gill. 27a) 


whereas the matrix elements (GIII.23) or (GIII.26) have the general form 

= + ( G,I1 - 27b > 

hi -high + Kml* 

Here K and L each is the notation for an angular momentum coupled state such as (hpJ), and 
the Strengths X, X', X can be either attractive (negative) or repulsive (positive), depending on 

the exact values of VI V* and the values of J, t, and T. 

Due to the factorable nature of (GUI. 27), the diagonalization of the TDA Of RrA 
matrix can be carried out in a somewhat closed form. To illustrate this, let us first diagonalize 

the TDA matrix F(hph'p; JT) assuming that the diagonal matrix C, whose elements are («, - «*). 
is a constant times the unit matrix. £ can then be left OUt of the diftgODflliZStiOD, tbfi CODStafl 

diagonal element simply giving the reference point for the eigenvalues of F. 

The eigenvalue equation in the notation of (GUI. 27b) is given by 



I 
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or 


f (X'fhh + x t g K g L )X L = ex k . 

(GIII.28) 

To further simplify matters, let us assume that the /-term 
term. Then 

is negligible compared with the g- 

K Z gKgL*L= KgK(Z g L x L ) = ex k 

L L 

(GIII.29a) 

or 


= E~%Cg Kt 

(Gill. 29b) 

where 


c — 27 XL*,. — 27 C [using (G II 1.29b)]- 

/- L 

or 


£ =- Z Ujl) 2 . 

z 

(OI I I.29c) 


This gives us one eigenvalue of the problem; the A>th element of the corresponding eigenvector, 
X K% is proportional, according to (GUI. 29b), to g K . The constant of proportionality is 
fixed by the normalization of the vector. The eigenvector belonging to any other eigenvalue 
Las to be orthogonal to th*s one. If the AMh element of such a vector is denoted by X' Kt we 
then have 

O — £ X K X* K — X gt(X' K . (GUI. 30) 

The eigenvalue equation for this eigenvector is give, by 

K 2 KkKlXL =. E'X*. 

L 

But the summation E g L X[ on the left-hand side of this equation is zero according to (G11I.30). 

Hence, we conclude that E' — 0. Therefore, according to this model, only one eigenvalue, E of 
(GIII.29c), is displaced with respect to the unperturbed position of the hole-particle states 

(which are degenerate by our assumption about £); all the other eigenvalues £' remain 
coincident with the unperturbed energy. 

An extension of the foregoing derivation can now be made in two ways: (i) use the un- 

perturbed energy matrix Q with unequal elements; and (ii) use the complete expression (GIII.28) 

containing both the /■ and g-term. In doing the first extension, we have, denoting (« p - t k ) by 

£k> 

Z (€k&kl + Ksk8l)Xl — EX k (GIII.31) 

L 


or 


{E-eK)X K = x' t CgK 


or 


x;c 


gjj 


(Gilt. 32a) 
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where 

c-r**- x 

or 

l = X‘£ . (GIII.32b) 

L is — 6 l 

This so-called dispersion equation then determines the energies E . Knowing £, we can deter- 
mine the corresponding eigenvector up to a normalization factor by (GIlI.32a). A graphical 
method of solution to (GIII.32b) is quite instructive (see Problem 6 at the end of this 
appendix). 

Let us now do the second extension by using the entire expression (GUI. 28). We have 
the equation 


Z (Gk&kl + x //x/l + Kzk8l)Xl = EX k 

L 

(GIII.33) 

or 


f (E — 8k)Xk = X/Cfjx + XgCggx* 

(GIII. 34a) 

where 


C f = Zf L X u C 8 = Zg L X L . 

(GIII. 34b) 


Using (GUI. 34a) to yield X K and then using the result in the two equations of (Gill. 34b), we 
get two linear homogeneous equations for C f and C 8 . The determinant of the coefficient matrix, 
when equated to zero, gives the secular equation for E ; this is left as an exercise. 

The final stage in this schematic model is to solve the eigenvalues and eigenfunctions of 
the RPA matrix (GUI. 16a). In the condensed notation, the equations are given by 


Z [(&»* i + F kl )X l + F kl Y l ] = EX k> (GIII.35a) 

L 

Z {- F kl X l - (£ k 8kl + F kl )Y l } = EY k . (GUI. 35b) 

L 

We use (GUI. 27c) for F kl . By a procedure similar to that already demonstrated, we have 

. ( E — £k)Xx = (X/C/ + XfDf)fx + ( x i C 8 -f- XgD x )gK> (GUI. 36a) 

— {E + €k)Yk = fi/Cf + XfDf)fx + figCg + XgDg)%Ki (GUI. 36b) 

where 

Cf = Zf L X Ly C 8 = Z g L X L , (GIII. 36c) 

D f - Z f L Y L , D 8 = Z g L Y L . (GIII,36d) 


Once again, we have to substitute from (GIII. 36a) and (GIII. 36b) for X Lt Y L in (GIlI.36c) and 
(GIII.36d) to obtain a set of four linear homogeneous equations in C/, C v D ft and D g . The 
secular determinant equation of the coefficient matrix determines E. 

In the two practical cases, namely, the giant dipole resonance (/ = 1 , n = — 1 , T = 1 ), 
and octupole vibration (/= 3, tt « — 1, f= 0), the equations (GIII.35) are considerably 
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simplified. As an illustration, let us consider the latter case, for which, according to (GIII.26) 
and (GIII.23), we have 


FrL + FkL = 2 c TgKgL* 

(GIII.37a) 

Fjcl ~ Fkl = 2 c T f K f L . 

(Gill. 37b) 

Similar simplifications occur in the case of giant 

dipole resonance as well. It is now 

advantageous to add and subtract (GUI. 35a) and (GUI. 35b) and use Zjc +) = X K + Y K and 

Z ( k ) = X K — Y k . We thus have 


EZ£' = 2 (SkSkl + IcrhfdZV. 

L 

(GUI. 38a) 

EZk * = 2 (£k&KL + 2 CTgKgL)Z[?*- 

L 

(Gill. 38b) 

We substitute for Z* +) from (GUI. 38a) in (GUI. 38b), 
notation 

and vice versa. Then, introducing the 

C w = Z gjH\ 

L L 

(Gill. 39) 

we easily obtain 


Zjr +) = 2 (E 2 — Si)~ l (CTC i +*gK + c tC { Vk)> 

(GI|I.40a) 

z¥ - 2 (E 2 - elr^rC^fK + ciC'Vgt). 

(GIII.40b) 


Substituting (GI1I.40) back in (Gill. 39), we obtain two linear homogeneous equations in C 
and C (+) and then the solution proceeds as usual. Obtaining the final dispersion equation for 
E is left as anexercise. 


Schematic Model for Quasiparticle Calculation 

In order to be able to apply the factorable schematic model to (GUI. 18), we must first of all 
verify that the products of u fl , v ht . . . also factorize automatically. In the usual way, we 
introduce 


X* = <^1 A\abJM) |^ 0 >, 

Y ab = (-1)'+"<!P| A(abJ, - M) |^ 0 >, 

ZiV = Xat, + Y^, Z ( 7b =X ab - Y^. 

We then insert <T| and IV'o) t0 the left and the right respectively of [H y A\mnJM )], which is 

the sum of (GIII.18a), (GIII.18b), and (GIII.18c), and write the result in terms of the 
amplitudes X and Y, as just defined. We next similarly work with the equation for [H, A(mnJ, 
—M)]. Adding and subtracting the two equations we thus get, we finally obtain the equations 
satisfied by Z (±) : 

EZW = (E m + £-)Z ( m - n' + 2 H(mnabJ)Z l a l\ (G111.41a) 


EZ% = (E n + E„)Zfc? + 2 H(mnabJ)Za~i\ 

(a, 6) 

EZti = (E m + E n )Z { £ + 2 K(mnabJ)ZW> 

(o.6) 


(GlII.41b) 


tbjnnabJ) = G(mnabJ)(u m u„ + v m v n )(u a u 6 + v a v t ) 

— [F(mnabJ) + (- l) a+b ~ J F(mnbaJ)]{u m v„ — »„«,)(«„«» - v a u b ), (GlII.41c) 
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where 


or 

1 = X'Z . (Gill. 32b) 

L & “ 6 l 

This so-called dispersion equation then determines the energies E . Knowing E t we can deter- 
mine the corresponding eigenvector up to a normalization factor by (GIII.32a). A graphical 
method of solution to (GIII.32b) is quite instructive (see Problem 6 at the end of this 
appendix). 

Let us now do the second extension by using the entire expression (GUI. 28). We have 
the equation 

2 (Sk&kl + K/k/l + = EX k (GUI. 33) 

L 

or 

# (£ - Ck)Xk = Wi c + x;C f gjr. (GUI. 34a) 

where 

C, = 2: / L AT Li C, = £ g L * L . (Gill. 34b) 

Using (GUI. 34a) to yield X K and then using the result in the two equations of (Gill. 34b), we 
get two linear homogeneous equations for C f and C g . The determinant of the coefficient matrix, 
when equated to zero, gives the secular equation for E ; this is left as an exercise. 

The final stage in this schematic model is to solve the eigenvalues and eigenfunctions of 
the RPA matrix (GUI. 16a). In the condensed notation, the equations are given by 


2 [( SxhL + Fkl)X l + F kl Y l ) = EX k> 

L 

(Gill. 35a) 

2 {—FklXl — (Ck^kl + F kl )Y l } — EY k . 

L 

(GUI. 35b) 

We use (GlII.27c) for F KL . By a procedure similar to that already demonstrated, we have 

■(E — £t)Xg = (x;c r + + (X' s C g 4- X g D g )g x , 

(Gill. 36a) 

-(£ + e t )Y x = (XfCf + X}Df)f K + (X t c, + X' t D,)g K , 

(GUI. 36b) 

where 


C, = Zf L X L , C, = Zg L X L , 

(Gill. 36c) 

D r = 2f L Y L , D, = Zg L Y L . 

(GIII.36d) 


Once again, we have to substitute from (GUI. 36a) and (GUI. 36b) for X L , Y L in (GIII.36c) and 
(GIII.36d) to obtain a set of four linear homogeneous equations in C/, C v D fy and D v The 
secular determinant equation of the coefficient matrix determines E. 

In the two practical cases, namely, the giant dipole resonance (/ « 1, w — 1, T = 1)* 
and octupole vibratibn (/ = 3, n = — l, r= 0), the equations (0111,35) are considerably 
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simplified. As an illustration, let us consider the latter case, for which, according to (GIII.26) 
and (GII1.23), we have 


Fkl + Fkl = Icrgicgu 

(GIII.37a) 

Fkl — Fkl = 2 c T f K fi. 

(GIII. 37b) 

Similar simplifications occur in the case of giant 

dipole resonance as well. It is now 

advantageous to add and subtract (GIII. 35a) and (GUI. 35b) and use Z* ) = X K + Y K and 

Z ( k } = X K — Y k . We thus have 


EZW - E (Ck&kl + 2 c T f K f L )Z { C\ 

L 

(GIII. 38a) 

EZ Sr* = X (€k8 kl + 2c' T g K g L )Z ( L +) . 

L 

(GIII. 38b) 

We substitute for Z* +) from (GIII. 38a) in (GIII. 38b), 
notation 

and vice versa. Then, introducing the 

C < “ > - 2 A Z { l~\ C W = Z g L Z?\ 

L L 

(GIII. 39) 

we easily obtain 


Z l K +) = 2(E 2 - Sh-'(cT^ +) gK + CrC l - y / K ), 

(GIJI.40a) 

Zf' = 2(£ 2 - elY\c r p-% + CtP^Sk). 

(GIII.40b) 


Substituting (GIII.40) back in (GUI. 39), we obtain two linear homogeneous equations in 
and C u) and then the solution proceeds as usual. Obtaining the final dispersion equation for 
£ is left as an exercise. 

Schematic Model for Quasiparticle Calculation 

In order to be able to apply the factorable schematic model to (GUI. 18), we must first of all 
verify that the products of u ai v b , . . . also factorize automatically. In the usual way, we 
introduce 

X+-<?\Ai(abJM) |V 0 >, 

Yot = (-l^<y| A{abJ, — Af) I’f'o), 

Z ( aV = X ab + Y*, Z# - Jf* - Y*. 

We then insert <T| and IV'o) to the left and the right respectively of [H, A\mnJM)], which is 
the sum of (Gill. 18a), (GUI. 18b), and (GUI. 18c), and write the result in terms of the 
amplitudes X and Y, as just defined. We next similarly work with the equation for [H, A(mnJ, 
_ M)]. Adding and subtracting the two equations we thus get, we finally obtain the equations 
satisfied by Z u) : 

EZW = (E m + £,)Z ( J + X H(mnabJ)Z[~ b \ (GIII.4U) 

(a,b) 

EZtt = (£ m + E n )Z% + E K(mnabJ)Z[V, (GIII.41b) 

(a, b) 

where 

H(mnabJ) = G(mnabJ)(u„u„ + v„v„)(u a u b + v a v b ) 

— [F(mnabJ) + (- l) 0+fr --'F(mnhaJ)](u„t>„ — v m u„)(u a v b — v a u b ), (GIII.41C) 
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K(mnabJ) « G(mnabJ)(u m u n - v m v m )(u a u b - v 0 t> 6 ) 

~ [F(mnabJ) - (- \y^ J F(mnbaJ)]{u m v n + v m u n )(u a v b + v a u b ). (GIII.41d) 

(GIII.41c) and (GIII.41d) demonstrate that the factors involving the w-, v-coefficients do 
factorize automatically. Therefore, if we adopt the factorable forms of the F- and (/-matrix 
elements already given for the schematic model, we can once again obtain the solutions of 
(GIII.41a) and (GIII.4lb) by the same procedure. 

We consider in the quasiparticle theory either a pair of proton quasiparticles or a pair 
of neutron quasiparticles, for which the isospin T is identically 1. Using T — 1 in (Gill. 16c) 
and (GUI. 26), we obtain 

F(mnabJ) = (— F(mnbaJ) = — cirf{mnJ)f{abJ ) + c\—l) J 'g(mnJ)g(abJ). 

Here we have suppressed the subscript T = 1 on c and c\ Using this expression in the case of 
the quadrupole vibration (/ = 2, tt — + 1), for example, we have 

F(mnabJ) + (— \) a +*~ J F(mnbaJ) = 2cf(mnJ)f(abJ) t (Gill. 42a) 

F(mnabJ) — ( — \) a + b ~ J F(mnbaJ) = 2 c g(mnJ)g(abJ). (GIII.42b) 

While applying the schematic model in this case, an excuse is usually given to ignore the 
G(mnabJ)-teTm in (GIII.41c) and (GIII.41d). If this is permitted, then it is immediately clear 
that (QIII.41a) and (GIII. 41b) become exactly similar to (GUI. 38a) and (GUI. 38b), the only 
difference being that in the present case we have factors such as f(abJ)(u a v b — v a u b ) and 
g(abJ)(u a v b -f v a u b ) instead of f(abJ) and g{abJ), 

Another type of schematic model that has been used in this calculation is based on a 
multipole type two-body potential, namely, 

Pia- WO- fl*(2). 

where X K is the strength of the potential of multipolarity K. The operator Q K for the /- th 
nucleon (i = 1, 2 in the foregoing expression for V l2 ) is given by 

<(0 = rfY«(8„ 4,), 

where r h 6,, fa are the coordinates of the /-th nucleon, and Y% is the normalized spherical 
harmonic. In particular, the multipole potentials corresponding to K = 2 (quadrupol^) and 
K = 3 (octupole) have been extensively used for treating the quadrupole and octupole vibra- 
tional states, respectively. The schematic model of this type makes further approximations: 
(i) the (/-type matrix elements can be ignored as compared with the F-type matrix elements, 
and (ii) In working out the F- matrix element, the direct part can be ignored as compared 
with the exchange part. We first use the definition (GIII.7) for the F-matrix element and 
replace (anJ'\ V\ mbJ*) by the exchange term, i.e., ’-(—\) m + b ~ J '(anJ , \ V\ bmJ'y, then we apply 
the standard result (Bill. 15) to write down (anJ’\ f2*(l) •&*(2) \bmJ'y explicitly, and use 
(AV.5) to carry out the summation of the product of two IF-functions over J\ In this way, we 
obtain, in the present schematic model, the F-matrix element of the multipole potential of 
order AT given by 

F(mnabJ) = h K j X jg\mnJ)g\abJ ), (GJII.43a) 

where 

g\abJ) = (4 ir)-'l 2 g(abJ) r 2 dr R^r* R b {r). (GIII.43b) 
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Thus, according to this model, the quadrupole and the octupole potential give nonvanishing 
matrix elements in (J — 2)- and (7 = 3)-state, respectively. Using the definitions (GIII.43a) 
and (GIII.43b) and the fact that G is ignored in comparison with F, we obtain, from (GIII.41c) 
and (GIII.41d), 

HQnnabJ) = -[1 - (- \V]hgl{ninJ)g’ x {abJ) 9 
K(mnabJ) = -[1 + (-1 ) J ]Xjgi(mnJ)g 2 (abJ), 

where 

g[(abJ) = g\abJ)(u a v b - v a u b ) y 
g'i(abJ) = g'(abJ)(u a v b + v a u b ). 

It is clear from (GIII.44a) and (GUI. 44b) that H — 0 and K ^ 0 for 7 = 2 (quadrupole 
vibration), whereas the reverse is true for the octupole state. In the case of quadrupole vibra- 
tion, for example, (GUI. 41a) and (Gill. 41b) reduce to 

EZM = {E,„ + E„)Zti, (GIII.44d) 

EZtt = (E m + EJZLV - 2Xjg’ 2 (mnJ) £ gl(abJ)Z<,p. (GIIIMe) 

(a, b ) 

Substituting from (GIII.44d) into (GIII.44e), we obtain 

[E 2 - (E m + E„) 2 ]Zti -•= (GIII.45a) 

where 

£ (+, = £ Eg' 2 (abJ)Z ( a y 

(a, *>) 

- s g2(abJ)(E a + E b )Z' ab \ (GUI. 45b) 

<«. b) 

We solve (GIII.45a) for and substitute the solution for Zi* } in (GIII.45b). This yields the 
dispersion equation for the energy E: 

1 = -2X, F [ E 2 - (E a + E b yr\E a + E b )[g 2 (abJ)]\ (GIII.46) 

(a, b) 


(GUI. 44a) 
(GIII.44b) 

(GUI. 44c) 


Calculation of Transition Probability 
Any one-body operator 

£ 

/ 

where the summation goes over all the particles, is given in the second-quantized notation by 


£ M*(I) = £ <u| M* \b}ClC b . (GIII.47) 

I a, b 

In the special case of electromagnetic transition, M* is the electromagnetic transition operator 
of multipolarity K and component q. We shall consider only the electric multipole transition, 
in which case 

A/f = Q* = r K Y*(6, 4>), 

the quantities r, 6, $ being the coordinates of a proton. In general. 


< a l Of 



b K a 
m t q m a 


<u| \o*\ | by. 


(GIII.48a) 
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We substitute from (VI.71a) and (VI.71b) for Cj and C b and write the product C\C b as 
C a C b — (U a b a 4" V qS cfo —o)(y b 4" ^b^b^ —b) 

= (vl&ab + u a u b b\b b -f v a v b s a s b b- b b_ a ) 

4* (UaVbSbbW-t, -f VaUhSab- A)* (GIII.48b) 

To evaluate the transition matrix element between the states (V\ and |!Po>, we have to substi- 
tute (GUI. 48b) in (GUI. 47) with Af* = Q* and then multiply the resultant expression from 
the left and the right by and |^ 0 >, respectively. The last line of (GIII.48b) then gives rise 
to amplitudes of the type <(!F| A t |!F 0 ) and A |!Po>; the first line of this equation, on the 

other hand, gives rjse to amplitudes of the type N from the second and third terms, 
which are smaller in order of magnitude as compared with <^F\ A and hence will be 
consistently neglected. The first term in the first line of (GUI. 48b) being a scalar number 
produces exactly zero when sandwiched between the two different states <T| and |*P 0 >. There- 
fore, from now on we shall work with only the last line of (GIII.48b) and do the angular 
momentum coupling. We have 

blbi b = -bl 6 bl= - z\° b J ]A\abJq), (GIII.48c) 

9 j L m a —m b q J 

r a b J] 

b_ a b b = Z L 4(abJ, -q). (GIII.48d) 

J l—m a m b - q\ 

The Clebsch-Gordon coefficient in (GUI. 48a) guarantees that q — m a — m b , and this fact has 
been utilized in the Clebsch-Gordon coefficients of (Gill. 48c) and (GIII.48d). The summation 
in (GIII.47) consists of that over m a , m b and all other single-particle quantum numbers collec- 
tively designated by a and b. The sum over m a , m b can be easily carried out by picking up the 
Clebsch-Gordon coefficients of (GIII. 48a), (GUI. 48c), and (GIII.48d). A restriction K = J then 
automatically appears in the result. Putting everything together, we finally obtain 

2 Qt(I) ^ 2 <a\ Qi \b')ClC b 

1 a. b 

= -Z g’{abJ)[u 0 v b A'(abJq) + v a u b {~ 1 Y^A{abJ, -<?)]. (G1II.49) 

a, b 

In. the hole-particle case, because of the factors ut>, the first term within the square 
brackets in (GIII. 49) is nonvanishing when a = p, b = h and the second term is nonvanishing 
when a = A, b =*/>. We also rewrite A\phJq) as — (— \) h+p ~ J Ai(hpJq). Finally, we obtain 

<y\ 2 Qi(l) \¥ 0 > = - 2 [g'(h P J)Y bp - (-1 t^ J i\phJ)X kp ). 

/ h, p 

Using (GlII.25b) and (GlII.43b), we have 
-(- 1 y+'-'giphJ) = (- 1 Yg(hpJ), 
and hence 

<V\ 2 Oi(I) \¥ 0 ) = - 2 g\hpJ)[Y„ f + (- iyx hp ]. *(GIII.50) 

/ h, p 

In the quasiparticle case, we put together the terms a, b and b, a contained in (GIII.49) 
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and in the summation count a pair (a, b) only once. In this way, we obtain 

< v \ Z flft/) \n> = - Z g\abJ)[U'V„ + (-DVaAU + (- 1 YY*}. (GIII.51) 

As an example, let us consider the quadrupole state with the schematic quadrupole potential 
model. Then (GIII.51) reduces to 

t 

- £ mbJ)ZT = -27 E-\E. + E„mabJ)Zti. (GIII.52) 

The right-hand side of (GIII.52) follows from (GIII.44d). Although this expression can be 
evaluated exactly after solving (GIII.44d) and (GIII.44e), we would like to show here, by some 
rough work, that this transition probability is indeed very large for the state V, which gets 
pushed down by a large amount from the vicinity of the unperturbed states. For this state, it 
will be a fairly good approximation to replace the pair energies ( E a + E b ) by an average value 
Co such that (GUI. 52) becomes 

<!P| Z ai(I) |5Fo> = -(ColE) Z g' 2 (abJ)Z<- b \ (GIII.53a) 

while (GIII.45a) tells us that Zir,* is now proportional to gi(mnJ). In terms of an overall nor- 
malization constant VI, we have 

Zti = Vlgi(mnJ), (Glil.53b) 

where VI is determined according to (VI. 31) by 
1= Z Z£}Z l J = (ColE) Z [Z&] 2 

("», n) (m, n) 

= Vl\ColE) ^Z [gi(mnJ)] 2 . (GUI. 53c) 

Thus, the transition probability (GIII.53a) is given by 
~(ColE)Vl Z (gi(abJ)] 2 ee VI-' 

(«. b) 

= {(ColE) Z [gJ(mn7)] 2 } l ' J . (GIII.53d) 

According to (GIII.46), 

E 2 = Co - 2XjCo Z mabJ)] 2 

(«* b) 

or 


(ColE) = {I - (2 X,ICo) E [giiabJ)] 2 )-' 12 . 

a , b 

Substituting this in (GIII.53d), we conclude that 

\CF\ Z aid) IW > { Z [|Kmn/)] J } ,/J . (GIII.53e) 

It is interesting to compute the transition probability in the TDA approximation using 
the same model, and compare it with (GIII.53e). To do this, we use (GUI. 18a) and (GIII. 18b) 
with G =„0; assuming (E„ + E n ) » Co, we easily obtain 

(E - Co)Xm* - - Z (u a v k u m v K + v t u„v m u,)F(mnabJ)X al> 
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where the summation a, b goes over both (a, b) and (6, a ). Using F from (0111.43a) and 
(GIII.43b) and the symmetry relations (Gill. 25b) and X ba = (— l) a+w A" ad , we rewrite the 
foregoing equation as 

(E - Co)*™ = - XCgfomJ ) (Gill. 54a) 

with 

C- 2 gfcbJ)X+. 

(fl, b) 

Therefore, 

X m . = Tl'giimnJ), 

where 71' is a normalization constant and determined by 
1 = E XL = 2 [l2(mn7)] J . 

mrt mn 

Putting = 0 in (GIII.51), we obtain the transition probability in the TDA which is given 
by (for J =2) 

K^l s Qi(D in>p = s gi{abj)Xok 

1 (a, b) 

= 71' X [gZfibJyp rn ( 71 

(a, » 

= { r [g5(oW)] J } ,/2 . (GIII.54e) 

(a. A) 

In obtaining this result, we have successively used (GlII.54c) and (GIII.54d). Thus, the RPA 
transition probability (GIII.53e) is larger than the TDA estimate (GIII.54e). The TDA value 
is already much larger than a typical single- particle transition probability by virtue of the 
summation present in (GIII.54e). The same kind of demonstration can be given for the hole- 
particle case as well; the general result is that the TDA transition matrix element for the state 
that shows the collective type of lowering in energy (pushing up in the case of giant dipole 
resonance) is already very large as compared with the single-particle transition probability, 
and the RPA produces a further enhancement in this quantity. 
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PROBLEMS 

1. The density operator corresponding to a set of occupied single-particle states in a many- 
body state has the property of its square being equal to itself. Use this property for the 
operator p defined after (GI.2) and equate separately the quantities in the zero-th, first, and 
second orders from the two sides of the equation. Use the HF representation in which p has the 
elements p u = where n t is the occupation number (1 for an occupied state and 0 for an 
unoccupied state). Manipulate the first-order equation and prove that the only nonvanishing 
matrix elements of p (l) are those connecting an occupied with an unoccupied state. 

2. In the same way as in Problem 1, use the second-order equation and derive a relationship 
between the elements of p i2) connecting two occupied states or two unoccupied states with the 
nonvanishing matrix elements of p^ l \ mentioned in Problem 1. 

3. Derive (Gill. 7) by carrying out the summation over the magnetic quantum numbers 
described before that equation. 

4. Derive (Gill. 18) by completing the steps indicated before (GUI. 18a). 

5. Derive (GIII.24) by following the procedure indicated prior to those equations. 

6. Take a set of close-lying fixed energies Cl and plot the function 

F(E) = £ 

schematically, noting that F(h) goes to +oo and — oo in the immediate vicinities of each £l- 
Then draw a line corresponding to (\/X' g ). The intersection of the sets of curves F(E) with this 
line determines the eigenvalues E of (GUI. 32b). Show that the lowest of these eigenvalues is 
very much below the lowest when X g is attractive, whereas the highest one is very much 
above the highest when X' t js repulsive. All the other eigenvalues lie within the range of the 
energies Co 
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coupled radial equations of, 39, 40 
electric quadrupoje moment of, 46, 50 
magnetic moment of, 44 
^-function, 613 
Dipole 
states, 569 
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sum rule, 570 

Effective-range expansion 
of neutron-proton scattering, 75 
of proton-proton scattering, 86 
Effective-range formalism, 73, 83 
in n-p scattering, 73 
in p-p scattering, 83 

Electric quadrupole moment, 6, 46, 48, 50, 
273, 283 
Electromagnetic 
interaction, 2 
transition probability, 289 
Electron scattering by nuclei, 629 
Energy gap, 546 
Euler constant, 624 
Eulerian rotations, 612 
Exchange potential, 4, 24 
Bartlett, 4, 24 
Heisenberg, 4, 24 
Majorana, 4, 24 

Extreme single-particle model, 274 

Fission, 9 
Form factor, 632 
Fusion, 9 

Galilean transformation, 15 
Gamma 

decay, selection rules in, 298 
-decay theory, 289 
-radiation, 2 
-vibration, 412, 425 
-vibrational band, 427 
-vibrational state, 426 
Gap equation, 547 
Generalized Pauli principle, 20 
Giant 

dipole oscillation, 521 
dipole resonance, 524, 665 
Goldstone’s linked-cluster expansion, 198 
Gravitational interaction, 2 

Harmonic oscillator 
brackets, 183, 313, 641 


potential, 177 
wavefunction, 179 
Hartree-Fock 
calculation, 473 
calculations and results, 494 
equations, 469 
potential, 471 
theory, 469 

time-dependent theory, 527 
Hartree-Fock-Bogoliubov 
equations, 649 
theory, 536 
Healing property, 228 
Higher random phase approximation, 581 
Hole, 202, 550 
Hole-hole interaction, 553 
Hole-particle 
interaction, 554 s 
matrix element, 656 

Inverse gap equation method, 579 
Irreducible tensor, 614 
matrix elements of, 617 
operator, 617 
Isobar, 3 
Isotope, 3 
Isotopic spin, 18 
coupling, 343 
states of two nucleons, 19 
Isotropic harmonic oscillator, 177 

//-coupling, 267 

Legendre polynomial, 597 
associated, 597 

Linearization, method of, 557 
Local potential, 17 
LS-coupling, 267, 566 


Magic numbers, 259 

Magnetic dipole moment, 6, 275, 277, 279, 
456, 461 

of deformed rotational nuclei, 461 
of spherical vibrational nuclei, 456 
Schmidt values of, 277, 279 
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Mass 

-formula, 152 
number, 1 
spectrograph, 3 
spectrometer, 3 
Meson, 5, 139, 140 
eta, 139 
mu, 5 

omega, 5, 139 
phi, 5, 139 
pi, 5, 139 
rho, 139 
scalar, 139 
sigma, 139 
vector, 5, 140 
Mixing parameter, 57, 61 
calculation of, 61 
Moment of inertia, 408*416, 584 
calculation of, 488 
(Ml)-transition, 298 
in deformed rotational nuclei, 465 
in spherical vibrational nuclei, 457 
Moshinsky brackets, 183, 314, 641 
Mu-mesonic atoms, 639 


Neutron-proton scattering, 51, 130 
coherent, 117, 119 
effect of chemical binding in, 117 
theory of, 53 
Nilsson model, 445, 446 
Nine /-symbol, 604 
Noncentrai potential, 23 
matrix elements of, 28 
Nonlocal potential, 17, 138 
Nordheim’s rules, 273 
Normal product, 203, 533 
Nuclear 
accelerators, 7 

binding energy, saturation of, 3, 4 
magneton, 6 

potential, repulsive core in, 5 
reactor, 9 
spectroscopy, 7 
surface, 172, 213, 382 
transmutation, 7 


Nuclear force, 2, 4, 5, 6, 19 
charge-independence of, 19 
charge symmetry of, 19 
meson theory of, 5, 138 
short range of, 3 
state-dependence of, 6 
Nuclear reaction, 7 
resonance in, 8 

Nucleon-nucleon interaction, 2,3,4,5,6,15,19 

Octupole 
states, 524 
vibration, 521, 664 
Okubo-Marshak potentials, 27 
One 

-boson exchange potential, 139 
-pion exchange potential, 135, 139 

Pairing 
density, 534 
energy, 148 
potential, 535, 546 
Parity, 13, 15, 21 
Particle, 202, 549, 550 
Particle-particle interaction, 553 
Pauli spin 
matrices, 599 
operators, 599 

Phase shift, 37, 38, 41, 43, 57, 61, 71 
bar, 71 

calculation of, 61 
Coulomb, 65 
eigen, 41, 57 
Phase transition, 593 
Polarization, 87 
experiments, principles of, 97 
of spin £ particle, 87 
Proton-proton scattering, 62, 112, 129 

Quadratic spin-orbit coupling, 27 
Quadrupole 

moment, 7, 46, 48, 49, 273, 283 
vibration, 521 
vibrationa| level, 524 
Quasi-boson approximation, 563 
method, 557 
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Quasiparticle, 531 
interaction, 549 

transformation of Hamiltonian, 533 

Radioactivity, 1 
induced, 8 

Random phase approximation, 529, 559, 565 
extension of, 581 
higher, 581 
Reaction matrix, 210 
calculation of, infinite nuclei, 246 
calculation of, infinite nuclear matter, 224 
Reduced 

isotopic spin, 341 
matrix element, 617 
transition probability, 294 
Reference spectrum method, 237 
Rotation, 611 
alignment effect, 594 
and vibration of even nuclei, 420 
Rotational 
band, 427, 525 
motion, 417 

Rotation-particle coupling, 439 
Rotator, 407 

Scattering amplitude, 52, 91 
general expression of, 93 
Scattering length, 75, 86 
n-p, 75 

p-p, 86 

Scattering matrix, 54, 55 
Schematic model, 660 
for quasiparticle calculation, 665, 666 
Scott-Moszkowski method, 238 
Second-quantization technique, 166 
fractional parentage by, 365 
in shell-model problem, 348 
seniority by, 365 
Semi 

-infinite nuclear matter, 213 
-magic, 259 

Seniority, 274, 341, 365 
Separation method, 238 
Shape function, 32 
exponential well, 32 


Gaussian well, 32 
Hiilthen well, 32 
square-well, 32 
Yukawa well, 32 
Shell, 259 
Single 

-nucleon wavefunction, 169 
-particle transition probability, 296 
Skyrme interaction, 516 
Slater integrals, 317 
Spherical 

Bessel function, 36, 621 
Hankel function, 37, 622 
Neumann function, 36, 621 
vibrational nuclei, 430, 436, 456 
Spherical harmonics, 597 
addition theorem, 614 
renormalized, 597 
vector, 617 
Spin 

-flip dipole state, 570 
of nucleus, 6 

states of two nucleons, 18 
Spin-orbit coupling, 22, 25, 263 
quadratic, 26 
Stability of nuclei, 153 
Strong 

coupling, 438 
interaction, 2 

Surface energy, 146, 213, 396 
calculation of, 213 
in collective model, 396 
Symmetries of ellipsoidal body, 389 
Symmetry, 10 
Symmetry energy, 147 
calculation of, 221 

Talmi integrals, 316 
Tamm-Dancoff approximation, 555 
modified, 581 

Tamm-DancofT calculation, 554 
Tensor force, 23 

Theory of vibration, BCS case, 563 
Time-reversal, 11, 14, 627 
Transitional nuclei, 420, 524 
Transition probability, 667 
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Transuranic elements, 2 
Two-nucleon potential, 133, 134, 137, 138, 139 
Breit, 134 

charge-independence of, 15, 19 
charge symmetry of, 19 
different forms of, 129 
exchange-dependence of, 4 
general forms of, 21 
Hamada-Johnston, 26, 134, 137 
hard-core, 133 
nonlocal, 138 
one-boson exchange, 138 
Reid, 137 
soft-core, 135 

velocity-dependent, 25, 138 
Yale, 134 

Two-nucleon scattering, 5, 31, 51, 53, 58, 59 
amplitude of, 52, 54, 58 
coupled radial equation for, 39 
cross-section of, 59 
Schrodinger equation for, 31 
theory of, 53 

uncoupled radial equation for, 32 


Two-nucleon Schrddinger equation, 31 
coupled radial, 39 
uncoupled radial, 32 
Two-phonon triplet, 433, 524 

(/-function, 602 
Unified model, 445 

Van de Graaff generator, 8 
Variable moment of inertia, 585 
Vauthrin-Brink interaction, 516 
Vibrator Hamiltonian, 407 
Volume energy, 145 

Weak interaction, 2 
Weisskopf unit, 299 
^-function, 602 
Wigner-Eckart theorem, 617 


Yrast 
line, 585 
state, 585 






